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Constructing Amplitudes
Direct computation of Feynman integrals is difficult.

We prefer constructions from an ansatz or basis.


Applications to LHC physics in particular, but we’re laying 
mathematical foundations for many other theories!



Control the space of functions!

Analytic properties provide enormous constraints — but on what functions?



Example: box integral

• Analytic behavior is important 

• But also: massless & massive particles, control of divergences 

• Crucial: finding (poly)logarithms

[Bern, Dixon, Kosower]



• …and a lot of mathematics is involved! 

• Analysis is a given. We need complex analysis. 

• Other presentations are featuring geometry and combinatorics. 

• Here, I’ll lead up to a couple of applications of algebra (which is 
closely connected to the combinatorics). 

• Coaction (from cosmic Galois group) 

• Cluster algebra

Amplitudes have structure

[Arkani-Hamed, Henn]



Structure  → Simplicity → Shortcuts



Illustration: the Parke-Taylor formula

• Very many Feynman diagrams in just one term 

• Exposes basic singularities 

• Supported on a line in twistor space 

• Becomes the basic building block for other amplitudes

Atree(1+, …, j−, …, k−, …, n+) = i
⟨jk⟩4

⟨12⟩⋯⟨n1⟩
[Parke, Taylor]



Start in  Super-Yang-MillsN = 4

• QCD with light quarks ~ gluons and gluinos.  

• N=4 SYM is fascinating in its own right. 

• It’s been called the hydrogen atom of gauge theories. 

• Inspiration to tackle real-world scattering problems. 

• Use amplitudes to contemplate quantum field theory very broadly!

[see Dixon TASI 96]

[see Elvang-Huang 13]



1 loop in N=4 SYM: Background

All the Feynman integrals can be reduced to boxes with coefficients .cB

[Bern, Dixon, Kosower]
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Now we can use algebra.  

Expressions in symbols are actually logs, hence e.g. 
.ab ⊗ c = a ⊗ c + b ⊗ c



• This is how more complicated Feynman integrals are computed. 

• From a symbol, reconstruct the iterated integral for the function. 

This integration is fairly simple. 

• In physical amplitudes, we observe extra structure of symbols.

Build functions up from symbols



What is the simplest presentation of an amplitude?

Approach with two tools from algebra: 

1. Coaction (and symbol) 

2. Cluster algebra



• An algebra  is a ring (addition group & multiplication), 
which has a multiplicative unit, and which is also a vector 
space over a field . 

• Example:  matrices with entries in the field . 

• Any element of an algebra can be built from generators by 
applying the operations. 

H

K

n × n K

What is an algebra?



• A bialgebra is an algebra with a coproduct 
 and counit, satisfying certain axioms 

related to the product  and unit. 

• Coaction and action generalize the coproduct and product 
for two different spaces: , where  is 
another vector space. 

• There are coactions on Feynman integrals and 
polylogarithms, whose iteration gives the symbol.

Δ : H → H ⊗ H
H ⊗ H → H

Δ : A → A ⊗ H A

Coaction

[Brown]



Coaction on Feynman diagrams

Contains all symbol information.  
What about physical amplitudes?

[Abreu, RB, Duhr, Gardi]



Plan: build the symbol of the amplitude directly, without knowing .  

1. Find the functions in the symbol 

2. Find how they combine in sequences 

3. Determine coefficients

cB
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Divergent parts

Universal infrared divergence of amplitudes

Implies relations among box coefficients.
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Four types of functions.
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Combine box symbols with their coefficients

• First entries are 


• Second entries are  (except 4-mass)


• The functions  come with unique boxes. Same for 4-mass.


• The functions  drop out in the sum.


• Remaining functions . What are their coefficients?
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ikx2
jl

x2
ijx
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[Angelopoulou, RB, Parisi in preparation]



Absence of  in the total amplitudex2
ij − x2

i+1,j

• There are extra relations among box coefficients. 
Geometric interpretation ~ different triangulations of the 
same polytope.

[Brandhuber, Heslop, Travaglini; Angelopoulou, RB, Parisi]

j−1

∑
k=i+2

ci,i+1,k,j =
i−1

∑
l=j+1

ci,i+1,j,l

• The functions  are not cluster variables of .x2
ij − x2

i+1,j Gr(4,n)



• Generated by clusters, sets of functions, with information 
about their relations called mutations. 

• Example: Construct a sequence by , given 

two initial values . 

• Clusters are . Then each  is cluster-adjacent to 
 and . 

• Sequence goes  

• Only 5 generators of this cluster algebra.

ak+2 =
1 + ak+1

ak
a1 = 1, a2 = x

{ak, ak+1} ak
ak−1 ak+1

1, x, 1 + x,
2 + x

x
,

2
x

, 1, x, …

What is cluster algebra?

[Fomin, Zelevinsky]



• Conjecture: -point amplitudes in N=4 SYM are 
represented with variables that are generators of the 
cluster algebra . 

• Moreover, the symbols of amplitudes are constrained by 
cluster adjacency.

n

Gr(4,n)

Cluster algebra in physics

[Golden, Goncharov, Spradlin, Vergu, Volovich; Drummond, Foster, Gürdoğan; 
Chicherin, Henn, Papathanasiou; many others]



Coefficients of x2
ij ⊗ x2

kl

• Simplifications from relations among box coefficients.


• (Eventually we do need to compute a few , but not all. They are 
actually pretty easy to get, for boxes.)


• Relations expose cluster adjacency within boxes, and between 
boxes and their coefficients.


• Cluster algebra implications aren’t proved. Will adjacency 
continue to be valid for more complicated amplitudes?

cB



Beyond boxes: what’s the best basis of integrals?

• A very general question.


• We have specialized bases for N=4 SYM at higher loop order.


• In dimensional regularization, we look for canonical bases.


• In our 1-loop calculation here, we like boxes, but could omit the parts 
with functions that cancel out in the end.

[Henn]



Summary
• Lots of mathematics is used to apply constraints to scattering amplitudes, rather 

than attempting direct computation.


• Applications of algebra


• Coaction on Feynman integrals


• Cluster algebra for variables to express integrals/amplitudes


• Co/homology groups for Feynman integrals


• Lots to learn by going back to basics: 1 loop, and planar N=4 SYM.


• Explore the frontiers at the same time, for higher orders in all kinds of theories.


