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Motivation

What problem are event generators solving?
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The physics of Monte-Carlo event generators
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Default theoretical 
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Fixed-order calculations and infrared divergences at one 
loop
The backbone of every QCD calculation
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Fixed-Order Calculations

• Write predictions (usually cross sections) as an expansion in the strong coupling 
constant  
                            

αs ∼ 0.1
σ = σLO + αsδσNLO + α2

s δσNNLO + …
LO captures the 
gross features 
of many 
observables

NLO often reduces 
normalisation and 
shape uncertainties 
to the 10-30% level

NNLO is now standard 
for several important 
processes; N3LO exists 
for selected cases

NLO EW (comparable in size to NNLO QCD, but with more pronounced shape effects) 
and mixed QCD-EW corrections are increasingly automated.

… + αemδσEW + αsαemδσmixed
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NLO ingredients
• LO (Born) cross section for producing -final state particles in  collisionsn ee

dσLO =
𝒜2

0

2s
dΦn = B(Φn)dΦn

e+

e−

Z′￼

q

q̄

• NLO  correction
αs

2π [V(Φn, ϵ)dΦn + R(Φn+1, ϵ)dΦn+1]

LO squared matrix element, summed/
averaged over spin and colour Flux factor

Phase 
space

V and R are 
separately divergent 
and only their sum is 
physical (KLN 
theorem)

(Dimensional) regulator

V(Φn, ϵ) = B(Φn)[ v2(Φn)
ϵ2

+
v1(Φn)

ϵ ]+Vfin(Φn) + 𝒪(ϵ)
 poles cancel when 

including the contribution 
of R integrated over the 
phase space

ϵ
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NLO ingredients — subtractions
•  poles in  cancel when including the contribution of R integrated over the phase spaceϵ V

dΦn+1 = dΦn × dΦrad Define a map to build the  phase 
space from the Born one plus radiation 
variables

n+1

R(Φn+1, ϵ) ≈ C(Φn, Φrad, ϵ) × B(Φn) Introduce an approximation for the real 
ME, that is easy to integrate over the 
radiation phase-space and captures all the 
IR singularities

C̄(Φn, ϵ) = B(Φn)∫ dΦradC(Φn, Φrad, ϵ)

= − B(Φn)[ v2(Φn)
ϵ2

+
v1(Φn)

ϵ ]+C̄fin(Φn) + 𝒪(ϵ)
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NLO cross section
• With these ingredients we can compute NLO 

predictions for any infrared-safe observable O(Φ)

On+1(p1, …, pi, pk, …) = {On(p1, …, pi + pk, …)  when pi ∥ pk

On(p1, …, pi, …)  when pk is soft 

dσ
do

= ∫
dσ
dΦ

δ(O(Φ) − o)

dσ
do

= ∫ dΦn{δ(O(Φn) − o)[B(Φn) +
αs

2π
V(Φn, ϵ)] + ∫ dΦradδ(O(Φn+1) − o)

αs

2π
R(Φn+1, ϵ)}

dσ
do

= ∫ dΦn{δ(O(Φn) − o)[B(Φn) +
αs

2π (Vfin(Φn)+C̄fin(Φn))]
+∫ dΦrad

αs

2π [R(Φn+1)δ(O(Φn+1) − o)−C(Φn, Φrad)B(Φn)δ(O(Φn) − o)]}

• We add and subtract ∫ dΦnB(Φn)δ(O(Φn) − o)∫ dΦrad
αs

2π
C(Φn, Φrad, ϵ)
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More on subtraction terms

dσ
do

= ∫ dΦn{δ(O(Φn) − o)[B(Φn) +
αs

2π (Vfin(Φn)+C̄fin(Φn))]
+∫ dΦrad

αs

2π [R(Φn+1)δ(O(Φn+1) − o)−C(Φn, Φrad)B(Φn)δ(O(Φn) − o)]}
• The subtraction term is in reality a collection of terms, as multiple singular limits can appear 

• One might rewrite  so to separate collinear limits into different 
sectors (FKS), and have a dedicated parametrisation for each sector 

R = ΣαωαR = ΣαRα

∫ dΦn ∑
α

dΦ(α)
rad (Rα(Φ(α)

n+1) − B(Φn)Cα(Φα
rad))

• or subtract all the possible infrared limits at a given fixed real phase space 
point (Catani-Seymour) 

∫ dΦn+1 (R(Φn+1) − ∑
α

B(Φ(α)
n )Cα(Φα

rad))

Some 
subtractions are 

better then others 
for implementing 

certain NLO 
matching 

schemes with 
showers
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Soft and collinear limit of the cross-section

• Subtraction terms (as well as parton shower splitting kernels) are built starting from the 
collinear ( ) and soft ( ) limits of the cross sectionk ∥ i Ek → 0

αs

2π
R dΦn+1 → B(Φn)dΦn ×

αs

2π
dθ2

θ2
dz

dφ
2π

Pĩ→i,k(z, φ)

Collinear limit

θ

(Small) angle between the 
two collinear partons

Eĩ

Ei = zEĩ

Ek = (1−z)Eĩ

Energy fraction retained by the 
emitter after the emission

Azimuthal angle

φ

⟨Pq→qg(z)⟩ = CF
1 + z2

1 − z
⟨Pg→qq̄(z)⟩ = TF [1 − 2z(1 − z)]

⟨Pg→gg(z)⟩ = 2CA [ z
1 − z

+
1 − z

z
+ z(1 − z)] When the emission is a soft gluon, , 

we have a soft-collinear divergence, 
which is responsible for the  pole  

z → 1

1/ϵ2

Pi→i,g =
2Ci

1 − z
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Soft limit

• Subtraction terms (as well as parton shower splitting kernels) are built starting from the 
collinear ( ) and soft ( ) limits of the cross sectionk ∥ i Ek → 0

αs

2π
R dΦn+1 → ∑

i,j

Bij(Φn)dΦn × 8παs
pi ⋅ pj

(pi ⋅ k)(pj ⋅ k)
[dk]

Soft limit

Sum over all 
possible pairings of 
Born coloured legs

[dk] =
dE2

k dcos θk dφk

8π3

Single particle phase space

Eikonal Sij,k

Born colour-correlated in which there is a colour-exchange between legs  and i j

Tj

Ti
= B × ⟨Ti ⋅ Tj⟩
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Soft limit: large number of colours
αs

2π
R dΦn+1 → ∑

i,j

Bij(Φn)dΦn × 8παs[dk]
pi ⋅ pj

(pi ⋅ k)(pj ⋅ k) Tj

Ti

= B × ⟨Ti ⋅ Tj⟩

• Only colour-connected pairs (=dipoles) contribute to dσ

• In the large number of colours,  and CF → CA/2 Tq ⋅ Tq̄ → 0

Tq ⋅ Tg

Tq ⋅ Tq̄

Tq̄ ⋅ Tg

• The simplest non trivial case is e+e− → qq̄g

,  
   

 

T2
q = T2

q̄ = 1CF
T2

g = 1CA
Tq + Tq̄ + Tg = 0

=
CA

2 =
CA

2
= CF −

CA

2

• quark can be represented by a colour line, anti-quarks by an 
anti-colour line, gluons have colour and anti-colour. 
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Soft limit: colour coherence
αs

2π
R dΦn+1 → ∑

i,j

Bij(Φn)dΦn × 8παs[dk]
pi ⋅ pj

(pi ⋅ k)(pj ⋅ k) Tj

Ti

= B × ⟨Ti ⋅ Tj⟩

Tq ⋅ Tg

Tq ⋅ Tq̄

Tq̄ ⋅ Tg

• The simplest non trivial case is e+e− → qq̄g
=

CA

2 =
CA

2
= CF −

CA

2

dσR

4παs[dk]dσB
= (CF −

CA

2 ) pq̄ ⋅ pq

(pq̄ ⋅ k)(pq ⋅ k)

+
CA

2
pq̄ ⋅ pg

(pq̄ ⋅ k)(pg ⋅ k)
+

CA

2
pq ⋅ pg

(pq ⋅ k)(pg ⋅ k)

• If the angle between  and  becomes small:q̄ g

pq̄ ⋅ pg → 0
pq ⋅ pg

pg ⋅ k
→

pq ⋅ pq̄

pq̄ ⋅ k + =

Wide-angle soft emissions only 
resolve the net colour charge

dσR

8παs[dk]dσB
= CF

pq̄ ⋅ pq

(pq̄ ⋅ k)(pq ⋅ k)
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Soft limit: angular ordering
αs

2π
R dΦn+1 → ∑

i,j

Bij(Φn)dΦn × 8παs[dk]
pi ⋅ pj

(pi ⋅ k)(pj ⋅ k)

Sij,k = S( j)
i,k + S(k)

j,k• Separate the two collinear divergences

S( j)
i,k =

Sij,k

2
+

1
2E2

k (1−cos θi)
−

1
2E2

k (1−cos θj)

∫
dφ
2π

S( j)
i,k =

1
E2

k
Θ(θi − θij)

• Azimuthal average: 

i

j Angular-ordering: the 
soft gluon must be 
emitted in a cone 

around the direction of  
and opening angle 

i
θij

j

i
Soft singularity anti-collinear

collinear

θj
θi

θij

Sij,k =
1

E2
k

1 − cos θij

(1−cos θi)(1−cos θj)

k



Silvia Ferrario Ravasio | NLO, Parton showers and matching 16

NLO Takeaway

•Real and virtual contributions have universal infrared singularities.


•Collinear limits expose universal splitting functions.


•Soft limits expose colour coherence and dipole structure.


•Subtraction makes NLO finite by adding and subtracting the right 
singular approximations.


•NEW: Parton showers will be built by promoting these singular 
approximations into probabilistic all-order algorithms.
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Counting Logarithms

When fixed-order is not enough.
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Limitations of fixed order

•Collider observables can be sensitive to many disparate scales

• Large logarithms  of the scales  can appear at every order in L αs

σ =
∞

∑
n=0

2n

∑
m=0

αn
s LmCnm

Order in αs

Power 
of L Double logs: f(αsL2)

Next-to double logs: 
f(αsL2)

L
Next-to-next double logs: 

f(αsL2)
L2

Up to two logs per  powerαs

•Rearranging the expansion in terms of double logarithms, next-to-double etc 
works if αsL2 = 𝒪(1)
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Counting logarithms

•However, it is usually 
, as αsL = 𝒪(1)

αs(Q) =
1

2β0 ln Q
Λqcd

L2

L

1/αs

• For many collider observables which satisfy nice properties in the presence of 
multiple soft and collinear emissions (global and recursively infrared safe), 
radiation exponentiates and

σ = exp (gLL(αsL)L + gNLL(αsL) +
gNNLL(αsL)

L
+ …)

Order in αs

Power 
of L

Leading  
logs

Next-to 
leading

Next-to-next 
leading
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Counting logarithms with the Lund plane

•Parton showers resum the dominant tower(s) of logarithms, while retaining 
the flexibility of a direct comparison with experimental data (analitic 
resummation, not so much…)

• Lund plane: representation of phsp 
for an emission in terms of its 
transverse momentum and rapidity

ln
kt

Q y

(Hard) 
collinear

Soft 
(large 
angle)

Hard

Soft-collinear

•A generic infrared-safe observable 
will receive contributions from 

V ∼
kt

Q
e−b|y|, b > − 1

ln V = L
• Soft-collinear:  (from LL)

• Soft or collinear:  (from NLL)

• Hard:  (from NNLL)

αsL2

αsL
αs
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Parton Showers

From singular limits to exclusive all-order event generation.
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Building a parton shower: real corrections
•Start from the collinear limit of the cross section

dσn+1 = dσn
αs

2π
dφ
2π

dθ2

θ2
P(z)dz E

zE

(1 − z)E

kt

θ
θ1

θ2

θ =
θ1

1 − z
+

θ2

z

kt
2 = z2(1 − z)2θ2

q2 = z(1 − z)θ2
dθ2

θ2
=

dv2

v2
, v2 = E2θ2f(z)

•We can order in  to reproduce the cross section for multiple emissionsv

σn+2 =
1
2! ∫ dσn ( αs

2π
dφ
2π

dv2

v2
P(z)dz)

2

= ∫ dσn
αs

2π
dφ1

2π
dv2

1

v2
1

P(z1)dz1
αs

2π
dφ2

2π
dv2

2

v2
2

P(z2)dz2 Θ(v1 − v2)
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Building a parton shower: virtual corrections

•Probability to have not an emission 
between scales  and v2

i v2
i+1 = v2

i + δv2 𝒫 = 1 −
αs

2π
δv2

v2
i ∫ P(zi)dzi

• Probability to have not an emission between scales 
 and , is the product of the non 

emission probability in all the  intervals
v2

1 v2
1+N = v2

1 + Nδv2

δv2
𝒫 =

N

∏
i=1 (1 −

αs

2π
δv2

v2
i ∫ P(zi)dzi)

ln 𝒫 =
N

∑
i=1

ln (1 −
αs

2π
δv2

v2
i ∫ P(zi)dzi) ≈ −

N

∑
i=1

αs

2π
δv2

v2
i ∫ P(zi)dzi ≈ − ∫

vN+1

v1

dv2

v2

αs

2π ∫ P(zi)dzi

•Virtual corrections: no emission probability (between  and ): Sudakovv1 v2

Δ(v1, v2) = exp (−∫
v2

1

v2
2

αs

2π
dv2

v2 ∫ P(z)dz
dϕ
2π )
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Building a parton shower: the shower algorithm

•Probability of starting at a scale  and generating an emission at v0 v2
1 < v2

0

d𝒫 =
αs

2π
dv2

1

v2
1

dz1P(z1)Θ(v0 − v1)Δ(v0, v1) Sudakov

Ordering conditionSplitting kernel

• This construction can is repeated iteratively, for each possible emitting leg 
(see S. Plätzer lectures)

• Include the probability of not having any emission untill a cutoff scale vmin

d𝒫 =
αs

2π
dv2

1

v2
1

dz1P(z1)Θ(v0 − v1)Δ(v0, v1) + Δ(v0, vmin)

➡Integrating the resolved real emission term over 
 yields excatly 1: Parton Shower UnitarietyΦrad = {v1, z1, ϕ1}
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Building a parton shower: the shower algorithm

• To practically implement the parton shower algorithm we need to know

• the scale of 

•when to stop and hand-over to hadronisation

• the ordering scale

• the momentum map to build    (not discussed here)  

αs = αs(μR)

Φn+1(Φn, v, z, ϕ)
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The Monte Carlo scheme for αs

• For a small ,  resums the dominant log-enhanced correctionskt μR = kt

V
=+ R∫ αs(μR)[2β0 ln

μR

kt
+ B(z)]

• If the emission 
is a soft gluon

B(z) →
KCMW

2π
, KCMW = CA ( 67

18
−

π2

6 ) −
5
9

nf

•Monte-Carlo scheme, to include higher order 
corrections in the splitting kernel

αMC
s (μR) = αs(kt)(1 +

αs(kt)
2π

KCMW)

Stop when reaching  such as  that can yield vmin ∄z kt(v, z) > kt, min

•Use a  cutof, not a , e.g. the Sudakov becomeskt, min vmin

Δ(v1, v2) = exp (−∫
v2

1

v2
2

αs

2π
dv2

v2 ∫ P(z)dz
dϕ
2π

Θ (kt(v, z) > kt, min))
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Too much!

27

Evolution Variable: The Coherence Test

•As we started from the collinear limit, we can 
discriminate between ordering variables by 
looking how well the ratio for two soft-collinear 
emissions separated in angle is reproduced

d𝒫 ∼
2

∏
i=1 ( 2CF

1 − zi ) Θ(v1 − v2)

•With transverse 
momentum 
ordering 2CF

1 − zA

•With transverse 
momentum 
ordering

×
2CF

1 − zB
Θ(pt,2 < pt,1)

]+
2CA

1 − z′￼B
Θ(pt,2 < pt,1)

[
•With angular 

ordering
2CF

1 − zB

×[ 2CF

1 − zA
Θ(θ2 < θ1)

+
2CA

1 − z′￼′￼B
Θ(θ2 < θ1)

≈ 0

]
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From parton to dipole showers

•Angular-ordering (available in HERWIG7) is the only viable option to build parton 
showers which can achieve LL (and sometimes even NLL) for global observables

hardest (=largest ) 
emission happens in the 
middle of the shower 
evolution, difficult to correct 
with exact fixed-order MEs

kt Angular ordering in QCD arises after 
azimuthal averaging: impossibility do 
correctly describe observable sensitive 
to the whole angular distributions of 
soft emissions (e.g. central jet vetoes)

•Dipole showers: start from the leading  dipole picture, which has soft coherence 
effects and supports -ordering, and then correct for hard-collinear emissions

Nc
kt

• Super popular! Available in all GPMCs!

• Dominant subleading colour effects could be included.. (not discussed here) 



Silvia Ferrario Ravasio | NLO, Parton showers and matching 29

Building a dipole shower (I)

• In the large Nc dσsoft

dσLO
= 4παs ∑

(i,j)

CA

2
pi ⋅ pj

(pi ⋅ k)(pj ⋅ k)
[dk] = ∑

dip

d𝒫dip

Colour-connected pairs 
= dipoles

 y0 =
1
2

ln
Ej

Ei

dipole mipoint in a frame of choice; 
in the dipole frame 
Ei = Ej → y0 = 0

× [f(y−y0) + f(y0−y)]
=1

0 ≤ f(x) ≤ 1
1 = f(x) + f(−x)

f′￼(x) ≥ 0y = y0

y < y0
k ∥ pj y > y0

k ∥ pi

j

i

• In terms of rapidity  and  in the emitting-dipole framey kt

d𝒫i,j;k =
dkt

kt
dy

dφ
2π

αs

2π
CA
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Building a dipole shower (II)

• Separate the two collinear limits to define e.g.

d𝒫( j)
i;k =

dkt

kt
dy

dφ
2π

f(y − y0)
αs

2π
(1 − zi)

CA

1 − zi
with zi =

kt

mij
ey

to avoid double 
counting, as gluon 
has 2 colour partners

lim
z→1

Pq→qg(z) =
2CF

1 − z
=

CA

1 − z

lim
z→1

1
2

Pg→gg(z) =
CA

1 − z

Soft limit of the 
collinear 
splitting function

• Collinear-improved kernel for each partitioned dipole

d𝒫( j)
i;k =

dkt

kt
dy

dφ
2π

f(y − y0)
αCMW

s (kt)
2π

(1 − zi) NsymPĩ→i,k(zi)
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Ordering variable in dipole shower

• Dipole-shower kernel

d𝒫( j)
i;k =

dv
v

dy
dφ
2π

f(y − y0)
αCMW

s (kt)
2π

(1 − zi) NsymPĩ→i,k(zi)Θ(kt − kt, min)

v ∼ kte−b|y|

0 ≤ b ≤ 1
 must be defined in a 

common frame across all 
dipoles for , for  
common (LL) dipole showers 
use , i.e. the dipole frame

y0

b ≠ 0 b = 0

y0 = 0

ln
kt

Q

ln v = L

y

The interplay between the dipole kinematic 
map and the ordering variable affects the 

logarithmic accuracy of the shower
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Transverse 
component

⊥

32

Recoil in a dipole shower

• Dipole with legs ,  emits a parton of momentum  If p̃μ
i p̃μ

j pμ
k . pμ

k ∥ pμ
i

• The recoil along  needs to be absorbed locally by the emitter, to ensure 
 in the collinear limit, but freedom in redistribting  and .


• Choosing  is possible, but not mandatory.

+
pi + pk → p̃i ⊥ −

nμ = p̃μ
j

Soft ϵ ϵ ϵ
Collinear ϵ2ϵ1

Longitudinal component 
in the emitter direction

+

Other longitudinal 
component 

−

pμ
k = (1 − z)p̃μ

i + kμ
⊥ +

k2
t

(1 − z)2p̃i ⋅ n
nμ
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Mapping, ordering and log accuracy (I)
pμ

k = (1 − z)p̃μ
i + kμ

⊥ +
k2

t

(1 − z)2p̃i ⋅ p̃j
p̃μ

j

pμ
i = zp̃μ

i − kμ
⊥ +

k2
t

z 2p̃i ⋅ p̃j
p̃μ

j

pμ
j = (1 −

k2
t

z(1 − z)2p̃i ⋅ p̃j ) p̃μ
j

• Fully-local 
map: the 
simplest of all

ln
kt

Q

y
Transverse-momentum ordered 
showers not able to describe emsn 
of many soft gluons at 
commensurate kt

In this region of  either  or  take too much  recoil: NLL breakdown, 
unless  is redistributed globally

𝒪(L) p̃i p̃j ⊥
⊥

1
2

3

j k i

PanGlobal
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pμ
k = (1 − z)p̃μ

i + kμ
⊥ +

k2
t

(1 − z)2p̃i ⋅ p̃j
p̃μ

j

pμ
i = zp̃μ

i − kμ
⊥ +

k2
t

z 2p̃i ⋅ p̃j
p̃μ

j

pμ
j = (1 −

k2
t

z(1 − z)2p̃i ⋅ p̃j ) p̃μ
j

• Fully-local 
map: the 
simplest of all

ln
kt

Q

y 1

2
3 Using  with 

 works
v = kte−b|y|

0 < b < 1

j k i

Mapping, ordering and log accuracy (II)

A soft gluon takes the  recoil 
only of emissions at larger 
angles, and much smaller 

⊥

kTPanLocal
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pμ
k = (1 − z)p̃μ

i + kμ
⊥ +

k2
t

(1 − z)2p̃i ⋅ p̃j
p̃μ

j

pμ
j = (1 − zj)p̃μ

j
• Local 

longitudinal 
recoil

ln
kt

Q

y 1

2
3

Using  with 
 works

v = kte−b|y|

0 < b < 1

j k i

Mapping, ordering and log accuracy (III)

A soft gluon takes the  
recoil of much harder 
emissions: necessary to have 

 to damp at large 
rapidity separations

−

b < 1
1 − zj ∼ 1−

v3

v2
e−(1−b)Δy

PanLocal and 
PanGlobal
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pμ
k = (1 − z)p̃μ

i + kμ
⊥ +

k2
t

(1 − z)2p̃i ⋅ ñ
ñμ

pμ
j = p̃μ

j
• Global longitudinal recoil: 

decouple  from the mapp̃j

ln
kt

Q

y 1

2
3

Using  with 
 works

v = kte−b|y|

0 < b ≤ 1

j k i

Mapping, ordering and log accuracy (III)

pμ
i = zp̃μ

i + 𝒪(kt) + global boosts

• : Deductor, local b = 1 ⊥

• : FHP,  Alaric, global b = 0 ⊥
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Parton Shower Takeaway
• Fixed-order expansions break down when studing observables sensitive to the 

multi-scale dynamics of colliners, which originate logaritmically-enhanced terms at 
all orders


• Parton showers resum the dominant logarithmically-enhanced corrections at all 
orders, while retaining flexibility for comparison with data


• The Herwig7 angular-orderd parton showers is an iterative algorithm which starts 
from the collinear limit of the cross section, soft coherence effects are included via 
ordering emissions in angle


• Dipole showers start from the (leading colour) soft limit of the cross section, and 
then the kernel is corrected for hard-collinear emissions. Ordering in transverse 
momentum is possible. 


• The interplay between ordering variable and the shower map is an important factor 
in the determination of the formal accuracy of the shower.
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Matching parton showers and fixed order

72

Simultanously describe hard-scattering at NLO and energy 
degradation with parton shower.
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Mapping, ordering and log accuracy (III)

e+ e−

Z′￼

q q̄

=1 GeVΛ

10 GeV

100 GeV

Q=1 TeV

1 TeV

10 GeV

energy
scale

1 GeV

100 GeV

hadronisation

shower

hard process

parton

PanScales 
project

PanScales 
project[ ]

π Κ π ρ p . . . . . Κ π π Κ π π

timeZ'

Energy 
degradation

Parton 
Showers

Energy-
degradation of 

hard partons via 
an iterated 
sequence of 

softer and softer 
emissions

Hard process

Matching
Combining FO 

with PS avoiding 
double counting

To describe accurately simultaneously the hard process and the energy degradation, one 
combines fixed-order with parton shower avoiding the double counting 

• Matrix element corrections: exact tree-level 
MEs for resolved real radiation instead of the 
approximate shower kernel

• NLO matching: replace the  terms in 
the shower with NLO calculation, leaving 
hiigher-order logarithmically enhanced terms 
as in the shower

𝒪(αs)

• Multi-jet merging: combine several (N)LO 
calculations at different multiplicity with the 
shower, leaving the log structure unchanged 

 NLO multi-jet merging of two multiplicities 
lies at the core of NNLO matching
→
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Matrix element corrections (I)
Matrix element corrections: exact tree-level cross section for the hardest emission 

instead of the parton shower approximate kernel

• For dipole showers (ordered in ) we can assume the hardest is the first. 
One evolutive PS steps yield

v = kte−b|y|

dσPS = B(Φn)dΦn × [ αs

2π
PPS(Φrad)dΦPS

radΔPS(vmax, v)Θ(v − vmin) + ΔPS(vmax, vmin)]
ΔPS(v1, v2) = exp (−∫ PPS(Φrad)dΦPS

radΘ(v1 > v(Φrad) > v2))
• We want to replace PPS(Φrad)dΦPS

rad →
R(Φn+1)
B(Φn)

dΦrad

• If the PS kernel is an overestimate of the real cross section, modify the veto algorithm, 
accepting the emission with probability

p =
R(Φn+1)dΦrad

B(Φn) × PPS(Φrad)dΦPS
rad
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Matrix element corrections in dipole showers
• If the PS kernel is an overestimate of the real cross section, modify the veto algorithm, 

accepting the emission with probability

p =
R(Φn+1)dΦn+1

B(Φn)dΦn × PPS(Φrad)dΦPS
rad

PS approximate real 
cross section

B(Φn)dΦn × PPS(Φrad)dΦPS
rad → ∑

h

B(Φ(h)
n )dΦ(h)

n × P(h)
PS (Φ(h)

rad)dΦ(h)
rad

g d

d̄
ū

W

e−
νe

g ū

u
d

W

e−
νe

• In generale in a shower algorithm there are multiple paths to 
reach a . Therefore we need to account all of themΦn+1

g d

d̄
ū

W

e−
νe

g ū

u
d

W

e−
νe

• If the PS covers the phase space (which is usually the case with dipole showers), it is 
enough to multiply the original PS kernel by a constant to ensure  always p < 1
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Matrix element corrections in angular-ordered showers (I)

• Angular-orderd showers:  (I) Don’t cover     
phase space(II) hardest-emission is not the first

• To solve issue (I), we introduce a phase-space function 

χ(Φn+1) = {1 in the singular limits
0 in phsp not reached by the PS

And one generates a separate LO+1 sample with weight 

dσn+1 =
αs

2π
R(Φn+1)(1 − χ(Φn+1))dΦn+1

≠ 0 away from singular limits

Hard MEC
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Matrix element corrections in angular-ordered showers (II)

• Angular-orderd showers:  (I) Don’t cover     
phase space(II) hardest-emission is not the first

1 2 3 4 5

• To solve issue (II), we apply a                       everytime 
we encounter the hardest emission so far.  

Soft MEC
p =

R(Φn+1)χ(Φn+1)dΦn+1

B(Φn)dΦn × PPS(Φrad)dΦPS
rad

Always follow the original Born leg
• For  splittings, keep following the quarkq → qg
• For  splittings, follow the most energetic g → gg g
• For  splitting, stop following what happens nextg → qq̄

z1 → 1
Reconstruct  
assuming all 
previous 
emissions are 
ultra-soft

Φn+1



Silvia Ferrario Ravasio | NLO, Parton showers and matching 44

MC@NLO: additive matching (I)

MC@NLO: subtract the Parton Shower  contribution to the NLO cross section𝒪(αs)

dσPS = B(Φn)dΦn × [ αs

2π
PPS(Φrad)dΦradΔPS(vmax, v)Θ(v − vmin) + ΔPS(vmax, vmin)][…]

≈ B(Φn)dΦn × [1 +
αs

2π
PPS(Φrad)dΦradΘ(v−vmin) − ∫

αs

2π
PPS(Φrad)dΦradΘ(v−vmin)]

dσNLO = dΦn × [B(Φn) +
αs

2π {V(Φn, ϵ) + R(Φn+1; ϵ)dΦrad}]
≈ dΦn × [B(Φn) +

αs

2π {V(Φn, ϵ) + ∫ R(Φn+1; ϵ)dΦradΘ(vmin−v)}]
+

αs

2π
R(Φn+1)dΦn+1Θ(v−vmin)

Integrate real below 
the shower cutof
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MC@NLO: additive matching (II)

MC@NLO: subtract the Parton Shower  contribution to the NLO cross section𝒪(αs)

dσPS = B(Φn)dΦn × [1 +
αs

2π
PPS(Φrad)dΦradΘ(v−vmin) − ∫

αs

2π
PPS(Φrad)dΦradΘ(v−vmin)] + 𝒪(αs)

dσNLO ≈ dΦn × [B(Φn) +
αs

2π {V(Φn, ϵ) + ∫ R(Φn+1; ϵ)dΦradΘ(vmin−v)}]
+

αs

2π
R(Φn+1)dΦn+1Θ(v−vmin) For , one may assume v < vmin R ≈ B ⋅ C

≈ dΦn × [B(Φn) +
αs

2π {Vfin(Φn) + C̄fin(Φn+1) − ∫ B(Φn)C(Φn+1)dΦradΘ(v−vmin)}]
+

αs

2π
R(Φn+1)dΦn+1Θ(v−vmin)
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MC@NLO: additive matching (II)

MC@NLO: subtract the Parton Shower  contribution to the NLO cross section𝒪(αs)

dσNLO − dσ(1)
PS ≈

+
αs

2π [R(Φn+1) − B(Φn) ⋅ PPS(Φn+1)] dΦn+1Θ(v−vmin)

dΦn × [B(Φn) +
αs

2π {Vfin(Φn) + C̄fin(Φn+1) − B(Φn)∫ [C(Φn+1) − PPS(Φn+1)] dΦradΘ(v−vmin)}]
Soft events: Φn

Hard events: Φn+1
Can be negative. This is especially 
dangerous if  does not include correct 

 or subleading  singular limits
PPS

φ Nc

Sherpa and Herwig match Catani-Seymour 
map (and possibly kernel for the 1st emsn); 
Madgraph (FKS) dampens soft-large angle 
region as protection from uncancelled logs

Necessary to reorganise 
the subtraction to follow 
the same phase space 
map and singularity 
sectoring of the PS
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POWHEG: multiplicative matching
POWHEG: generate the hardest emission with the exact real ME, and use the inclusive 

NLO cross section as event normalisation

dσPWG = B̄(Φn)dΦn × [ αs

2π
R(Φn+1)
B(Φn)

Δpwg(kt, max, kt)Θ(kt − kt,min) + Δpwg(kt, max, kt, min)]
B̄(Φn) = B(Φn) +

αs

2π [Vfin(Φn) + C̄(Φn) + ∫ dΦrad(R(Φn+1 − C(Φn+1)B(Φn))]
Mostly positive

“Independent” from PS
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POWHEG and angular ordering
POWHEG: generate the hardest emission with the exact real ME, and use the inclusive 

NLO cross section as event normalisation

• Compute the 
equivalent  
ordering variable (as 
well as ) for the 
pwg emission, then 
undo it

q̃

z, ϕ
Hardest 
emsn 

v̄1

• Reinsert the hardest emission

Hardest 
emsn 

v̄1

• From , generate larger-angle gluon emissions that do not change the flavour of Born legs, and 
have : truncated-vetoed shower

Φn
kt < kt,pwg

zi−1vi−1 > vi > v̄1

kt,i < kT,pwg

Truncated vetoed 
shower: gluon emsn 
from the original 
hard leg

• Continue showering at smaller angles (or from previous large angle emissions) always vetoing 
for : vetoed showerkt > kpwg

Vetoed shower: 
zi−1vi−1 > vi

kt,i < kT,pwg
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POWHEG and transverse momentum ordering
POWHEG: generate the hardest emission with the exact real ME, and use the inclusive 

NLO cross section as event normalisation

• For common dipole showers,  is similar to the shower ordering variable  (they are identical 
in the soft-collinear limit).

kpwhg
T v

ln kt / s
η̄

Powheg fixed 
 contourskT

Dipole 
shower fixed 

 contoursv

• POWHEGHOOKS: start shower from kinematical 
limit and for every emission compute its 
“Powheg-like”  and veto if larger then the one 
of the first emission

kT

• Introduced in PYTHIA to improve modelling 
of hard region, where PYTHIA and POWHEG 
BOX differ the most.

• Implemented in PANSCALES to match with 
a generalised  POWHEG : takes care of the 
yellow and blue regions so to advance 
NLL accuracy to NNDL

β
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POWHEG: treatment of real cross section
POWHEG: generate the hardest emission with the exact real ME, and use the inclusive 

NLO cross section as event normalisation

dσPWG = B̄(Φn)dΦn × [ αs

2π
R(Φn+1)
B(Φn)

Δpwg(kt, max, kt)Θ(kt − kt,min) + Δpwg(kt, max, kt, min)]
B̄(Φn) = B(Φn) +

αs

2π [Vfin(Φn) + C̄(Φn) + ∫ dΦrad(R(Φn+1 − C(Φn+1)B(Φn))]
• The cross section for producting a very hard-jet is dσn+1 ≈

B̄(Φn)
B(Φn)

αs

2π
R(Φn+1)dΦn+1

For LHC processes, where NLO corrections can be , this generates too hard 
spectra. Solution: partition the real into a singluar/soft piece and a hard piece, 
which is treated separately as a finite  hard contribution (same spirit of soft and 
hard MEC in Herwig)

𝒪(30%)

n + 1
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Final takeaway

• NLO calculations are at the backbone of every QCD prediction


• Parton showers are flexible, process-independent tools that account for the 
dominant logarithmically-enhanced corrections. Current effort are pushing the state-
of-the-art accuracy, from LL to (N)NLL.


• It is impetative to combine the parton shower describtion with at the very least NLO 
calculations to obtain relaible description of hard jet and inclusive cross sections: 
this must be done preserving the FO and PS accuracy. 


• NNLO matching with LL showers and NLO matching with NLL showers is the 
current fronteer


