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e Four-point functions are fundamental
objects in CFT: they encode the Ladder integrals appear in:
dynamics through the OPE

e They can be bootstrapped using only e N =4 SYM (planar
symmetry and unitarity limit)
e Perturbative calculations: o Fishnet theories
e Conformal symmetry simplifies (Kazakov et al.)
conformal integrals e Large-charge expansions

e Ladder integrals: Special class with . .
23 el i e Integrability studies

iterative structure

e AdS/CFT correspondence renewed e Basso-Dixon integrals
interest i.e. Mellin-transform e Thermal bootstrap

e Applications in fishnet theories, calculations
large-N. calculations, integrability,

single-valued polylogarithms
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L-loop ladder integral in D = 2k + 2 dimensions
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Conformal covariance:

ILk(>\XI) _ )\7(2k+2L)Ik( )
I£(1/x) = (x£3) (6 x3) 1 (%)
Cross-ratio representation:
ILk(Xi) = Tok.2L (u V)
X13 %24
with u = % v = g
X{3%4 Xi3%4

Conformal frame: Fix x; =(, xo =00, x3=1, x4 =0
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Isaev’s integral representation [lsaev 2003]
For k, L > 1:

k‘__LOOL_nL e’ ‘
o460 =~ | e te - 2midlo (e

Using the change of variables ¢’ = Ce™t, ¢ =|¢|e?, ¢’ = |¢'|e® we
obtain
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DECO)

- L[] 2
k _ L—1
S0 = ey | Ter2nIcI0n ¢ 6

where

k 7\ — (<_ E)k _ 0 A\ = -
DO(CvC) - r(k) |1 _ C|2k ’ k= 1727 o DO(C7<) - lnzO(C?C)




The Hamiltonian

. 1 o . o
H = ‘(Pl + p3) + 5’"2(X12 +23) + (Pt — Prke)

Interpretation:

e Two harmonic oscillators with frequency/mass m
e Twisted by imaginary chemical potential 1

e Equivalent to interaction with (imaginary) homogenous constant
magnetic field along the third direction



Interpretation:

The Hamiltonian can be thought of as a deformation of the free particle
Hamiltonian Hy = (2 + p3)/2 by the operators

N 1, R N R .
O:§(x12+x22), Q = Pk — P15

the deformations parameters being m and ipu.
Creation/annihilation operators:

51[ 2\/_(m(X1 + IX2) + (P2 = Ipl)) ﬁ(m(fﬁ = I')AQ) + (ﬁz + iﬁl)),

A R o R n N 1 R i N a
dy = m(m(xl —i%) — (P2 +ip1)), 4= m(m(xl +i%) — (P2 — ip1)),

Diagonal form:

Flo + m?0 = m(Nl + NQ I 1) Q N1 N2

with N; = 41 4.



Grand canonical partition function

% 5) — Th —B(Fo+m*O)—iBud _ | _
o(z,2) = Tre 1-2)1-2)
where z = e~ Bm—iBu
Differential operators-
A 1 0 N i 0 _ A
Dz = EW = 2In | |(28 +28 ) Lz = B% = (282—282), [Dz, Lz] =0

They commute: [DZ7 Lz] =0

Thermal one-point functions:
11—|z?
2m|l—z|2’

z—Z

Mo =L, xInZy = —=—
(Do 3 I 2= T

(O = —BD, xIn Zy =

e These are Poisson kernels (harmonic functions) with constant
boundary values at a single point on the unit circle/upper half-plane.

e They are bulk-to-boundary propagators in Euclidean AdS; in
different coordinate patches.



Relativistic one-particle density of states:

pulema?) = 2B — )

. 2 .
with a? = 45/32 (geometric parameter)

Thermal free energy:

InZ 2 2L/82L > 2 2 L—1| =
1(z,Zz;0%) = =i/ dw2w(w® — m°)"""In Zy(2',Z)

2L Izl 4|2
_ _(La 1)! / ||zzf||2ln 1Z/|(In%|2'] = In? |2])" 1 In Zo(2, 7).
—1)*Jo

where z/ = e=#“=P1 (In|Z/| < In|z]).

In Z.(z,z;0%) = a?t In Z,(z,2).
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Result [T.P. 2021]

(—1)LL1(21n |2])2L+1
2(2L+ 1)!

N Z 2/. —n (n)2| lrl] |z|)n2§R[Li2L+1—n(z)]

InZ(z,2) =

Special cases:

e L=0:InZy=In|z|—In(1-2)—In(1l-2)
e m=p=0(z=1) In2(1,1) = Eloc(2L +1)

e Single-valued polylogarithm representation (extra material).
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Euclidean action in d = 2L + 1:
ﬁ -
Su= [ dr [ R10: — in)o? + o + mPlof
0
Thermal partition function:

ZL(B, m, ,LL) S m /D¢D¢TE_SL

Key result: Path integral calculation yields exactly In Z,(z, Z) with

V. .
Gy T2 (spatial volume)

B2L
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Recurrence relations:
(O), =—BD, xInZ, =BInZ_,
Q=L +InZ = -D,%(Q) 111

Integral operator:

. Izl 4|2
dypr = / |Z/ |2In |Z|
o |Z]

with properties:
= |5z *CTZ;Z’ « (') = f(2),
L

2 %dgp % F(2'),
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Iterated integral representation:

InZ, = {ordH} znz ¥In 2o

where 0 < |z]| < -+ < |z| < |Z]

The "depth” k

(Z—E)k<zizi\_z> % In Zo(z,Z) = DE(z, z)_r(k)(C 9]

| |2k

e This is related to the massless propagator of a scalar field ¢(x) with
scaling dimension Ay, = D/2 — 1 = k in D-dimensions.

e It is also related to a bulk-to-boundary AdS, propagator for a scalar
with mass M = k(k —1).

e Massless two-point functions in D-dimensions can be viewed as a

thermal cumulants in our parent quantum mechanical system. 14



A recurrence relation - weight shifting operator in AdS,

(L _ kz+f) «DK(2,2) = Di*N(z2,2), k=0,1,2,3,....
z

In other words the operator

PO Az

zZ—Z
raises the value of the depth parameter kK — k + 1 or equivalently raises
the dimension D — D + 2, and commutes with az;z/ as

«~ (k) (k)

dzr v L7 % £(2) = ALz #d0  F(2)

The above motivate us to write

k—1
{ord 1:[0} [L —n +f} In Zo(z,Z) = [L,)* % In Z4(z,2) = Dk(z,2)

where
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InZy(z,Z) = DI(z,Z)=In|z| —In(l—2z)—In(l-72)
InZ(z,z) = 7DY(z2)
r(k)(z —2)"
kK(z.z = —— 2 k>1

DO(Z?Z) |1 — Z|2k ) el
Dz = %% - 2In|z|(28 J’_Z&)
[ = 42 =(20.-28)
[
(L = (-2¢(25L) = {oallis }| L - nzE]
~ ~(k N
[Dza Lz] = 0, [Lz )) Dz] =0
dsar = [flAdzlon ), [d,, Ly]=0

o 12T
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InZ.(z,2)

N

D, xInZ.(z,2)
L, %In2.(2,2)

dy % InZ.(2,2)
(k)

L’ «Dk(z,2)

[Il\_z]k *In ZQ(Z, E)

[—d]L,, *In Zo(,Z)
In2;_1(2,2) = —§(0(z,2))1
(Q(z,2))1

—InZ111(z,2)

Dg*(2,2)

Dg(2,2)
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Main Result: The Correspondence

Conformal ladder integrals are thermal averages:

_ 1 1 . R
K (¢, C) +— Wm[_dzﬁ s [Lo]% % In Zo(2', 2)
1 1

FOL (2 2L (2D

with identifications: ¢ <+ z, g% < o?

Equivalently:
1 Df(z,2)
ki, =\ _ L\%
*Uz.2) = DE(z, 2)

Interpretation: CFT perturbative g2 < 1 < low temperature o < 1
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Second-order differential equation
2
< 52 LDz+k(k—1)( 12 )2)*2){(2,2):0

where A, = 92 + 33 = 43°220,05

In (m, p) variables:

k(k —1)

>, a2y 2L 2
[(3,,,4-8”)—’”8 ﬁsm *(Bu)

| pt(m =0

Special case L = 0: Scalar field on Euclidean AdS, with metric

ds? = (dm? + dp?)

sin*(Bp)
and mass M? = 32k(k — 1)
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Thermal One-Point Functions of Conserved Currents

e Thermal two-point function of massive complex scalar:
gt (r, % m, ) = (o' (r, X)$(0)) Y

e Integrable part (annihilated by Oy):

A
1 S d_
g = &, |1+ E ao.(z,2) (;) C2 ™" (cos ) + shadows

o Key result:

- 1 _ .
a(LgO(z,z) = ngfl(%z) (spin-0)

_ 1 1 _ .
ap,(z,2) = WE’D%(Z,Z) (spin-1)
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Recurrence relation [Karydas et al. 2023]

In?|z|

21 i1, s
0. 330+ GI i) lr 1525

30,.(2:2) = 577

valid for s > 0

Harmonic oscillator
A

/X IX\
\,
/ \\ q AN

7 \, ] AN

/ \ \

/ N { \

| @, N\ @ N @
\ %Y [N \,
RN U \

R \‘ \\ \\ \}l\‘ \\\\ \\
DY ANB Y AN Y
1 1

~ X%

) aé)s (z,2)

Implication: All higher-spin
thermal one-point functions
determined by
e DY , (ladders in D = 2)
for even spin
e Dj (ladders in D = 4)
for odd spin

hg
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Hyper-partition function (sum over all dimensions):
o0
Z(z,z;0%) = H Z1(z,2;0°)
L=0
Differential equation:

(D, 4 a?)*InZ(z,z;02) +InZ_1(2,2) =0

(8% + 2a252m> In Z(m, u; 0?) = =

sinh Sm
cosh Bm — cos B

All-loop resummation of ladder integrals:

o0

I%(z,z,8%) = Z(—gz)"l',’_‘(z,f) W[Lz]k Z i InZ,(z, 2, —g?)

L=0

Result: For k =1 (D = 4), matches Broadhurst’'s resummation:

/ dw Jo(2g BV w2 — m?) sinh(fw)

cosh(ﬂw) — cos(fp))? 23
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The General Result [Karydas et. al. (2023):

r(L—3) FEE 27 (Bm)"(2L — 2 4 5 — n)!
¢ (4m)L22s 2 nl (L—1+s—n)!

X [Liag—14s—n(2) + (=1)°Liop—145—n(Z)] ,

The Fishnet Models:

The s = 2k case was a puzzle. It arises in conformal ladder integrals of the
singular fishnet model for D — 2, w — 1.

£ =NCTr [6](—0)“61 + 6}(~0%) 7 6 + b ,0l0l0n0e| . (1)

¢1.2 belong to the adjoint of SU(N), w € (0, %) and the coupling a7, , is
classically dimensionless.
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The Ladder Graphs in the Fishnet Models: We consider the 4pt
function

GYL({x}) = (Tr |65 0a)ana)ef ()ol (xa) )

whose leading N, contribution comes from a unique L-loop conformal
ladder graph.

Effective coupling: dp ., = ap.,/[(D/2 — w)
Result:

6D(z,2) =10z, 2) = Q—TInZL(z,Z)
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Conformal ladder integrals

Thermal 1pt functions

Dimension D
Loop order L
Spacetime points
Xj = (07 17 Z, OO)

Dimensionless coupling g2

D =2k+2
d=2L+1

7 = e—Bm—iBu

g=a

Depth k

Dimension d

Mass m,

chemical potential p

Geometric parameter a? =

I2
4732
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1. AGT conjecture-like: Spacetime cross-ratios as moduli parameters

2. Large-charge expansions: Resummation of ladder integrals
[Caetano et. al. 2024]

3. Thermal bootstrap: KMS condition constraints on conformal
integrals [Barrat et. al. 2025]

4. Modular properties: Connection to string amplitudes and integrated
correlators [Dorigoni. et. al. 2024]

5. Higher-derivative theories: Long-range critical systems [Giombi et.
al. 2023]

6. Integrability: Toda-like equations [Loebbert et al. 2024]
7. Holography: AdS,/CFT; via conformal QM [Hartnoll et. al. 2025]
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