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Abstract
The aim of these notes is to provide a simple introduction to NLO QCD calculations and parton
showers, and to explain how they can be combined through matching techniques to obtain predictions
that are accurate across all energy scales. These notes are written for the MCnet Summer School 2026.
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Figure 1: Schematic representation of the energy scales probed by collider events and the corresponding
calculational strategy in QCD.

1 Introduction

General-purpose Monte Carlo (GPMC) event generators are the default theoretical tools for interpreting
collider data. Their strength lies in their ability to provide all the ingredients needed to model complex
collider events in a single consistent framework, including both perturbative and non-perturbative
aspects of QCD.

Figure 1 shows a schematic illustration of an event in eTe™ collisions, together with the relevant physics
regimes.

m The fixed-order approach is typically employed to describe the hard-scattering process. Physical
quantities are expressed as an expansion in the QCD coupling constant as ~ 1/10. Improved pre-
dictions are obtained by incorporating higher-order terms. Leading-Order (LO) calculations capture
the gross features of an observable, and the inclusion of Next-to-Leading-Order (NLO) corrections
typically leads to a O(10 — 30%) precision. NLO accuracy is now standard, and an increasing number
of complex processes can now be described at NNLO accuracy, while N3LO calculations are starting
to appear. Recent years have also seen immense progress in the automation of NLO electroweak (EW)
corrections, and mixed QCD-EW calculations are appearing for key processes.

m The fixed-order approach is, however, not well suited to describing exclusive observables, i.e. those
sensitive to the presence of additional soft (low-energy) or collinear (small-angle) radiation emitted
during the energy degradation of the very energetic partons (quarks and gluons) produced in the
hard scattering. The large hierarchy of scales in a collider event, from the high momentum
transfer of the collision (@ ~ 1 TeV) to the much smaller scale of infrared emissions (¢ ~ 1 GeV),
can result in quantum corrections enhanced by large logarithms L =1n(Q/q at all orders in
as. For observables sensitive to these multi-scale dynamics, the perturbative expansion needs to be
rearranged to resum such logarithms at all orders n in a;. The leading logarithms (LL) give rise to
terms like (asL)™L, while next-to-leading logarithms (NLL) correspond to terms (csL)".
Parton-shower (PS) algorithms resum the dominant logarithms mentioned above, while retaining
the flexibility needed for direct comparison with experimental data. This renders them the default
theoretical tool at collider experiments.

Parton showers are routinely matched with NLO calculations to improve the description of the hard
process [1-5]. NNLO matching remains an outstanding open problem, with tailored solutions devised
only for a few selected classes of processes (see e.g. [6—12]). Parton showers lie at the core of GPMCs, which
also incorporate soft-physics models to describe non-perturbative effects, such as hadronisation, i.e. the
mechanism by which quarks and gluons produced in hard processes form the hadrons observed in the final
state.

In Sec. 2 I will discuss the main aspects entering NLO calculations. This will allow me to highlight the
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structure of infrared divergences in QCD. Such divergences can give rise to logarithmically-enhanced terms
that require resummation, as explained in Sec. 3. I will then describe parton-shower algorithms in Sec. 4,
focusing on the well-known Herwig angular-ordered shower [13], presented in Sec. 4.1. Nowadays, however,
the alternative dipole-shower approach [14] is the most popular, and I will present it in Sec. 4.2, and also
highlight recent progress in devising new showers with general NLL accuracy in Sec. 4.3. In Sec. 5 I will
discuss the most widespread methods [1,2] for matching parton showers with fixed-order calculations up to
NLO accuracy.

2 Mini-review of NLO calculations and infrared divergences at 1 loop

We now briefly summarise the main ingredients entering an NLO calculation, focusing for example on
light-jet production in eTe™ collisions.

The NLO differential cross section to produce n jets is

don1o(®) = B(®,)d®, + 2= [V (@0, )d®, + R(®ni1,€) dBy] (1)
where ©
doy” ()
B(®,) = ———— 2
(@) = " e
is equal to the LO/Born cross section,
(0)
2n do, 1 (Prt1)
o, — 2" il TR/
R( +17 6) Oés d(pn+1 (3)

is the tree-level cross section for the production of an extra jet (stripping as/27), while

s dog) () Vo(®,) | Vi(®n)
V(q)"’e):oz i, | e T

B(®,,, €) + Vin(Pn) + O(e) (4)

is the UV-renormalised virtual cross section (stripping «s/2m). In these expressions we have introduced
a regulator e, since the above contributions are divergent, and we have factored out the poles over the
D-dimensional Born, as customary. The structure of these poles can be completely determined from the
underlying Born process [15], and they cancel after integration of the real contribution, i.e. the one involving
one extra jet (Kinoshita, Lee, Nauenberg theorem).

The real contribution does indeed contain infrared (IR) divergences, associated with soft gluon emissions
or collinear (i.e. small-angle) branchings.

One therefore usually introduces a counterterm C(®,1,€), such that

m C(Ppy1,€) — R(Ppy1,€) is finite for every phase point, and one can remove the regulator € to evaluate
their difference;

m C(®,41,€) can be integrated analytically over the radiation phase space ®.,q, defined as

Abra = 2, o)
so that
C(@0) = [ 00iaC(@rr,q) = — [ 4 DO o 4 G +000 )
and one can then integrate numerically over ®,,,
Viin(®n) = lim C(®@p, €) + V(@ €) = Viin(®n) + Chin(®Pn)- (7)
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Thus, if we want to compute an observable that depends on the phase space, we have

d
OnLo :/ UNCI;O /O )—+V( ,€)| dP,,

+ / dcbndcpradi [R(@ni1,¢ >O< 1) — C(Bra1, )O(B) + C(@pi1, )O(@)
:/dq)n [B((I)n) + %Vﬁn(®n)] O(ch)
+ / A1 [52R(Bus1)0(@n11) = S2C(2,:1)0(D,)] . (8)

All the pieces are finite and can be evaluated in D = 4 dimensions, provided that the observable is infrared
safe, i.e. that O(®,4+1) — O(®,) when one parton becomes unresolved.

Notice that, in practice, there are multiple singular configurations of soft and/or collinear origin that must
be handled when performing the subtraction of IR divergences from the real matrix element. Therefore,
in reality C'(®,,+1) is a sum of several contributions,

Pps1) Z Ca(Pn+1) (9)

where the « index labels the different singular regions. These singular regions are handled separately by
introducing a phase-space parametrisation ®¢_ | (®,, ®;aq) (or its inverse &5 (P,,41)), so that

Qs

[ s[5 R@012)0(@01) - §2C(@10)0(®,)] =
52"

—Z/d(I) /d(I)rad

where, for example, one can define

Qs

(@54)0(@341) = 52Cal@5,1)0(@)] (10)

Cuo(P
Ra(®us1) = R@, 1) x et Pnit)_ (1)
>3 Cp(®Pnt1)
2.1 Soft divergences
If we consider the process ete™ — p1,...,Pn, gni1, Where p;, ..., p, are massless hard partons and g, is

a soft gluon with momentum £k, the real cross section can be written in a factorised form

as Rg(Ppq1, e)dfbn_H - Pj
Gs = 87y dk), 12
21 B(®y,€)d®, ”R;%;l D) (pi- )(p k)[ | 12

where [dk] is the one-particle phase space in 4 — 2e dimensions, and g is the renormalisation scale. B;;(®,)
is the so-called colour-correlated amplitude, and is defined as follows:

.I.
Bij(@n) B Zcol M01,-.~Ci,~~-,0j,--~,cn Mch e ,;7 ,chg,c;ng,c;
0 0n) _ : , (13)
( ") Zcol MC17---Ci,---7Cj7---,Cn MC1,-~-Ci7-~~7Cj,~-~,Cn
where Mey . cicjen 18 the Born amplitude with colour indices cy,. .., c,. Moreover, T? , = ifq.. . if i is
a gluon, while T¢ , = (—)t¢ , if i is a (anti-)quark. Eq. (12) is the so-called eikonal approximation for the

cross section.

The simplest non-trivial example is the case of a soft gluon emission from a ¢(p1), G(p2), g(p3) final-state,
where the colour algebra closes. Requiring T? = T2 = Or1 and T3 = C1 leads to

Ry(P,11,€)dP, C . C . C
(Prt1,€) +1=8msu?f[(CF—A>( pipz  Ca_ pps  Ca_ p2eops (k).

B(®,,€)d®, 2 ) (pr-k)p2-k) 2 (pr-k)(ps-k) 2 (p2-k)(p3s-k) 14
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Figure 2: Schematic colour decomposition of a process containing ggg partons into dipoles in the large-
number-of-colours approximation. Each dipole corresponds to a colour or anti-colour line. A soft gluon
emission can be seen as a dipole splitting.

An interesting limit is the one in which the angle between py and ps is much smaller than any other angular
separation. Thus, in eq. (14) we can replace ps = zpa3 and ps = (1 — 2z)pes. This leads to

Rs(q)n+1u 6)dq)n—i—l
B(®,,e)dd,

~ 8 SQGCW’} dk], 15
TCQslhp F(p1]€)(p23/€) [ ] ( )

i.e. if the radiated soft gluon is emitted at an angle much larger than the one between ¢ and g3, it will
perceive only their net colour charge:

& p3 k p3
+ ~ P2+3 @
D2 D2 2 (16)
This phenomenon is known as QCD colour coherence.
In general, the radiation function .S;;.; that enters the eikonal factor,
Di - Pj 1 1 — cos t;;
Siip = - 17
= o)y pe) B (1= cosOun) (1 — cosfy) )
can be decomposed into two pieces, S;j;.x = Sl(][f}k) + Sz[ﬁ],k’ with
; 1 1 1
sl — L (g - 18
i3k 2E,3 Bk T 1—costy, 1—coslj (18)

which is singular only for small 8;;, but not for small 6. It is customary to define the z-axis to be aligned
with the momentum p; and write

pj =E;{1,cos ¢;sinb;;,sin ¢; sin 0,5, cos 0;; } (20)
pr =Er{1, cos ¢y, sin O, sin ¢y, sin O, cos O;1, } (21)
cos B, =1 — Pi Pk _ cos 05 cos 0;1, + sin 0, sin 0, cos(¢, — ¢;). (22)
E;Ey,
Integrating over the azimuthal angle, one obtains
2

Aok i 1
-85, =———6 Oir, > 0;; 23
/0 o Dijik E,%(l ~ cos Oir) (cos b > cosb;j), (23)

i.e. after azimuthal averaging, k can be radiated only inside a cone whose direction is set by ¢ and whose
opening angle is set by 60;;. This property is known as angular ordering.

The angular-ordering and colour-coherence properties of QCD inspired the coherent-branching formalism,
which has been applied both in analytic resummation and in the design of parton showers.
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Let us finally consider the large-number-of-colours approximation of eq. (14), which is also illustrated
in Fig. 2. Since C4 = N, and Cp = (N2 — 1)/(2N.), with N, the number of colours, (2Cr — C4) — 0
in this limit, and we can approximate the soft radiation pattern as being emitted by two dipoles, gg and
q@g. In general, in the large N, approximation, quarks are represented by colour lines, anti-quarks by anti-
colour lines, and gluons carry both a colour and an anti-colour index. Gluon emissions can be visualised
as a colour line breaking. In general, this approximation allows the soft radiation pattern to be computed
efficiently and forms the basis of analytic resummation for non-global observables [16]. These are special
observables that require knowledge of the azimuthal radiation pattern, for which angular ordering cannot
be used. Some parton showers are built upon this approximation and are better suited to describing this
class of observables.

2.2 Collinear divergences

Let us consider the case in which a parton k is collinear to a parton ¢, such that p’ ~ z(p!’ + p}) + k', with
k7 = —k?. We have

fiv (i5)
5 Re(®p1,€)dPpiy _ dmaspis Pr(5.0) - APz 0)Buv (®n) | 20240y, dz (24)
2r B(®p,€)d®p pi-pk |7 B(®n) 2(2m)32 2(1—2)

where 4j is the parton obtained by merging i and j, and P,y(z,€) are the spin-averaged Altarelli-Parisi
splitting functions

Pl =Cr [ TEE —e1-3)]. (29)
Pyy(z,€) =204 [1 - —+ 1%2 +2(1— z)} : (26)
Pyy(z,¢) =T [1 - %ilj] . (27)

Bl l,) is non-vanishing only if z~j is a gluon. It corresponds to the Born squared amplitude without contracting
the gluon polarisation vector, and is often called the Born spin-correlated amplitude. The APii;';(z, ®)

vanish upon azimuthal integration, so they are needed only in four dimensions to perform a local subtraction
of the singularities, but not for the integrated counterterm. We have

AP (z,¢) = — 4Caz(1 — z) (K kY /5] + 9" /2) (28)
AP (z,0) =+ 4Tpz(1 — z) (K[ K /5] + g /2) . (29)

The AP(%V(Z, ¢) lead to terms of the form cos ¢ and vanish upon azimuthal integration; hence they are not
needed to build the integrated counterterms.

3 Counting logarithms

Given an observable V', the prediction for its distribution admits a fixed-order expansion in «y of the form

S(v) = /OU %%‘; - g% (%)” =) (v). (30)

In general, collider processes involve several scales, and the perturbative expansion of the distribution of V'
can contain large logarithms L of ratios of these scales. These logarithms can spoil the convergence of the
perturbative expansion, since at each order n in o one can have terms of the form o L™ with m < 2n. It
is then necessary to rearrange the perturbative expansion to resum these large logarithms at all orders in
a. When the resummation is performed at the level of the cross section, and we assume L ~ /a;, we can
write

oo
C nLQn C nLQn

) =Y | CinalL™ + % + % N D)
n=0 - ~——— ———

double logarithms next-to-double logarithms  next-to-next-to-double logarithms
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Figure 3: Dependence on the high-energy scale @ of 1/a4(Q) and L =1InQ/1GeV.

The leading term captures all the double logarithms, i.e. it is an all-orders resummation of the terms o L?".
One then performs an expansion in inverse powers of L to define the next-to-double logarithms, next-to-
next-to-double logarithms, and so on.

However, as

1
~ 26pIn(Q/Aqep)
a more appropriate way to count logarithms when the scale hierarchy is very large, as happens for example
at the LHC, is to assume L ~ 1/a,. This can be seen in Fig. 3, where we show the dependence on the high-
energy scale Q of 1/a,(Q) (blue), L = InQ/1GeV (orange), and L? (green). For certain observables that

satisfy suitable factorisation properties, such as the so-called recursive infrared and collinear (rIRC)
safety [17], the resummed distribution can be written in exponential form:

as(Q) +h.o., (32)

Y(v) = exp(LgrL(asL) + gnin(asL) + asgnnin(asL) + ..., (33)

where the first term captures the leading logarithmic contributions, the second term the next-to-leading
contributions, and so on. Next-to-leading logarithmic accuracy is formally an O(1) correction to the cross
section, since azL ~ 1, and typically gives 10-30% corrections. NNLL corrections are typically of the order
of a few percent.

Parton showers are flexible tools designed to resum the dominant logarithms, i.e. the LL contributions,
while retaining the flexibility needed for direct comparison with experimental data. Standard parton showers
embedded in Monte Carlo event generators also typically capture next-to-double logarithmic contributions.
Recent efforts have been devoted to devising new parton showers with general NLL accuracy (see e.g. [18—
21]), i.e. showers that capture all NLL contributions for a generic observable, and not only the next-to-
double logarithmic ones. Such showers are expected to be embedded in general-purpose Monte Carlo event
generators in the next few years, enabling fully fledged phenomenological applications. Furthermore, steps
towards NNLL showers are currently being taken [22,23].

4 Parton showers

Parton showers are iterative algorithms that dress the hard-scattering process, which usually comprises only
a few energetic partons, with a cascade of increasingly soft emissions. Parton showers respect the basic
factorisation properties of QCD, and are designed to capture the dominant logarithmic contributions at all
orders in .

As we have already seen, QCD emissions are enhanced in the collinear limit, where the cross section takes
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Figure 4: Kinematics of a collinear splitting, where E is the energy of the pre-branching emitter, z is the
energy fraction retained after the splitting, and 6 is the opening angle between the two emitted partons.

a factorised form,
d6? dd)
dO'n+]_ ~ dO'n P( )HTdZ
where P(z) is the Altarelli-Parisi splitting function, z is the light-cone momentum fraction retained by the
emitter after the branching, ¢ is the azimuthal angle of the emission, and # is the opening angle between the
two emitted partons. For gluon emissions, the splitting function P(z) contains an additional soft singularity

for z — 1.

(34)

At this point, we can define a variable
t=E%f(2), (35)

where E' is the energy of the emitter before the branching, and f(z) is a function of the energy fraction z.
This variable can be used as a measure of the hardness of the branching, allowing us to replace df?/6? with
dt/t in the above expression for the cross section. From Fig. 4, we can see that two possible choices for ¢
are t = 22(1 — 2)2E%0% and t = E?0%2(1 — z), which correspond to the transverse momentum of the emitted
parton with respect to the emitter, and the virtuality of the branching, respectively.

We now compute the total cross section for producing two well-separated emissions using the variable t:

1 s
dopyo ~op— </ @ P(zl)dtldzldqm>

2 2 tl 27
B dty , dpy Qs dty . dopo
=0p < Qﬂ_P(zl)fd 1§ </ %P( )7d QTO(tl > t2)>> ) (36)

Therefore, the scale t can be used to order the emissions.

For a consistent description, we need to include the virtual corrections, which are negative and cancel the
real contributions when integrated over the full phase space. If we consider two scales to and ¢, = to — dt,
the non-emission probability reads

s di dér

dA(tg,tg—dy) =1——=— [ P —_—
(to,to—di) =1— 5+ i (z1)d215 (37)
If T consider many dt; intervals,
N
oy dt; do;
1——— [ P(z2i)dz )
A(to, ty) = | I < o 1, (z)dz 27r> (38)

=1

, or equivalently

N o dt;
lnA(tO,to—th): E In 1—77 P Zz de
i=1

s dt; do;
) ~ Z (_;rt P(zi)dziz(i> . (39)
i=1 ’

where in the last step we have assumed the intervals dt; are infinitesimal. For N — oo and to — Nd; — 1,

we are left with
to o dt do
Altg, th) = — 5 P(z)dz— | . 40
(t0. 1) exp< / 2 [ Plyg (40)
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A virtual correction therefore corresponds to a no-emission probability between two given scales tg > t1,
which is given by the so-called Sudakov form factor, The cross section for producing one emission at the
scale 1, starting from a hard process at the scale %y, is then given by

dt  d
dt .9

Qs
dop+1 = dopA(to, t1)=—P(z) Tz

o (41)

The Sudakov form factor can be interpreted as the probability of no emissions between the scales ¢y and
t1. Thus, the above expression is the probability of having no emissions between tg and t1, followed by one
emission at the scale 1.

To distribute the real radiation according to

doy, o dt  d
Ao = 7L = A(to,1) 22 P(z) =52, (42)

one first generates a random number r uniformly distributed between 0 and 1, and then solves
A(to, tl) =T, (43)

to obtain the scale ¢; of the first emission. Then, one generates the variables z and ¢ according to the
distribution P(z)%, and iterates the procedure to generate the second emission, starting from the scale ¢;.
The procedure is iterated until the emission scale is smaller than a given cutoff ¢, which is typically of
the order of a few GeV. This is the scale at which the perturbative description is expected to break down
and non-perturbative effects become important. Notice also that, for a process with n partons in the final
state, there are n possible emitters; one has to try to generate an emission for each of them. See the lecture
notes by S. Pléatzer for more details on how emissions are generated in practice in a parton shower.

4.1 Herwig7 angular-ordered shower

In our naive description of the parton shower, we have left four main ingredients unspecified:
m the choice of the argument of the strong coupling as;
m the choice of the evolution variable ¢;

m the choice of the kinematic mapping, i.e. how to reconstruct the momenta of the n + 1 partons after
the branching, starting from the momenta of the n partons before the branching.

We will see that there is only one possible choice for ¢, and that choice corresponds to the one used in the
Herwig angular-ordered shower [13]. Other choices of the evolution variable are possible for so-called dipole
showers [14], which we will describe in the next section.

4.1.1 Running coupling effects and cutoff scale

To answer the first question, we can notice that virtual and real corrections to the emission rate for a soft

or collinear emission give
+ J gf = a(u [2/50 1#2—5 +B(z)} ?_95‘
(44)

where k; is the transverse momentum of the emission, and B(z) is a finite term that depends on the energy
and type of the splitting. The logarithmically-enhanced term can be absorbed by choosing ,u% = k?. The
finite term is in general quite complicated, but for soft gluon emissions it reduces to a constant

Kcenw 67 w2 5
B(z) — —SMW Kovw = LoD ) -2 4
(2) or emw = Ca <18 6) 9o (45)

Therefore, the coupling constant is evaluated in the so-called CMW scheme [24] or Monte Carlo scheme,

Oés(k?t)
2

ag™V (k) = a(ke) (1 + KCMW) : (46)
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Figure 5: Branching histories and relative emission probabilities for two soft-collinear gluon emissions in a
transverse-momentum-ordered and angular-ordered parton shower.

It has been shown that using this scheme, with the running of the coupling constant taken at two loops, is a
mandatory ingredient for achieving NLL accuracy in a parton shower [24]. The reason why it is possible to
also include the factor Kcnw, which strictly speaking is the correct term only for soft gluon emissions, is that
other types of splittings do not contain soft singularities. For them, the finite term B(z) is a higher-order
correction that needs to be included properly only to achieve NNLL accuracy, not NLL accuracy.

The choice of the argument of the coupling constant is deeply related to the choice of the cutoff scale.
As the non-perturbative regime is expected to be reached when the coupling constant becomes large, it is
natural to choose the cutoff scale as the scale at which a; becomes non-perturbative. Therefore, although
the ordering scale ¢ might (and will) differ from k7, the cutoff scale is typically chosen as a cutoff on the
transverse momentum of the emission, i.e. toyy = th,cut' The single-emission rate between two scales tg and
t; is therefore given by

as P(z) t1:9%¢

o 2T
where k¢(t, z) is the transverse momentum of the emission, which is a function of the ordering variable ¢
and the energy fraction z. The Sudakov form factor is also modified to include the cutoff on the transverse
momentum of the emission:

to g do o
Alto ) —exp( / T [aesmr >e<kt<t,z>>kt,m>>. (48)

dPrag = Alto, t1) O(k(t,z) > ky cut) (47)

4.1.2 Evolution variable

We have seen that the evolution variable ¢ can be any kinematic variable defined as t = E262 f(z), where f(z)
is a function of the energy fraction of the splitting, 6 is the angle of the emission with respect to the emitter,
and F is the energy of the emitter before the branching. Two common and simple choices are transverse-
momentum ordering, i.e. t = kZ = 22(1 — 2)2E2602, and virtuality ordering, i.e. t = ¢* = 2(1 — 2) E?62. Since
we have written the parton-shower emission probability starting from the collinear factorisation of the cross
section, a useful way to discriminate between different choices of the evolution variable is to check which
of them correctly describes, for example, two well-separated soft-gluon emissions that are also collinear to
a common quark leg. This situation is illustrated in Fig. 5. Here we consider two soft gluons, A and B,
with transverse momenta with respect to the quark leg satisfying pr 4 > pr g, and angles 64 and g with
respect to the quark leg, with 4 < fp. In a transverse-momentum ordered shower, the first emission
will be A, as it has the largest transverse momentum, and then the second emission will be B. The second
emission can be performed either from the quark leg or from the gluon A (we can assume that the transverse
momentum of B relative to A is roughly pr g, since g ~ 645). However, this yields an overestimate of the
true distribution, since the requirement ©p > O 4 implies, by colour coherence, that the two emissions are
independent and that the correct rate should be the product of two independent emissions from the quark
leg. A similar situation would happen in a virtuality-ordered shower. As illustrated in the lower part of
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Fig. 5, in an angular-ordered shower, the first emission will be B, as it has the largest angle, and gluon A
can only be emitted from the quark leg, as the emission from gluon B is forbidden by the angular-ordering
condition.

Therefore, QCD colour coherence of soft emissions effectively imposes angular ordering. For this reason,
the Herwig parton shower defines its ordering variable as

K

t=@=E2=
e 22(1 — 2)?’

(49)

where the latter is a covariant definition currently implemented in the modern Herwig?7 generator [25]. To
impose angular ordering, one should not simply require §3 < g3, but

B < 21at (50)

where z; is the energy fraction retained by the leg from which one wants to perform a second emission (for
the other leg, the condition is (j% < (1- zl)z(ﬁ, as 1 — z1 is its energy fraction). This is because (j% = E%H%,
and G5 = 22 E?03, so 02 < 6, implies §o < 23G7.

4.1.3 Kinematic mapping

A parton shower is an iterated sequence of 1 — 2 splittings. Denoting by p; the momentum of the pre-
branching emitter, the momenta of the post-branching partons ¢ and k are given by

_ k2 nH
P} :Zpét+ki+772ﬁi-n’ (5la)
kK2 nt
P =(1—2)pt — k" + —— 51b
e (51)
k2 n*
Fo—pht L 51
Pig pz+z(1—z)2ﬁi'n’ (51c)

where n is an auxiliary reference vector. We see that, after the splitting, a momentum imbalance along n*
is generated, so it is impossible to conserve momentum locally within the splitting.

Herwig’s original strategy (see e.g. [25]) is to shower each Born leg. Subsequent branchings do not alter
the transverse momentum of previous branchings, but collectively increase the virtuality of the original Born
leg. At the end, a dedicated boost of the decay products of each leg is performed to restore momentum
conservation. This choice guarantees that the kinematics of an emission is not affected by a subse-
quent branching in the case of large angular separation. This is imperative in order to retain the
colour coherence properties of QCD and achieve NLL accuracy for global observables. More details can be
found in Ref. [26].

4.2 Dipole showers

Angular-ordered showers represent the simplest showering algorithm that can be used to attain NLL accuracy
for many observables measured at colliders. However, such showers have two drawbacks, one technical, one
conceptual.

The technical drawback is the difficulty of matching such algorithms with fixed-order calculations. The
hardest emission, i.e. the one with the largest transverse momentum, is typically the one we want to correct
with the exact QCD matrix element rather than the approximate parton-shower kernel, but in an angular-
ordered shower it is not the first emission. For this reason, none of the current matching and merging
techniques beyond standard NLO matching are supported for angular-ordered showers.

The other issue is that angular ordering is a property that arises after averaging over the azimuthal angle
of the emission. This implies that an angular-ordered shower does not reproduce the correct azimuthal
distribution of soft emissions, but only their average behaviour. This prevents it [27] from correctly describing
so-called non-global observables [16], which are sensitive to the full angular distributions of soft emissions,
such as the amount of radiation inside an angular region of phase space.

Both issues can be overcome by so-called dipole showers [14], which are now the most popular shower
paradigm and are supported by the PYTHIAS, Sherpa2, and Herwig7 general-purpose event generators.

11
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Figure 6: Pictorial representation of branching histories for a dipole shower.

The starting point is the soft limit of the QCD cross section, which takes a particularly simple form in
the large N, limit

Ca 2p; - pj )
dog = d dray A dk), 52
78 Jb%( Ty (pi - pr)(Pj - Pr) [dF] (52)

where [dk] is the single-parton phase space, and (i, j) is a pair of colour-connected partons, which we call a
dipole. In this limit, quarks are represented by a colour line, anti-quarks by an anti-colour line, and gluons
by a colour and anti-colour line. Therefore, a gluon belongs to two dipoles.

We therefore see that, in the large- N, limit, the total cross section is an incoherent sum of dipole contri-
butions. Each dipole contribution can be parametrised as a function of the rapidity y = —Intan6/2 and
transverse momentum of the emitted soft parton k& in the dipole frame:

Cuha dp;
dpdip,s = - Yy—-
Dt

(53)
Before promoting this to an emission kernel, we may want to correct it in the collinear limit. Since there
are two collinear limits, associated with ¥y — oo and y — —oo, we first multiply it by

1=06(y) + 6(-y), (54)

where one may replace the step function by a smooth function and move the dipole midpoint, currently
placed at 0, by an O(1) term. This is convenient if one wants to define the dipole midpoint in a boosted
frame; see e.g. [18]. Then, one notices that C4 = 2CF corresponds to the soft limit of (1 — z;) Pyq(2;), with
Pyy(2) = Crp(1+22)/(1 — 2;) the quark splitting function, and to half the soft limit of (1 — z;)P,4(2;). The
factor of one half stems from the fact that a gluon leg belongs to two dipoles, so each individual dipole
contribution must be divided by 2. Therefore, the term C40(y) can effectively be replaced by (1 —z;)Pi_i ,
thereby correcting the collinear limit as well. A similar replacement can be performed on the other side,
yielding

Paip = dPiGG)-i)O W) + APjG3) 54 O =9, (55)
where the parton in brackets denotes the colour partner of the emitter, and
CMW
o (Kt) dky do
PigrainG) =~ g7 (L~ 2Pz dy 7o (56)
with z;; = 2’;;15 et¥. We have included higher-order terms in the coupling constant as discussed in
1Py

Sec. 4.1.1. Now each partitioned dipole kernel can be used in a shower algorithm in place of a 1 — 2 parton
shower emission probability. '

In Fig. 6 we reconsider the two-soft-collinear-emission rate for the Born process Z* — qg, which a parton
shower ordered in p; would fail to describe correctly. We now consider instead a dipole shower ordered in
pt. The first step is the emission of the gluon A from the (g, ¢) with probability

) dk
APa = 22 Cadys A, (57)
™ )

)

'In antenna showers, such as VINCIA [28], the dipole emission probability is smoothly partitioned to correct for the collinear
limits, and the evolution of the two halves is not separated.
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The second emission can take place either from the (g, g4) or the (ga,q) dipole. However, as B lies well
outside the cone spanned by g4 and ¢, the latter contribution is negligible, and we are left with”

s dk
dPp = 2 Cydyp =2
m k

@(k‘t,B < kt,A)7 (58)

t,B

Therefore, up to subleading terms Cy — 2Cr = 1/N,, we recover the correct result.

The inclusion of such subleading corrections is possible, and leads to the correct NLL result for global
observables [29].

As colour coherence is naturally embedded in dipole showers, there is a lot of freedom in the ordering vari-
able. Transverse momentum is the most common choice, but virtuality [30] and intermediate solutions [18]
are also possible. In this case it is imperative to define the dipole midpoint not in the emitting-dipole frame,
but for example in the event centre-of-mass frame, so that angles have the same meaning regardless of the
emitting dipole.

4.2.1 Kinematics

Common showers are transverse-momentum ordered and employ dipole-local momentum conservation. This
means that, if 7 is the emitting leg and p; ; are the momenta of the pre-branching emitter and spectator,
then

kQ
wo_ ~u t ~p w
P, =1 —2)p; + ——p; + k 59a.
ki
H—opht 1t s L 59b
w ki L
R [ — 59
P ( 2z<1—z>ﬁi-ﬁj>pf (585c)

Thus we see that the emitter absorbs the transverse momentum recoil of the emission, possibly altering its
original kinematics significantly. In Ref. [18] it was shown that, if one wishes to keep ordering emissions in
transverse momentum, there is no way to prevent soft gluons from “recoiling too much” because of subsequent
emissions at similar hardness, and this prevents the attainment of NLL accuracy. Therefore, new maps in
which the transverse momentum is redistributed globally inside the event were designed [18,20,21].%

4.3 Bonus: building a NLL dipole shower
4.3.1 The Lund plane representation of radiation

To better understand how to define the formal accuracy of a parton shower, it is very useful to introduce the
concept of the Lund plane [31,32], which represents the phase space available for an emission in terms of its
transverse momentum and rapidity. The variables In k; ;/Q and y; are often dubbed Lund plane coordinates,
and they describe the phase space available for an emission. A graphical representation of the Lund plane
is given in the left panel of Fig. 7. The top of the Lund plane contains hard emissions, the left and right
boundaries contain energetic collinear emissions, soft large-angle emissions lie at the centre, and the bulk is
populated by soft-collinear emissions.

If we have many emissions, their Lund plane representation can be naturally understood as the result of
a clustering procedure using a jet algorithm that iteratively recombines the partons closest in angle, such
as the Cambridge/Aachen algorithm [33]. This builds an emission tree that reflects the colour-coherence
and angular-ordering properties of QCD. Emissions coming from the original quark lines are positioned in
the primary Lund plane, while emissions originating from subsequent branchings of primary emissions are
placed in nested leaves, as illustrated in the right panel of Fig. 7.

To understand which configurations are important at a given logarithmic order, we need to learn how to
gauge the size of areas in the Lund plane. First, we notice that any (continuously global) observable we

2The soft-emission probability is longitudinally boost invariant.
3Notice that local transverse-momentum conservation is possible when ordering in virtuality [30] or in v ~ ke PV [18].
Furthermore, the longitudinal component along the colour partner p;f might also be conserved globally [20,21,30].
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Figure 7: Left panel: Lund plane, with different kinematical regions highlighted. Right panel: (taken from
Ref. [32]) Lund plane representation of several emissions, in terms of primary Lund plane (blue), secondary
(red and green), and tertiary (orange) leaves, and the corresponding mapping to a binary Lund tree.

wish to study, in the presence of a single emission that is simultaneously soft and collinear, scales as
ke _y
O ~ —e bl 60
0 (60)
Therefore, if L =1n O is our large logarithm, we draw the following line on the Lund plane:
ki
lné =1nO + by, (61)

where we immediately see that only b > —1 gives a finite portion of the Lund plane above this line,
which is necessary for infrared safety. This area is of order L? and contributes to the leading logarithmic
contribution. Inside this area, the hard-collinear region and the soft-wide-angle region have an extent of
order L. Therefore, at leading logarithmic accuracy it is important to describe soft-collinear emissions that
are strongly ordered, i.e. emissions with a large separation in rapidity and in transverse momentum, or in
v="F/ QeI This is because, at leading logarithmic accuracy, the resummation is entirely driven by the
hardest emission, whose description needs to be LO accurate only when it is soft-collinear, since all other
terms are subleading.

At next-to-leading logarithmic accuracy one needs:

m include higher-order terms for the modelling of soft-collinear emissions, which results in the CMW
scheme for the coupling constant described in Sec. 4.1.1;

m include the tree-level description of soft-wide angle emissions as well as hard-collinear ones;

m correctly describe multiple soft-collinear emissions that have large rapidity separation but can have
comparable v = k;/Qe "l

The first two statements have direct implications for the splitting functions that need to be used in showers.
The last statement can be translated as follows: the shower ordering scale and its mapping should
ensure that multiple soft-collinear emissions widely separated in rapidity are described as
several independent emissions from the original hard event. In other words, when a soft parton is
included in the event by the shower and is well separated in angle from other previously emitted partons,
the transverse momentum or rapidity of those partons should not change.

Before explaining in more detail how the recoil scheme and ordering variable affect the logarithmic accuracy
of the shower, we emphasise that the ordering variable of a generic dipole shower behaves like the observable
O defined in eq. (60). Here, b = 0 corresponds to transverse-momentum ordered showers (the standard
choice), b = 1 to virtuality ordering (so far used only by DEDUCTOR [30]), and b = 0.5 to an intermediate
behaviour (commonly employed in PANLOCAL [18]). As stressed before, an ordering variable with b > 0
requires angular distances to be measured in a frame common to all dipoles. Equivalently, the dipole
midpoint used to include hard-collinear corrections must be defined in this common frame, so that also for
subsequent emissions the contour at fixed ordering variable has a tip at yrunq = 0.
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4.3.2 Recoil and logarithmic accuracy

Transverse momentum ordering. The original implementation of dipole showers relies on fully local
momentum conservation. This means that in practice, depending on the value of 7, a leg between ¢ and
j is chosen as emitter. If the emitter is ¢, then the momentum of the legs in the original dipole is reshuffled
according to

ZiZj
1-— Zi

pi =(1 = z)pi + pj — k1 (62a)
Dj- (62b)
It is easy to see that this choice leads to an unwanted feature: the momentum of an emission can be affected

by subsequent emissions that are well separated in rapidity. Let us consider for example the case of three
soft-collinear emissions with ky1 S kro S k3, and 1 < 03 << ma:

g1 93 g2
q &@M |

Colour coherence tells us that the matrix element describing these three emissions should be that of three
independent emissions from the (g, ) dipole, i.e.

(63)

2 dky
dPg X H k‘ttil d?]l (64)
i=1 v

)

For a dipole shower, the (g, q) dipole first emits a gluon g;, then (g1, ¢) dipole emits a gluon go, and finally
the (g1, ¢92) dipole emits a gluon gs. If the transverse momentum of g3 is comparable in size to those of g
and g9, and transverse momentum is conserved locally, then the original transverse momentum of g; and/or
go was different from its final value. This means that the parton shower effective matrix element used to
describe the multiple radiation pattern is expressed in terms of a pre-branching transverse momentum that
can be very different from the final one, which is instead the one appearing in the true QCD matrix element.
This can in general introduce spurious NLL contributions in the transfer function of any global observable.
LL accuracy is still maintained, because in this limit there is strong ordering k;1 > ki 2 > k; 3, and recoil
effects are negligible.

The simplest way to ensure that NLL accuracy is retained is to use global transverse-momentum
conservation,

P =7 (2iPi + 2jPj + k1) (65a)
pi =r((1 — z)pi) (65b)
pj =r((1 = 2)p;), (65¢)
p=p Vl#1,j,k (65d)

where 7 is chosen such that the total invariant mass of the event is preserved, i.e. pZ, = pz,, with
Dot = Zf\; ”;1 p; and Prot = Zf\i 1 Di- A boost is then applied to all the partons in the event. This is the
approach used in the “split-dipole-frame” transverse-momentum ordered PANGLOBAL shower [22].

NLL showers with local transverse momentum conservation In order to use local transverse-
momentum conservation, we need to ensure that, when the emitter and emission are widely separated in
angle, the transverse momentum of the emission is logarithmically much smaller than that of the emitter,
so that the recoil has a negligible effect.

This can be achieved using v = k:t/Qe*bM ordering, as can be seen for example from Fig. 8. The
area coloured in blue and red corresponds to the phase space available to a second emission from a g
configuration, after a first gluon emission, represented in black, has been generated. The area shaded in red
corresponds to the region where the first emitted gluon takes the role of the emitter. We can see that the
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PanLocal(0 <3< 1)

k , <k, sothe
In ky recoil is negligible

Evolution variable: v ~ k, e/

Figure 8: Lund plane emission contours for PANLOCAL, which has as ordering variable a generalised angu-
larity with b > 0 and b < 1.

transverse momentum of any parton in this region is parametrically much smaller than that of the original
emission, as required for NLL accuracy.

This choice is adopted by the PANLOCAL shower [18]. Notice that this also requires that the dipole
midpoint is in the event frame. In general, ordering with 0 < b < 1 can also be used with local transverse-
momentum conservation, provided angles are defined in the event frame.

Colour partner or longitudinal recoil? In the standard dipole maps, as well as in the PANSCALES
showers, the colour partner of the emitter is used to absorb the longitudinal momentum component. How-
ever, from the point of view of infrared safety, a map is required to satisfy p; +pr — p; in the collinear limit,
i.e. the momentum of the two collinear partons must reduce to the momentum of the pre-branching emitter.
Thus it is not necessary to give the colour-connected parton of the emitter a special role in the kinematic
reconstruction. This is indeed what DEDUCTOR [30], FHP [20] and ALARIC [21] do.

Notice that DEDUCTOR also conserves transverse momentum locally; this enables the shower to use b = 1,
i.e. virtuality ordering. In a shower with fully local momentum conservation, such as PANLOCAL, this is
not possible. Indeed, if we consider the region to the right of the black dot in Fig. 8, when b = 1 and the
radiated parton has commensurate v, the longitudinal recoil is always of order 1, and therefore affects the
recoiler even in the presence of large rapidity separation [34].

5 Matching parton showers with fixed-order calculations

Parton showers are vital for collider predictions that require an exclusive modelling of the final state:

m they can be used to describe events with an arbitrary number of jets for any arbitrary underlying Born
process;

m they resum to all orders the dominant QCD corrections, namely leading-logarithmic (LL) terms.
Ongoing work in the PS community aims to reach NLL accuracy and beyond. This provides a good
description of unresolved regions, e.g. jets at small transverse momentum;

m they are embedded in general-purpose Monte Carlo (MC) generators, which include soft-physics effects
such as hadronisation and MPI.

There are, however, limitations associated with parton-shower predictions:

m inclusive quantities are described only at Leading Order (LO) accuracy, while state-of-the-art calcula-
tions are at least NLO;

m the production of extra hard jets is not correctly described.

Fixed-order calculations are complementary to parton-shower predictions, as they provide an accurate de-
scription of inclusive observables and hard-jet production. It is possible, and indeed necessary for reliable
predictions, to combine both approaches and retain the best features of each. There are several strategies
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at our disposal.

s Matrix Element Corrections (MEC) enable us to describe the production of a hard jet using the
correct tree-level cross section, instead of the PS approximation.
(NLO) Matching enables us to combine NLO calculations with PS.

(LO) Multi-jet merging enables us to describe the production of several well-separated hard jets
using the correct tree-level cross section for each jet multiplicity.

m [t is also possible to merge NLO matched simulations, achieving NLO accuracy for several jet
multiplicities.

m NNLO matching techniques usually start from NLO merged simulations for 0 and 1 extra resolved
jet, and provide the missing a2 corrections needed to achieve NNLO accuracy for inclusive quantities.

5.1 Tree-level matching: Matrix Element Corrections

The aim of Matrix Element Corrections (MEC) [35,306] is to ensure that the hardest emission is generated
with the correct tree-level matrix element, rather than with the approximate parton-shower one. Let us
focus for the time being on dipole showers, where the hardest emission is also the first emission. The effective
parton-shower matrix element for the first emission is

dO’SiSl) - B(q)n)dq)ndq)(PS)PPS(q)Fasd)) (66)

rad

where B(®,,)d®,, = da,@(@n) is the Born cross section and d®% Pps(®5%) is the parton-shower emission

rad
probability. We want de(ziSB to be identical to the LO cross section for producing an extra jet

«

0 s
Ao\ 0y (1) = 57 R(®ri1 ). (67)

Thus, once an emission is generated according to eq. (66), we accept it with probability

, _ 52 R(®us1)  dPnis
accept B((I)n)PPS ((I)rad) d(I)Fand(I)b ‘

(68)

In practice, extra care is required when implementing eq. (68). First, there can be multiple ways for a
parton shower to reach a given configuration, i.e. eq. (66) can in reality be a sum of terms. What we should
therefore use is .
(4) g, (1) 7~
d®;, d®.

d(I)n—i-l

_a i)y p(@) (%)
Paccept = 27;R(q)n+1) X Z Bl(q)g))PPZS (q)r;d) (69)
(2
where 7 labels all the parton-shower histories that could have led to ®,,4;. These histories can in general
have different Born flavour compositions and different underlying Born momenta. For example, the process

e (pa)e” (pv) = d(p1)d(p2)u(ps)i(pa), (70)

can be obtained either from a dd g final-state or from w @(p) g. Similarly, a gluon emission can be generated
from several dipoles. In practice, instead of applying a matrix element correction after an emission is gener-
ated, it is possible to replace the hardest-emission generation entirely and use an appropriately partitioned
real cross section.

However, in the case of the Herwig angular-ordered shower, the first emission is usually a soft large-
angle emission, so correcting its matrix element would not help much. For this reason, HERWIG 7 implements
the above veto technique every time the generated emission is the hardest so far, i.e. the one with the
largest transverse momentum k; = z(1 — z)v. In practice, suppose we want to correct the hardest emission
off a Born quark leg. For every emission from the quark leg, if its transverse momentum is larger than
any previous one, we build a ®,,11(®,,, P;,q) phase space, ignoring other gluon emissions off that leg, and
we compute our matrix element correction. Emissions from daughter gluons, which in our Lund picture
correspond to emissions off secondary Lund leaves, are not subject to this correction. If the starting point
is a gluon leg, one keeps following the hardest line, in analogy with the C/A algorithm. If the “Born” gluon
splits into a ¢ pair, i.e. if there is a flavour-changing splitting, a MEC can be applied to this splitting, but
not beyond it.
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To ensure that paccept < 1, so that matrix element corrections can be implemented with a veto algorithm,
one can apply an enhancement factor to the shower splitting kernels P, ,;.. However, there are cases in
which a phase-space region is poorly populated or not populated at all. This is the so-called dead zone, not
to be confused with the dead cone.

The HERWIG 7 solution is to separate the ®,,,1 phase space into two regions: a soft region, which is well
populated by the shower and therefore does not require a large enhancement factor to achieve paccept < 1,
and a hard region. The procedure is then:

m We select between an n- and an n + 1-parton configuration depending on the value of the integrated
cross section:

o= [ao, 90 o [ gs,,, e (Bpyy € DR (71)
n — ndq)ny n+1 — n+1 d(I)n+1 X\Pn41 n+l)s

where the integration over @, is performed only in the hard region of the phase space.
m The momenta are then chosen according to the differential cross section.

m If we select a “Born” configuration with n partons, we shower it while vetoing the first emission if
it falls in the hard region, to avoid double counting. We apply standard (soft) MEC to the hardest
emission generated so far.

m If we choose a hard configuration with n + 1 partons, we shower it normally.

In this case we speak of soft MEC when we use a veto algorithm to correct the hardest shower emission, and
of hard MEC when we use do,+1 to describe a hard region of phase space where no Sudakov suppression
is desired.

5.2 Additive matching: MC@QNLO

We now discuss the MC@NLO method [1], which combines NLO calculations with PS. If we consider one
PS evolution step, we can either generate an emission above the shower cutoff or no resolved emission:

A(Umax, Vmin )0(O(®, — O))

doty
= [ B(®,)d®,
o / (®,)

Qs A
+ % dq)radg(v(q)rad) - Umin)RPS((I)na q)rad)A('UmaXa 'U)(;(O((I)n+1 - O))

_ / B(®,,)d®,,6(0(P,, — O))

Qs

+27r

AP14 Rps (B, Bract) A(Umas, v) [5(O( @11 — 0) = 6(0(®, — 0))| + O(a),  (72)

Umin

~

where the term proportional to as0(O(®,, — O)) gives the virtual corrections, which come from expanding
the Sudakov A up to order ay, while Rpg is the effective parton-shower matrix element. We want to combine
a PS prediction with an NLO calculation,

0'(1) A Qg A S
donro d%LO = / B(®,)5(0(®,,) — 0)d®,, + 277{ lim / d2,3(0(Pn) — O) [V(Pp; €)+C (P, €)]

+/d<1>n+1 [R(¢n+1)5(0(‘1>n+1) —0)=C(®41)8(0(s) — O)} } (73)

where the dimensional regulator €, as well as the counterterms C' and their integrated version C, have been
introduced to make the integral explicitly finite.

One way to combine NLO calculations with PS is to subtract from the NLO cross section the O(asy)
expansion of the shower that will be added by the first PS evolution step; subsequent steps contribute only
from O(a?) onwards. Because of this way of performing the matching, MC@QNLO is said to be an additive
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matching. Neglecting power corrections from the shower cutoff, we thus have

dUl(\IlﬁoPS z/d(@((l)n) — 0)d®, {B(Cbn) + g—; [Vﬁn(q)n) —i—/v

s dPrad(Rps(Pri1) — C<(I)n+1)):| }

min

+ / ;75 [R(®n41) = Rps(@n41)] 6(O(Pnt1) — 0)dPrs1 + O(isvrmin)

- / S(6n)5(0(®y) — O)dP, + / H(6ns1)5(O(Brs1) — O)drs, (74)

where:
m S =B+ Vi + [(Rps — C) are Born-like “soft” events;
m H = R — Ry are “hard” events that already contain one emission.

The two samples are showered separately, starting with the n partons for S events, and with n + 1 for H
events.

One of the main drawbacks of the MC@QNLO method is that, by construction, H = R — Rps events can
have negative weights. This is a technical problem, as negative weights require larger statistics to achieve a
good statistical uncertainty.

Furthermore, when evaluating [ d®,,q4(Rps — C), this has to be done at fixed Born variables. If we break
the integral into a sum over several PS splittings, we need to make sure that we achieve local cancellation
of the singularities between Rpg and the subtraction counterterm C. However, Rpg(®,1) does not always
approximate R(®,41) ~ C(P,+1) well enough. This typically happens because colour and spin correlations
are handled only approximately in the shower. A solution is to damp this integral for soft, large-angle
emissions. In the S-MC@NLO formulation [37], one modifies the emission probability for the first emission
to capture exactly the singular limits (e.g. by including subleading colour corrections), so that Rpg(®,+1) ~
R(®y41) =~ C(Pp41) for small v.

5.3 Multiplicative matching: POWHEG

To overcome the issues of additive matching, one can employ multiplicative matching. The most famous
example is the POWHEG method [2,3]. First, we introduce the NLO cross section integrated over the
radiation phase space:

_ Qg _ Qg Qs
B®,) = B + L0 (0) [ s | L B2 (01 B0s0) — LI (1121 80|
T 2w 2w
We also rewrite the radiation phase space ®,,q as
dd,, R
APraq = 2= = J(®n, kr, {2})dbr dT, (75)

where k7 is the transverse momentum of the emission, and we define the improved Sudakov as

CMW (L' y R /
A . _ _ / / / Qg (kT) (@7“ q)rad)
A(kp; @,,) = exp ( /d@rad@(kT(<I>rad) > kr) 5 @) . (76)

The first emission is generated using the exact matrix element, so the POWHEG cross section before
showering reads

CMW
_ P A (7.min, Qg (kT) R(q)naq>rad)
dopwa,1(®) = B(®,)d®, [A(kﬁT $Pn) + B(o,)

A(kr; ©,)0 (kr > k:%i“)dérad} ,(17)
where KB is the cutoff of the first emission (which can be equal or larger than the shower cutoff). Since
B(®,) > 0 in general, this construction avoids negative weights. Furthermore, this formulation is indepen-
dent of the PS.

The Powheg Box [3] is an NLO event generator that can be used to generate POWHEG events, and it

relies on FKS subtraction to compute B. FKS subtraction naturally allows the real phase space to be
generated starting from a fixed Born phase space. Furthermore, it naturally partitions the real cross section
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R into a sum of positive pieces R,. Since each R, is positive by construction, it can be seen as a “POWHEG
shower” splitting kernel.

In practice, the POWHEG method combines matrix element corrections for the hardest emissions with an
NLO inclusive normalisation.

The main drawback of eq. 77 is that, if we look at the cross section for the production of resolved radiation
at a high scale,

doyjer = — R(®py11)dPp 11, (78)

which is equivalent to the exact dafgzl tree-level cross section up to higher-order corrections. However,

if the key factor gg:; differs significantly from 1, we may obtain spurious enhancements in the tails of

distributions. Thus, one usually introduces a function f(pr), which takes values between 0 and 1, tends to
1 for small pr, and tends to 0 for large pr, and defines

Re@ai) = )R @uis) Ry(@ayi) =1 - Rel@ni), (19
as well as
B@0) =B(@) + L o @) + [ 00| LR (00121, 0ra) (50)
= U (1 (B, )|
Bulbrs ) =exp ([ 00,4000, () > o) 22 L Kot D)) 1)

We then redefine the POWHEG cross section as

* g 1 M () R, B
dopwa,1(®) =Bs(P)d®, [AS( T Pn) + o B(®,)

Au(krs B)O(kp > kz@“m@md]

O R, ) (52)

5.3.1 Matching with transverse-momentum ordered showers

If the shower is ordered in transverse momentum, the k7 of the emission generated by POWHEG (or k{}ﬂn
if no real emission has been added) is typically set as the starting scale for the PS:

dopwe (@) =B(®,)d®, [A(k;ﬂin; 0,)8 (P, K2 vin) (83)

ad™WV(kp) R(®p, Prad) 5 '
= v A Ak 1D, k KR dd,,, Da1, kT, Umin
+ 5 B(@,) (kr; @,)O(kr > k7™) aS(®py1, kr, v )]7

where vpin < k7n3in is the minimum transverse momentum allowed in the shower, and S is the shower
evolution operator. But does this maintain the logarithmic accuracy of the shower?

In general, the transverse-momentum definition of the POWHEG BoX, which relies on the FKS variables,
might differ from the one used by a specific shower when the emission is hard, large-angle or hard-collinear,
but all the definitions must agree when the emission is soft-collinear, i.e. in the bulk of the phase space.
This means that, if the PS uses 2-loop running of « (plus CKW), we must have

lim In Aps(vps > Qe_L) =1In A(k‘?WG > Qe_L) + (’)(as) = —RNLL(Ug:() > Qe_L) + (’)(045), (84)
as—0,as L—A
i.e. disregarding finite o, terms, which are NNLL, the parton-shower non-emission probability above a
certain scale is equal to the POWHEG non-emission probability and to the NLL Sudakov radiator for a
generic Bops = 0 observable. This is illustrated in Fig. 9. If the ordering variable of the shower and that
of the POWHEG generator differ, for example when the emission is hard-collinear or soft and large-angle,
a mismatch is created in the infrared between the phase space covered by the POWHEG hardest-emission
generation and the phase space subsequently covered by the shower. In particular, in Fig. 9, double-counted
regions are coloured in blue and missed regions are coloured in yellow. The area of these regions remains
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Figure 9: Lund plane phase space contours for the generation of an emission at fixed ordering variable for
a possible dipole shower (dashed green) and for the POWHEG BOX.

constant as — In v increases, so the mismatch does not generate logarithmically enhanced terms. One might
be tempted to conclude that a small mismatch in the ordering variable is not that important because formally
it does not violate NLL. However, in practice, for observables that do not have leading logarithms, e.g. soft
drop, one can see large distortions when the logarithms are moderate [38]. Furthermore, one can observe
that, for event shapes, performing POWHEG matching where the two ordering variables coincide (or using
MC@NLO matching) allows one to achieve part of the NNLL corrections [22,23,38]. In Ref. [39], it was
recommended to start the shower at the maximum allowed value of v, calculate the equivalent of the k%wg
variable for every emission, and veto emissions above the first one. This prescription was formulated to
improve the behaviour of the hard region, i.e. the top of the Lund plane, cf. Fig. 9, for leading-logarithmic
showers. However, it turns out that this strategy also allows one to retain improved logarithmic accuracy [38].
Therefore, this veto strategy is recommended regardless of the logarithmic accuracy of the shower.

5.3.2 Matching with angular-ordered showers

In the case of an angular-ordered shower, one needs not only vetoed showers, but also truncated ones [2].
A sketch of the matching procedure is given in Fig. 10, which works as follows.

m First, one calculates the scale k:gwg that the PS would assign to the POWHEG emission, as well as
the corresponding shower scale 91, and the auxiliary shower variables ¢1 and Z1, as if the emission had
been generated by the parton shower.

m The emission is removed from the event, and then a shower is implemented from the scale vyayx to
01, vetoing all emissions with transverse momentum larger than A7, This is a truncated(-vetoed)
shower.

» Then an emission with shower variables @y, 1, ¢; is inserted from the original emitting leg. This
requires that only gluon emissions from the original emitting leg are permitted in the truncated-vetoed
shower, because they preserve the flavour of the emitter and hence allow the POWHEG emission to
be reinserted.

m Then showering proceeds from the scale vpwg down to v, vetoing all emissions with transverse
momentum larger than kp. This is a vetoed shower.

Notice that, since an angular-ordered shower first produces soft, large-angle emissions, and since at NLL
accuracy only emissions separated in angle are relevant and can all be modelled as independent emissions,
this procedure should maintain the NLL accuracy of the shower.

This is done when using the internal MATCHBOX module of HERWIG7, but not when showering POWHEG
BoX events. In the latter case, one proceeds as if showering a configuration with n + 1 hard partons. At LL
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Vetoed shower:

Zi1Vi-1 >V
Truncated vetoed kf,i < kTaPWg
shower: gluon emsn
from the original
hard leg

Hardest
emsn

ZiVie1 > Vi > V)
kt,i < kT,pwg

Figure 10: Sketch of an angular-ordered shower where the hardest emission is generated first, according to
the POWHEG method. Larger angle (v; > 01) soft-gluon emissions from the emitting Born leg are included
via a truncated shower, while all the other emissions satisfy the normal ordering condition. All emissions
with k; = z(1 — z)v larger than the POWHEG emission are vetoed.

accuracy, where all emissions are strongly ordered in k;, this is correct, but not at NLL, where emissions at
commensurate k; can appear. Thus, in general, POWHEG BOX+HERWIGT predictions are only LL accurate.
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