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Generalized Transverse Momentum Distributions (GTMDs)

Bhattacharaya, PoS(LATTICE2024)
• non-perturbative objects providing the most 

general partonic description of hadron structure
• functions of:

 parton momentum
𝑘 = 𝑥𝑃ା, 0, 𝒌ୄ

 proton momentum transfer 
Δ = 𝑝 − 𝑝′ = (−2𝜉𝑃ା, 0, 𝚫ୄ)

Ji, PRL, 2003

Light-cone coordinates

𝑥± =
௫బ±௫య

√ଶ

𝒙ୄ = 𝑥ଵ𝑒ଵෝ + 𝑥ଶ𝑒ଶෝ
𝑥 = (𝑥ା, 𝑥ି, 𝒙ୄ)
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Generalized Transverse Momentum Distributions (GTMDs)

• GTMD correlation functions ⇒ density matrices in the spin space

𝑊
ஃᇲஃ

௜௝
𝑥, 𝜉, 𝒌ୄ, 𝚫ୄ =

2

𝑥𝑃ା
න

d𝑧ିdଶ𝒛ୄ

2𝜋 ଷ
 𝑒௜௫ శ௭షି௜𝒌఼⋅𝒛఼ 𝑝ᇱΛᇱ tr 𝐹ା௜ −

𝑧

2
𝒲𝐹ା௝

𝑧

2
𝒲ᇱ 𝑝Λ ቚ

௭శୀ଴

𝑊
ஃᇲஃ

୻
𝑥, 𝜉, 𝒌ୄ, 𝚫ୄ =

1

2
 න

d𝑧ିdଶ𝒛ୄ

2𝜋 ଷ
 𝑒௜௫ శ௭షି௜𝒌఼⋅𝒛఼ 𝑝ᇱΛᇱ 𝜓ത −

𝑧

2
Γ𝒲𝜓

𝑧

2
𝑝Λ  ቚ

௭శୀ଴ Lorce, Pasquini, JHEP, 2013.

Λ Λᇱ ⇒ initial (final) hadron helicity
𝑝(𝑝′) ⇒ initial (final) hadron momentum

𝑃 =
௣ା௣ᇲ

ଶ
⇒  average hadron momentum

𝒲 ⇒ Wilson lines

• Proposed processes:
 hard diffractive dijet production in DIS Hatta, Xiao, PRL, 2016

 exclusive double Drell-Yann Bhattacharya, Metz, Zhou, PLB, 2017

 exclusive 𝜋଴ production in 𝑒𝑝 collisions Bhattacharya, Zheng, Zhou, PRD, 2024

…
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Gluon GTMDs

𝑊
ஃᇲஃ

௜௝
𝑥, 𝜉, 𝒌ୄ, 𝚫ୄ =

2

𝑥𝑃ା
න

d𝑧ିdଶ𝒛ୄ

2𝜋 ଷ
 𝑒௜௫௉శ௭షି௜𝒌఼⋅𝒛఼ 𝑝ᇱΛᇱ tr 𝐹ା௜ −

𝑧

2
𝒲𝐹ା௝

𝑧

2
𝒲ᇱ 𝑝Λ ቚ

௭శୀ଴
  

• different components of 𝑊
ஃᇲஃ

௜௝ are gathered into helicity matrix in a joint proton (Λ =  ±
ଵ

ଶ
) and gluon

𝜆 =  ±1  helicity space

⇒  2 × 2 matrix in proton helicity space and 2 × 2 matrix in gluon helicity space

𝐻
ஃᇲఒᇲ, ஃఒ

௚
=

1

2
𝑈௚ + 𝐿௚

ஃᇲஃ

1

2
𝑇

ோ, ஃᇲஃ

௚

1

2
𝑇

௅, ஃᇲஃ

௚ 1

2
𝑈௚ − 𝐿௚

ஃᇲஃ
ஃᇲஃ

𝑈௚ = 𝛿௜௝𝑊௜௝ unpolarized gluons

𝐿௚ = −𝑖𝜖௜௝𝑊௜௝ longitudinally polarized gluons

𝑇ோ
௚

= −𝑅௜𝑅௝𝑊௜௝

𝑇௅
௚

= −𝐿௜𝐿௝𝑊௜௝

transversely polarized
gluons

• we choose staple-shaped Wilson lines, one 
future pointing and the other past pointing
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Leading twist parametrization

𝐻
ஃᇲఒᇲ, ஃఒ

௚
 ~ angular momentum structure × scalar function (GTMD)

• OAM transfer      Δ𝑙௭ = Λ − 𝜆 − Λᇱ − 𝜆ᇱ

⇒ structure 𝑘ோ
௠భ𝑘௅

௠మΔோ
௠యΔ௅

௠ర carries 𝑚ଵ − 𝑚ଶ + 𝑚ଷ − 𝑚ସ units of OAM

• four helicity-flip (HF) cases

• 16 independent GTMDs labelled as

BOTHGLUON HFPROTON HFNO HF

Δ𝑙௭ = 1 or 3 Δ𝑙௭ = 2 Δ𝑙௭ = 1Δ𝑙௭ = 0 

𝑘௅ ோ
ଵ,ଷ

𝑀ଵ,ଷ
 and 

Δ௅ ோ
ଵ,ଷ

𝑀ଵ,ଷ
     

௞ಽ ೃ
మ

ெమ and 
୼ಽ ೃ

మ

ெమ

௞ಽ ೃ

ெ
and 

୼ಽ ೃ

ெ
1 and 

𝒌ୄ × 𝚫ୄ

𝑀ଶ

Lorce, Pasquini, JHEP, 2013.

Δ𝑙௭ ௧

୼ௌ೥,௖೛(𝑥, 𝜉, 𝒌ୄ, 𝚫ୄ)

Δ𝑙௭ = 𝑆, 𝑃, 𝐷, 𝐹
Δ𝑆௭ − spin transfer
𝑐௣ − light-front parity 
𝑡 − twist - 1

𝑘 =
௞೑ା௞೔

ଶ

Δ = 𝑘௙ − 𝑘௜

𝑎ோ,௅ = 𝑎ଵ ± 𝑖𝑎ଶ
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1)    NO HELICITY FLIP CASE

• two other elements 𝐻
ା

భ

మ
 ିଵ,ା

భ

మ
 ିଵ

௚ and 𝐻
ି

భ

మ
 ିଵ,ି

భ

మ
 ିଵ

௚ are obtained by  LF parity

• we can isolate a particular GTMD with a linear combination of helicity matrix elements

2)    PROTON HELICITY FLIP CASE

𝐻
ା

భ

మ
 ାଵ,ା

భ

మ
 ାଵ

௚
=

ଵ

ଶ
 𝑆ଵ,ଵ௔

଴,ା;௚
+  𝑆ଵ,ଵ௔

଴,ି;௚
+ 𝑖

𝒌఼×𝚫఼

ெమ  𝑆ଵ,ଵ௕
଴,ା;௚

 +  𝑆ଵ,ଵ௕
଴,ି;௚

𝐻
ି

భ

మ
 ାଵ,ି

భ

మ
 ାଵ

௚
=

ଵ

ଶ
 𝑆ଵ,ଵ௔

଴,ା;௚
−  𝑆ଵ,ଵ௔

଴,ି;௚
− 𝑖

𝒌఼×𝚫఼

ெమ  𝑆ଵ,ଵ௕
଴,ା;௚

 −  𝑆ଵ,ଵ௕
଴,ି;௚

1

2
෍ 𝐻

ା
ଵ
ଶ

 ఒ,ା
ଵ
ଶ

 ఒ

௚
+ 

ఒୀ±ଵ

1

2
෍ 𝐻

ି
ଵ
ଶ

 ఒ,ି
ଵ
ଶ

 ఒ

௚
= 𝑆ଵ,ଵ௔

଴,ା;௚
 

ఒୀ±ଵ

example:

𝐻
ା

భ

మ
 ାଵ,ି

భ

మ
 ାଵ

௚
=

ଵ

ଶ
 −

௞ಽ

ெ
𝑃ଵ,ଵ௔

଴,ା;௚
−  𝑃ଵ,ଵ௔

଴,ି;௚
−

୼ಽ

ெ
𝑃ଵ,ଵ௕

଴,ା;௚
−  𝑃ଵ,ଵ௕

଴,ି;௚

𝐻
ି

భ

మ
 ାଵ,ି

భ

మ
 ାଵ

௚
=

ଵ

ଶ
 

௞ೃ

ெ
𝑃ଵ,ଵ௔

଴,ା;௚
+  𝑃ଵ,ଵ௔

଴,ି;௚
+

୼ೃ

ெ
𝑃ଵ,ଵ௕

଴,ା;௚
+  𝑃ଵ,ଵ௕

଴,ି;௚

Lorce, Pasquini, JHEP, 2013.

GTMDs

𝑆ଵ,ଵ௔
଴,ା;௚ - unpolarized

𝑆ଵ,ଵ௕
଴,ା;௚ - OAM 

𝑆ଵ,ଵ௔
଴,ି;௚ - helicity

𝑆ଵ,ଵ௕
଴,ି;௚ - spin-orbit

𝚫ୄ → 0

TMDs

𝑆ଵ,ଵ௔
଴,ା;௚

→ 𝑓௚ 𝑥, 𝒌ୄ  unpolarized
𝑆ଵ,ଵ௔

଴,ି;௚
→ 𝑔ଵ௅

௚
(𝑥, 𝒌ୄ) helicity

∫ 𝑑ଶ𝒌ୄ

PDFs

𝑓௚ 𝑥, 𝒌ୄ → 𝑓௚ 𝑥 unpolarized
𝑔ଵ௅

௚
𝑥, 𝒌ୄ → Δ𝑔(𝑥) helicity
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3)    GLUON HELICITY FLIP CASE

4) BOTH PROTON AND GLUON HELICITY FLIP

• there are 16 independent gluon GTMDs

𝐻
ା

భ

మ
ାଵ,ା

భ

మ
 ିଵ

௚
= −

ଵ

ଶ
 

௞ೃ
మ

ெమ 𝐷ଵ,ଵ௔
ଶ,ା;௚

+  𝐷′ଵ,ଵ௔
ଶ,ି;௚

+
୼ೃ

మ

ெమ 𝐷ଵ,ଵ௕
ଶ,ା;௚

+  𝐷′ଵ,ଵ௕
ଶ,ି;௚

𝐻
ି

భ

మ
ାଵ,ି

భ

మ
ିଵ

௚
= −

ଵ

ଶ
 

௞ೃ
మ

ெమ 𝐷ଵ,ଵ௔
ଶ,ା;௚

−  𝐷′ଵ,ଵ௔
ଶ,ି;௚

+
୼ೃ

మ

ெమ 𝐷ଵ,ଵ௕
ଶ,ା;௚

−  𝐷′ଵ,ଵ௕
ଶ,ି;௚

Lorce, Pasquini, JHEP, 2013.

𝐻
ା

భ

మ
ାଵ,ି

భ

మ
 ିଵ

௚
= −

ଵ

ଶ
 

௞ೃ

ெ
𝑃ଵ,ଵ௔

ଶ,ା;௚
+

୼ೃ

ெ
𝑃ଵ,ଵ௕

ଶ,ା;௚

𝐻
ି

భ

మ
ାଵ,ା

భ

మ
 ିଵ

௚
= −

ଵ

ଶ
 

௞ೃ
య

ெయ 𝐹ଵ,ଵ௔
ଶ,ା;௚

+
୼ೃ

య

ெయ 𝐹ଵ,ଵ௕
ଶ,ା;௚

what is their high energy behaviour?
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Color Glass Condensate (CGC)

• at high energies, small-𝑥 gluons dominate inside the proton

• EFT  describing saturated gluons is the Color Glass 
Condensate

• quark interaction with CGC leads to modification of propagator

𝑆 𝑧, 𝑤 = 𝜃 𝑧ି 𝜃 𝑤ି 𝑆଴ 𝑧, 𝑤 + 𝜃 −𝑧ି 𝜃 −𝑤ି 𝑆଴ 𝑧, 𝑤

+ 𝜃 𝑧ି 𝜃 −𝑤ି ∫ 𝑑ସ𝑦 𝛿 𝑦ି 𝑆଴ 𝑧, 𝑦 𝛾ି𝑆଴ 𝑦, 𝑤 𝑉 𝑦ୄ − 𝜃 −𝑧ି 𝜃 𝑤ି ∫ 𝑑ସ𝑦 𝛿 𝑦ି 𝑆଴ 𝑧, 𝑦 𝛾ି𝑆଴ 𝑦, 𝑤 𝑉ற 𝑦ୄ

𝑉 𝒙ୄ = 𝑃 exp (−𝑖𝑔 න d𝑥ି𝐴ା(𝑥ି, 𝒙ୄ)
ା ஶ

ିஶ

)
longitudinal
Wilson lines

McLerran, Venugopalan, PRD, 1994

H1 Collaboration, Eur.Phys.J.C, 2009
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Matching to the gluon dipole GTMD at small-𝑥

• gluon dipole correlator at small-𝑥 and at 𝜉 = 0

𝑊
ஃᇲஃ

௜௝
𝑥, 𝜉 = 0, 𝒌ୄ , 𝚫ୄ =

2𝑁௖

𝑥𝛼ௌ
𝑘ୄ

௜ +
1

2
Δୄ

௜ 𝑘ୄ
௝

−
1

2
Δୄ

௝
𝑆ஃᇲஃ(𝒌ୄ, 𝚫ୄ)

Boer, van Daal, Mulders, Petreska, JHEP, 2018

factorization of spin indices!

𝑆ஃᇲஃ 𝒌ୄ, 𝚫ୄ = ∫
ୢమ𝒙఼

ଶగ మ ∫
ୢమ𝒚఼

ଶగ మ 𝑒ି௜𝒌఼⋅ 𝒙఼ି𝒚఼ ା௜ 𝚫఼⋅
𝒙఼శ𝒚఼

మ
ଵ

ே೎

௣ᇲஃᇲ ୲୰ ௏಩ 𝒙఼ ௏ 𝒚఼ |௣ஃ⟩

⟨௉ஃ|௉ஃ⟩

•  gluon dipole GTMD is parametrized with 3 complex scalar functions

𝑆ஃᇲஃ 𝒌ୄ, 𝚫ୄ = 𝛿ஃᇲஃ𝑆 𝒌ୄ, 𝚫ୄ + 𝛿ஃ,ିஃᇲ
ଶஃ௞భା௜௞మ

ெ
𝑆ଵ்

ୄ 𝒌ୄ, 𝚫ୄ +𝛿ஃ,ିஃᇲ
ଶஃ୼భା௜୼మ

ெ
 𝑆் 𝒌ୄ, 𝚫ୄ

𝒫 + 𝑖
(𝑘ୄ ⋅ Δୄ)

𝑀ଶ
𝒪

(𝑘ୄ ⋅ Δୄ)

𝑀ଶ
𝒫ଵ்

ୄ + 𝑖𝒪ଵ்
ୄ

𝒫் + 𝑖
(𝑘ୄ ⋅ Δୄ)

𝑀ଶ
𝒪்

Boussarie, Hatta, 
Szymanowski, Wallon,  
PRL, 2020.

Hagiwara, Hatta, 
Pasechnik, Zhou, Eur. 
Phys.J.C, 2020.



• master formulas read from 𝑊
ஃᇲஃ

௜௝

𝑥𝐻
ା

ଵ
ଶ

 ାଵ,ା
ଵ
ଶ

 ାଵ

௚
= 𝑥𝐻

ି
ଵ
ଶ

 ାଵ,ି
ଵ
ଶ

 ାଵ

௚
=

𝑁௖

𝛼௦
𝒌ୄ

ଶ −
𝚫ୄ

ଶ

4
𝑆 + 𝑖 𝒌ୄ × 𝚫ୄ 𝑆

𝑥𝑆ଵ,ଵ௔
଴,ା;௚

=
2𝑁௖

𝛼௦
𝒌ୄ

ଶ −
𝚫ୄ

ଶ

4
𝑆

𝑥𝑆ଵ,ଵ௔
଴,ି;௚

= 0

𝑥𝑆ଵ,ଵ௕
଴,ା;௚

= 0

𝑥𝑆ଵ,ଵ௕
଴,ି;௚

=
2𝑁௖

𝛼௦
𝑀ଶ𝑆

• non-vanishing GTMDs are proportional to the same scalar
function

forward limit (𝚫ୄ → 0): 𝒌ୄ
ଶ 𝑥𝑆ଵ,ଵ௕

଴,ି;௚
≈ 𝑀ଶ𝑥𝑆ଵ,ଵ௔

଴,ା;௚

⇒ beautiful interpretation: spin-orbit entanglament

𝑥𝑈
ஃᇲஃ

௚
=

2𝑁௖

𝛼௦
𝒌ୄ

ଶ −
𝚫ୄ

ଶ

4
𝑆ஃᇲஃ

𝑥𝐿
ஃᇲஃ

௚
=

2𝑖𝑁௖

𝛼௦
𝒌ୄ × 𝚫ୄ 𝑆ஃᇲஃ

𝑥𝑇
ோ, ஃᇲஃ

௚
= −

2𝑁௖

𝛼௦
𝑘ோ

ଶ −
Δோ

ଶ

4
𝑆ஃᇲஃ

Bhattacharaya, Boussarie, Hatta, Phys.Lett.B, 2024.

⇒ GTMDs are expresed in terms of Pomerons and Odderons

• 𝑆ଵ,ଵ௔
଴,ି;௚

, 𝑆ଵ,ଵ௕
଴,ା;௚ vanish in the strict high energy limit (not generally!)

⇒ for non-zero results one needs to go beyond eikonal
approximation

10

Non-helicity flip matrix elements
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New results

PROTON HELICITY FLIP

𝑥𝑃ଵ,ଵ௔
଴,ା;௚

 =
ଶே೎

ఈೞ
𝒌ୄ

ଶ   −
𝚫఼

మ

ସ
 𝑆ଵ்

ୄ

𝑥𝑃ଵ,ଵ௔
଴,ି;௚

 = −
ଶே೎

ఈೞ
𝒌ୄ ⋅ 𝚫ୄ 𝑆ଵ்

ୄ + 𝚫ୄ
ଶ 𝑆்

𝑥𝑃ଵ,ଵ௕
଴,ା;௚

 =
ଶே೎

ఈೞ
𝒌ୄ

ଶ   −
𝚫఼

మ

ସ
𝑆்

𝑥𝑃ଵ,ଵ௕
଴,ି;௚

 =
ଶே೎

ఈೞ
[𝒌ୄ

ଶ 𝑆ଵ்
ୄ + 𝒌ୄ ⋅ 𝜟ୄ 𝑆்]

𝒌ୄ
ଶ 𝑥𝑃ଵ,ଵ௔

଴ି;௚
≈ − 𝒌ୄ ⋅ 𝚫ୄ 𝑥𝑃ଵ,ଵ௔

଴,ା;௚

𝒌ୄ
ଶ 𝑥𝑃ଵ,ଵ௕

଴ି;௚
≈ 𝒌ୄ

ଶ 𝑥𝑃ଵ,ଵ௔
଴ା;௚

+ 𝒌ୄ ⋅ 𝚫ୄ 𝑥𝑃ଵ,ଵ௕
଴,ା;௚

⇒ parity-odd GTMDs can be expressed 
as linear combination of parity-even
GTMDs

GLUON HELICITY FLIP

𝒌ୄ
ଶ 𝑥𝐷ଵ,ଵ௔

ଶ,ା;௚
= −4𝒌ୄ

ଶ 𝑥𝐷ଵ,ଵ௕
ଶ,ା;௚

= 𝑀ଶ𝑥𝑆ଵ,ଵ௔
଴,ା;௚

𝑥𝐷ଵ,ଵ௔
ଶ,ା;௚

 =
ଶே೎

ఈೞ
𝑀ଶ𝑆

𝑥𝐷ଵ,ଵ௔
ᇱଶ,ା;௚

 = 0

𝑥𝐷ଵ,ଵ௕
ᇱଶ,ା;௚

 = 0

𝑥𝐷ଵ,ଵ௕
ଶ,ା;௚

 = −
ே೎

ଶఈೞ
𝑀ଶ𝑆

⇒ GTMDs with different AM transfer are 
connected!

forward limit  (𝚫ୄ → 0): 𝑓௚ =
𝒌ୄ

ଶ

2𝑀ଶ
ℎଵ

ୄ௚

Metz, Zhou, PRD, 2011
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PROTON AND GLUON HELICITY FLIP

𝑥𝑃ଵ,ଵ௔
ଶ,ା;௚

 = −
ଶே೎

ఈೞ
𝒌ୄ

ଶ   −
𝚫఼

మ

ସ
 𝑆ଵ்

ୄ + 2 𝒌ୄ ⋅ 𝚫ୄ 𝑆்

𝑥𝑃ଵ,ଵ௕
ଶ,ା;௚

 =
ଶே೎

ఈೞ
𝒌ୄ

ଶ   −
𝚫఼

మ

ସ
𝑆் +

ଵ

ଶ
𝒌ୄ ⋅ 𝚫ୄ 𝑆ଵ்

ୄ

𝑥𝐹ଵ,ଵ௔
ଶ,ା;௚

 =
ଶே೎

ఈೞ
𝑀ଶ

ସ 𝒌఼⋅𝚫఼
మି𝒌఼

మ 𝚫఼
మ ି

𝚫఼
ర

ర

ସ 𝒌఼⋅𝚫఼
మି𝒌఼

మ 𝚫఼
మ 𝑆ଵ்

ୄ +
ଶ 𝒌఼⋅𝚫఼ 𝚫఼

మ

ସ 𝒌఼⋅𝚫఼
మି𝒌఼

మ 𝚫఼
మ 𝑆்

𝑥𝐹ଵ,ଵ௕
ଶ,ା;௚

 = −
ே೎

ఈೞ
𝑀ଶ 𝒌఼

మ (𝒌఼⋅𝚫఼)

ସ 𝒌఼⋅𝚫఼
మି𝒌఼

మ 𝚫఼
మ 𝑆ଵ்

ୄ +
ଵ

ଶ

ସ 𝒌఼⋅𝚫఼
మି𝒌఼

మ 𝚫఼
మ ି𝒌఼

ర

ସ 𝒌఼⋅𝚫఼
మି𝒌఼

మ 𝚫఼
మ 𝑆்

𝑥𝑃ଵ,ଵ௔
ଶ,ା;௚

≈ 𝑥𝑃ଵ,ଵ௔
଴,ା;௚

− 2𝑥𝑃ଵ,ଵ௕
଴,ି;௚

𝑥𝑃ଵ,ଵ௕
ଶ,ା;௚

≈ 𝑥𝑃ଵ,ଵ௕
଴,ା;௚

−
1

2
𝑥𝑃ଵ,ଵ௔

଴,ି;௚

𝒌ୄ
ଶ 𝑥𝐹ଵ,ଵ௔

ଶ,ା;௚
≈ 𝑀ଶ𝑥𝑃ଵ,ଵ௔

଴,ା;௚

forward limit  (𝚫ୄ → 0): 𝑓ଵ்
ୄ ௚

 =  ℎଵ
௚

  = −
𝒌 ୄ

ଶ

2𝑀ଶ
 ℎଵ்

ୄ ௚

Δ𝑆௭ = 2 and Δ𝑆௭ = 0 GTMDs are connected

Boer, Echevarria, Mulders, Zhou, PRL, 2016
Boer, Cotogno, van Daal, Mulders, Signori, Zhou, JHEP, 2016
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GPD limit

𝐺𝑃𝐷(𝒙, 𝜟ୄ) = ∫ 𝑑ଶ𝒌ୄ 𝐺𝑇𝑀𝐷(𝑥, 𝒌ୄ, 𝜟ୄ)

• Fourier expansion of Pomeron

𝒫 𝒌ୄ, 𝚫ୄ = 𝒫଴ 𝒌ୄ , 𝚫ୄ +
2 𝒌ୄ ⋅ 𝚫ୄ

ଶ

𝒌ୄ
ଶ 𝚫ୄ

ଶ − 1 2𝒫ఢ 𝒌ୄ , 𝜟ୄ + ⋯

ISOTROPIC ELLIPTIC
Sensitive to the relative
orientation of the dipole and
impact parameter vector

OBTAINED EXPRESSIONS

𝑥𝐻௚ =
ଶே೎

ఈೞ
∫ 𝑑ଶ𝒌ୄ𝒌ୄ

ଶ 𝒫଴

𝑥𝐸௚ =
ସே೎

ఈೞ
∫ 𝑑ଶ𝒌ୄ𝒌ୄ

ଶ 𝒌఼
మ

ଶெమ 𝒫ଵ்,଴
ୄ + 𝒫ଵ்,ఢ

ୄ + 𝒫்,଴

𝑥𝐻்
௚

=
ଶே೎

ఈೞ
∫ 𝑑ଶ𝒌ୄ𝒌ୄ

ଶ 𝒌఼
మ

ଶெమ 𝒫ଵ்,଴
ୄ

𝑥𝐸்
௚

= −
଼ே೎

ఈೞ

ெమ

୼఼
మ ∫ 𝑑ଶ𝒌ୄ𝒌ୄ

ଶ 𝒫ఢ +
𝒌఼

మ

ெమ 𝒫ଵ்,ఢ
ୄ + 2𝒫்,ఢ

𝑥𝐻෩்
௚

=
ସே೎

ఈೞ

ெమ

୼఼
మ ∫ 𝑑ଶ𝒌ୄ𝒌ୄ

ଶ 𝒌఼
మ

ெమ 𝒫ଵ்,ఢ
ୄ + 2𝒫்,ఢ

⇒ small-𝑥 gluon GPDs in terms of Pomerons

Relevance:
1) calculate Pomerons

determine GPDs
2) small−𝑥 evolution

Golec-Biernat, Stasto, 
Nucl. Phys. B, 2003
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Sea quark GTMDs

𝑊
ஃᇲஃ

[୻]
𝑥, 𝜉, 𝑘ୄ, 𝚫ୄ =

ଵ

ଶ
∫

d௭షୢమ𝒛఼

ଶగ య  𝑒௜௫ శ௭షି௜𝒌఼⋅𝒛఼ 𝑝ᇱΛᇱ 𝜓ത −
௭

ଶ
𝒲Γ𝜓

௭

ଶ
𝑝Λ |௭శୀ଴  

Γ = 𝛾ା − unpolarized quarks

Γ = 𝛾ା𝛾ହ −longitudinally polarized
Γ = 𝑖𝜎ோା𝛾ହ

Γ = 𝑖𝜎௅ା𝛾ହ

• almost identical parametrization to the gluon case
⇒ the only difference being that quarks are spin-1/2 particles Lorce, Pasquini, JHEP, 2013.

BOTHQUARK HFPROTON HFNO HF

Δ𝑙௭ = 0 or 2 Δ𝑙௭ = 1 Δ𝑙௭ = 1Δ𝑙௭ = 0 

𝑘௅ ோ
ଶ

𝑀ଶ
 and 

Δ௅ ோ
ଶ

𝑀ଶ

௞ಽ ೃ

ெ
and 

୼ಽ ೃ

ெ

௞ಽ ೃ

ெ
and 

୼ಽ ೃ

ெ
1 and 

𝒌ୄ × 𝚫ୄ

𝑀ଶ

• similar to the gluon case, there are 16 independet GTMDs

• we choose past pointing Wislon staple 𝒲
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Sea-quark GTMDs at small-x

• in covariant gauge transverse part of Wilson staple decouples correlator becomes

• fermion fields are contracted in background propagator    𝜓 𝑧 𝜓ത 𝑤 → −𝑆(𝑧, 𝑤)  

• technical trick: since gluon fields in Wilson lines are localized in the origin, we can stretch

• due to gamma matrix trace identites: 

𝑊
ஃᇲஃ

[୻]
𝑥, 𝜉, 𝒌ୄ, 𝚫ୄ =

1

2
න

𝑑ଷ𝑧 dଷ𝑤

2𝜋 ଷ∫ 𝑑ଷ𝑥
 𝑒௜௫௉శ௭షି௜𝒌఼⋅𝒛఼ 𝑝ᇱΛᇱ 𝜓ത 𝑤 𝒲௪,ିஶ𝒲ିஶ,௭Γ𝜓 𝑧 𝑝Λ ቚ

௭శୀ଴
  

𝑆 𝑧, 𝑤 = 𝜃 𝑧ି 𝜃 𝑤ି 𝑆଴ 𝑧, 𝑤 + 𝜃 −𝑧ି 𝜃 −𝑤ି 𝑆଴ 𝑧, 𝑤

+ 𝜃 𝑧ି 𝜃 −𝑤ି ∫ 𝑑ସ𝑦 𝛿 𝑦ି 𝑆଴ 𝑧, 𝑦 𝛾ି𝑆଴ 𝑦, 𝑤 𝑉 𝑦ୄ − 𝜃 −𝑧ି 𝜃 𝑤ି ∫ 𝑑ସ𝑦 𝛿 𝑦ି 𝑆଴ 𝑧, 𝑦 𝛾ି𝑆଴ 𝑦, 𝑤 𝑉ற 𝑦ୄ

McLerran, Venugopalan, PRD, 1994

𝒲௪,ିஶ → 𝒲ஶ,ିஶ 𝑤ୄ = 𝑉ற(𝑤ୄ) ⇒ connection to the gluon dipole operator

𝑇ோ
௤

= 𝑇௅
௤

= 0

⇒ all GTMDs with quark helicity flip vanish at small-x! (to get non-zero results
one must go beyond eikonal approximation)
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No helicity flip case
• for helicity matrix elements we obtain:

• again as in the gluon case: 

• non-vanishing distributions (𝑋 is real part of GTMD and 𝑌 is imaginary):

𝑥𝑈
ା

భ

మ
ା

భ

మ

௤
=

ே೎

ଶగమ ∫ 𝑑ଶ𝒌𝒈ୄ𝐴(𝒌ୄ − 𝒌𝒈ୄ, 𝒌ୄ) 𝒫 + 𝑖
𝒌𝒈఼⋅𝚫఼

ெమ 𝒪

𝑥𝐿
ା

భ

మ
ା

భ

మ

= −
௜ே೎

ଶగమ

𝒌఼×𝚫఼

௞఼
మ ∫ 𝑑ଶ𝒌𝒈ୄ𝒌ୄ ⋅  𝒌ୄ − 𝒌𝒈ୄ 𝐵ଶ(𝒌ୄ − 𝒌𝒈ୄ, 𝒌ୄ)𝒫

𝐴 𝑞ୄ, 𝑘ୄ = 2 1 −
௤⋅௞

௞మି௤మ log
௞఼

మ

௤఼
మ

𝐵ଶ(𝑞ୄ, 𝑘ୄ) =
ଵ

௞఼
మ ି௤఼

మ log
௞఼

మ

௤఼
మ

𝑆ଵ,ଵ௔
଴,ି;௤

= 𝑆ଵ,ଵ௕
଴,ା;௤

= 0
⇒ the helicity and OAM distribution vanish in the
high-energy limit

𝑥𝑋ଵ,ଵ௔
ௌ଴,ା;௤

=
ே೎

ଶగమ ∫ 𝑑ଶ𝒌௚ୄ𝐴𝒫଴ +
ே೎

గమ

ଶ 𝒌఼⋅𝚫఼
మ

𝒌఼
మ 𝚫఼

మ − 1 ∫ 𝑑ଶ𝒌௚ୄ
ଶ 𝒌఼⋅𝒌೒఼

మ

𝒌఼
మ 𝒌೒఼

మ − 1 𝐴𝒫ఢ

𝑥𝑌ଵ,ଵ௔
ௌ଴,ା;௤

=
ே೎

ଶగమ ∫ 𝑑ଶ𝒌௚ୄ
𝒌఼⋅𝒌೒఼

𝒌఼
మ  𝐴 𝒪଴

𝑥𝑋ଵ,ଵ௕
ௌ଴,ି;௤

= 2𝑁௖𝑀ଶ ∫ 𝒌ୄ ⋅ 𝒌ୄ − 𝒌௚ୄ 𝐵ଶ𝒫
𝒌೒ୄ

𝑥𝑌ଵ,ଵ௕
ௌ଴,ି;௤

= 0

𝒌ୄ
ଶ 𝑥𝑋ଵ,ଵ௕

ௌ଴,ି;௤
=

1

2
𝑀ଶ𝑥𝑋ଵ,ଵ௔

ௌ଴,ା;௤ Bhattacharaya, Boussarie, Hatta, 
Phys.Lett.B, 2024.
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Proton helicity flip

𝑥𝑋ଵ,ଵ௔
௉଴,ା;௤

 =
ே೎

ଶగమ ∫ 𝑑ଶ𝑘௚ୄ  𝐴
௞೒఼

మ

௞఼
మ  

ଶ ௞఼⋅௞೒఼
మ

௞఼
మ ௞೒఼

మ  
− 1 𝒫ଵ்,଴

ୄ +

    +
ଶ ௞఼⋅୼ మ

௞఼
మ ୼఼

మ − 1
ே೎

గమ ∫ 𝑑ଶ𝑘௚ୄ𝐴
௞೒఼

మ

௞఼
మ

଼ ௞఼⋅௞೒఼
ర

௞఼
ర ௞೒఼

ర −
଼ ௞఼⋅௞೒఼

మ

௞఼
మ ௞೒఼

మ + 1 𝒫ଵ்,ఢ
ୄ

𝑥𝑌ଵ,ଵ௔
௉଴,ା;௤

=
ே೎

ଶగమ ∫ 𝑑ଶ𝑘௚ୄ𝐴
௞఼⋅௞೒఼

௞఼
మ 𝒪ଵ்,଴

ୄ

𝑥𝑌ଵ,ଵ௔
௉଴,ି;௤

=
ே೎

ଶగమ

ெమ

௞఼
మ ∫ 𝑑ଶ𝑘௚ୄ

௞఼⋅௞೒఼
మ

௞఼
మ ௞೒఼

మ − 1 2𝐵ଵ +
ଶ ௞఼⋅௞೒఼

మ

௞఼
మ ௞೒఼

మ  
−

௞఼⋅௞೒఼

௞೒఼
మ − 1 𝐵ଶ 𝑘௚ୄ

ଶ 𝒪ଵ்,଴
ୄ  

𝑥𝑋ଵ,ଵ௕
௉଴,ା;௤

 =
ே೎

ଶగమ ∫ 𝑑ଶ𝑘௚ୄ𝐴
௞೒఼

మ

ெమ 1 −
௞఼⋅௞೒఼

మ

௞఼
మ ௞ ೒఼

మ 𝒫ଵ்,଴
ୄ +

ଶ ௞఼⋅௞೒఼
మ

௞఼
మ ௞೒఼

మ 2𝒫ଵ்,ఢ
ୄ + 𝒫்,଴

+
ଶ ௞఼⋅୼఼

మ

௞఼
మ ୼఼

మ − 1
ே೎

గమ ∫ 𝑑ଶ𝑘௚ୄ𝐴
௞೒఼

మ

ெమ −
ସ ௞఼⋅௞೒఼

ర

௞఼
ర ௞೒఼

ర +
ହ ௞఼⋅௞೒఼

మ

௞఼
మ ௞೒఼

మ − 1 𝒫ଵ்,ఢ
ୄ +

ଶ ௞఼⋅௞೒఼
మ

௞఼
మ ௞೒఼

మ − 1 𝒫்,ఢ

𝑥𝑌ଵ,ଵ௕
௉଴,ି;௤

=
ே೎

ଶగమ ∫ 𝑑ଶ𝑘௚ୄ𝐵ଶ −
௞఼⋅௞೒఼

మ

௞఼
మ ௞೒఼

మ +
௞఼⋅௞೒఼

௞೒఼
మ 𝑘௚ୄ

ଶ 𝒪ଵ்,଴
ୄ

𝑋ଵ,ଵ௔
௉଴,ି;௤

= 𝑋ଵ,ଵ௕
௉଴,ି;௤

= 𝑌ଵ,ଵ௕
௉଴,ା;௤

= 0

⇒ all non-vanishing
GTMDs are expressed
in terms of Pomerons
and Odderons
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Perturbative tail of sea-quark GTMDs at small-𝑥

• high - 𝒌ୄ limit

• inserting that in obtained expressions for GTMDs and performing angular averaging we have

• imaginary part of GTMD is related to the twist-3 GPDs related to Odderons

𝐴 →
−2 𝒌ୄ ⋅ 𝒌𝒈ୄ

ଶ
+ 3𝒌ୄ

ଶ 𝒌௚ୄ
ଶ

3𝒌ୄ
ସ +

𝒌ୄ ⋅ 𝒌௚ୄ

𝒌ୄ
ଶ

−4 𝒌ୄ ⋅ 𝒌௚ୄ
ଶ

+ 5𝒌ୄ
ଶ 𝒌௚ୄ

ଶ

3𝒌ୄ
ସ

𝑋ଵ,ଵ௔
ௌ଴,ା;௤

𝑥, 𝒌ୄ, 𝚫ୄ =
𝛼௦

6𝜋ଶ

𝐻௚ 𝑥, 𝚫ୄ

𝒌ୄ
ଶ +

2 𝒌ୄ ⋅ 𝚫ୄ
ଶ − 𝒌ୄ

ଶ 𝚫ୄ
ଶ

𝒌ୄ
ଶ 𝑀ଶ

𝛼௦

48𝜋ଶ

𝐸்
௚

𝑥, 𝚫ୄ + 2𝐻෩்
௚

𝑥, 𝚫ୄ

𝒌ୄ
ଶ

off-forward correction, 
quadratic in 𝚫ୄ

forward limit 
𝚫ୄ → 0

𝑓ଵ
௤

𝑥, 𝒌ୄ =
𝛼௦

6𝜋ଶ

𝑓ଵ
௚

𝑥

𝒌ୄ
ଶ McLerran, Venugopalan, PRD, 1999

𝑌ଵ,ଵ௔
ௌ଴,ା;௤

𝑥, 𝑘ୄ, Δୄ = −
𝛼௦

6𝜋

𝑀ଶ

𝑘ୄ
ଶ

1

𝑥

𝑂ଵ 𝑥, Δୄ

𝒌ୄ
ଶ



• high - 𝒌ୄ tail of proton helicity flip distributions

• tail of sea-quark Sivers function at small−𝑥

𝑓ଵ்
ୄ,௤

= −𝑌ଵ,ଵ௔
௉଴,ା ቚ

𝚫఼ୀ଴

𝒌ୄ
ଶ 𝑌ଵ,ଵ௔

௉଴,ା;௤
= −2𝑀ଶ𝑌ଵ,ଵ௔

௉଴,ି;௤
= −2𝒌ୄ

ଶ 𝑌ଵ,ଵ௕
௉଴,ା;௤

𝑋ଵ,ଵ௔
௉଴,ା;௤

𝑥, 𝒌ୄ, 𝚫ୄ = −
ఈೞ

ଵଶ మ

ெమ

𝒌఼
మ

ு೅
೒

௫,𝚫఼

𝒌఼
మ  

𝑋ଵ,ଵ௕
௉଴,ା;௤

𝑥, 𝒌ୄ, 𝚫ୄ =
ఈೞ

ଶସ మ

ு೅
೒

௫,𝚫఼ ାଶா೒ ௫,𝚫఼

𝒌఼
మ −

ଶ 𝒌఼⋅𝚫఼
మି𝒌఼

మ 𝚫఼
మ

𝒌఼
మ ெమ

ఈೞ

ସ଼ మ

ு෩೅
೒

௫,𝚫఼

𝒌఼
మ

𝑌ଵ,ଵ௔
௉଴,ା;௤

𝑥, 𝒌ୄ, 𝚫ୄ = −
ఈೞ

଺గ

ெమ

𝒌఼
మ

ଵ

௫

ைమ(௫,𝚫఼)

𝒌఼
మ

𝑌ଵ,ଵ௔
௉଴,ି;௤

𝑥, 𝒌ୄ, 𝚫ୄ =
ఈೞ

ଵଶగ

ெర

𝒌఼
ర

ଵ

௫

ைమ ௫,𝚫఼

𝒌఼
మ

𝑌ଵ,ଵ௕
௉଴,ି;௤

𝑥, 𝒌ୄ, 𝚫ୄ =
ఈೞ

ଵଶగ

ெమ

𝒌఼
మ

ଵ

௫

ைమ ௫,𝚫఼

𝒌఼
మ

𝑓ଵ்
ୄ,௤

 𝑥, 𝒌ୄ =
𝛼௦

6𝜋

𝑀ଶ

𝒌ୄ
ଶ

1

𝑥

𝑂ଶ(𝑥, 𝚫ୄ = 0)

𝒌ୄ
ଶ

Lorce, Pasquini, JHEP, 2013. 19
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GPD limit

• we find that only 2 leading twist sea-quark GPDs are non-vanishing

• recall:

𝑥𝐻௤ =
ே೎

ଶగమ ∫ 𝑑ଶ𝒌ୄ 𝑑ଶ𝒌𝒈ୄ𝐴 𝒌ୄ − 𝒌𝒈ୄ, 𝒌ୄ 𝒫଴

𝑥𝐸௤ =
ே೎

గమ ∫ 𝑑ଶ𝒌ୄ 𝑑ଶ𝒌𝒈ୄ𝐴 𝒌ୄ − 𝒌𝒈ୄ, 𝒌ୄ
𝒌𝒈఼

మ

ଶெమ 𝒫ଵ்,଴
ୄ + 𝒫ଵ்,ఢ

ୄ + 𝒫்,଴

⇒ sea quark GPDs at small–𝑥 and 
vanishing skewness expressed as 
convolution of Pomerons with hard 
kernel

𝑥𝐻௚ =
ଶே೎

ఈೞ
∫ 𝑑ଶ𝒌ୄ𝒌ୄ

ଶ 𝒫଴

𝑥𝐸௚ =
ସே೎

ఈೞ
∫ 𝑑ଶ𝒌ୄ𝒌ୄ

ଶ 𝒌఼
మ

ଶெమ 𝒫ଵ்,଴
ୄ + 𝒫ଵ்,ఢ

ୄ + 𝒫்,଴

• identical Pomeron structure in quark and 
gluon GPDs of the same type
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Conclusions
• we have performed a systematic computation of all gluon and sea-quark GTMDs at small-𝑥 and

vanishing skewness in terms of the gluon dipole distribution
• gluon case:

 out of 16 independent GTMDs, 4 of them vanish exactly (helicity-type)
 12 others are fully described in terms of Pomerons and Odderons
 only 3 are independent
 we have clarified the role of Pomerons and Odderons in the gluon GPDs

• sea-quark case:
 out of 16 independet GTMDs, 10 of them vanish exactly (helicity-type and transversity-type)
 6 others are expressed as convolutions of Pomerons (Odderons) with hard kernel
 in perturbative, high-𝑘ୄ, limit we were able to factorize all the sea-quark GTMDs in terms of

the gluon GPDs

Thank you for your attention!


