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What is a dualitye

Let us assume we have two distinct systems (Hy,H1) and (Hs, Hs)

If we can find a relation between their observables, states and dynamics, we can refer to these two
different systems as dual.

Example: The Ising model

H, = —JZO';O';_H —hZaJm-
J J

Jordan-Wigner
transformation

Hy = ’iJZ’YQj’}@jH + ’ihZ’YQj—l’Yzj

J J

There is an isometric map between states from H; — Ho

There is also a linear map between the Hamiltonians ®(H;) = ®(H>)

The two systems describe the same ”physics”
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What is a holographic duality?

A duality between a system that lives in d-dimensions with a system that lives in d + 1-dimensions.

action describing the bulk  Spuk(Q)

action describing the boundary Sboundary((j)

Assume such a duality is valid.

Then we can find an operator O which is the dual of )

- o(x) = /bd Y K (z|Y)O(Y) + O(1/N)

boundary

where K (x|Y') is a smearing function

In such a case, we will say "the bulk theory emerges from the boundary theory”



ldea #1
spectral functions and bulk emergence

(based on: Gesteau, Liu, arXiv:2408.12642)
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Assume there are operators O(t) describing the boundary theory

We can defined smeared operators of the form:
Leutheusser, Liu, Phys. Rev. D 108, 086020 (2023)

O(f) = / o)

Every operator ¢(z) in the blue triangle is generated by the O(f)

bulk

boundary



Question: Given a large N system that lives on the boundary, what are the conditions for a bulk

to emerge?

Assume there are operators O(t) describing the boundary theory

We can defined smeared operators of the form:
Leutheusser, Liu, Phys. Rev. D 108, 086020 (2023)

O(f) = / o)

Every operator ¢(z) in the blue triangle is generated by the O(f)

O( f) define an algebra Ap, and ¢ operators define an algebra Yr

The two algebras carry the same information

bulk

boundary
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Now, let us assume two boundary regions.
If there is an emergent bulk as in the picture, the operators in the grey region:

e are in A/, but are not generated by the Ay algebra

e and they commute with every operator in A

There is a function g(t) supported in (=7",T") for
which:

A

O(f),0(g)] =0

The question whether a bulk emerges becomes:
Does there exist a function g such that:

/ atdt’ f(£)g(¢)( [O(), O()]) = 0

\ )

p(t,t)

boundary



The Fourier transform of p(¢,t") is the spectral function, p(w).

We can make some statements about a possible emergent bulk, by studying the properties of the
spectral function p(w).
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E. Gesteau and H. Liu proved the following theorems:
Gesteau, Liu, arXiv:2408.12642

o If p(w) is compactly supported, then there is no emergent bulk.
o If p(w) shows full support and decays at most polynomially, then a bulk can emerge.

e If p(w) vanishes on any open set, a casual horizon cannot exist.



The Fourier transform of p(¢,t") is the spectral function, p(w).

We can make some statements about a possible emergent bulk, by studying the properties of the
spectral function p(w).

E. Gesteau and H. Liu proved the following theorems:
Gesteau, Liu, arXiv:2408.12642

o If p(w) is compactly supported, then there is no emergent bulk.
o If p(w) shows full support and decays at most polynomially, then a bulk can emerge.

e If p(w) vanishes on any open set, a casual horizon cannot exist.

N
take-home message of idea #1

we can use the behavior of the spectral function as a diagnostic to check whether
there could be an emergent bulk ,

5
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dualities and quantum many-body models
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The SYK model in some limits is expected to have a bulk H = (i)%/? Z it igVin - Vig
dual. For example, the double-scaled SYK has a bulk de- 1<ir <. <ig<N
scription, called “chord Hilbert space”. Lin, Stanford SciPost Phys. 15, 234 (2023)

Question: Under the same logic, can we find a quantum many-body model, that is dual to gravi-
tational frameworks of high complexity?

Example: the model of “black hole molecules”.
These are stationary multi-horizon bound states, forming configurations stable under gravitational
and electromagnetic forces.

e Iree-energy landscape with exponentially many minima * | °
e Exponentially long relaxation times ° 1
e Memory effects, ... .. )

°

Proposition for a dual candidate — spin glasses

Anninos, Anous, Barandes, Denef, Gaasbeek, JHEP 01 (2012) 003
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state becomes a sum of exponentially many ergodic states
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Why spin glasses?

e Free-energy landscape with exponentially many minima SU(M) Heisenberg model

e Exponentially long relaxation times

R M gt o
He e 300 3 WOV @G G) - w)

e Memory effects, ... i<j=1  a,f=1
> bl ()b (i) = kM

Below a transition temperature 7, the thermal Gibbs

state becomes a sum of exponentially many ergodic states S ,
6 spin-liquid ]
spin-liquid spin-glass (a)
P 5k CUE e S >
¢ :
D ¢ i
PGibbs = Za CaPa e ¢ - 4l
o | ¢ 2 ()Y
D ~O() D ~ O(exp(N) o
1k ' ]
[ i spin-glass |
LI ]
Spin glasses break the replica symmetry 0 1 2 & 3 4 5
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take-home message of idea #1

~N

we can use the behavior of the spectral function as a diagnostic to check whether

there could be an emergent bulk

J

-

take-home message of idea #2
spin glass models might be dual models to gravitational frameworks of high com-
plexity

~N

J
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What did we do¢

Let us combine idea #1 and idea #2

We study the behaviour of the spectral functions of concrete many-body physics models

1) Apply the diagnostic tool on a model, that is expected to have a dual.
Simulate the large N dynamics of the SYK model.

In the large ¢ limit (v — 1):

The spectral function has full support with exponential decay (**not polynomial).

As we expect the large ¢ limit of SYK to be holographic, we will consider this behavior as our

benchmark.
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2) Use the diagnostic tool of Idea #1 (i.e. spectral functions) on a spin glass model, to check Idea #2

Simulate the large N dynamics of a spin glass model, such as the SU(M') Heisenberg model.

N M s
1 I
H = Jis bl (1)6° ()b ()b (§) — K2M 6 spin-liquid
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2) Use the diagnostic tool of Idea #1 (i.e. spectral functions) on a spin glass model, to check Idea #2

Simulate the large N dynamics of a spin glass model, such as the SU(M') Heisenberg model.

D bl ()% (i) = kM

We compute the Schwinger-Dyson equation
and the 2 equations of motion for the spin glass
parameters.

For each point on the phase diagram, we solve the
SD and the 2 EOMs.
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b) 5 =1,k =1, spin-liquid
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Full support regime with a possible dual!!




Take home messages and future questions

e The large N spectral function p(w) contains some information about bulk emergence.

e Using it as a diagnostic, could give a first indication whether a quantum many-body system could be
holographic in a parameter regime.

e We found a parameter regime of the SU(M) Heisenberg model, whose spectral function shows full
support, even in the spin glass phase.

[ However, this is not a concrete proof of a duality. It is an indication where to look!! ]
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e Study this spin glass regime more carefully: search for singularities?? Find a limit we can
compute quantities analytically

e Is there any connection between the spectral function’s behavior and chaotic/scrambling dy-
namics?

e Improve the diagnostic tool



Take home messages and future questions

e The large N spectral function p(w) contains some information about bulk emergence.

e Using it as a diagnostic, could give a first indication whether a quantum many-body system could be
holographic in a parameter regime.

e We found a parameter regime of the SU(M) Heisenberg model, whose spectral function shows full
support, even in the spin glass phase.

[ However, this is not a concrete proof of a duality. It is an indication where to look!! ]

Open questions:

e Study this spin glass regime more carefully: search for singularities?? Find a limit we can
compute quantities analytically

e Is there any connection between the spectral function’s behavior and chaotic/scrambling dy-
namics?

e Improve the diagnostic tool

Thank you for your attention!!
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