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Relativistic MHD in FLRW

The energy-momentum tensor for a relativistic perfect fluid (in a generic metric) is

Ty = (p+p)utn’ +p g

We can describe non-perfect fluids adding the deviatoric stresses (accounting for viscosity)
We can have electromagnetic fields interacting with the fluid (MHD)
WY _ mlUV UV Uv
Ttot IR Tpf Hvisc T TEM
Conservation of total energy-momentum tensor gives
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Relativistic MHD in flat spacetime Y= (1 u?)12

The energy-momentum tensor for a relativistic perfect fluid (in flat spacetime) is
V
T)r = (p +p)utu’ +pnh Minkowski metric V= diag(-1,1,1,1)

The equations of motion are given by the Fluid 4-velocity ut =y (Lu)
conservation of the energy-momentum tensor

Fluid density P
SC or
/ // Fluid pressure p
Let us first focus (for simplicity) on perfect fluids
(no viscosity) without any interaction with electromagnetic fields
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Perfect fluids in flat spacetime Y= (1 u?)12

The energy-momentum tensor for a relativistic perfect fluid (in flat spacetime) is

Vv
T)r = (p +p)utu’ +pnh Minkowski metric V= diag(-1,1,1,1)
The equations of motion are given by the Fluid 4-velocity ut =y (Lu)
conservation of the energy-momentum tensor
Fluid density P
Vv
0,T;; =0
Fluid pressure p =cZp

We have 5 variables (u, p, p) but only 4 equations

How can we solve this system? — Constant equation of state (c?) relatingp to p

We now have 4 variables (u, p) and 4 equations — closed system
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Perfect fluids in flat spacetime T* = (p +p) uuw’ +pn*

We need to choose the 4 variables to solve for —» not necessarily p and u

aoTOO - = a]T]O

9TH =0 — - |
aOTOL

— 0;T”" (i =1,23)

S

T99 TO! seem to be a natural choice — We need to relate T/¢ to them in order to close the system

B TOiTOi (1 + CSZ)Z)/4u2

[T°°]2 [(1 4+ ¢)y? — c£]?

T% =p(1+cdy* —cip —_—
T = p(1 + c2)y?u

) o ) u?=1-1/y*
T = p(1 + c2)y*uw/u + c2p 6/°
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Perfect fluids in flat spacetime

7,.2 — TOiTOi/(TOO)Z
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Perfect fluids in flat spacetime
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CONSERVATION FORM
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Fluid dynamics in the conservation form

aOTOO
aOTOi

— 0;T’°
— 0; T/ [T O]

How do we solve them in the lattice?

After discretizing the derivatives we get equations of the form

aOX“ = :7(“ [XV] < The RHS is a function of the fields themselves

Natural algorithm for timestepping — explicit Runge-Kutta

[see lecture on evolution algorithms from the school]
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0 0 0 For a lattice of size L with N points per direction and
K [T ‘u] = V]T] lattice spacing 6x = L/N we have several possibilities
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Fluid dynamics in the conservation form

aOTOO
aOTOi
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— 0; T/ [T O] - KT

space discretization

0 0 0 For a lattice of size L with N points per direction and
K [T M] = V]T] lattice spacing 6x = L/N we have several possibilities

NEUTRAL DERIVATIVE

f(x+6xi)—f(x—96x1i)
20X

KI[TO] = VT

ASIOE

Simpler at higher orders if
fields «live» at lattice sites - 0;f(x)| +0(6x?)
X



Fluid dynamics in the conservation form

i aoTOO = — a]T]O — :K‘O :TO.U: = V](O)T]O
| 00T = — T/ [T%] - KT = 7T
NEUTRAL DERIVATIVE

2 +6x0) — flx—6xi

Fluid dynamics often requires higher order spatial derivatives
(shocks, nonlinearities...)



Fluid dynamics in the conservation form
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Fluid dynamics in the conservation form
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Jlx 126x
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ol

> 0,f ()| +0(5x°)
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Neutral derivative order (At)M
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Fluid dynamics in the conservation form
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Runge-Kutta order (At)Y Neutral derivative order (At)M

A special property of the CONSERVATION FORM

When using periodic boundary conditions we have that (Gauss theorem)
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Fluid dynamics in the conservation form

aoTOO = — a]T]O — :K‘O :TO.U: = V](O)T]O
00T = — T/ [T°¥] -~ KUTOH] = 7O
- T T

Runge-Kutta order (At)Y Neutral derivative order (At)M

A special property of the CONSERVATION FORM

When using periodic boundary conditions we have that (Gauss theorem)

z V,T'H(n) =0 — HO(TOF‘) =0
all lattice points n

Average T# conserved at machine precision!



Fluid dynamics in the conservation form
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T* = (p +p) utu” + pnh
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Fluid dynamics in the conservation form
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An alternative form is obtained by substituting T#¥ with its
expression in terms of the fluid primitive variables p and u

0olp(1 + cBy? —c2pl = —(1 + c2)d;(p y* W)
T* = (p +p) u*u” + p n*
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Fluid dynamics in the conservation form
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An alternative form is obtained by substituting T#¥ with its
expression in terms of the fluid primitive variables p and u

olp(1 + c2y? —c2pl = —(1 + c2)d;(p y* u)
T* = (p +p) u*u” + p n* . »
dolp(1 + cDy?ul] = —(1 + c2)9;(p y? u'u!) — c2o;p

T =p(1+cdy*—cip
T = p(1 + c2)y?ut

T'' = p(1 + c?)y?uut + c?p 67



Fluid dynamics in the conservation form
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An alternative form is obtained by substituting T#¥ with its
expression in terms of the fluid primitive variables p and u

dolp(1 + cA)y? —c2pl = —(1 + A d;(p y? W) = K°
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T = p(1 + c2)y?ut

T'' = p(1 + c?)y?uut + c?p 67



Fluid dynamics in the conservation form
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An alternative form is obtained by substituting T#¥ with its
expression in terms of the fluid primitive variables p and u

dolp(1 + cA)y? —c2pl = —(1 + A d;(p y? W) = K°
T* = (p +p) u*u” + p n* . .

Oo|p(1 + cDy?u]l = —(1 + c2)o;(py? u'ul) — cZo;p
T = p(1+cdy*—cip =K'

. | Taking the scalar product of the latter equation with u
% =p(+cy*u’ and then subtracting from it the former we get

TV = p(1 + c2)y?uut + cZp &7 dop = K~ —u K"



Fluid dynamics in the conservation form

aOTOO
aOTOi

0
— 0;T’
— ;T

An alternative form is obtained by substituting T#¥ with its
expression in terms of the fluid primitive variables p and u

dolp(1+ c2)y? —c2pl = -1+ c2)di(py? W) = K°
TH = (p + p) u*u¥ + p n*v | o
dolp(1 + cDy?ul] = —(1 + c2)9;(p y? u'nf) — c20;p

T = p(1+cdy*—cip =K'

| | Taking the scalar product of the latter equation with u'
T°% = p(1 + ci)y*u! and then subtracting from it the former we get
T'' = p(1 + c?)y?uut + c?p 67 dop = K° —u; K

——— p(14+cD)ogy? =K = [(1 + cDy? — c2][K° — K]



Fluid dynamics in the conservation form

aOTOO
aOTOi

0
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T* = (p +p) u*u” + p n*

T =p(1+cdy*—cip
T = p(1 + c2)y?ut

T'' = p(1 + c?)y?uut + c?p 67

An alternative form is obtained by substituting T#¥ with its
expression in terms of the fluid primitive variables p and u

dolp(1 + cA)y? —c2pl = —(1 + A d;(p y? w) = K°

0olp(1 + cDy?ul] = —(1 + c2)9;(p y? u'u!) — c2o;p
= K¢

Taking the scalar product of the latter equation with u'
and then subtracting from it the former we get

dop = K° —u; Kt

p(1+c2)0yy? =K — [(1 + c2)y? — 2][K° — u; K]



Fluid dynamics in the non-conservation form

After a few manipulations we arrive at the NON-CONSERVATION FORM of fluid dynamics

9,1 LS g s 125 0wy
np =— ‘u u-V)In
0 P 1 — c2u? 1+ c? P
cz V;lnp o 1—c?
oou; = —(u-V) u —— l + u; = [V-u+ > (u-V)In
0 Y14 c2 y? "(1 = c2u?)y? 1+ c? P



Fluid dynamics in the non-conservation form

After a few manipulations we arrive at the NON-CONSERVATION FORM of fluid dynamics

9, 1 4G o w129 0y
np =— U u- n
0 TP 1 — c2u? 1+ c? P

2 2 o2

cc V;lnp CS 1—
dou; = — (u-V) u; — + u; V-u+ u-V)In
0%t ( ) l 1+CSZ ]/2 l(l_cguz)yz[ 1+ 2( ) p

After discretizing the RHS we are left with a system of equations of the form
doInp = GY[Inp, u]
dou; = G'[Inp, u]



Fluid dynamics in the non-conservation form

After a few manipulations we arrive at the NON-CONSERVATION FORM of fluid dynamics

9, 1 4G o w129 0y
np =— U u- n
0 TP 1 — c2u? 1+ c? P

2 2 o2

cc V;lnp Cé 1—
dou; = — (u-V) u; — + u; V-u+ u-V)In
0%t ( ) l 1+CSZ ]/2 l(l_cguz)yz[ 1+ 2( ) p

After discretizing the RHS we are left with a system of equations of the form

dolnp = GY[Inp,u] —— The RHS depends on the fluid variables themselves

dou; = G'[Inp,u]



Fluid dynamics in the non-conservation form

After a few manipulations we arrive at the NON-CONSERVATION FORM of fluid dynamics

9, 1 4G o w129 0y
np =— U u- n
0 TP 1 — c2u? 1+ c? P

2 2 o2

cc V;lnp Cé 1—
dou; = — (u-V) u; — + u; V-u+ u-V)In
0%t ( ) l 1+CSZ ]/2 l(l_cguz)yz[ 1+ 2( ) p

After discretizing the RHS we are left with a system of equations of the form

dolnp = GY[Inp,u] —— The RHS depends on the fluid variables themselves

aoui — gi [ln D, u] Natural algorithm for timestepping — explicit Runge-Kutta



Fluid dynamics in the non-conservation form

After a few manipulations we arrive at the NON-CONSERVATION FORM of fluid dynamics

9, 1 Lt g 4l 2( V1
np = — ‘U u - n
0 TP 1 — c2u? 1+ c? P

cz V;lnp o 1—c?
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We can easily discretize the RHS at order (6x)" considering In p and u living at lattice sites
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Fluid dynamics in the non-conservation form

After a few manipulations we arrive at the NON-CONSERVATION FORM of fluid dynamics
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We can easily discretize the RHS at order (6x)" considering In p and u living at lattice sites
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Fluid dynamics in the non-conservation form

After a few manipulations we arrive at the NON-CONSERVATION FORM of fluid dynamics
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We can easily discretize the RHS at order (6x)" considering In p and u living at lattice sites

](N) ](N)

V-u- [Vj(O)uj (u-V)Inp - [V]-(O) In p
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(u : V) u; = u] [Vj(o)ui]



Fluid dynamics in the non-conservation form

After a few manipulations we arrive at the NON-CONSERVATION FORM of fluid dynamics
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1+ c?

— 29,2
1—ciu

[V-u+

dogInp = — > (u - V)lnp]
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2 2 2
cc V;lnp CS 1—

Ool; = — (1 -V) u, — + u; V. u-+ u-V)In

o ( ) l 1+C§ Y? l(l—CszuZ)Vz[ 1+c 2( ) p]

We can easily discretize the RHS at order (6x)" considering In p and u living at lattice sites

](N) ](N)

V-u- [Vj(o)uj (u-V)Inp - [V]-(O) In p

(N) (N)
(- V) u; -y [Vj(o)ui] Vilnp - [VEO) In p]



CONSERVATION vs NON-CONSERVATION FORM
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CONSERVATION vs NON-CONSERVATION FORM
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Both forms can be solved with a Runge-Kutta timestepping scheme and neutral derivatives



CONSERVATION vs NON-CONSERVATION FORM
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Which one is better?



CONSERVATION vs NON-CONSERVATION FORM
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Which one is better? It depends on the physical problem!



Sub-relativistic limit u?2 « 1

NON-CONSERVATION FORM
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Sub-relativistic limit u?2 « 1

NON-CONSERVATION FORM
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Sub-relativistic limit u?2 « 1

NON-CONSERVATION FORM
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Sub-relativistic limit u?2 « 1

NON-CONSERVATION FORM
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Sub-relativistic limit u?2 « 1

NON-CONSERVATION FORM relativistic_eos=T

l

Missing factors in Pencil Code (in the default implementation they are 1)
from erroneously taking dy% = 0
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Sub-relativistic limit u?2 « 1

NON-CONSERVATION FORM relativistic_eos=T

l

Missing factors in Pencil Code (in the default implementation they are 1)
from erroneously taking dy% = 0

Now corrected — select lrelativistic_eos=T and lrelativistic_eos_corr=T in density run parameters
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Beyond perfect fluid in flat spacetime

Our starting point was a perfect fluid Tpu}/ = (p + p) utuV + (4 n,uv
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Beyond perfect fluid in flat spacetime

Our starting point was a perfect fluid Tpu}/ = (p + p) utuV + (4 n,uv
uv __
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How to discretize viscous (non-perfect) fluids?

How to deal with a coupled U(1) gauge field?
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Beyond perfect fluid in flat spacetime

Our starting point was a perfect fluid Tpu}/ = (,0 + p) utuV + (4 nuv
uv __
9,TLY =0

How to discretize viscous (non-perfect) fluids?
How to deal with a coupled U(1) gauge field?

What about the expansion of the Universe (for ¢z # 1/3) ?

auT#}/szisc fLK)r fI:I/



Beyond perfect fluid in flat spacetime
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Beyond perfect fluid in flat spacetime
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.E=VxB-J, 8B=-VxE, V.E=J° V.B=0, —— Maxwell

J° = v(pe + 6u - E), J' = y(peu+ &[E +u x B]) —— Ohm’s law
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Beyond perfect fluid in flat spacetime

fose =20 (1+c2) p[578;; — 2(V - w)?], S = L0 + &u’)
Foe =01+ p(Vu+1V(V-u)+2(E-V)Inp),
P B F. f B+ JixB

.E=VxB-J, 8B=-VxE, V.E=J° V.B=0, —— Maxwell

J° = v(pe + 6u - E), J' = y(peu+ &[E +u x B]) —— Ohm’s law
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THANKS FOR YOUR ATTENTION!
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