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α (θ), α = {α1, α2, …}

ΦshG
α (θ) = exp[−i ∑

s ∈ 2ℤ+−1

αs sinh(sθ)]

with  and 

 

  

S(θ) = − 1
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4is+1

s
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• The sinh-Gordon model can be seen as the 
Ising model perturbed by an infinite 
number of irrelevant perturbations for 
carefully chosen couplings [LeClair’21; Ahn 
& LeClair’22]
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• Starting from the known integral representation [Fring, Mussardo & Simonetti’91]:

• We should be able to find an equivalent representation of the form:

 FshG
min (ϑ) = FIsing

min (ϑ)e− ϑ
2π i log ΦshG

α (ϑ)

φ(θ;α)

CshG
β(α)(ϑ) with ϑ = iπ − θ
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min (ϑ) log FIsing
min (ϑ)

−
iϑ
2π

i log ΦshG
α (ϑ)

log(CshG
β (ϑ))

“Integration 
constant” 

• There are no free parameters.

• The parts highlighted in red are not 
necessary to solve the MFF equations. 

• But every part of the formula is 
necessary i n order to ensure 
analyticity and constant asymptotics.  
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perturbations which also produces a unique MFF solution? 
TT̄

• The answer is yes! In our work we have developed two equivalent methods to do 
this. Here I will present the simplest construction which also starts from the 
integral representation.  We go back to the standard formulae:

••
           S(θ) = exp [−i∫

∞

0

dt
t

g(t)sin
tθ
π ] Fmin(ϑ) = exp [∫

∞

0

dt
t

g(t)
sinh t

sin2 tϑ
2π ]

         

 Fmin(ϑ) = exp
1
iπ

cosh2 θ
2 ∫

∞

0
dt

tanh t
2 ln S(t)

cosh t − cosh θ

• The function is the Fourier 
transform of the logarithm of the 
S-matrix, which means the MFF can 
alternatively be represented as

g(t)
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log Φα(θ) = − iα sinh θ

                                 

          

 𝒟α(θ) = exp −
α
π

cosh2 θ
2 ∫

∞

0
dt

tanh t
2 sinh t

cosh t − cosh θ

• The problem is that this integral is divergent. One way to see this is to expand the 
integrand for small θ

                           
cosh2 θ

2 tanh t
2 sinh t

cosh t − cosh θ
=

∞

∑
m=1

[cosh(mθ) + (−1)m+1] e−mt sinh t
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 𝒟α(θ) = exp [−
α
π

∞

∑
m=1

[cosh(mθ) + (−1)m+1]∫
∞

0
dte−mt sinh t]

• The Laplace transform is simply  for m>1. For general spin 

s we get a formula that is valid for m>s. A simple way to get rid of the singularity at 
m=1 is to simply subtract it, in other words

∫
∞

0
dte−mt sinh t =

1
m2 − 1

                                   
1

m2 − 1
↦

1
m2 − 1

−
m

m2 − 1
= −

1
m + 1

• This is equivalent to replacing in the integral  and again can be 
generalised to any spin s. 

e−mt sinh t ↦ e−t(m+1)
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• We now have the simple formula 

• This can be easily generalised to higher spin and has some nice properties:

lim
θ→∞

|𝒟α(θ) |2 = 4− α
π

It is smooth around α = 0

If the number of spins involved is infinite and the  are chosen as in my earlier 
slide, we can recover the MFF of sinh-Gordon.

αs

The formula interpolates smoothly between the regimes of finite and infinite 
number of perturbations.
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• This represents the Ising MFF for 
several values of α

• We see that for  which includes 
 (black line), the MFF has a zero at 
 and is a smooth deformation of 

the undeformed case.

α < π
α = 0
θ = 0

• For  there is an unphysical pole at α > π
θ = 0
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we could show that for  two-point 
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• We now have a MFF which is smooth 
around  and if we could compute 
correlation functions, their asymptotics 
will be determined by the full FF. 

α = 0

• We have however a special point  
above which the MFF develops an 
unphysical pole, so we have once again two 
distinct regions  and .

α = π

α > π α < π
• Higher particle FFs can be computed but a 

factorised ansatz again gives points of 
non-analyticity (ie square roots). 

• Should we think of new FF equations or 
better solution techniques?
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• A byproduct of our investigation has been finding a new representation for the MFFs  of 
standard IQFTs. This representation is totally explicit, convergent and numerically 
efficient.

• This work also shows that all parts of MFF factor (even those which seem redundant when 
solving the equations) play a crucial role in standard theories. They ensure analyticity and  
the desired asymptotics.

• For -deformed theories, we have shown that we can fix the MFF too by requiring 
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TT̄

• The construction of higher-particle FFs is not fully understood yet, and might involve 
rethinking the whole program! 




