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Summary

What am I going to talk about?
1. Motivation
2. Collinear twist-3 factorization in SIDIS
3. NLO analysis
4. Phenomenology and numerical estimates



1. Motivation



Motivation

A long time ago in a lab far, far away...

Mid 70s: p+ p↑ → h collisions at Argonne [Klem et al., 1976]

and FermiLab [Bunce et al., 1976]:

Single Spin Asymmetries (SSA)

AUT = dσ↑ − dσ↓

dσ↑ + dσ↓ = σUT

σUU
∼ 40%

Much later, proposed DSA measurements

Double Spin Asymmetries (DSA)

ALT = dσ→↑ − dσ→↓ − dσ←↑ + dσ←↓

dσ→↑ + dσ→↓ + dσ←↑ + dσ←↓ = σLT

σUU

• Twist-3
observables

• Probing quark-
gluon-quark
correlations
within hadrons
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Motivation

N(P, S) N(P, S)

k′ k − k′ k h(Ph) h(Ph)

p′
p − p′ p

Easier case to probe quark-gluon-quark
correlations: lepton-nucleon collisions

1. Single-inclusive hadron production
ℓ+N↑ → h+X

2. Semi-inclusive hadron production
ℓ(l) +N↑(P ) → ℓ(l′) + h(Ph) +X
[Mulders & Tangerman, 1996] [Boer, Mulders & Pijlman, 2003]

[Bacchetta, Diehl, Goeke, Metz, Mulders & Schlegel, 2007]
Integration of Eq. (2.7) over the transverse momentum P h⊥ of the outgoing hadron gives

the semi-inclusive deep inelastic scattering cross section

dσ

dx dy dψ dz
=

2α2

xyQ2

y2

2 (1 − ε)

(
1 +

γ2

2x

){
FUU,T + εFUU,L + S‖λe

√
1 − ε2 FLL

+ |S⊥|
√

2 ε(1 + ε) sinφS F
sinφS
UT + |S⊥|λe

√
2 ε(1 − ε) cosφS F

cos φS
LT

}
, (2.14)

where the structure functions on the r.h.s. are integrated versions of the previous ones, i.e.

FUU,T (x, z,Q2) =

∫
d2P h⊥ FUU,T (x, z, P 2

h⊥, Q
2) (2.15)

and similarly for the other functions.

We can finally connect the semi-inclusive structure functions to those for inclusive deep

inelastic scattering. With the energies Eh = (P ·Ph)/M and ν = (P ·q)/M of the detected

hadron and the virtual photon, we have

∑

h

∫
dz z

dσ(ℓN → ℓhX)

dz dx dy dψ
=

1

ν

∑

h

∫
dEhEh

dσ(ℓN → ℓhX)

dEh dx dy dψ
=
ν +M

ν

dσ(ℓN → ℓX)

dx dy dψ
,

(2.16)

where we have summed over all hadrons in the final state, whose total energy is ν + M .

Using (ν +M)/ν = 1 + γ2/(2x) we have

dσ

dx dy dψ
=

2α2

xyQ2

y2

2 (1 − ε)

{
FT + εFL + S‖λe

√
1 − ε2 2x (g1 − γ2g2)

− |S⊥|λe

√
2 ε(1 − ε) cosφS 2xγ (g1 + g2)

}
, (2.17)

where

∑

h

∫
dz z FUU,T (x, z,Q2) = 2xF1(x,Q

2) = FT (x,Q2), (2.18)

∑

h

∫
dz z FUU,L(x, z,Q2) = (1 + γ2)F2(x,Q

2) − 2xF1(x,Q
2) = FL(x,Q2), (2.19)

∑

h

∫
dz z FLL(x, z,Q2) = 2x

(
g1(x,Q

2) − γ2g2(x,Q
2)
)
, (2.20)

∑

h

∫
dz z F cos φS

LT (x, z,Q2) = −2xγ
(
g1(x,Q

2) + g2(x,Q
2)
)

(2.21)

in terms of the conventional deep inelastic structure functions. For the relation with the

more common expression for target polarization along or transverse to the lepton beam

direction see Refs. [31, 32, 27]. Finally, time-reversal invariance requires (see, e.g., Ref. [27])

∑

h

∫
dz z F sin φS

UT (x, z,Q2) = 0. (2.22)

– 5 –

ε = 1 − y

1 − y + y2

2
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Motivation

Ãsin ϕS
UT = F sin ϕS

UT

FUU,T + εFUU,L
, Ãcos ϕS

LT = F cos ϕS
LT

FUU,T + εFUU,L

We focus on Ph⊥-integrated observables. Very few NLO studies for

• unintegrated [Kanazawa & Koike, 2013]

• Ph⊥-weighted [Kang, Vitev & Xing, 2013] [Dai et. al., 2015] [Chen, Ma & Zhang, 2018] [Yoshida, 2016]

analogous observables.

Research questions:

• Does factorization hold at 1-loop level for these sub-leading twist
observables? (Not obvious at all!)

• If so, are NLO corrections important?
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2. Collinear twist-3 factorization in SIDIS



Parton distribution functions

First, PDFs: the ”nucleon to parton” process

Organized in a quark-quark distribution
correlator

Φq
ij(x) =

∫ dλ
2π e

iλx ⟨N(P, S)|ψ̄q
j (0)W[0;λn]ψq

i (λn)|N(P, S)⟩

= 1
2
(
/P
)

ij f
q
1 (x) − 1

4
([
/P , /S

]
γ5
)

ij h
q
1(x) + · · ·

where:
• f q

1 (x) usual unpolarized PDF
• hq

1(x) transversity PDF ⇒ transversely
polarized nucleons

N(P, S) N(P, S)

xP xP

N(P, S) N(P, S)

xP xP
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Fragmentation functions

Twist-3 fragmentation functions classified as:

Intrinsic twist-3

∆q
ij(z) = 1

Nc

∑
X

∫ dλ
2π e

−i λ
z ⟨0|W[∞m; 0]ψq

i (0)|h(Ph);X⟩

× ⟨h(Ph);X|ψ̄q
j (λm)W[λm; ∞m]|0⟩

= z2ϵ

z

(
/P h

)
ij D

q
1(z)

− z2ϵ

z

iMh

2
([
/P h, /m

])
ij H

q(z) + z2ϵ

z
Mh (I)ij E

q(z) + · · ·

Kinematical approximation: pµ = P µ
h
z

Ph

z

h(Ph) h(Ph)

Ph

z

Ph

z

h(Ph) h(Ph)

Ph

z
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Fragmentation functions

Twist-3 fragmentation functions classified as:

Kinematical twist-3
Kinematical approximation: pµ = P µ

h
z + pµ

T

⇒ collinear expansion in pT .

σ̂(z, pT ) = σ̂(z, 0) + pρ
T

[
∂σ̂(z, pT )
∂pρ

T

]
pT =0

+ O(p2
T )

∆ρ
∂,ij(z) =

∫
dd−2pT p

ρ
T ∆ij(z, pT )

= z2ϵ

z

iMh

2
([
/P h, γ

ρ]−
[
/P h, /m

]
P ρ

h

)
ij H

⊥(1)
1 (z) + · · ·

Ph

z + pT

h(Ph) h(Ph)

Ph

z + pT
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Fragmentation functions

Twist-3 fragmentation functions classified as:

Dynamical twist-3

∆qg,ρ
F,ij (z, ζ) = 1

Nc

∑
X

∫ dλ
2π

∫ dη
2π e

−i λ
z

ζ−i η
z

(1−ζ)

× ⟨0|W[∞m; 0]ψi(0)|h(Ph);X⟩
× ⟨h(Ph);X|ψ̄j(λm)W[λm; ηm]igSµ

ϵFmρ(ηm)W[ηm; ∞m]|0⟩

= z2ϵ

z

iMh

2
([
/P h, γ

ρ]−
[
/P h, /m

]
P ρ

h

)
ij i

(
Ĥqg

F U (z, ζ)
)∗

+ · · ·

Kinematical approximation:
pµ = P µ

h
z , p′µ = ζ pµ, ζ ≡ z

z′

Ph

z

h(Ph) h(Ph)

ζ Ph

z

(1 − ζ)Ph

z

Ph

z

h(Ph) h(Ph)

ζ Ph

z

(1 − ζ)Ph

z
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Ĥqg

F U (z, ζ)
)∗

+ · · ·

Kinematical approximation:
pµ = P µ

h
z , p′µ = ζ pµ, ζ ≡ z

z′

Ph

z

h(Ph) h(Ph)

ζ Ph

z

(1 − ζ)Ph

z

Ph

z

h(Ph) h(Ph)

ζ Ph

z

(1 − ζ)Ph

z

Diego Scantamburlo, QCD Master Class 2026 7



Equation of motion

Twist-3 functions are connected with each other via QCD EOM

(1 − ϵ)2z
∫ 1

0
dζ Im Ĥqg

F U (z, ζ)
1 − ζ︸ ︷︷ ︸

≡H̃q(z)

= Hq(z) + 2z(1 − ϵ)H⊥(1),q
1 (z)

(1 − ϵ)(−2z)
∫ 1

0
dζRe Ĥqg

F U (z, ζ)
1 − ζ︸ ︷︷ ︸

≡Ẽq(z)

= Eq(z) − z
mq

Mh
Dq

1(z)

Fundamental even at LO!
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SIDIS

dσSIDIS = 1
F

dΠLIPS
(4π)2α2

em
Q4 LµνW

µν

xB = Q2

2P · q
, y = P · q

P · l
, zh = P · Ph

P · q

• Setup in PPh collinear frame, then
Lorentz transform to Breit frame

• Gluons in light-cone gauge m ·Gα = 0

q

k

p

P

Ph

M̂q→q
µ ∆q

Φq

ˆ̄M
q→q

ν

q

k

p′

P

Ph

Φq

ˆ̄M
q→q

νM̂q→qg
µρ

∆ρ,qg
F

p − p′
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3. NLO analysis



NLO analysis

A sample of hard scattering diagrams

Figure: Dynamical twist-3 virtual graphs.
Figure: Dynamical twist-3 real graphs.
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NLO analysis

Consistency checks

1. Gauge invariance in the sense of κ:

∑
λ=±1

ϵµλ(r) ϵν∗λ (r) = −gµν + κ
rµmν + rνmµ

r ·m

2. Electromagnetic gauge invariance qµW
µν = 0

3. IR safety when adding virtual + real

⇒ all require the use of the EOM relations (in d dimensions)!
[Schlegel, 2013] [Gamberg, Kang, Pitonyak, Schlegel & Yoshida, 2019] [Bacchetta, Diehl, Goeke, Metz, Mulders & Schlegel, 2007]
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NLO analysis

We are left with 1/ϵ poles... renormalization of chiral-odd twist-3 FFs?

Known, independent calculation in the literature [Ma & Zhang, 2017]

J.P. Ma, G.P. Zhang / Physics Letters B 772 (2017) 559–566 563

with

Kv(z, x1) = αs

π

{
C F

(
1

2
+ ln(zx1) − 2

1∫
0

dy

y

)
+ 1

2Nc

z

x1 − z
ln

z

x1
+ Nc

2
ln

z

x1

}
. (12)

The above results contain a divergence in the integral of y as the momentum fraction in unit of P+ . In the light-cone gauge the gluon 
propagator becomes:

i

k2 + iε

(
− gμν + nμkν + kμnν

n · k

)
. (13)

The divergence comes from the part with 1/n · k. This divergence is the so-called light-cone divergence. It will be cancelled in the final 
results.

The calculation of the real part is straightforward. Adding the real part to the virtual part we have the evolutions of two-parton FF’s at 
one-loop:

μ
∂ ê(z,μ)

∂μ
= zαs

π

∫
dξ1dξ2

ξ1ξ2

{
ReÊ F (x1, x2)

[
− C F

2ξ1ξ2

(1 − ξ2)+(ξ2 − ξ1)
+ Nc

2

ξ1

ξ2 − ξ1
+ 1

2Nc

−ξ1δ(ξ2 − 1)

2(1 − ξ1)

(
C F + ln ξ1

Nc(1 − ξ1)

)]
+ C F

Nc
ReÊG(x1, x2)

1 − ξ2

1 − ξ2 + ξ1

}
,

μ
∂ ê∂ (z,μ)

∂μ
= αsC F

π

[
3

2
ê∂ (z) + 2

1∫
z

dξ

ξ

1

(1 − ξ)+
ê∂ (x)

]
+ αs

π

∫
dξ1dξ2

ξ1ξ2

{
ImÊ F (x1, x2)

[
Ncξ2

2(ξ2 − ξ1)2

(
− ξ1 − ξ2(1 − ξ2)

1 − ξ1
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with the notation and the integration measure:
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. (15)

In the above results the light-cone singularities are cancelled. After the cancellation the standard +-distribution appears, which is defined 
as:

1∫
0

dz
θ(z − x)

(1 − z)+
f (z) =

1∫
x

dz
f (z) − f (1)

1 − z
+ f (1) ln(1 − x). (16)

Now we turn to the evolution of three-parton FF’s. There are contributions from two-parton FF’s to the evolution given by Fig. 3. 
Interestingly, the sum of the contributions is zero. E.g., from Fig. 3a and Fig. 3e

μ
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∣∣∣∣
3e

= −2iz2
αsC F

2π

z1 − z2

z2
1

ê∂ (z2). (17)

The sum of the two diagrams is zero. The cancellation for other diagrams happens in a similar way. Therefore, the evolution of Ê F ,G only 
involves three-parton FF’s. There is no mixing with two-parton FF’s at one-loop.

The virtual part of the evolutions of Ê F ,G is simple. It is from the quark- or gluon self-energy correction, and the μ-dependence of gs

in the definitions of Ê F ,G . We have:

Important:
• evolution kernels

satisfy EOM
relations

• 2-parton FFs mix
with 3-parton FFs
under QCD
evolution!!!
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NLO analysis

We are left with 1/ϵ poles... renormalization of chiral-odd twist-3 FFs?
Known, independent calculation in the literature [Ma & Zhang, 2017]

J.P. Ma, G.P. Zhang / Physics Letters B 772 (2017) 559–566 563
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involves three-parton FF’s. There is no mixing with two-parton FF’s at one-loop.
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NLO analysis

Factorization holds

dσ

dxBdydzh

∼ FUU,T + εFUU,L + |S⊥|
√

2ε(1 + ε) sin ϕS F
sin ϕS
UT

+ |S⊥|λe

√
2ε(1 − ε) cos ϕS F

cos ϕS
LT

Polarized structure functions at NLO

F sin ϕS
UT (xB, zh, Q, µ

2) = −xB
4Mh

Q

∑
q,q̄

e2
q

{
hq

1(xB, µ
2)H̃

q(zh, µ
2)

2zh

+ αS(µ2)
2π

∫ 1

xB

dw
w

∫ 1

zh

dv
v

∫ 1

0
dζ hq

1

(
xB

w
, µ2

)

×
[
Cq→qg

UT

(
w, v, ζ,

µ2

Q2

)
Im Ĥqg

F U

( zh
v , ζ, µ

2)
1 − ζ

+ Cq→q̄q
UT

(
w, v, ζ,

µ2

Q2

)
Im Ĥ q̄q

F U

(
zh

v
, ζ, µ2

)]}
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NLO analysis

Update: surprisingly, at NLO also twist-3 PDFs contribute to the F sin ϕS
UT

structure function

Work in progress [Herl, DS, Schlegel, in preparation], snippet of preliminary result:

F sin ϕS
UT,PDF,NLO(xB, zh, Q, µ) = −4xB M

Q

αs

2π

∫ 1

zh

dv
v

∫ 1

xB

dw
w ×∑

q,q̄

e2
q π F

q
F T (xB

w , xB
w , µ)

[
σ̂qgq→q

SGP (v, w)Dq
1( zh

v , µ) + σ̂qgq→g
SGP (v, w)Dg

1( zh
v , µ)

]

+σ̂qq̄g→q
HP (v, w)

∑
q,q̄

e2
q π (F q

F T +Gq
F T )(−1−w

w xB, xB, µ)Dq
1( zh

v , µ)

+ . . .

+ O(α2
s).
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Update: PDF contributions also seem to factorize at NLO, work in progress
[Herl, DS, Schlegel, in preparation]
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Phenomenology and numerical estimates

Case study: Asin ϕS
UT asymmetry

”One of the more strik-
ing results of this analy-
sis is the observation of
large sub-leading twist
2⟨sinϕS/

√
2ε(1 + ε)⟩h

U⊥
Fourier amplitudes. In
particular, they provide
the largest twist-3 signal
in this measurement.
They surprise also
with a large kinematic
dependence [. . . ]”
- [HERMES collaboration, 2020]

With this data, first extraction of

H̃q(z) ≡ 2z
∫ 1

0
dζ Im Ĥqg

F U (z, ζ)
1 − ζ

= Hq(z) + 2zH⊥(1),q
1 (z)

(JAM22 global analysis [Gamberg et al., 2022])
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FIG. 1: The extracted functions h1(x), f⊥(1)
1T (x), H⊥(1)

1 (z), and H̃(z) at Q2 = 4 GeV2 from our JAM3D-22 global analysis (blue
solid curves with 1-σ CL error bands) compared to JAM3D-20+ global analysis (red dashed curves with 1-σ CL error bands).
The generated Soffer bound (SB) data are also displayed (cyan points).

extracted from our analysis9 are shown in Fig. 1 compared to JAM3D-20+. The most noticeable change is in the shape
of h1(x), which is due to the fact that we now include Soffer bound data in our fit (as described towards the end
of Sec. III A). The up quark transversity function is not as large as JAM3D-20+ and falls off slightly faster at larger
x. The down quark transversity experiences the most significant changes, peaking at lower x with about half the
magnitude from before and falling off much quicker at larger x.

We also show in Fig. 1 our extraction of H̃(z). The sign is in agreement with the fit of Ref. [77] and model calculation
of Ref. [156], and the magnitude is also reasonable given these previous studies. Similar to the Collins FF, favored
and unfavored H̃(z) have a preference to be opposite in sign and roughly equal in magnitude. This is not unexpected
given that both H⊥(1)

1 (z) and H̃(z) are derived from the same underlying quark-gluon-quark correlator [92].
We further explored the significance of the signal obtained for H̃fav(z) and H̃unf (z) by setting one of them to zero

and re-running the analysis. The case where H̃fav(z) = 0 showed almost no change in the χ2/npts for AsinφS
UT , while

the χ2/npts for AπN increases slightly from 1.17 to 1.27. When H̃unf (z) = 0, the χ2/npts for AsinφS
UT increases to

1.58 while the χ2/npts for AπN remains basically the same. This shows that AsinφS
UT is mainly driven by the unfavored

fragmentation channels d→ π+ and u→ π−, especially the π− final state that has a clear nonzero signal (see Fig. 16),
whereas the favored fragmentation channels u → π+ and d → π− from the H̃ term in AπN help in better describing
those data.

Another significant feature of JAM3D-22 is the reduction in the error band for h1(x). This can be partly attributed
to imposing the Soffer bound but even more so due to the inclusion of the lattice gT data point. In Fig. 2 we provide a
comparison of h1(x) between our full JAM3D-22 analysis (which includes both lattice data and the Soffer bound) and
one with no lattice data (JAM3D-22 no LQCD). One can see that including the lattice gT point in the fit causes about
a 50% reduction in the uncertainty for h1(x). This further highlights the impact of the Soffer bound and lattice gT

9 A Google Colab notebook that allows one to generate the functions and asymmetries from our analysis can be found in Ref. [155].
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a 50% reduction in the uncertainty for h1(x). This further highlights the impact of the Soffer bound and lattice gT

9 A Google Colab notebook that allows one to generate the functions and asymmetries from our analysis can be found in Ref. [155].
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Phenomenology and numerical estimates

For exploratory NLO curves, we need input models
for Im Ĥqg

F U (z, ζ) and Im Ĥ q̄q
F U (z, ζ)

We parametrize such that

• EOM relation is satisfied H̃q(z)
2z =

∫ 1
0 dζ Im Ĥqg

F U (z,ζ)
1−ζ

• Boundary conditions (pole matrix elements) ĤF U (z, 0) = ĤF U (z, 1) = 0 are
satisfied [Meissner & Metz, 2009]

• First derivatives ∂ĤF U
∂ζ vanish at ζ = 0 and ζ = 1 [Kanazawa, Koike, Metz, Pitonyak, Schlegel, 2016]

⇒ create scenarios Sk = {Nq, aq, bq, . . . } with different parameters
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Phenomenology and numerical estimates

⇒ create scenarios Sk = {Nq, aq, bq, . . . } with different parameters

Im Ĥqg
F U (z, ζ, µ2) = H̃q(z, µ2)

2z Fq(ζ; 1, aq, bq, γq, ãq, b̃q)

Im Ĥ q̄q
F U (z, ζ, µ2) = H̃q(z, µ2)

2z F(ζ; N̄q, cq, cq, γ̄q, c̃q, c̃q)

with

Fq(ζ;Nq, aq, bq, γq, ãq, b̃q) = Nq ζ
aq (1 − ζ)bq (1 + γq ζ

ãq (1 − ζ)b̃q )
B(aq + 2, bq + 1) + γq B(aq + ãq + 2, bq + b̃q + 1)
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Phenomenology and numerical estimates

We also need F q
F T (x, x′) and Gq

F T (x, x′)

• Recent extraction [Portela & Vladimirov, 2026]

• Numerical scale evolution with Honeycomb/Snowflake [Rodini, Rossi & Vladimirov, 2024]
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Phenomenology and numerical estimates

We study 3 model scenarios Sk (ignoring full twist-3 FF evolution)

• S1: similar
to LO!

• S2:
corrections
so large
that SSA
changes
sign!

• S3:
enhance
LO effect!
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Ã
si

n
φ
S

U
T

HERMES π−

0.2 0.3 0.4 0.5 0.6 0.7
zh

Diego Scantamburlo, QCD Master Class 2026 20



Phenomenology and numerical estimates

Same {xB, y, zh} at future EIC
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Spoiler

We can repeat a similar (but more involved) twist-3 NLO calculation for
ℓN↑ → hX. There is data for this process! [HERMES collaboration, 2009]

• PDFs contributions at NLO calculated in [Rein, Schlegel, Tollkühn & Vogelsang, 2025]

• FFs contributions at NLO: work in progress [DS & Schlegel]

So far, we observe that twist-3 factorization holds at NLO for the q → q̄q channel

Eh
dσq→q̄q

NLO (SN )
d3Ph

prelim.= σ0(SN )αs

2π
∑
q,q̄

e2
q

∫ v1

v0
dv
∫ 1

w0(v)

dw
w

∫ 1

0
dζ hq

1

(
w0(v)
w

, µ

)
×

[
σ̂q→q̄q
I (v, w, ζ, χµ) Im Ĥ q̄q

F U

(1 − v1
1 − v

, ζ, µ

)

+ σ̂q→q̄q
R (v, w, ζ) Re Ĥ q̄q

F U

(1 − v1
1 − v

, ζ, µ

)]
Diego Scantamburlo, QCD Master Class 2026 22



5. Conclusions



Conclusions

3 main ideas of this work

1. Factorization holds for the Ph⊥-integrated SIDIS sub-leading twist cross section at
NLO in QCD (non-trivial result!)

2. NLO corrections to the numerators of spin asymmetries are important, crucial for
phenomenology

3. Future colliders (EIC, LHCspin, ...) will discern the different scenarios, shedding
light on quark-gluon-quark interference within hadrons

Future directions

• Numerically implement full evolution equations for chiral-odd twist-3 FFs
• Extraction of Ĥqg

F U (z, ζ) and Ĥ q̄q
F U (z, ζ) from data

Thank you!
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6. Extra



Contour integration on the light-cone

Decomposing loop momentum as ddr = dα dβ dd−2r⊥



NLO analysis

Factorization holds

dσ

dxBdydzh

∼ FUU,T + εFUU,L + |S⊥|
√

2ε(1 + ε) sin ϕS F
sin ϕS
UT

+ |S⊥|λe

√
2ε(1 − ε) cos ϕS F

cos ϕS
LT

Unpolarized structure functions at NLO (known, e.g. [de Florian, Stratmann, Vogelsang, 1997])

FUU,T (xB, zh, µ
2) = xB

∑
q,q̄

e2
q

{
f q

1 (xB, µ
2)Dq

1(zh, µ
2)

+ αS(µ2)
2π [f q

1 ⊗ Cq→q
1 ⊗Dq

1 + fg
1 ⊗ Cg→q

1 ⊗Dq
1 + f q

1 ⊗ Cq→g
1 ⊗Dg

1] (xB, zh, µ
2)
}

FUU,L(xB, zh, µ
2) = xB

αS(µ2)
2π

∑
q,q̄

e2
q

[
f q

1 ⊗ Cq→q
L ⊗Dq

1

+ fg
1 ⊗ Cg→q

L ⊗Dq
1 + f q

1 ⊗ Cq→g
L ⊗Dg

1

]
(xB, zh, µ

2)
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Asinϕs

UT asymmetry at HERMES

Asymmetry projections: π− channel significantly ̸= 0
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Asinϕs

UT asymmetry at COMPASS
Asymmetry projections for unidentified hadrons at COMPASS
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Scenarios

qg

au ad bu bd ãu ãd b̃u b̃d γu γd

S1 1.51 1.25 1.86 1.89 0.36 0.95 0.17 0.33 −1.54 −2.49
S2 1.55 1.85 1.36 1.65 0.51 0.18 0.01 0.16 −1.47 −3.32
S3 2.46 2.49 1.32 1.91 0.29 0.39 0.55 0.72 −3.64 −1.97

q̄q

N̄u N̄d cu cd c̃u c̃d γ̄u γ̄d

S1 1.14 1.06 2.30 1.48 0.31 0.76 −1.57 −1.88
S2 1.58 0.61 1.38 1.26 0.15 0.69 −2.24 −3.44
S3 1.49 2.81 2.05 1.76 0.93 0.13 −2.26 −2.59

Table: Model parameters for the scenarios S1, S2 and S3.



Evolution of chiral-odd twist-3 FFs: 3-parton FFs

J.P. Ma, G.P. Zhang / Physics Letters B 772 (2017) 559–566 565

1

x13
= 1

x1
+ 1

z3
,

1

x11
= 1

x1
+ 1

z1
, ξ1 = z1

x1
, ξ2 = z2

x2
. (19)

The evolution of Ê F reads:

μ
∂ Ê F (z1, z2)

∂μ
= αs

π

{(
C F

(
3

2
+ ln

z2

z1

)
+ Nc ln

z3
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)
Ê F (z1, z2) + Nc

1∫
z2/z1

dξ2

(1 − ξ2)+
Ê F (z1, x2)

+
1∫

0

dξ1
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Nc Ê F (x1, z2) − 1

Nc
Ê F (x1, x13)

)
− Nc

2

z1/z2∫
0

dξ1

1 − ξ1
Ê F (x1, z2)

+ 1

z3
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dx1
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{
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[
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2(x1 − z3)
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2
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θ(x1 − z1)
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2(−x1z2 − x1z3 + z2z3)
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− θ(z1 − x1)

z2
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−C F
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2
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Ê∗
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[
2C F (x1 + z3) + Nc

x3
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(x1 − z2)(x1 − z1)
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x2
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)
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G(x1, x11)
(x11 − z2)

2

x11z2
θ(x1 − z3) + ÊG(x1, z3)

x1z2

z3(x1 + z1)

]}
. (20)

The principal description of the last integral in the second line in Eq. (20) is implied. The evolution of Ê F involves not only Ê F and ÊG , 
but also their complex conjugate. It is noted that under the one-loop evolution of ReÊ F or ImÊ F will not be mixed with the imaginary-
or real parts of three-parton FF’s, respectively. The individual evolution of the real- and imaginary part of Ê F can be read from the above 
equation directly.

Summing the contributions from Fig. 5 and the virtual part in Eq. (18), we obtain the evolution of ÊG :

μ
∂ ÊG(z1, z2)
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= αs

π

{
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+ ln
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Ê∗
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+
∫
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(
Ê F (x1, z3) + Ê F̄ (x1, z3)

)(
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)]}
. (21)

Here, the evolution involves Ê F̄ . The evolution of Ê F̄ can be derived from Eq. (20) with the symmetry of charge-conjugation. The results 
in Eq. (14) and Eqs. (20), (21) are our main results. These results satisfy the relations in Eq. (4). This is an important check of our results.

Our results in Eqs. (20), (21) and the evolution of Ê F̄ form a closed system of differential-integral equations. The system contains six 
equations because Ê F , F̄ ,G are complex functions. In the large-Nc limit, the system is simplified. Because of the normalization factor of 
color in the FF’s definitions of Eq. (2), one can expect that all 3-parton FF’s are at the same order of Nc in the limit of Nc → ∞. With this 
expectation one can easily find the evolutions in the limit from Eq. (14) and Eq. (20). E.g., in the limit, the evolution of Ê F becomes:

Figure: Evolution of Ĥqg
F U (z, ζ) in [Ma & Zhang, 2017]
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or real parts of three-parton FF’s, respectively. The individual evolution of the real- and imaginary part of Ê F can be read from the above 
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∂ ÊG(z1, z2)

∂μ
= αs

π

{
C F

(
3

2
+ ln

z3

z1

)
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ÊG(x1, z2)

)
+ 1

2Nc

z1/z2∫
0

dξ1

1 − ξ1
ÊG(x1, z2)

+ Nc

2

∞∫
z1

dx1

x1
ÊG(x1, x13)

x2
1z1 + x1z2

2 − z2
2z1

x1(x1(z1 − z2) + z1z2)
+ 1

Nc

∫
dx1

x1
ÊG(x1, z2)

[
θ(z1 − x1)

+θ(x1 − z1)
z1

x1 − z2

]
− Nc

2

z1∫
z2

dx2

x2
ÊG(z1, x2)

[
z2

1

z2(x2 − z1)
+ x2(z1 − z2) + z2

2

x2z2

]

− 1

2(N2
c − 1)

[ z3∫
z2

dx2

x2

(
Ê∗

F (z3, x2) + Ê ∗̄
F
(z3, x2)

)
z2

3(x2 − z2)
2

x2z2(z3 − x2)2

+
∫

dx1

x1

(
Ê F (x1, z3) + Ê F̄ (x1, z3)

)(
z2

3(z3 + z2 − 2x1)

z1(x1 − z3)2
− N2

c
x1z1z3 + z2

2(2z1 + z3)

z1z2(x1 + z1)

)]}
. (21)

Here, the evolution involves Ê F̄ . The evolution of Ê F̄ can be derived from Eq. (20) with the symmetry of charge-conjugation. The results 
in Eq. (14) and Eqs. (20), (21) are our main results. These results satisfy the relations in Eq. (4). This is an important check of our results.

Our results in Eqs. (20), (21) and the evolution of Ê F̄ form a closed system of differential-integral equations. The system contains six 
equations because Ê F , F̄ ,G are complex functions. In the large-Nc limit, the system is simplified. Because of the normalization factor of 
color in the FF’s definitions of Eq. (2), one can expect that all 3-parton FF’s are at the same order of Nc in the limit of Nc → ∞. With this 
expectation one can easily find the evolutions in the limit from Eq. (14) and Eq. (20). E.g., in the limit, the evolution of Ê F becomes:

Figure: Evolution of Ĥ q̄q
F U (z, ζ) in [Ma & Zhang, 2017]
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