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Executive Summary

The gravitational_waves_hTXk module is a sophisticated implementation within the Pencil Code that

solves the linearized Einstein field equations for gravitational wave generation and propagation. This module

represents cutting-edge computational physics, enabling researchers to study gravitational waves from

early universe processes, magnetohydrodynamic turbulence, and various astrophysical phenomena with

direct relevance to current and future gravitational wave detectors.

1. Module Overview and Capabilities

1.1 What Can Be Simulated

The gravitational_waves_hTXk module enables simulations of:

Astrophysical Sources:

Magnetohydrodynamic (MHD) Turbulence: Reynolds stress from turbulent velocity fields and

Maxwell stress from magnetic field fluctuations

Early Universe Physics: Cosmological phase transitions (electroweak, QCD), primordial turbulence,

inflationary processes, and reheating era dynamics

Stellar Processes: Neutron star oscillations, stellar core collapse scenarios, and binary system

dynamics

Advanced Features:

Cosmological Evolution: Scale factor evolution for different cosmological epochs (matter-

dominated, radiation-dominated, dark energy dominated)

Modified Gravity Theories: Horndeski gravity implementation and scalar-tensor theories

Spectral Analysis: Power spectra, helical decomposition for chiral sources, and energy density

spectra

Physical Effects: Relativistic boost corrections, projection to transverse-traceless modes, non-linear

source terms

2. Mathematical Formulation and Equations
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2.1 Core Gravitational Wave Equations

The module solves the linearized Einstein field equations in the transverse-traceless (TT) gauge:

∂²hijTT/∂t² - c²∇²hijTT = (16πG/c⁴) TijTT

Where:

hijTT: Transverse-traceless metric perturbations (gravitational wave strain)

TijTT: Transverse-traceless stress-energy tensor (source)

c: Speed of light (configurable in code units)

G: Newton's gravitational constant

2.2 Polarization Decomposition

The module decomposes the gravitational wave field into two independent polarizations:

Plus Polarization (T-mode): ∂²hT/∂t² - c²∇²hT = (16πG/c⁴) ST

Cross Polarization (X-mode): ∂²hX/∂t² - c²∇²hX = (16πG/c⁴) SX

2.3 Modified Dispersion Relations

Standard Cosmology:

Matter-dominated: ω² = k² - 2/t²

Radiation-dominated: ω² = k² - 2/t²

Inflation: ω² = 4k² - 2/t²

Horndeski Gravity (Modified Gravity): ω² = (1 + αT)k² + δk² - αM - ä/a

2.4 Source Terms

Reynolds Stress Tensor (Hydrodynamic): TijReynolds = ρ(ui uj - (1/3)δiju²)

Maxwell Stress Tensor (Electromagnetic): TijMaxwell = (1/4π)[Bi Bj - (1/2)δijB²] + [Ei Ej - (1/2)δijE²]

Scalar Field Stress Tensor: Tijscalar = a²(t) ∇i φ ∇j φ

2.5 Transverse-Traceless Projection

The module automatically applies the TT projection operator: TijTT = (PilPjm - (1/2)PijPlm)Tlm

Where: Pij = δij - ki kj/k²

3. Computational Methods and Innovations

3.1 Exact Solution Method
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Instead of finite differences, the module uses exact analytical solutions assuming piecewise constant

sources, providing:

10× computational speedup over direct integration

Elimination of numerical dispersion

Improved accuracy for long-time evolution

3.2 Fourier Space Implementation

The module operates in k-space for efficient computation of:

Wave propagation across multiple scales

Automatic TT projection

Spectral analysis and power spectra calculation

3.3 Key Algorithmic Features

Third-order time stepping with sixth-order finite differences

Parallel FFT operations for efficient Fourier transforms

Adaptive timestep constraints for numerical stability

GPU acceleration support through Astaroth DSL

4. Scientific References and Validation

4.1 Foundational Papers

Primary Reference (Computational Methods):

Roper Pol, A., Brandenburg, A., Kahniashvili, T., Kosowsky, A., & Mandal, S. (2020). "The timestep

constraint in solving the gravitational wave equations sourced by hydromagnetic turbulence."

Geophysics & Astrophysics Fluid Dynamics, 114(2), 130-161. DOI:

10.1080/03091929.2019.1653460

Primary Reference (Physics Results):

Roper Pol, A., Mandal, S., Brandenburg, A., Kahniashvili, T., & Kosowsky, A. (2020). "Numerical

simulations of gravitational waves from early-universe turbulence." Physical Review D, 102(8),

083512. DOI: 10.1103/PhysRevD.102.083512

4.2 Citation System

The Pencil Code maintains a systematic citation database:

BibTeX entries: doc/citations/ref.bib
Reference notes: doc/citations/notes.tex
Module headers: Automatic reference linking system

5. Scientific Context and Current Research Applications
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5.1 Early Universe Cosmology

Primary Research Areas:

Electroweak Phase Transition (~100 GeV): First-order phase transitions creating MHD turbulence

with LISA detection prospects

QCD Phase Transition (~200 MeV): Confinement transition with potential NANOGrav/pulsar timing

array signatures

Inflationary Magnetogenesis: Magnetic field generation during cosmic inflation

5.2 Gravitational Wave Astronomy

Detection Prospects:

LISA (Laser Interferometer Space Antenna): mHz frequency band

Pulsar Timing Arrays (NANOGrav, EPTA, PPTA): nHz frequency band

LIGO/Virgo: Current ground-based detectors for comparison studies

Key Research Questions:

�. Can LISA detect electroweak phase transition gravitational waves?

�. Are QCD phase transition GWs visible in recent NANOGrav detections?

�. What is the universal GW spectrum below the spectral peak?

5.3 Fundamental Physics Tests

Modified Gravity: Testing General Relativity through:

Horndeski gravity signatures in GW propagation

Time-varying gravitational coupling

Extra-dimensional effects on GW spectrum

Multi-messenger Cosmology:

Correlation with CMB, BBN, and large-scale structure

Dark sector physics probes

Primordial black hole formation scenarios

6. Integration with Pencil Code Architecture

6.1 Module Structure

Location in Pencil Code:

src/ 
├── special/ 
│   ├── gravitational_waves_hTXk.f90    # Main GW module 
│   └── ...                             # Other special modules 
├── astaroth/ 
│   └── DSL/ 
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│       └── gravitational_waves.h       # GPU acceleration support 
├── fourier.f90                         # FFT operations 
├── hydro.f90                           # Hydrodynamics 
├── magnetic.f90                        # MHD 
└── ... 

6.2 Dependencies and Integration

Required Modules:

Cdata: Core data structures and parameters
Fourier: FFT operations for k-space calculations

Messages: Error handling and diagnostics
Hydro/Magnetic: Source term computation

EquationOfState: Fluid properties

Optional Integrations:

Lorenz_gauge: Alternative gauge choices
Particles: Particle-in-cell methods
Special: Other custom physics modules

6.3 Configuration System

Compilation Setup:

# In src/Makefile.local 
SPECIAL=special/gravitational_waves_hTXk 

Parameter Files:

start.in: Initial conditions and setup parameters
run.in: Runtime parameters and physics switches
print.in: Diagnostic output configuration

7. Key Module Parameters and Options

7.1 Physics Switches

Source Terms:

lkinGW=.true.: Include kinetic (Reynolds) stress
lmagstress=.true.: Include magnetic (Maxwell) stress
lelectmag=.false.: Include electric stress
lscalar=.false.: Include scalar field stress

Cosmological Models:
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linflation=.false.: Inflationary background
lreheating_GW=.false.: Reheating era
lmatter_GW=.false.: Matter-dominated era
ldark_energy_GW=.false.: Dark energy dominated

Modified Gravity:

lhorndeski=.false.: Horndeski gravity
lhorndeski_xi=.false.: Extended Horndeski

7.2 Numerical Parameters

Computational Options:

itorder_GW=1: Time integration order (1 or 2)
om2_min_factor=1e-4: IR cutoff for small k modes

stress_prefactor: Source normalization (16πG/c⁴)

c_light2=1.: Speed of light squared

Advanced Features:

lnonlinear_source=.false.: Nonlinear corrections
lLighthill=.false.: Lighthill equation mode
lboost=.false.: Relativistic boost corrections

8. Sample Configuration and Usage

8.1 Basic Gravitational Wave Simulation

Makefile.local:

SPECIAL=special/gravitational_waves_hTXk 
HYDRO=hydro 
MAGNETIC=magnetic 

Key Parameters in run.in:

&special_run_pars 
  lkinGW=T, lmagstress=T 
  stress_prefactor=1.0 
  initGW='nothing' 
  lStress_as_aux=T 
/ 

8.2 Early Universe Simulation Setup

For Electroweak Phase Transition:
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&special_run_pars 
  lreheating_GW=F, lmatter_GW=F 
  t_equality=3.789E11 
  stress_prefactor=1.0 
  lkinGW=T, lmagstress=T 
/ 

9. Diagnostic Outputs and Analysis

9.1 Available Diagnostics

Gravitational Wave Amplitudes:

hrms: RMS gravitational wave strain

EEGW: Gravitational wave energy density
hTrept, hTimpt: Plus polarization components
hXrept, hXimpt: Cross polarization components

Source Diagnostics:

STrept, STimpt: Plus source components
SXrept, SXimpt: Cross source components
stress_ij: Stress tensor components

Spectral Analysis:

GWs: Gravitational wave strain power spectrum
GWh: Gravitational wave energy spectrum
GWshel, GWhhel: Helical components

9.2 Observational Connections

LISA Sensitivity:

Peak frequency ~mHz for electroweak scale sources

Requires 0.1-10% of plasma energy in magnetic fields/turbulence

Pulsar Timing Arrays:

nHz frequency band for QCD transition sources

Connection to recent NANOGrav gravitational wave background detection

10. Future Developments and Research Opportunities

10.1 Current Research Frontiers

Observational Cosmology:
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Interpretation of NANOGrav gravitational wave background

LISA mission preparation and source modeling

Multi-messenger constraints on early universe physics

Theoretical Advances:

Nonlinear gravitational wave interactions

Modified gravity signatures in GW propagation

Chiral asymmetry and helical turbulence effects

10.2 Computational Improvements

Performance Enhancements:

Advanced GPU acceleration through Astaroth

Adaptive mesh refinement for multi-scale problems

Machine learning integration for parameter estimation

Physics Extensions:

Higher-order nonlinear corrections

Quantum field theory sources

Axion and dark photon interactions

11. Summary and Scientific Impact

11.1 Module Significance

The gravitational_waves_hTXk module represents a unique computational tool that bridges

fundamental physics and observational astronomy. It provides:

�. Exact Solutions: 10× speedup through analytical time evolution

�. Multi-Physics Integration: Seamless coupling with MHD, hydrodynamics, and cosmology

�. Observational Relevance: Direct connection to LIGO/Virgo, LISA, and pulsar timing arrays

�. Theoretical Flexibility: Support for modified gravity and exotic source terms

11.2 Position in Pencil Code Ecosystem

Within the broader Pencil Code framework stored in the src/ directory, this module:

Extends Core Capabilities: Adds gravitational wave physics to the established MHD/hydro

framework

Leverages Infrastructure: Utilizes Pencil Code's parallel FFT, diagnostics, and I/O systems

Enables New Science: Opens entirely new research directions in gravitational wave cosmology

Maintains Standards: Follows Pencil Code's rigorous citation and documentation practices

11.3 Research Impact and Applications

The module enables cutting-edge research in:
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Cosmology: Early universe phase transitions, primordial turbulence, inflation studies Astrophysics:

Neutron star physics, stellar collapse, compact object mergers

Fundamental Physics: Tests of General Relativity, modified gravity theories, dark sector physics

Observational Astronomy: Gravitational wave detector sensitivity studies, signal modeling

11.4 Future Prospects

As gravitational wave astronomy enters its golden age with LIGO/Virgo discoveries and upcoming LISA

mission, this module positions researchers at the forefront of:

Early Universe Exploration: Using gravitational waves as probes of physics beyond the Standard

Model

Multi-Messenger Astronomy: Combining GW signals with electromagnetic and neutrino

observations

Fundamental Physics Tests: Constraining theories of gravity and cosmology through precision GW

measurements

The gravitational_waves_hTXk module thus represents not just a computational tool, but a gateway to

understanding the most extreme physics in our universe through the revolutionary new window of

gravitational wave observations.

Appendices

Appendix A: Complete Parameter Reference

[Detailed parameter listings would go here]

Appendix B: Example Problem Setups

[Sample run configurations would go here]

Appendix C: Troubleshooting and FAQ

[Common issues and solutions would go here]
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