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Least-Squares Problems



Linear Least-Squares

Find

— . 1
I = argmin §(||A:U — b|Em + ’V||9U||1%§n)
TeR™

where A € R™*" b e R™ and ~ is a positive constant.



Linear Least-Squares

Find

— . 1
I = argmin §(||A:U — b|Em + ’Y||9U||1%§n)
TeR™

where A € R™*" b e R™ and ~ is a positive constant.
Data Fitting

Find the parameters x that best fit the data given by A and
b. The regularization term involving ~ is included to prevent
over-fitting.

This was investigated by Legendre in 1805 and Gauss in 1809.



Linear Least-Squares

Find

— . 1
I = argmin §(||A:U — b|Em + ’Y||9U||1%§n)
TeR™

where A € R™*" b e R™ and ~ is a positive constant.
Data Fitting

Find the parameters x that best fit the data given by A and
b. The regularization term involving ~ is included to prevent
over-fitting.

This was investigated by Legendre in 1805 and Gauss in 1809.

Constraints such as © > 0 or y > 0 (in the componentwise
sense) can also be included.



Linear Least-Squares

Find
I = argmin — (||Ar — bHRm + ’V||x||Rn)
rER™

where A € R™*" b e R™ and ~ is a positive constant.

Equivalently, find

(Z,y) = argmin — (Hg — bHRm + ’Y||33HR”)
y=Ax
reR™



Linear Least-Squares

Find
T = rgm1n2(||Ax—bHRm —|—’V||x||Rn)
rER™

where A € R™*" b e R™ and ~ is a positive constant.

Equivalently, find

(Z,y) = argmin — (Hy - bHRm + ’Y||33HR”)
y=Ax
reR™

An Infinite Dimensional Analog
Find (u,y) = argmin (Hy yall7,0) +lullZ, @)

y=(-2)""u
uGLz(Q)



Linear Least-Squares

Find
o 1
(u,y) = argmin f(Hy yall 7, + lulZ, @)

y=(-A)""u
u€L2(Q)

where Q c R? and y, € Ly(Q), is an elliptic distributed optimal
control problem where the state y € HZ(Q) and the control
u € Ly(Q2) are related by

/Vy-Vzdx:/uzdx Vz e HH Q)
Q Q

This problem was first systematically studied by Lions in the
1960’s.

Constraints on the control u or the state y can also be in-
cluded.



Elliptic Distributed Optimal Control Problem

Find

— — 3 1
(,5) = argmin — (ly — val3, @) + Ml o)
(u,y)eK

where (u,y) € K C L2(Q) x H}(Q) if and only if
PDE Constraint

/Vy~Vzdx:/uzdx Vz e HY(Q)
Q Q

Control Constraints
P11 <u< p2

State Constraints
P <y < ho



Nonlinear Least-Squares

Find

argmin — Z

IEGR”

where r; is a (nonlinear) function from R™ to R.
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Nonlinear Least-Squares

Find

argmin — Z

IEGR”
where r; is a (nonlinear) function from R™ to R.

Nonlinear Equations

Find a solution z of the system of equations

This was an idea first proposed by Cauchy in 1847.
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Nonlinear Least-Squares

Find

argmin — Z

(EGR"
where r; is a (nonlinear) function from R™ to R.

Nonlinear Equations
Find a solution z of the system of equations

This was an idea first proposed by Cauchy in 1847.

One can include a (componentwise) constraint
Azx >0
to guarantee the uniqueness of the solution.
12



Nonlinear Least-Squares

Concise Form

. 1
Find z = argmin —||r(z)|&n
zeRn 2
Ax>0

where r(x) = [ri(z),...,rm(z)].
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Nonlinear Least-Squares

Concise Form

1
Find z = argmin ~||r(z)|/Zm
TeR™ 2
Az>0
where r(x) = [ri(z),...,rm(z)].

An Infinite Dimensional Analog

1
Find w=  argmin —| det Dy — QZJH%Q(Q)
ve HHQNHY(Q) 2
Av>0

where Q is a convex domain in R? and ¢ € H?(Q).
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Dirichlet Boundary Value Problem for the Monge-Ampére Equation

) 1
Find w=  argmin —| det D*v — ¢H%Q(Q)
veHY(Q)NHE(Q)
Av>0

is the least-squares formulation of the Dirichlet boundary value
problem for the Monge-Ampere equation:

Find a convex function » such that

det D>°u=1 inQ
u=20 on 012

where DZ2u is the Hessian of .

This was investigated by Monge in 1784 and Ampere in 1820.
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Finite Element Methods

| will present finite element methods for these least-squares
problems.

16



Finite Element Methods

I will present finite element methods for these least-squares
problems.

In the finite element approach, given a domain (2, we create a
triangulation and look for approximate solutions (finite element
functions) that are polynomials on each triangle/element. The
approximation is very accurate when the triangles/elements are
small by Taylor’s Theorem. They are the preferred numerical
schemes for solving partial differential equations on domains
with complex geometry and are very well developed for elliptic
boundary value problems.

17



Sobolev Spaces

| will use standard notation of Sobolev spaces throughout the
presentation.

H*(9Q) is the space of square integrable functions on € whose
derivatives up to order k are also square integrable.

H}(Q) is the subspace of H!(2) whose members vanish on
oN.

18



Elliptic Distributed Optimal Control Problems

with State Constraints

19



The Continuous Problem

Find

= = 1 ) ,

u,y) = argmin —( ||y — Y. + w

s (u,y)eK 2 (H dHLz(Q) ol ||L2(Q))
where (u,y) € K C Ly(2) x H () if and only if

PDE Constraint

/Vy~Vzdx:/uzdx Yz e HY(Q)
Q Q

State Constraints
1 <y < aho

This problem was first studied by Casas in 1986.

For simplicity, we assume () is convex.

20



The Continuous Problem

Find

1
(@,9) = argmin = (ly — all7,0) + Vel
wrgmin o L2() La()

where
K:{(u,y)eLg(Q)xHé(Q): /Vy-Vzdx:/uzdx Yz e Hy(Q)
Q Q
and ¢1§y§¢2}

A traditional approach is to treat y as a function of « to reduce
the optimal control problem into a minimization problem for
and discretize accordingly.

21



The Continuous Problem

Find

— — 3 1
(,5) = argmin — (ly — val3, @) + Ml o)
(u,y)eK

where
K:{(u,y)eLg(Q)xHé(Q): /Vy-Vzdx:/uzdx Yz e Hy(Q)
Q Q

and §y§¢2}

A traditional approach is to treat y as a function of « to reduce
the optimal control problem into a minimization problem for
and discretize accordingly.

But we can also treat u as a function of y and reduce the
optimal control problem into a minimization problem for y.

Pierre-Sokolowski 1994
Liu-Gong-Yan 2009
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The Continuous Problem

Find

1
(,9) = argmin = (|ly — yall2, o) + Vlull?
() K 2( Lo2(Q) LQ(Q))
where

K:{(u,y)eLg(Q)xHé(Q):[}V}/-Vzd.r:ﬂzuzdx Yz e Hy(Q)

and §y§¢2}

Since Q is convex, we have y € H?(Q) by elliptic regularity
and u = —Ay in the strong sense.
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The Continuous Problem

Find

1
(@, 9) = argmin = (|ly — yall7,(q) + VIl
e 5( La(9) T2(@)
where

K:{(u,y)eLg(Q)xHé(Q): /QVy~Vzd33=/Quzdx Yz e Hy(Q)

and §y§¢2}

Since Q is convex, we have y € H?(Q) by elliptic regularity
and v = —Ay in the strong sense.

24



The Continuous Problem

Find

(1.5) = argmin L (v — 14l 0y + 0l
(uy)EK

where
K:{(u,y)eLg(Q)xHé(Q): /Vy~Vzdaz=/uzdx Yz e Hy(Q)
Q Q
and ¢1§y§¢2}

Equivalent problem

Find § = argmin - (Hy yall T, + 11AYI7,q)
yeK

where
K={ye HXQ)NHNQ) : ¢ <y < b}

25



The Continuous Problem

This convex minimization problem

, _ .1
Find - g = argmin o (|ly — al7, o) + 712017, 0))
yeK

where
K={ye H}Q)NHYQ): 1 <y <o}

has a unique solution characterized by the first order optimality
condition

/@—ydxy—gmxﬂ/(Ay)A(y—y)dmzo Vye K
Q Q

which is a fourth order variational inequality.

26



The fourth order variational inequality

[ @=m=pie+y [ apDAG-p=0  vyeK
can be written concisely as
oGy=1)> [wly-pde VyeK
where
a(y, z) = 'y/Q(Ay)(Az)dx + /Qyz dx

:7/(D2y:D2z)dx+/yzd:U
Q 9]

27



The fourth order variational inequality

[ @=m=pie+y [ apDAG-p=0  vyeK
can be written concisely as
oGy=1)> [wly-pde VyeK

In the absence of constraints for y (1 = —o0, 19 = +0), the
variational inequality becomes a variational equality

a(y,z):/ﬂydzdx Vze H*(Q)NHYQ)

which is a boundary value problem for simply supported plates
that can be discretized by many finite element methods.

28



Boundary Value Problem (y,z) =~ 2y : D*z)dx + / yz dx
o J O

Find § € H?(Q) N H}(Q) such that

a(g,z)z/ﬂydzdx Vze H*(Q) N HH(Q)

29



Boundary Value Problem (y, 2) 2y D?2)dx + / yz dx
JQ Jo

Find § € H?(Q) N H}(Q) such that
a(y, z) :/dezdx Vze H*(Q) N HH(Q)
Finite Element Method Find g, € V};, such that
an(Gn, z) = /dezdx VzeV,

where

e 1/, is a finite element space that approximates the contin-
uous space H?(2) N H (D).

e ay(-,-) is a bilinear form that approximates af(-,-).

30



Boundary Value Problem (y,z) =~ 2y D?2)dx + / yz dx
o J O

Find § € H?(Q) N H}(Q) such that

a(g,z)z/ﬂydzda: Vze H*(Q) N HH(Q)

Finite Element Method Find g, € V};, such that

an(Gn, z) = / ygz dx VzeV,
Q

Conforming C! Finite Element Methods

Mixed Finite Element Methods

Classical Nonconforming Finite Element Methods

Discontinuous Galerkin Finite Element Methods

31



Variational Inequality

Find §j € K such that

a(ﬂ,y—@)Z/de(y—?)dw Vye K
where K = {y € H*(Q) N H(Q) : ¢y <y <o}

Discretization Find 3, € K; such that

an(Yn,Yn — Yn) > / Ya(yn — yn)dx Vyn € Kp,
Q
where

Ky ={yn € Vi : ¥1(p) < yn(p) < 2(p) atall the vertices p of T}

Vi, and ay(-,-) can come from conforming methods, mixed
methods, nonconforming methods and DG methods.

32



e We can solve elliptic optimal control problems as fourth or-
der variational inequalities by using finite element methods
originally designed for fourth order elliptic boundary value
problems. The traditional approach of reducing the prob-
lem to a minimization problem for the control corresponds
to the special case of a mixed finite element method.
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e We can solve elliptic optimal control problems as fourth or-
der variational inequalities by using finite element methods
originally designed for fourth order elliptic boundary value
problems. The traditional approach of reducing the prob-
lem to a minimization problem for the control corresponds
to the special case of a mixed finite element method.

Conforming C' Finite Element Method

B., C.B. Davis and L.-Y. Sung

A partition of unity method for a class of fourth order variational in-
equalities

Computer Methods in Applied Mechanics and Engineering (2014)

34



e We can solve elliptic optimal control problems as fourth or-
der variational inequalities by using finite element methods
originally designed for fourth order elliptic boundary value
problems. The traditional approach of reducing the prob-
lem to a minimization problem for the control corresponds
to the special case of a mixed finite element method.

Mixed Finite Element Method

B., J. Gedicke and L.-Y. Sung

P, finite element methods for an elliptic optimal control problem with
pointwise state constraints

IMA Journal of Numerical Analysis (2020)
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e We can solve elliptic optimal control problems as fourth or-
der variational inequalities by using finite element methods
originally designed for fourth order elliptic boundary value
problems. The traditional approach of reducing the prob-
lem to a minimization problem for the control corresponds
to the special case of a mixed finite element method.

Classical Nonconforming Finite Element Method

B., T. Gudi, K. Porwal and L.-Y. Sung

A Morley finite element method for an elliptic distributed optimal con-
trol problem with pointwise state and control constraints

ESAIM: Control, Optimisation and Calculus of Variations (2018)
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e We can solve elliptic optimal control problems as fourth or-
der variational inequalities by using finite element methods
originally designed for fourth order elliptic boundary value
problems. The traditional approach of reducing the prob-
lem to a minimization problem for the control corresponds
to the special case of a mixed finite element method.

Discontinuous Galerkin Finite Element Methods

B., L.-Y. Sung and Y.-Zhang

A quadratic C" interior penalty method for an elliptic optimal control
problem with state constraints

IMA Volumes in Mathematics and lts Applications (2014)
B., J. Gedicke and L.-Y. Sung

A symmetric interior penalty method for an elliptic distributed optimal
control problem with pointwise state constraints

Computational Methods in Applied Mathematics (2023)
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e We can solve elliptic optimal control problems as fourth or-
der variational inequalities by using finite element methods
originally designed for fourth order elliptic boundary value
problems. The traditional approach of reducing the prob-
lem to a minimization problem for the control corresponds
to the special case of a mixed finite element method.

e Since the unknown is the optimal state ¢, the pointwise
state constraints become box constraints for the discrete
problems so that the resulting quadratic programs can be
solved efficiently by a primal-dual active set method.

Bergounioux-Kunisch 2002
Hintermdaller-Ito-Kunisch 2003

38



e The error analysis is based on the work of Frehse, Caf-
farelli and Friedman on fourth order variational inequalities,
standard finite element techniques for fourth order elliptic
boundary value problems and a clever application of the
Karush-Kuhn-Tucker conditions.

B. and L.-Y. Sung

A new convergence analysis of finite element methods for elliptic dis-
tributed optimal control problems with pointwise state constraints

SIAM Journal on Control and Optimization (2017)
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e This approach has been extended to optimal control prob-
lems with pointwise state and pointwise control constraints.

B., T. Gudi, K. Porwal and L.-Y. Sung

A Morley finite element method for an elliptic distributed optimal con-
trol problem with pointwise state and control constraints

ESAIM: Control, Optimisation and Calculus of Variations (2018)

B., L.-Y. Sung and Z. Tan

A cubic C? interior penalty method for elliptic distributed optimal con-
trol problems with pointwise state and control constraints

Results in Applied Mathematics (2020)
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e We can also handle optimal control problems with general
cost functions that include the point-tracking problem.

B., S. Jeong, L.-Y. Sung and Z. Tan

C? interior penalty methods for an elliptic distributed optimal control
problem with general tracking and pointwise state constraints

Computers and Mathematics with Applications (2024)
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e There are finite element methods (virtual element methods,
HDG methods, weak Galerkin methods, HHO methods, ...)
that can be implemented on polygonal meshes. The new
approach can also be applied to these methods.

B., L.-Y. Sung and Z. Tan

A C! virtual element method for an elliptic distributed optimal control
problem with pointwise state constraints

Mathematical Models & Methods in Applied Sciences (2021)
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Elliptic Distributed Optimal Control Problems

with Control Constraints
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The Continuous Problem

Find

o 1
(a,9) = argmin —(ly — yall? ) + Ml )
(u,y)eK
where (u,y) € K C L2(Q) x HL(Q) if and only if

PDE Constraint

/Vy~Vzdx:/uzdx Vze H)(Q)
Q Q

Control Constraints
P11 <u< 2

This is a simpler problem that was first analyzed by Falk in 1973.
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The Continuous Problem

Find

— — 3 1
(,5) = argmin — (ly — val3, @) + Ml o)
(u,y)eK

where (u,y) € K C L2(Q) x HL(Q) if and only if
PDE Constraint

/Vy~Vzdx:/uzdx Vze H)(Q)
Q Q

Control Constraints
P11 <u< 2

This is a simpler problem that was first analyzed by Falk in 1973.

To make it more interesting, we will consider a more general
PDE constraint.

45



The Continuous Problem

Find

(1.5) = argmin L (v — 14l 0y + 0l
(uy)EK

where (u,y) € K C L2(Q) x HL(Q) if and only if
PDE Constraint
aly,z) = / uzdr  Vze HHQ)
Q

where the symmetric bilinear form «(-,-) satisfies

alylin o) S aly,y) < Bly\m o Vye H'(Q)

for positive constants o < 5.

Control Constraints
d1 <u< P

46



The Continuous Problem

Find

(1.5) = argmin L (v — 14l 0y + 0l
(uy)EK

where (u,y) € K C L2(Q) x HL(Q) if and only if
PDE Constraint
aly,z) = / uzdr  Vze HHQ)
Q

where the symmetric bilinear form «(-,-) satisfies

alyling <alyy) <Blyling  Yye H'(Q)
for positive constants o < 3.

Remark The assumption on a(-,-) means that the PDE has
rough coefficients, which appears in many multiscale prob-
lems.

47



Examples of PDE Constraints with Rough Coefficients

a(y,z):/QA(x)Vy-Vzdx

48



Examples of PDE Constraints with Rough Coefficients

a(y,z):/QA(x)Vy-Vzdx

Highly Oscillatory Coefficients

Alw) = <o) |y ]

where (e < 1)

2
2+1.8sin< 2+sin( MQ)
c(z) = € + €

7 LT
2+1.8cos( ”2) 2+1.8sin( ”1)
€

(Hou-Wu 1997)
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Examples of PDE Constraints with Rough Coefficients

aly,z) = / A(z)Vy - Vzdx
Q
Highly Heterogeneous Coefficients

A = [ 0]

@ @)

Ai1(z) and Agx(x) are randomly generated piecewise con-
stant functions with values in [1,1331].
50



Examples of PDE Constraints with Rough Coefficients

a(y,z):/QA(x)Vy'Vzdx

High Contrast Coefficients
10
A(x) = ¢(z) [0 1]

c(x) = k(x1, m2) + K(x2, 1)

(B8>1)
K(z) = {B/z forz € [, 3] x 5, 2] UL, 8] x [5, 2]

1 elsewhere
(Peterseim-Scheichl 2016)
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The Continuous Problem

Find

— — 3 1
(,5) = argmin — (ly — val3, @) + Ml o)
(u,y)eK

where (u,y) € K C L2(Q) x HL(Q) if and only if
aly,z) = / uzdr Yz € H(Q)
Q

o1 <u < o a.e.in Q

We assume that

¢1 and ¢, belongto H'(Q)
¢1 < (bz a.e.inQ

This convex minimization problem has a unique solution.
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The Continuous Problem

The solution of the optimal control problem is characterized by
e The state equation for 3§ € H} ()

a(y,z) = / uz dz Vze Hy(Q)
Q
e The adjoint state equation for p € HE(Q)
ala.n) = [(G-wads Vo )
e The relation between the adjoint state and the optimal control

7 = max (d)l, min(¢s, —’y*lﬁ)) (1,02 € Hl(Q))
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The Continuous Problem

The solution of the optimal control problem is characterized by
e The state equation for 3§ € H} ()
a(y,z) = / uz dz Vze Hy(Q)
Q

e The adjoint state equation for p € HE(Q)

ala.n) = [(G-wads Vo )
e The relation between the adjoint state and the optimal control
@ = max (¢, min(¢s, —y~'p)) (61,02 € H'(Q))

Since H'(Q) is preserved by the operators max and min, we
have 4 € H'(Q) which improves on the assumption that @ €
Ly(Q), i.e., we have a gain of elliptic regularity for «.
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The Continuous Problem

The solution of the optimal control problem is characterized by
e The state equation for 3§ € H} ()
a(y,z) = / uz dz Vze Hy(Q)
Q

e The adjoint state equation for p € HE(Q)

ala.n) = [(G-wads Vo )
e The relation between the adjoint state and the optimal control
@ = max (¢, min(¢s, —y~'p)) (61,02 € H'(Q))

On the other hand we have 3,p € H}(Q) and nothing more
under the assumption of rough coefficients, i.e., we do not have
any gain of elliptic regularity for § and p.

55



Let 7, be a triangulation of 2, W, be the space of piecewise
constant functions with respect to 7, and V. be a finite dimen-
sional subspace of H} ().

We use the piecewise constant functions in W, to approximate
the optimal control @ and the functions in V, to approximate
the optimal state .

We allow V, to be a standard finite element space or a multi-
scale finite element space.

56



Let 7, be a triangulation of 2, W, be the space of piecewise
constant functions with respect to 7, and V. be a finite dimen-
sional subspace of H} ().

The discrete problem is to find

o . 1
(Up,s Yp,x) = argmin ) [Hy* - yd||%2(n) + 7||Up||%2(9)]

(upvy*)e]Kp.*

where the closed convex subset K, . of 17/, x V., is defined by
the following conditions:

a(Ys, 24) / Upzidx Vz. € Vi
Q

Qp1 Sup < Qp2 a.e. in
and @, is the orthogonal projection from L, (£2) onto W,,.
This finite dimensional convex minimization problem has a
unique solution.
57



The solution of the discrete problem is characterized by
e The discrete state equation for g, . € Vi

W(Gp e, 25) = / Up w24 dx Yz, € Vs
Q
e The discrete adjoint state equation for p, . € V.

a(‘]*aﬁp,*) = / (gp,* - yd)‘]* dx Vg, € Vi
Q

e The relation between the p,. and i, .

/Q(ﬁ,m + Ylp, ) (up — Up, i )dz > 0 Vu, € U,

where
Uby = {up € W, 0 Qu1 <y < Qpba}
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Error Analysis

In the case of a classical PDE constraint where
aly,z) = / Vy-Vzdx
Q
the error analysis for standard finite element methods was al-

ready carried out in the 1970’s.

However this error analysis is not directly applicable to the opti-
mal control problem where the PDE constraint has rough coeffi-
cients due to the lack of elliptic regularity pick up for the optimal
state § and the adjoint state 5.

A new error analysis is heeded.
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New Error Estimates

Theorem  There exist constants Cg, and Cgq such that

@ —tpll o) + 1T = YpillLag) + 1P — Dol o)
< Ca(l7 — Rutll o) + 1P — Rubllpo(0) + p)

19 = Fpslla + 1P = Dpxla
< CQ(”@ — Ruglla + [|[p — RuDlla + p)
where R, : H}(2) — V. is the Ritz projection operator de-

fined by
a(R.C,vy) = a(C,vy) Vo, € Vi

and
[vlla = Va(v,v)

60



New Error Estimates

Theorem  There exist constants Cg, and Cgq such that

@ —tpll o) + 1T = YpillLag) + 1P — Dol o)
< Ca(l7 — Rutll o) + 1P — Rubllpo(0) + 1)

19— Upslla + 1P — Ppxlla
< CQ(”@ - R*gHa + ||13 - R*pHa + [J)

Remark The derivations of these estimates are based on the
characterizations of the solutions of the continuous and discrete
problems. The O(p) term appears because we are approxi-
mating the optimal control @ € H'(Q) by piecewise constant
functions associated with 7,,.
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New Error Estimates

Theorem  There exist constants Cg, and Cgq such that

@ —tpll o) + 1T = YpillLag) + 1P — Dol o)
< Ca(lly = Rutlll Ly(0) + 1P — Rabll o) + P)

19— Upslla + 1P — Ppxlla
< CQ(H@ - R*QHa + Hﬁ - R*ﬁHa + ,0)

Remark When we solve the boundary value problem
a(C,v):/fvd:U Vo€ H}(Q)
Q

by the Ritz-Galerkin method based on V., the L(£2) and en-
ergy norm errors are defined in terms of R,.
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New Error Estimates

Theorem  There exist constants Cg, and Cgq such that

@ —tpll o) + 1T = YpillLag) + 1P — Dol o)
< Ca(l7 — Rutll o) + 1P — Rubllpo(0) + p)

19— Upslla + 1P — Ppxlla
< CQ(”@ - R*gHa + ||13 - R*pHa + ,0)

Therefore these estimates reduce the error analysis of the opti-
mal control problem to the error analysis of the boundary value
problem.
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New Error Estimates

Theorem  There exist constants Cg, and Cgq such that

@ —tpll o) + 1T = YpillLag) + 1P — Dol o)
< Ca(l7 — Rutll o) + 1P — Rubllpo(0) + p)

19— Upslla + 1P — Ppxlla
< CQ(”@ - R*gHa + ||13 - R*pHa + ,0)

These are new error estimates for the elliptic optimal control
problem that are suitable for the analysis of multiscale finite el-
ement methods for PDE constraints with rough coefficients.
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New Error Estimates

Theorem  There exist constants Cg, and Cgq such that

@ —tpll o) + 1T = YpillLag) + 1P — Dol o)
< Ca(l7 — Rutll o) + 1P — Rubllpo(0) + p)

19— Upslla + 1P — Ppxlla
< CQ(”@ - R*gHa + ||13 - R*pHa + ,0)

These are new error estimates for the elliptic optimal control
problem that are suitable for the analysis of multiscale finite el-
ement methods for PDE constraints with rough coefficients.

We can also apply these estimates to the case of classical PDE
constraints.
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Classical PDE Constraint

a(y,z):/QVy-Vzd:L‘

where Q is a convex polygonal domain, and || - [[o = | - |51 (q)-
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Classical PDE Constraint

aly,z) = / Vy-Vzdx
Q
where Q is a convex polygonal domain, and || - [[o = | - |51 (q)-

In this case y and p belong to H?(2) by elliptic regularity for
the state equation and the adjoint state equation.

/Vy-Vzdx:/uzdw Vz e Hy(Q)
Q Q

/Qquda::/Q(y—yd)qdw Vqe HY(Q)
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Classical PDE Constraint

aly,z) = / Vy-Vzdx
Q
where Q is a convex polygonal domain, and || - [[o = | - |51 (q)-

In this case y and p belong to H?(2) by elliptic regularity for
the state equation and the adjoint state equation.

We can take V. C H}(Q2) to be a standard P; finite element
space V;, associated with a triangulation 7, of €, and we can
write the solution of the discrete problem as

Uhp € Vhy Dhp€Vy and ay, e W,
The Ritz projection operator Ry, : Hi(Q) — V}, is defined by

/V(Rhg)-vudx_/vg-wclx Vv e HY()
Q Q
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Classical PDE Constraint

The estimates from the theorem

@ = tpsllo) + 19— TpsllLa) + 1P = PpsllLa(o)
< Ca(l7 = Rl L) + 1P — RebllLo(0) + p)

19 = Upslla + 1P = Dpxlla < Callly — Rutlla + |p — Rublla + p)
become the concrete estimates
@ = tpnll o) + 17 = Gonll o) + 1D = Doonll o) < C(R* + p)
Y — Up.nlEr () + [P — Ppular () < C(h+p)
that come from standard finite element estimates
I¢ = Rular o) < Ch|Cla2() V(€ H*(Q)NH(Q)
1€ = RaCllra) < CR|C| 2y V¢ € H(Q) N H(Q)
(,p € H*(Q) N H(Q))
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Classical PDE Constraint

The estimates from the theorem

@ = tpsllo) + 19— TpsllLa) + 1P = PpsllLa(o)
< Ca(l7 = Rl L) + 1P — RebllLo(0) + p)

19 = Gpslla + 11D = Ppslla < Callly = Butlla + 1P = Ruplla + p)

become the concrete estimates

@ =y nll Lat) + 15 = GonllLai) + 15— PonllLage) < C(h* + p)
1Y = Yp.ulm1 () + [P — Poul i) < C(h+p)

We have recovered the error estimates of Falk 1973 for the el-
liptic optimal control problem with smooth data.
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PDE Constraints with Rough Coefficients
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PDE Constraints with Rough Coefficients

For the standard finite element method, the estimates from the
theorem

4= @pellLo) + 19 = YpsllLa) + 1P = PpllLa(e)
< Callly — Ry + 1P — Rebll o) + p)

ly — gp:*lla + llp _.ﬁp,*lla < Ca(ll7 = Rella + [P — Replla + p)

now take this form

12 = tp.nll o) + 15 = Dol o) + 12— PonllLae)
17 = Goplla + 115 = Ppnlla < CUT — Raflla + 1P — Ruplla + p)
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PDE Constraints with Rough Coefficients

For the standard finite element method, the estimates from the
theorem

4= @pellLo) + 19 = YpsllLa) + 1P = PpllLa(e)
< Callly — Ry + 1P — Rebll o) + p)

ly — gp:*lla + llp _.ﬁp,*lla < Ca(ll7 = Rella + [P — Replla + p)

now take this form

12 = tp.nll o) + 15 = Dol o) + 12— PonllLae)
+ 15 = Yonlla + 1D = Ppplla < C|7 — Ruylla + |p — Ruplla + p)

Note that il oo it Il 0
i [|g — Rnglla =lim inf |y -zl =

15— Redll. — Lim inf (15— _
lﬁgllp Ruplla éﬂ%q,frévh”p qnlla =0
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PDE Constraints with Rough Coefficients

For the standard finite element method, the estimates from the
theorem

4= @pellLo) + 19 = YpsllLa) + 1P = PpllLa(e)
< Callly — Ry + 1P — Rebll o) + p)

ly — gp:*”a + llp _.ﬁp,*”a < Ca(ll7 = Rella + [P — Replla + p)

now take this form

@ = tp,nllLo) + 10 = GpnllLo) + 1P = BonllLa o
19 = Gonlla + 1D = Pp.nlla < CUI7 — Buglla + 1P = Ruplla + p)

Therefore we have convergence as h,p | 0. But the conver-
gence in h can be arbitrarily slow.
(Babuska-Osborn 2000)

We will need a very fine mesh 7}, in order to get a good approx-

imate solution by using a standard finite element space V. 24



PDE Constraints with Rough Coefficients

Suppose we have a good approximate solution (4,1, %y h,Dp,n)
obtained by a standard finite element method on a sufficiently
fine mesh 7;,.

We can improve the performance on coarser meshes by switch-
ing to a multiscale finite element space.
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PDE Constraints with Rough Coefficients

Suppose we have a good approximate solution (4,1, %y h,Dp,n)
obtained by a standard finite element method on a sufficiently
fine mesh 7;,.

We can improve the performance on coarser meshes by switch-
ing to a multiscale finite element space.

For example, we can take
Vi = Vst

ms,h

where V;;™" is the multiscale finite element space of Malqvist
and Peterseim.
Malgvist and Peterseim 2014
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PDE Constraints with Rough Coefficients

Suppose we have a good approximate solution (4,1, %y h,Dp,n)
obtained by a standard finite element method on a sufficiently
fine mesh 7;,.

We can improve the performance on coarser meshes by switch-
ing to a multiscale finite element space.

For example, we can take
Vi = Vst

This is a reduced order method. The time consuming construc-
tion of Vf,“s’h, which involves solving problems on the fine mesh
75, is carried out off-line. The on-line computation using V"
is very fast because the dimension of V2" is identical to the
dimension of a standard finite element space on a coarse mesh
TH-
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PDE Constraints with Rough Coefficients

Suppose we have a good approximate solution (4,1, %y h,Dp,n)
obtained by a standard finite element method on a sufficiently
fine mesh 7;,.

We can improve the performance on coarser meshes by switch-
ing to a multiscale finite element space.

For example, we can take
Vi = Vst

The salient feature is that, up to the error of a standard fi-
nite element method on the fine mesh, the performance of this
method is similar to the performance of a standard finite ele-
ment method on the coarse mesh for a classical elliptic problem
on a convex domain even if the coefficients are rough and the
domain is nonconvex.
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Error Estimates

—ms,h _ms,h

Let (afj}#,ypﬁ ,Pp. ') be the solution of the optimal control

ms,h

problem where V, = V;;
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Error Estimates

Let (ugnzh,gj;nf{h,ﬁznzh) be the solution of the optimal control

problem where V, = V;;

msh

Error Estimate in Ly(92)

_ms,h —_ms,h

17 — @53 | L) + 17 = G o) + 1P = Do )

< Ca(l7— RE" 9l o) + 1P — RE"Bll 1o () + p)

where Rg;s’h is the Ritz projection operator from H}(Q2) onto
Vst

Theorem

[t — tp |l Ly0) + 1T = TpsllLai) + 1P — Dol Lo
< Ca(l7 = Rl L) + 1P — Rabll Lo + p)
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Error Estimates

Let (ugnzh,gj;nf{h,ﬁznzh) be the solution of the optimal control

problem where V, = V25"

Error Estimate in Ly(92)

—_ms,h

|Lo@) 12— Dot 22(02)

msh‘

I — w5 || Loy + 15— @
< Call7 — R Ul o) + 1P — R 15||L2(Q) +p)

< C(17 = Upnll Loy + 18— tppll Lo ) + 1P = Ponll Lo
+ H? + p)
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Error Estimates

Let (ugnzh,gj;nf{h,ﬁznzh) be the solution of the optimal control

problem where V, = Vish,

Error Estimate in Ly(92)

—_ms,h

|L2@) + 1P = Poii 220

< Calllg = RE>"Gll o0 + 1P — RE*"Pll o) + )
< C(17 = Gl Loy + ||U —UpnllLy@) + 1D = Ppnll o)
+ H? + p)

msh‘

|2 — a5l rae) + 19— 9

Classical PDE Constraint on Convex Domains

18— U, 11 | Lo () + 110 = Up,tt | 2o () + 1P — ot | o (0) < C(H? +p)
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Error Estimates

Error Estimate in the Energy Norm

—ms,h

—ms,h _ _ _ _
5 ”a < C(Hy - :(/p,hHa + H[) _pp,hHa"i‘H + p)

|G—Tp.si

Classical PDE Constraint on Convex Domains

”g - gp,H”a + ||]3 - ﬁp,HHa < C(H + p)
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e The new error estimates

|Lo(9) + 12— Dol Lo ()

% — Up sl o) + 1T — Yo

< Ca(lly = RutllLy) + 1P — Rebll1o(02) + p)
ly — gp,*Ha +p — pp,*”a < CQ(H?? — Ruglla + I[P — RuDl|a + p)

reduce the error analysis of finite element methods for the
elliptic distributed optimal control problems with pointwise
control constraints to the error analysis for elliptic boundary
value problems.

They are useful for the analysis of multiscale finite element
methods for PDE constraints with rough coefficients.
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New Error Analysis

B. and L.-Y. Sung

New error estimates for an elliptic distributed optimal control
problem with pointwise control constraints

Beijing Journal of Pure and Applied Mathematics (2025)
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New Error Analysis

B. and L.-Y. Sung

New error estimates for an elliptic distributed optimal control
problem with pointwise control constraints

Beijing Journal of Pure and Applied Mathematics (2025)

Numerical Results

B., J. Garay and L.-Y. Sung
A multiscale finite element method for an elliptic distributed op-
timal control problem with rough coefficients and control con-

straints
Journal of Scientific Computing (2024)
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e The new error analysis has been extended to elliptic Neu-
mann boundary control problems.

B. and L.-Y. Sung
A new error analysis for finite element methods for elliptic Neu-
mann boundary control problems with pointwise control con-

straints
Results in Applied Mathematics (2025)
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Monge-Ampére Equation
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Two Dimensional Monge-Ampere Equation

det D*u = f(x,u, Du)

where
D2 _ Ugizy  Uzizo d _
u= and Du = [uxl um]

Upor; Uzgxs
or

Ux1z1ua:2$2 - uxlxzuxle = f(xu u, Ux1 ) ua)z)
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Two Dimensional Monge-Ampere Equation

det D*u = f(x,u, Du)

where
u u
D?u = |: T $112:| and Du= [Uacl Uwg]

Ugor, Uzoxo
or

uaf:11‘1ux2$2 - uxlxzuxle = f(xu u, le ) ua)z)

It is a second order partial differential equation that is nonlinear
in the second order derivatives, i.e., it is a fully nonlinear partial
differential equation.
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Two Dimensional Monge-Ampere Equation

det D?u = f(x,u, Du)

where
U U
D2u — |: T121 m112:| and Du = [uml Uwg]

Ugor, Uzoxo
or

uaf:11‘1ux2$2 - uxlxzuxle = f(xu u, le ) ua)z)

It appears in
e the prescribed Gaussian curvature problem
e the Minkowski problem
. optimal transport
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Linearization of the Monge-Ampere operator

d
p det D?(u + tv)‘ = Cof D?u : D*v

Frobenius inner product
where

Cof D?*u = [ Yzaws _ux”l}

_u$1$2 uxl 1

The linearized Monge-Ampere operator is elliptic if and only if
is strictly convex (= det D?u > 0).
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Linearization of the Monge-Ampere operator

d
p det D?(u + tv)‘ = Cof D?u : D*v

Frobenius inner product
where

Cof D?*u = [ Yzaws _ux”l}

_ux1$2 uxlan
The linearized Monge-Ampere operator is elliptic if and only if
is strictly convex (= det D%u > 0).

Therefore we assume f is strictly positive and look for strictly
convex solutions of

det D?u = f(x,u, Du)
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A Dirichlet Boundary Value Problem

det D>u=1 inQ
U= ¢ on 9f)
where () is a convex polygonal domain.

We assume that there exists a smooth strictly convex solution
(which is necessarily unique).
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A Dirichlet Boundary Value Problem

det D>u=1 inQ
u=q¢ on 092
where () is a convex polygonal domain.
We assume that there exists a smooth strictly convex solution
(which is necessarily unique).

This is a challenging problem for two reasons.

* It is a fully nonlinear PDE and therefore the usual finite
element approach based on integration by parts is not ap-
plicable.

e We have to compute a strictly convex solution.
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A Dirichlet Boundary Value Problem

det D>u=1 inQ

u=q¢ on 092
Observation

If
det D>u=1 >0

then w is strictly convex if and only if Au > 0.

A1 A9 >0

A, >0 <
A+ >0
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A Dirichlet Boundary Value Problem

det D>u=1 inQ

u=q¢ on 092
Observation

If
det D>u=1 >0

then w is strictly convex if and only if Au > 0.
New Formulation
detD>u=1 inQ
u=q¢ on 0f2
Au >0 in Q
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A Dirichlet Boundary Value Problem

det D>u=1 inQ

u=q¢ on 092
Observation

If
det D>u=1 >0

then w is strictly convex if and only if Au > 0.
New Formulation
detD>u=1 inQ
u=q¢ on 0f2
Au >0 in Q

Therefore we need to enforce the constraint Aw > 0.
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An Exotic Finite Element (enhanced cubic Lagrange element)
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An Exotic Finite Element (enhanced cubic Lagrange element)

We use cubic polynomials
plus the linear combinations
of three higher order poly-
nomials on the triangle T
(shaded in blue).
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An Exotic Finite Element (enhanced cubic Lagrange element)

We use cubic polynomials
plus the linear combinations
of three higher order poly-
nomials on the triangle T
(shaded in blue).

A

Degrees of Freedom: In addition to the standard dofs of v for
the cubic polynomials (represented by the red dots), we also in-
clude Awv at the vertices of the larger triangle T} (represented
by the black triangles), where T} is the triangle whose mid-
points are the vertices of T.
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An Exotic Finite Element (enhanced cubic Lagrange element)

We use cubic polynomials
plus the linear combinations
of three higher order poly-
nomials on the triangle T
(shaded in blue).

A

Degrees of Freedom: In addition to the standard dofs of v for
the cubic polynomials (represented by the red dots), we also in-
clude Awv at the vertices of the larger triangle T} (represented
by the black triangles), where T} is the triangle whose mid-
points are the vertices of T.

The three additional dofs enable us to enforce the constraint
Au > 0.
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An Exotic Finite Element (enhanced cubic Lagrange element)

Given a triangulation 7, of ©, we can glue the enhanced cubic
Lagrange elements on each triangle together to form a finite
element space V},.
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The Discrete Problem

detD>u=1 inQ, u=¢ ondQ, Au>0 inQ
We will find an approximation u; of w by solving a nonlinear
least-squares problem on the constraint set
Ly={veV,:v=¢,0n0Q and Av, >0 at the
vertices of T; forevery T' € Ty}

where ¢y, is the one-dimensional cubic Lagrange interpolant of
¢ along 02 and v, is the restriction of v to T.
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The Discrete Problem

detD>u=1 inQ, u=¢ ondQ, Au>0 inQ
We will find an approximation u; of w by solving a nonlinear
least-squares problem on the constraint set
Ly={veV,:v=¢,0n0Q and Av, >0 at the
vertices of T; forevery T' € Ty}

Find
up, = argmin Jp(v)
vELy
where
Wt e o ht 2
Tn() = S IDyollzy0) + 5 > Al
TeT),
1 _ 1
t3 Z le] 1”[[8’0/8”“”%2(6) + 5” det Djv — ¢”%2(Q)

6652
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The Discrete Problem

up, = argmin Jp, (v)

vELp,
where
R e o h 2
In(v) = S 1Dpollz,0) + 5 > 1Awolire
TET,
1 _ 1
t5 D el HIov/onlI7, @ + §|| det Dyv — 9|7,y

6652

m (D}QL’U)|T:D2(’U‘T) and (Ahv)’T:A(U|T) VT €Th
are the piecewise defined Hessian and Laplacian of v € V},.

m & is the set of the interior edges of 7j,.
B [[0v/On] is the jump of the normal derivative of v.
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The Discrete Problem

up, = argmin J(v)

vELp,
where
R e o h 2
In(v) = S 1Dpollz,0) + 5 > 1Awolire
TET,
1 _ 1
t3 > lel M [ov/onllZ, 0 + 5 ll det Div = ¢[I7,q)

6652

The last term )
§|| det Djjv — W\%Q(Q)

is the least-squares discretization of the Monge-Ampére equa-
tion
det D*u = 1
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The Discrete Problem

up, = argmin Jp, (v)

vELp,
where
R e o h 2
In(v) = S 1Dpollz,0) + 5 > 1Awolire
TET,
1 I T 1
T3 Z le] 1H[[dv/()n}]||iz(c) + 5” det Djiv — 7/’”%2(9)

ees),

The third term (le| is the length of the edge e¢)

LS e 0uonl

6652
is a penalty term that compensates for Vj, ¢ H?(f2) where the
strong solution of the Monge-Ampeére equation is posed.
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The Discrete Problem

up, = argmin Jp, (v)

vELp,
where
W e o h 2
In(v) = S IDyvllzy0) + 5 > 1Awolire
TET,
1 _ 1
t5 D el HIov/onlI7, @ + §|| det Dyv — 9|7,y

6652
The first term
h4 2 112
5 1Dyl 0

is a regularization term which together with the penalty term
ensures that the discrete problem has a global minimizer.
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The Discrete Problem

up, = argmin Jp, (v)

vELp,

where

W e o h 2

In(v) = S IDyvllzy0) + 5 > 1Awolire

TET,
1 I T 1
T3 Z le] 1H[[dv/()n}]||iz(c) + 5” det Djiv — 7/’”%2(9)
ecy
We have
Iollza) < (1Dl ey + - Il 00/0m0 )
e€sy

for continuous piecewise H? functions v that vanish on 05,
where the positive constant C' depends only on Q and the

shape regularity of 7j. B.-Wang-Zhao 2004
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The Discrete Problem

up, = argmin Jp, (v)
vELp,

where

h4 h4
In(v) = ?”D%LUH%Q(Q) t5 > 1Al
TETh

1 _ 1
t5 D el HIov/onlI7, @ + §|| det Dyv — 9|7,y

6652

The second term

X ,
5 D 1Bl
TeTh

is a regularization term that enforces the elementwise convexity
of the discrete solution.
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A Priori Bounds up, = argmin Jp, (v)
vELp,

The interpolation operator II;, : H*(Q2) — V}, is defined by the
condition that ¢ and II,¢ have identical dofs.
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A Priori Bounds up, = argmin Jp, (v)
vELp,

The interpolation operator II;, : H*(Q2) — V}, is defined by the
condition that ¢ and II,¢ have identical dofs.

Let u be the solution of the boundary value problem

det D?>u =1 in Q
u=q¢ on 0f)

By design II,u belongs to the constraint set

Ly={veV,:v=¢,ondN and tr(J.D?*v,J;) > 0 at the
vertices of T: for every T' € Ty}
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A Priori Bounds up, = argmin Jp, (v)
vELp,

h4

h4
?HD%LUhH%Q(Q) Tt > 1 Anunlirm
TET
1 _ 1
T3 Z le] 1||[[3Uh/a”ﬂ||%2(e) + 5” det Djup, — ¢||%2(Q)
e€t;
= Jn(un)
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A Priori Bounds up, = argmin Jp, (v)
vELp,

h4

h4
?HD%LUhH%Q(Q) Tt > 1 Anunlirm
TeT,
1 _ 1
T3 Z le] 1||[[3Uh/a”ﬂ||%2(e) + 5” det Djup, — ¢||%2(Q)
eESi
= Jn(un)
< Jn(Ipu)
ht 2 2 h* 2
=5 Z [ Dp Ik ul7, o T Z |ApIThul gz )
TeTh TeT,
1 _ 1
+3 > lel M (oM /on])[17, ) + 5|l det DiTlyu = |70
6652
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A Priori Bounds up, = argmin Jp, (v)
vELp,

HDhuhHLg ) AL Z |Antnl3p2 )

TGTh
1 _ 1
T3 Z le] 1||[[3Uh/a”ﬂ||%2(e) + 5” det Djup, — ¢||%2(Q)
665}1
= Jn(un)
< Jn(Ipu)
! 2 2 h* 2
= Z | D ITpull7, ) + > Z | ApIThulpz )
TET, TeTh
1 _ 1
+3 > lel M loMu/on] |7, + 5l det DiTlhu — 917, o)
et}
<Ch* interpolation error estimates
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A Priori Bounds up, = argmin Jp, (v)
vELp,

ht ht

EHD?LWH%Z(Q) Tt > 1 Anunlie
TEeTh
1 o 1
+t3 > el HI[oun/on)1Z, e + 5” det Dyup, — 97,0
(’,Eg}il
= Tn(un)
< Jn(Ipu)
ht 2 2 h* 2
=5 Z [ Dp Ik ul7, o T Z |ApIThul gz )
TeTh TeT,
1 _ 1
+3 > lel Hoau/onll17 ) + 5|l det DiTlyu = |70
eES,iL
<Chn*
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A Priori Bounds

up, = argmin Jp, (v)
vELp,

HDfQLuhHLQ(Q) <

1
(TGZT ’Ahuhﬁp(T)) ’ <
h

(D lel~ Noun /oI,y ) * < €1,

eES}iL
| det Dyup, — ¥[|p,0) < CRH®
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A Priori Bounds up, = argmin Jp, (v)
vELp,

||Df2zuh||L2(Q) <

1
(TGZT ’Ahuhﬁp(T)) ’ <
h

1
(X tel ™ i0un /om0 )* < OB,
ect}
| det Diup, — | 1) < Ch?
These a priori bounds are crucial for the error analysis of the

nonlinear least-squares method. They are based on the impor-
tant fact that II,u belongs to the constraint set L.
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A Priori Bounds up, = argmin Jp, (v)
vELp,

||D1%Uh||L2(Q) <

1
(TGZT ’Ahuhﬁp(T)) ’ <
h

1
(X tel ™ i0un /om0 )* < OB,
ect}
| det Diup, — | 1) < Ch?
These a priori bounds are crucial for the error analysis of the

nonlinear least-squares method. They are based on the impor-
tant fact that II,u belongs to the constraint set L.

In particular, one can use these estimates to show that w, is
strictly convex on each triangle in 7, if h is sufficiently small.
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Error Analysis

By the fundamental theorem of calculus, we have

(x)  det D*u — det Diuy, = Ay, : Di (u — up,)

where 1

Ap(z) = / [CotDR (b + (1~ 1)) ()t
0

is defined at all the points in Q except those on the edges of
Th.

[%det(M+tN)] =Cof M:N VM,NecR™

t=0
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Error Analysis

By the fundamental theorem of calculus, we have

(x)  det D*u — det Diuy, = Ay, : Di (u — up,)

where 1

Ap(z) = / [CotDR (b + (1~ 1)) ()t
0

is defined at all the points in Q except those on the edges of
Th.

Since u is strictly convex on Q and wy, is strictly convex on
each triangle, the symmetric matrix A (z) is also positive defi-
nite on each triangle
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Error Analysis

By the fundamental theorem of calculus, we have

(¥) det D*u — det Diuy, = Ay, : D3 (u — up)

where 1

Ap(z) = / [CotDR (b + (1~ 1)) ()t
0

is defined at all the points in Q except those on the edges of
Th.

Since u is strictly convex on Q and wy, is strictly convex on
each triangle, the symmetric matrix A (z) is also positive defi-
nite on each triangle

Therefore (x) is an elliptic equation in nondivergence form for
U — Up.
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Error Estimates

Combining the techniques for the error analysis of discontin-
uous Galerkin methods for elliptic equations in nondivergence

form Smears-Siili 2013
Neilan-Wu 2019

and the a prioribounds for u;,, we can derive the error estimate
Ju —up|lp < Ch?

where uy = argmin Jj(v) and
vELp

1
ol = (D30l ) + D lel " lo0/0n]l3, )

eegﬁ

124



Error Estimates

Combining the techniques for the error analysis of discontin-
uous Galerkin methods for elliptic equations in nondivergence

form Smears-Siili 2013
Neilan-Wu 2019

and the a prioribounds for u;,, we can derive the error estimate

[ — up||n < CR?
Corollary

I = wnll o) + | = unlm o) + llu = unll Loy (2) < CB?

Poincaré-Friedrichs and Sobolev inequalities for piecewise H?

function
unctions B.-Wang-Zhao 2004

B.-Neilan-Reiser-Sung 2017
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e By introducing an exotic convexity enforcing finite element,
we can solve the constrained Dirichlet boundary value
problem for the Monge-Ampére equation

det D?u = in Q
U= ¢ on 0N}
Au>0 in Q

as a nonlinear least-squares problem.

The method is efficient due to the O(h?) convergence.
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e By introducing an exotic convexity enforcing finite element,
we can solve the constrained Dirichlet boundary value
problem for the Monge-Ampére equation

det D?u = in Q
U= ¢ on 0N}
Au>0 in Q

as a nonlinear least-squares problem.

The method is efficient due to the O(h?) convergence.

B., L.-Y. Sung, Z. Tan and H. Zhang

A convexity enforcing CY interior penalty method for the Monge-
Ampeére equation on convex polygonal domains

Numerische Mathematik (2021) 107



e The results for convex polygonal domains have been ex-
tended to smooth strictly convex domains by using a Her-
mite isoparametric finite element space with exotic degrees
of freedom.

A nonlinear least-squares convexity enforcing C° interior
penalty method for the Monge—Ampeére equation on strictly con-
vex smooth planar domains

Communications of the AMS (2024)

128



Our approach can be applied to other fully nonlinear elliptic par-
tial differential equations such as

¢ the Pucci equation
¢ the 2-Hessian equation

B., L-Y. Sung and Z. Tan

A finite element method for a two-dimensional Pucci equation
Comptes Rendus Mécanique (2023)

An adaptive nonlinear least-squares finite element method for

a Pucci equation in two dimensions

East Asian Journal on Applied Mathematics (2024)
129
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