Progress in the study of scalar CFTs

Stefanos Robert Kousvos!

IDepartment of Physics
University of Torino and INFN Torino Section

Athens Xmas Workshop, December 18 2025

Stefanos Robert Kousvos Progress in the study of scalar CFTs



Introduction

Based on the following work:
Perturbative

@ Henriksson, Herzog, Kousvos, Roosmale Nepveu 2507.12518 [hep-ph]
@ Henriksson, Kousvos, Roosmale Nepveu 2511.16740 [hep-th]
Non-perturbative

e Kousvos, Stergiou 2507.05338 [hep-th]
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@ Introduction: Wilson-Fisher CFTs, the Conformal Bootstrap and
Motivation

Perturbative results

Non-perturbative results

Conclusion and Outlook
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Wilson-Fisher Theories

We will discuss CFTs that can be obtained as controlled fixed points
of (multi) scalar Lagrangians. The simplest such Lagrangian is

A
L= Liin + I¢4
One can compute the beta function of this theory ind =4 —¢

BN) = —eX +3X2 + O(\?)

as Wilson and Fisher noticed, this has an interacting fixed point when

e#0
6(/\*):0—>/\*:§+O(52)

fixed points are scale invariant and, more often than not, conformal
invariant
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Wilson-Fisher Theories

CFT are described by two sets of data: scaling dimensions and OPE
coefficients. At the fixed point, engineering dimensions are generically
corrected by anomalous dimensions

d—2 g2
Ap=——+— 3
0 =5 t1gtOE)

A¢2:d—2+§+0(52)

Ayt =2(d —2) 4+ 2e + O(£)
with notable exceptions such as TH.
Three dimensional physics can then be computed by resumming the

series in € and plugging in ¢ = 1. One simple choice is Padé,, ,,
approximants: (ag + a1e + ...+ ame™)/(1 +bie + ... + bpe™)
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Wilson-Fisher Theories

We can discuss more generally CFTs that arise as fixed points of the
following generic Lagrangian

Aij
L= Lin + = dit0n61

in d =4 — ¢. Any scalar field theory with a controlled fixed point in
d =4 — ¢ can be brought into this form.

For example, one can recover the O(n) vector models if we set
Aijkl = A0;ij0k

and plugging n = 1 into this, one recovers the previous example (Ising
CFT).
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These CFTs are interesting because they:
@ provide a laboratory for studying non-integrable theories where
we can compute (perturbatively and non-perturbatively)

@ they describe systems undergoing phase transitions in the real world

The above quoted scaling dimensions Ay and A2 can be used to
determine critical exponents describing real-world phase transitions in 3D.
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Critical Exponents

Consider a magnet cooled down from a high temperature phase, to some
critical temperature T, where the spins spontaneously align. We have

e = deA(:Q' magnetisation exponent |M| ~ (T — T.)?

oV d*1A¢2' correlation length exponent { ~ (T'—T,)™"
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The bootstrap

In recent years, an axiomatic non-perturbative method called the
conformal bootstrap [Rattazzi + Rychkov + Tonni + Vichi, 2008]
emphasizing the whole spectrum was revived, which can be used to
study the theory directly in d = 3 (or in fact any value of d).

The idea is to impose self consistency and spectrum assumptions, and
see what spectra can satisfy these constraints. This provides
non-perturbative bounds that constrain observables (scaling dimensions,
OPE coefficients). These bounds sometimes effectively determine these
observables, with rigorous error bars.
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The Conformal Bootstrap

Due to the extra symmetry CFTs enjoy, two and three point functions of
operators are completely fixed

1
<O(:U1)O(£L‘2)> = m
C123
<01(x1)02(1‘2>03($3)> - |x12|A1+A2_A3]w23|A2+A3_A1|x31|A3+A1_A2
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The Conformal Bootstrap

Four point functions are not completely fixed, but can be studied using the
Operator Product Expansion (OPE)

O(z)0(y) ~ Y o Pz —y.0,)0'(y)
>

which leads to

(O(1)0(22)O(23)O(24))
/ 1
= %;(680)2 12150 (1[50 Iagi(u,v)

where u, v are conformally invariant combinations of the coordinates x;.
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Consistency Constraints

OPE associativity is the statement that however we choose to take the
OPE, the 4-point function is the same.

(O(21)0(2)O(23)O(4))

1
_ (0]
= Z(COO) |$12|2AO |1;34|2AO gAO/J(Uy 'U)
O/

This results in:

3 (eQ0)? !

|$14|2Ao |x23|2Ao ngul(Ua u)
O/

1
B Z COO |z12]220 |34]2A0 980r1(,v)
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The Ising Island

From [Kos+Poland+Simmons-Duffin 2014], A. = A2 and A, = Ay

AC
1.7+

1.6;
1.5;
e
1.3F

1.2F

allowed region with A,s > 3 (Hyax = 6)

0.51 0.52 0.53 0.54 0.55 0.56 0.57 058
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The Ising Island

Over the years there have been many of efforts to make this island shrink.
The current record is [Chang et al - 2025]

o Ay = 0.518148806(24)
o Ay = 1.41262528(29)
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Interlude

We saw two methods for computing in a CFT

o Perturbation Theory: Can compute systematically, non-rigorous
error bars

o Conformal Bootstrap: Can compute rigorously, precisely, but not
systematic, some observables harder than others.

Solution: compute in both!
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Results: Perturbative

Before our work the state of the art was the six-loop results of
[Bednyakov+Pikelner 2021] for

2
£ =Lpin + tad + Tt 1 M0 gy A g e

which allows one to compute the scaling dimensions of any ¢, ¢?, ¢3 and
¢* type operator, in any " \¢*" type theory to sixth order in ¢.
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Results: Perturbative

[JH+FH+SRK+JRN, 2025] and [JH+SRK+JRN, 2025]

In our work we extended this to
L =Lyin + %Aabcd(ﬁ%j)bqﬁ%d 4+ LA<4) o pe=0) 4 uuﬁl(le)
+ U(IW)EEf;)Q) + w[l!«l/]ﬁfﬁj}{lvl})
where
R

and
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Results: Perturbative

[JH+FH+SRK+JRN, 2025] and [JH+SRK+JRN, 2025]

( (6 0)
C(Z=0) abcde ¢a¢b¢c¢d¢e abcde_f ¢a¢b¢c¢d¢e (bf
(6 o>
_ abcd ¢a¢)b8 QSCaN(ZSd
(4 1) (5 1)

ELZ 1) — CS[; 1) ¢aau¢b abc ¢a¢baﬂ¢c abcd ad)b(bcau(’bd
6D

5 1) (3 9 ¢a82¢b d)aaMan)b) abcde ¢a¢b¢c¢daﬂ¢) ,

L:(e 2) _ (4 2) (¢aa au¢b N Qauqsaaygbb)

(pv) —
+2 szlf) (6°6°0,0,6° — 2 $0,,4°, ¢°)
82 (676 60,0,6" — 26°6°0,0°0,0%) + 820,0,0°0%"
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Results: Perturbative

[JH+FH+SRK-+JRN, 2025] and [JH-+SRK+JRN, 2025]

and, lastly

ﬁfﬁz{lvl}) — 7653)70{171}) ¢aau¢bay¢c . Cgﬁbac{dlvl}) ¢a¢baﬂ¢cay¢d

The anomalous dimensions of all these operators have been computed to
5-loop order_, with the exception of c((i’cge and cg?)’c(gef Which_are given_ at
4-loops. This presents the current state of the art for generic scalar field

theory.

Our general results are released in Mathematica and FORM format.
However, we also extracted and compared data for specific models!

Let us, for example, compare to our earlier non-perturbative work
[Henriksson 4+ Kousvos + Reehorst, 2022] the new results for Ising
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Comparison to the Ising CFT

» Zy-odd « Zy-even

3 3
2 12
4/,,1/* &7
k/*’/'/'/'

——

1 1
M

0 0
2.6 2.8 3.0 3.2 3.4 3.6 3.8 4.0

Black Dots = [Simmons-Duffin, 2016], e’= [Schnetz, 2016, 2022], 8= [Schnetz, 2022]
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Specific Theories

To summarise: In addition to the results for general theories, we
performed an exhaustive spectrum extraction (all operators upto dimension

A = 6 and Lorentz rank 2 at five loops) for specific theories, in particular:
e Ising CFT

e O(n) CFTs
@ Hypercubic S,, x (Z2)™ CFTs (> 100 operators!)

Lhypercubic = Liin + M0ij0k19i0jPrdr + A20ijk1idjdrdi
formn=3

Leuvic = Liin + M (012 + ¢2% + d35)2 + Xa(o1? + ¢2* + 63%)

While we already had a non-perturbative handle on the Ising CFT, our

perturbative results allowed us to make significant non-perturbative
progress in the Cubic CFT.
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The Cubic Theory

[Kousvos + Stergiou, 2025]

The Cubic theory describes phase transitions in three-dimensional
ferromagnets. However, despite its physical importance no bootstrap
island had been produced for it. With the results discussed above, we
finally obtained a bootstrap island.

In particular, we constrained the following three operators in an island
° &
© Zij~ ¢idj, i F
o Xy~ $idy — Hndn, i =]

These are the three lightest operators in the theory.
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The Cubic Theory, [Kousvos + Stergiou,
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As>15 Ay >15 Az > 15 Axy > 1.5, Ay > 28, Agy > 4.0
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The Cubic Theory, [Kousvos + Stergiou,

1 1.05 1.1 1.15 1.2 1.25 1.3 1.35 1.4
Ax

Ags > 1.5, Ax: > 2.5, Ay > 2.5, A¢/ > 1.5, A > 4.0, AT[W > 4.0, A¢ = 0.51893
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Conclusion and outlook

e We (significantly) extended the state of the art for generic scalar field
theories

@ We extracted state of the art spectra for physically important theories
(at 5 loops)

@ We used these results to obtain an island for the Cubic theory, a long
standing open problem in the conformal bootstrap

For the future:
@ Make the Cubic island shrink to get precision data (exponents)

@ Use the d = 3 — ¢ expansion (A¢® theory) to understand/explore
non-integrable CFTs in d =2

@ Provide the first island for non-integrable theories in d = 2 (first steps
carried out in [Kousvos + Piazza + Vichi, 2024], S5 x (S3)3 theories)

e Extract more data using microscopic methods (Monte Carlo, Fuzzy
Sphere Regularisation, Quantum Spin Chains)
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(HORIZON-MSCA-2023-SE 01-101182937-Hel).
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Consistency constraints

Probing the correlator (OOOO) for self consistency, we obtain the

equation:
_ 0’ \2 Ao
0= Z(Coo) FAO/,lO/
O/

this provides a constraint that all CFT data in a consistent CFT must
satisfy.

The conformal bootstrap systematically probes this equation to see
which values of scaling dimensions and OPE coefficients violate it. These
are then excluded from parameter space.

0= Z(CglO)Qa (FAAS/JO’>

If a functional a exists such that each term above is positive, the inserted
set of Ao, Aos and ¢9, lead to a contradiction (0 =positive) and are
thus excluded from parameter space.
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