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Introduction

Statistics

In high-energy physics (and all of science) statistics are needed to address some
fundamental questions of using data

- Experiment design:
- What cuts are “best” to separate my signal and background?
- Can I model the data? What parameters can I estimate?
- How do sources of uncertainty effect my results?

- Interpretation:
- Is my result “significant” or could this be by chance?
- How uncertain am I on this?
- Which model best describes the data?
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Lies, damned lies, and statistics - “Mark Twain”
Statistics is the field of interpreting data

Gambler’s fallacy: If something happened less frequently,
it must occur more often in the future
Persecutor’s fallacy: Ignoring base rate when claiming
something unlikely
Fallacy of division: Something that is true for a group, is
not true for each individual
Correlation=Causation: Correlation could be accidental, or
due to third true cause
Berkson’s paradox: Biased selection of data can lead to
correlations
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Outline and Extra Resources

This material can be found in technical detail in:
Cowan - Statistical Data Analysis

For all levels recommend the channel:
StatQuest with Josh Starmer

A bit impossible to cover a whole field but will follow
- Fundamental Concepts
- Estimators and Likelihood Models
- Hypothesis Testing: ATLAS Cheat Sheet
- Hands-on tutorials with ATLAS open-data

When physicists make statements about whether or not a given process has been observed in the LHC data, 
they must back up their claim with strong statistical evidence. 

Most particle physics analyses are based on hypothesis testing, meaning that the goal is to use data to support 
or disprove a given hypothesis. For example, if we are looking for a new particle not predicted by the Standard 
Model, then our hypothesis would be the presence of this new particle in our data. The null hypothesis would 
exactly correspond to the Standard Model prediction, assuming no new particle. Sometimes, the goal is just 
to exclude the null hypothesis without knowing the alternative hypothesis.

A test statistic is a measurable quantity that is 
derived from data and is used for hypothesis 
testing. It can indicate whether the data is closer to 
the hypothesis or the null hypothesis. An example 
of a test statistic is the number of observed colli-
sion events passing a set of criteria. If this is close 
to the expected number from  the Standard Model, 
it would tend to support the null hypothesis of no 
new physics, whereas a larger number could indi-
cate the presence of new physics.

In order to avoid wrongly claiming a discovery by excluding the null hypothesis when a discrepancy is in 
fact due to random fluctuations in the data, physicists set high thresholds for the significance. “Evidence” 
is claimed if the significance surpasses 3σ (0.3% probability of obtaining this test statistic by chance) and 
“discovery” if it surpasses 5σ (0.00006% probability of obtaining it by chance). These are simply choices that 
particle physicists agree upon so that a statistically significant “discovery” has the same meaning for everyone. 

The p-value corresponds to the likelihood that an 
observed test statistic can be explained by the null 
hypothesis, without the need for an alternative.
More specifically, it equates to the fraction of times 
you would get an observed test statistic showing 
worse agreement with the null hypothesis than that 
observed, assuming the null hypothesis is true. The 
smaller the p-value, the more confidence we have 
that the null hypothesis can be excluded.

Significance is a quantity that expresses how certain 
we are that the null hypothesis can be excluded. 
It is closely related to the p-value: the lower the 
p-value, the higher the significance, and vice-versa. 
It is often expressed as the number of “standard 
deviations” the observed test statistic is away from 
the null hypothesis. If the test statistic is distributed like a Gaussian (a bell shape) and the null hypothesis is 
true, then a randomly sampled test statistic will be within 1 standard deviation (1σ) of the mean 68% of the 
time. Therefore, for a 1σ significance, there is a 32% probability that the observed test statistic was obtained 
outside of this range by random chance, despite the null hypothesis being true.

STATISTICAL SIGNIFICANCE

Because of the randomness 
of collision events and the 
uncertainties in the experi-
ment,  the measurement of 
a test statistic will not always 
give the same result. This is 
why we show a distribution 
of its probability.

https://atlas.cern

WHAT IS SIGNIFICANCE?

HYPOTHESIS TESTING

WHAT IS A TEST STATISTIC?

EVIDENCE AND DISCOVERY

WHAT IS A P-VALUE?
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Next Section: Conceptual Overview
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Probability and definitions

Probability P is a way of describing how likely some event X is to happen
- P (X) = 0: Never, P (X) = 1: Certainly, 0 < P (X) < 1: Maybe
- Often convert P (X) = 0.12 to percentage 12%
- There may be many X possible but the sum of all probabilities = 1

Examples:
- A fair coin has 2 sides → 1 out of 2

outcomes → 50% probability of heads.
- Under similar weather conditions there is

a 30% probability of rain
- There was a 5% chance this effect in our

data could be cause by random chance

A probability distribution function (pdf) is a continuous version of this: any
interval corresponds to a probability
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The Gaussian distribution

The Gaussian/Normal distribution is the
most recurring distribution in statistics

- Has two parameters:
- the mean (location)=µ
- the variance (scale)=σ

- Many useful mathematical
properties make it easy to work with

- Many other distributions become
gaussian in certain regimes

The central limit theorem: Under most conditions the average/sum of many
random variables becomes gaussian as the number increases

- We often measure averages value
- Uncertainties are often “sums” of smaller effects
- Can extrapolate from a sub-sample to the whole if theorem holds
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Central Limit Theorem

Classic example: Sum of dice rolls

Original probability for a dice is not Gaussian, but many summed valued are
Would be true for weighted dice or any probability distribution
*Under mostly general conditions
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The Poisson distribution

The Poison distribution is especially relevant for
high-energy physics

- Has one parameters:
- the expected value (location)=λ

- Always predict integer values: 1, 2, 3, ...
- Not symmetric
- Around λ ∼ 8 starts to look Gaussian

Expresses the probability of number of
occurrences in an interval. Aka describes
“counting experiments”

- How many emails I get per day

- How many rain-drops in an area

- How many events I see in my detector
element
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Interpretation of Probability: Frequentist

But what does a probability “mean”? More then just an abstract
philosophical question

Most common definition is that of frequentist statistics
- The subsets X are called events
- The probability is the long-term relative frequency of the event

P (X) = lim
n→inf

occurances of eventX
n
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Interpretation of Probability: Bayesian

Another common approach is the Bayesian statistics
- The subsets refer to hypothesis/prepositions that are either true/false
- Then the probability is:

P (X) = degree of belief propositionX is true

Bayes theorem is central as can say:
P (theory|data) ∝ P (data|theory) · P (theory)
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Interpretation of Probability: Comparison

Frequentist
- The theory parameter is a

constant of nature
- Say probability my interval

covers the theory parameter
- Assumes you repeated an

experiment infinite times
- No prior assumption

- Decision rules on the
compatibility of an alt model

Bayesian
- The theory parameter is a

random variable
- Can say p(theory|data) in an

interval
- Clear for a single experiment case

- Need to make an assumption
on theory prior p(theory)

- Decision rules on the comparison
of the theory probabilities

One not “more correct” then the other, but affects methodology
ATLAS uses mainly frequentist statistics, so will phrase the rest of the slides around

that
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Next Section: Estimation
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Estimators

But you don’t seee P (X) directly in experiments! Just some sample of data
X1, X2, ..., XN

An estimator θ̂ is a function of data used to approximate a model property θ
Example estimators for µ and σ of a
Gaussian

- Sample mean µ̂ =
∑N

i
Xi

N

- Sample variance σ̂2 =
∑N

i
(Xi−µ̂)2

N−1
A histogram of X divided by N is also an
estimate of P (X)
Note that estimators are a function of
data and so are random variables too

- They have some uncertainty on
them too!

We call the process of getting estimators from data as “fitting” → In almost
all cases it is done numerically
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Functional form fitting

An estimator example: Estimating a function f which models your data

Have measured values yi at point xi
Assume your data follows:

f(x|θ) =
N∑
j

fj(x)θj

=θ0 + θ1x+ θ2x
2 + ...

Define the best estimator θ̂ as the one
which minimizes the “least squares”:

r =
∑
i

(yi − f(xi|θ))2
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Functional form fitting

The function f(x|θ) is
an arbitrary choice.

Compromise on the
number of paramaters

- Not enough →
bad fit

- Too many →
overfitting

“Goodness of fit”: χ2 =
∑
i
|yi−f(xi|θ)|2

σ2
i

∼ dof
Degree of freedom (dof) = number of fit parameters - number of points
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Likelihood Models

A likelihood encodes the compatibility of data
with a model as the product of individual
probabilities for x

L(θ|x) =
∏
i

P (x|θ)

It’s to be thought of as a function of
parameters while P is a function of data

The method of maximum likelihood says the
best estimated values θ̂ from your data is the
value which maximizes likelihood

The uncertainity on θ̂ can be estimated from
the curvature of L(θ|x)

x
x0

µ1 µ2 µ3

µ
−

ln
(L

)
µ̂
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Nuisance Parameters

Very often there are parameters in your model you care about:
- Parameters of Interest (POI): µ

And parameters you don’t care about:
- Nuisance Parameters: θ

E.x. I may only care about the µ of a Gaussian and not it’s σ (or vice-versa)

In frequenist statistics we will sometimes employ the technique of “profiling”
to remove these degrees of freedom by replacing p(x|µ,θ)→ p(x|µ, θ̂)

Let’s denote the the best fit value of θ at a specific µ assumptions as ˆ̂
θ
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ATLAS Likelihood Models

Very common in ATLAS analysis, the use binned likelihood of the form:

L(µ,θ|x) =
∏
i

Pois(xi|µ · si(θ) + bi(θ))
∏
j

C(αj |θj)

Each bin of your histogram is a counting
experiment, where we expect bi background
and si signal events
=⇒ Pois(xi|µ · si + bi)

Where µ is the signal strength

Systematics encompass some possible shift to
the predictions
=⇒ si → si(θ) bi → bi(θ)

C(αj |θj) represents an external constraint on
your nuisance parameters
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Building the ATLAS model: Counting terms

Each histogram bin you are looking at is an
individual counting experiment where you see
x events and expect µs+ b events

Pois(x|λ = µs+ b) = (µs+ b)xe−(µs+b)

x!

Notes:
- µ is a handle on our signal assumption
- x is an integer, while µs+ b can be a float
- There isn’t knowledge of the bin edges

- Each bin is like a separate region

=⇒ Product each bin terms in the likelihood
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Building the ATLAS model: Constraint terms

For systematics usually know the “size” of these variations beforehand, and
so we include that knowledge in the model itself
=⇒ Add constraint term C(αj |θj)

Example the jet-energy scale uncertainty:
- Measured in dedicated analysis
- But still allow our analysis to vary it (θj)

if improves modelling
- The constraint term tells the fit that we

already know the systematics is this size
(or smaller)

- The αj is known as the global/auxiliary
measurement data
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things so
C(αj |θj) = Gauss(0|θi, 1)

- c.f MC stat uncertainity
which is Poisson
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Putting it back together

Binned likelihood:

L(µ,θ|x) =
∏
i

Pois(xi|µ · si(θ) + bi(θ))
∏
j

C(αj |θj)

To actually make the model you provide:
1) The nominal expected signal and

background histograms
- Define s, b

2) Alternative histograms templates for
each possible systematic source
- Define θ dependence of s, b
- Add in a constraint term if needed

3) The data histogram
- Define x to evaluate on
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Understanding pulls

When we “run a fit” we evaluate the point and
interval estimate for all parameters
A “pull” for a systematic source = θ̂−θprefit

σθ

By construction a constrained nuisance parameter
will should have pull of zero and have uncertainty ±1
- Pulls/constraints can tell you real physics effects

- A pull means the data prefers a different value
then the nominal

- A constraint say your analysis can constrain this
systematics more then the CP measurement

- Need to understand both of these effects
- If pulls/constraint everywhere → bad fit model
- If underconstrained → broken fit model

The correlations of parameters and shapes of ±1
variations can give insight 3 2 1 0 1 2 3
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Next Section: Hypothesis Testing
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Hypothesis Testing

What if I have multiple competing models θi that I want to make a
statement on?

Example: counting experiment
- θ0 =Background-only model of expected

10 events
- θ1 =Signal+background model of

expected 15.5 events
- Observe 11 events

Can I say something about which model the
data favors or excludes?

* c.f. In Bayesian setting can measure p(θi), in frequentist θi either true/false objectively
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Hypothesis Testing

In frequentist setting, make statements on a hypothesis by defining a quantity of
the data “test-statistic” and a critical region

1) Define null/alt hypotheses θ0/θ1
- For a SM measurement: null=background, alternative=signal+background

2) Define a test-statistic t
- E.x. the number of observed events

3) Derive the distribution of the test-static
under the hypotheses p(t|θi)

4) Define a threshold tthres for a specific false
negative rate α
- Often α = 0.05 in science

5) Only now look at data tobs and compare to tcut
- Often quote the p-value: the probability to observe tobs or more extreme

under the null hypothesis

Robert Les Statistics Tutorial 26



Hypothesis testing “colloquially”

The core point is condensing all of your data into one number: the test statistic t
- If know how it’s distributed under you

assumption, can evaluate how likely the
observed value was to happen
- Why you see p-values everywhere in

science
- Define a region before looking at data:

- If in this region, assumption is
unlikely/rejected

Alternative hypothesis comes into play for further understanding
- What choice of t is the most powerful?
- How much data I need?
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Hypothesis Testing Subtitles
IMPORTANT! We only reject the null when in critical region

No action otherwise!
- Never accept the alt! Could be other

unconsidered alt hypothesis
- If not in critical region null is acceptable
- Rejecting also doesn’t 100% guarantee the

null is false, just was unlikely
- These are frequentist statements based on

long-term repeated experiment probability
- α = 0.05 means 1/20 experiments will

make a false rejection

σ Frequency False positives if 300 papers/year
1σ 16% ∼weekly
2σ 2.2% ∼bi-monthly
3σ 0.13% ∼yearly
4σ 0.0032% ∼10 years
5σ 0.00003% ∼100 years

In HEP we often convert the p-value to a
“significance” which is the x-value for the
equivalent p-value of the Gaussian
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Neyman Pearson Lemma

Neyman-Pearson Lemma tells us that for simple θ0 vs θ1, the test-statistic
with the lowest β at chosen α is from the likelihood ratio

t = L(θ0|x)
L(θ1|x)

But not true for our likelihoods L(µ,θ|x) →
Approximate by profiling

tµ = −2 ln

L(µ, ˆ̂
θ|x)

L(µ̂, θ̂|x)


“Easy” interpretation: higher tµ means more
incompatible with µ

In ATLAS we use slightly adjusted test-statistics based on this

Robert Les Statistics Tutorial 29

https://arxiv.org/abs/1007.1727


Limit setting
Before we were asking: “What is the chance my signal is real for a specific model
parameter?”

If don’t see signal want to also ask: “What model parameters can I exclude?”

Calculate the “limits”:
- What signal-strength/cross-section can I not

exclude at α = 0.05
- Here your SM+BSM model is your

null-hypothesis
- You scan over different µ assumptions

- Calculate the p-value
- The excluded range is when p < 0.05

For searches often consider multiple hypothesis
(e.x. masses)

- Re-run the limit procedure above for each
mass/parameter then plot

- Each α = 0.05 horizontal-slice (top) is one
x-axis point’s vertical-slice (bottom)
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Example: Typical SM measurement

Hypothesis testing

- Design analysis
- Hypothesis testing: background (null) vs signal+background (alt)

- Possibly reject background-only model
- Background only p-value and significance

- Point and interval estimate of signal strength
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Example: Typical SM measurement
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- Design analysis
- Hypothesis testing: SM (null) vs SM+BSM (alt)

- Possibly reject SM hypothesis
- SM p-value and significance

- Hypothesis testing: SM+BSM (null) vs BSM (alt)
- Invert test to derive upper limit on BSM
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Summary

Crash-course in basic statistics related to ATLAS
- Estimators, Hypothesis Testing, ATLAS specific topics
- Try to clear-up frequent misunderstandings of p-values, hypothesis

testing, etc
- May not digest it all the first time through

- Exposure is the best way to eventually understand remember!
- Get involved in the statistical analysis of your analysis

Two notebooks to work through
- Background fitting, model-building, and hypothesis testing with
H → γγ open-data

- Upload a public likelihood model and run limit calculations

Separate github repository currently
- Use this docker link
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BACKUP
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Probability and definitions

Kolmogorov axioms define probably as a set X and a function P
1) P (X) = 1
2) For every subset S in X, P (X) > 0
3) For every countable disjoint subset S1, S2, ..., P (

⋃
Si) = P (

∑
Si)

* Note X can be multi-dimensional (x, y) etc

The above is clear for discrete variables, but
can extend to continuous probability
distribution function (pdf) p(x)

- Only a definite integral of a pdf is a
probability: P (x1 < x < x2) =

x2∫
x1
p(x)dx

- Can usually change
∑
→
∫

and
P (X)→ p(x) safely
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Definitions continued

The conditional probability of X given Y is defined as:

P (X|Y ) = P (X ∩ Y )
P (Y )

A little bit of math gives you the famous
Bayes Theorem:

P (Y |X) = P (X|Y )P (Y )
P (X)

So what? =⇒ Allows you to relate the
probability of a cause given it’s effect!

Let’s also define events as independent if
P (X ∩ Y ) = P (X)P (Y )

Image from wikipedia
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Expectation values

Any element of X or a function of it is called a random variable
For a random variable a and pdf p define the expectation value:

E[a] =
∫ +∞

−∞
a p(x)dx

The famous expectation values are:
- mean E[x] = µx
- variance E[(x− µ)2] = σ2

x

σx is usual measure of spread in a parameter
→ if Gaussian, my parameter should be
within [µ− σ, µ+ σ] 68% of the time

The covariance between two random values
E[(a− µa)(b− µb)] = σab is also an
important measure of linear correlations
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Estimators
But you don’t deal with p(x) directly in experiments but some sample of

data x1, x2, ..., xN

An estimator θ̂ is a function of data used to approximate a model property θ
Example estimators for µ and σ

- Sample mean µ̂ =
∑N

i
xi

N

- Sample variance σ̂2 =
∑N

i
(xi−µ̂)2

N−1
Some good properties for an estimator

- Consistent: lim
N→∞

θ̂ → θ

- Unbiased: b = E[θ̂]− θ = 0
- Efficient: lowest MSE = σ2

θ̂
+ b2

- Robust: single xi can not make
µ̂ an arbitrary value

* Note that estimators are a function of data
and so are random variables too

We call the process of getting estimators from data as “fitting” → In almost
all cases it is done numerically
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Functional form fitting

An example of an estimator: Functional form χ2 fitting
If you have some measured values yi at point xi with some gaussian

uncertainty σi
Assume your data follows a function
of parameters:

λ(x,θ) =
N∑
j

fj(x)θj

Define the best estimator θ̂ as the one
which minimizes:

χ2 =
∑
i

yi − λ(xi,θ)
σi

If your λ is linear in θj can solve analytically, if non-linear can use software
packages to numerically calculate the values

Robert Les Statistics Tutorial 39



Likelihood Fits: Point estimates
Since we only care about maxima, we will often instead minimize the the
negative log-likelihood for simplicity

Assume we have one sample and a likelihood
model:

L(µ|x0) =N exp
(

(x0 − µ)2

2σ2

)

− lnL(µ|x0) =− (x0 − µ)2

2σ2 − ln(N)

and the estimator µ̂

∂(− lnL)
∂µ

=− 2(x0 − µ)
2σ2 = 0

=⇒ µ̂ =x0

x
x0

µ1 µ2 µ3

µ
−

ln
(L

)

µ̂
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Likelihood Fits: Interval estimates

What about the uncertainty on our estimator?
The Crámer-Rao bound gives:

σθ̂ ≥
(

1 + ∂b

∂θ

)2
/E

[
∂2 lnL
∂θ2

]

For efficient operators (like MLE) the equality
holds, and often look at unbiased estimators

→ The uncertainty on the estimator can be
estimated from the curvature of the likelihood
at the minimum

µ

−
ln

(L
)

The term Iij = E
[
∂2 lnL
∂θiθj

]
θ=θ̂

is called the Fisher information matrix

*This method is also known as HESS in HEP jargon
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Likelihood Fits: Interval estimates

Another method can be derived for interval estimate

Expanding the likelihood around the extrema
at leading order and using the CRB:

lnL(θ) ≈ lnL(θ̂) + 1
2!
∂2 lnL
∂θ2

∣∣∣∣
θ=θ̂

(θ − θ̂)2

= lnLmax + (θ − θ̂)2

2σ2
θ̂

which can be rephrased as
− lnL(θ̂ ±Nσ) = lnLmin + N2

2

µ

−
ln

(L
)

1
2

µ−σ µ+σ

→ So can also estimate the intervals graphically with y-axis crossing points
*This method is also known as MINOS in HEP jargon
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Hypothesis Testing

In frequentist setting, make statements on a hypothesis by defining a quantity of
the data “test-statistic” and a critical region

1) Define null/alt hypotheses θ0/θ1
- For a BSM search: null=SM, alternative=SM+BSM

2) Define a test-statistic t
- E.x. the number of observed events

3) Derive the distribution of the test-static
under the hypothesis p(t|θi)

4) Defines a false negative/postive rate
α =

∫∞
t
p(t|θ0)dt, β =

∫ t
−∞ p(t|θ1)dt

5) Define a threshold tthres for a specific α/β
threshold
- Often α = 0.05

6) Only now look at data tobs and compare to tcut
- Or equivalently the p-value=

∫∞
tobs

p(t|θ0)dt to α
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Hypothesis Testing

In frequentist setting, make statements on a hypothesis by defining a quantity of
the data “test-statistic” and a critical region

To interpret we only reject the null when in
critical region

- Never accept the alt! Could be other
reasonable alts

- If not in critical region null is acceptable
- Rejecting null does not mean p(θ0) = 0
- These are frequentist statements based on

long-term repeated experiment probability
- α = 0.05 means 1/20 false null-rejections

Quantify null agreement with p-value=
∫∞
tobs

p(t|θ0)dt
- How often you would observe this value or more extreme if the null

hypothesis was true

In HEP we often convert the p-value to a “significance” which is the x-value for the
equivalent p-value if the p(t|θ0) = Gauss(t|µ = 0, σ = 1)

- 3 (5)σ is approximately α = 0.003 (5× 10−7)
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Neyman Pearson Lemma

Neyman-Pearson Lemma tells us that for simple θ0 vs θ1, the test-statistic
with the lowest β at chosen α is from the likelihood ratio

t = L(θ0|x)
L(θ1|x)

But not true for our likelihoods L(µ,θ|x) →
Approximate by profiling

tµ = −2 ln

L(µ, ˆ̂
θ|x)

L(µ̂, θ̂|x)


“Easy” interpretation: higher tµ means more
incompatible with µ

In ATLAS we use slightly adjusted test-statistics based on this
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Test inversion

For searches often care about providing “limits”:
- What signal-strength/cross-section can I not

exclude at α = 0.05
- Here your SM+BSM model is your

null-hypothesis
- Not the same as background-only p-value!

- “Invert” the hypothesis test:
- For multiple µ assumptions calculate the

p-value
- Exclude values with p < 0.05

For searches often consider multiple hypothesis
(e.x. masses)

- Separate model, test-statistic, and inversion
for each

- In limit plot, each α = 0.05 slice is one
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Asymptotic approximations

If assume θtrue true, Wald approximation says that log-likelihood
test-statistic as n→∞ will follow a non-central χ2 distribution with

- degrees of freedom=dim(θ) centrality=µ−µ2
true
σ

This asymptotic approximation makes it very computationally easy to derive
p(tµ|µ′) → quick analytic expression!

If not valid (n ∼ O(1)) then need to do full
frequentist computation using
pseudo-experiments (aka “toys”)

- Sample the likelihood x′ ∼ L(µ′| ˆ̂θ)
multiple times

- Calculate tµ for each pseudo-experiment
- Histogram to approximate p(tµ|µ′)
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ATLAS Test Statistic

In ATLAS we use NP-inspired test-statistics profiling over nuisance parameters

For evaluating signal+background model agreement (limit setting) use

q̃µ =


−2 ln L(µ, ˆ̂θ(µ))

L(0, ˆ̂θ(0))
µ̂ < 0

−2 ln L(µ, ˆ̂θ(µ))
L(µ̂,θ̂) 0 < µ̂ < µ

0 µ < µ̂

For background-only model (discovery) agreement

q0 =

−2 ln L(µ, ˆ̂θ(µ))
L(0, ˆ̂θ(0))

µ̂ > 0

0 µ̂ < 0

The ranges are defined so that:
- Only look for upward fluctuations
- For searches, fluctuations larger then a specific signal strength are also

consistent with it
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Confidence intervals and Neyman Construction

Let’s be more precise when we say we measure/exclude something
An X% confidence interval on a theory parameter θ means if we repeat the
experiment our interval would cover the true parameter X% of the time

- Theory parameter is fixed constant of nature
- The bound edges change across repeated experiments
- Does not say that X% prob your derived interval covers true value

Can define the procedure from assumed pdf beforehand:
- Once observe xobs can derive interval [θ−, θ+]
- Interval can be also one-sided e.x. [−∞, θ+]
- For Gaussian pdf 68% CI same as [µ− σ, µ+ σ]

From Cranmer
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Unbinned fits

More likelihood models than binned-Poisson or Gaussain can be used:

L(NS , NB ,θ|x) = (NS+NB)Ne−NS +NB

N !

N∏
i

NS

NS+NB
pS(xi|θ) + NB

NS+NB
pB(xi|θ)

- pS/B(xi|θ) are pdf choices for
events from the processes
- E.x. pS(xi|θ) = Gauss(xi)

pB(xi|θ) exponential

- “Extended” term at front since
event count N a Poisson variable
- NS/B are the expected yields

Exploits all structure within your data!
- Better variances!
- Minimization difficult as N large
- Need good assumptions on pdf 110 120 130 140 150 160
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Multiple dimensions

Mainly discusses situation where one theory parameter, but most results
scale for case with several “parameters-of-interest” θ

Main thing to remember is that
asymptotically follow a χ2 with higher
d.o.f. parameter k > 1

Find intervals by drawing point where
logL(θ) = logLmax + Qk

2
- Look-up tables for Qk threshold

at chosen CI
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Error propagation

First useful example of statistics is how to propagate uncertainty

If I measure some observables x (say object 4-vectors) and it’s related to
another quantify y(x) (say the invariant mass), at first order

y(x) = y(µ) +
∑
i

∂y

∂xi

∣∣∣
x=µ

+ ...

The mean and variation of the new quantity is:

µy = y(µ)

σ2
y =

∑
i

∑
j

∂y

∂xi

∂y

∂xj

∣∣∣
x=µ

σxixj

You will often see we transform to new basis so that the covariances σyiyj
are zero to simply calculations
→ eiegenvector decomposition of jet and b-jet experimental systematics
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Toy Results

Proper limit calculations are done by toy calculations (very CPU expensive!)
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σ 1 ±Expected CLs 

σ 2 ±Expected CLs 

Don’t assume toy calculations perfect
- Make sure distributions are

smooth with enough statistics
- Check search range is reasonable

- 0.05 crossing visible even for
±2σ band

- Make sure no odd features
- Toy fits can fail
- Nuisance parameters can act

odd: MC stats, spurious signal
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CLs

For limits as mentioned calculate signal+background p-values

But remember by construction will exclude 5% of
the time

- Even for cases where we have no signal
sensitivity!

Combat this with CLs approach, replace normal

p-value with CLs = ps+b
pb

=
∫∞
tobs

p(t|s+b)dt∫∞
tobs

p(t|b)dt

- Penalty if s+b not very separable from b
- Conservative: Doesn’t match 95% CI

anymore
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Asimov Data

But what about “expected results” → define as the median result given a
(background) hypothesis

In the asympotic approximation can use the Asimov dataset
- Artificial dataset where all all estimators are the true values
- Easy estimators and also their uncertainty
- Logic: median(toy result)= result(median dataset)

Can be used as a shortcut to derive the expected result and it’s uncertainty
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Better-then-zero effect and asymptotic validity

Analyzers may know full toy calculations is a very CPU/time intensive task
→ but when asymptotics breakdown they are overly aggressive!

Better-then-zero effect : The 95%
upper-limit for a Poisson experiment with
nobs = 0 is 3

- Not true for asymptotics with
systematics!

Quick rule-of-thumb asymptotic don’t
apply if you see:
Nexcl = σexcl × L× acc . 5

Where do I need to run toys
- When have sensitive bins near this

threshold
- Typically impact limits ∼20-30%
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Look elsewhere effect

Our hypothesis testing definitions was framed
interpretating data only between two
hypothesis

- But we are often doing many hypothesis
tests at once!

- Each “local” hypothesis p-value misleading
as not independent!

- Need to define a “global” p-value to see
deviations anywhere in data

a.k.a. Look-elsewhere-effect (a.k.a. multiple
comparisons problem)

Gross-Vitells estimation formula on the number of
up-crossings Nup at arbitrary threshold Zref :

pglobal = plocal +Nupe
1
2 (Z2

local−Z
2
ref )

Can also measure with fully pseudo-experiment
procedure
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Functional Form Fits

Sometimes can’t rely on simulations for deriving a template and need to fit some
functional form to the data

Use simplest functional form allowed by data → provided by F-test

Generally three potential kinds of uncertainty on a background fit:
- Fit quality uncertainty:

- Evaluate from hessian of fit or from toys
- Function-choice uncertainty (alternate pdf)
- “Spurious Signal” uncertainty

- Bias of fitting signal+background model on background-only data
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Spurious Signal for functional fits

Spurious Signal uncertainty
- Bias of fitting signal+background model on background-only template
- Sspur = Nfit −Ntemplate
- Add as additive nuisance parameter to model Pois(x|µs+ SspurθSS + b)
- When possible evaluate fit from high-MC template or high-stats region

To keep impact of this bias on sensitivity < 5 (12)% need Sspur/σSspur < 0.3 (0.5)
- Background model may be too flexible and can pick-up fake signal

- Try less flexible fit model
- Understand if signal model too wide or background like
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Combinations

What if we want to combine several measurements for optimal sensitivity

Often assume a multi-variate Gaussian likelihood (aka BLUE method):
lnL ∝ (x− 1)ᵀV −1(x− 1)

- x is the vector of all measurments
- V is their correlation matrix

- Often will decompose into
V = Vstat + Vsyst + ...

Assumptions:
- Data x is statistically independent,

otherwise need to evaluate with
bootstrapping

- Gaussian likelihood valid, otherwise need
to do full likelihood level combination
- Often the case
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Reminder of our goal
Typical Likelihood looks like:

L(µ,θ) =
∏
r

∏
i

Pois
(
nobsir |n

sig
ir

(µ, θk) + nbkgir (θk)
)∏

k

fk(θk)

i=bin, r=region, k=systematic

To construct our likelihood need to specify few things:
- The r’s and i’s aka the regions and the bins
- The θk aka the systematic (as well as constraint fk(θk))
- The actual parameter we care about µ

Then we connect these to the actual data we have
- Specify the n’s aka the bin contents from our histograms
- Specify how the systematics effect these bins n(θk), aka variation

histograms

The output ROOT/pyhf “workspace” holds the the likelihood in a common
format and also the n’s

- You can do all the “interpretation” from this common format
- Limits, plots, etc
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Code workflow

1) Make Workspace

Likelihood:
- Region
- Samples
- Systematics

Data:
- Trees/Hist
- MC, Data

2) Debug Workspace

Pre/Post-fit Plots

NP Up/Down
Shapes NP Pulls,

Correlations

3) IntepretationsLimits

Fit result

p-values

* Step 2 often forgotten!

The by-far most common mistake I see is analyzers assuming workspace
built correctly and jumping right to limits

- p-values, limits, etc tell very summarized info so almost impossible to
debug from there

- Many small simple things can go wrong: Forget samples/systematics
- Many complex things can go wrong: Systematics have weird shapes,

large pulls
- Some of these can be “physics” and not bugs
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Statistics in 1 minute

For profile-likelihood fits everything we do is related to the likelihood L(µ,θ)
- A fit finds the minimum of L(µ, θ), labeled by µ̂, θ̂
- You can estimate the uncertainties on the parameters by the curvature

of L(µ, θ) near the minimum
- Often care about fits at specific hypothesis; e.g µ = 0 background-only
- Asimov data= artificial data where µ̂, θ̂ are the “true” generated values

Limits are related to p-values
- Probability that data is consistent with some (alternate) hypothesis
- Background-only p0: Consistency of background-only with data
- Limit: Value of µ (aka cross-section) for which p-value is 0.05

Difficulties with profile-likelihood usually related to understanding your
systematic θ

- Always understand your likelihood before running limits
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Typical nomenclature/jargon

- Observable: The variable you are fitting (aka the xi)
- Sample: A single contribution to your total si/bi, which is usually

divided into different physics processes: aka V+jets, tt̄,...
- A category/region: A signal/control/validation region of your analysis.

Extends the i in your
∏
i

- Template: the histogram of your nominal si/bi, or the histogram after
a ±1σ uncertainty shift

- Normalization uncertainties: Systematic which uniformly shifts a
sample rate up/down in a specific region

- Shape uncertainties: Systematic which isn’t uniform across the
sample+region

- Correlated systematic: The ±1σ shift of the systematic is simultaneous
across the region/sample, aka one parameter encompasses effect across
samples/regions
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