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Overview

1. Factorisation, mainly for PDFs

2. Generalised parton distributions (GPDs)

3. Transverse-momentum distributions (TMDs)

4. if time: Lattice methods in a nutshell,

Double parton distributions
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Some references among many many others

▶ short-distance factorisation

G. Sterman, QCD for electroweak precision measurements: Foundations,
arXiv:2607.07908
J. Collins, Foundations of Perturbative QCD, CUP 2011
J. Collins, What exactly is a parton density?, hep-ph/0304122

▶ R. Jaffe, Spin, twist and hadron structure in deep inelastic processes,
hep-ph/9602236

M.D., Introduction to GPDs and TMDs, arXiv:1512.01328

▶ GPDs: review articles
S. Boffi and B. Pasquini, arXiv:0711.2625
A. Belitsky and A. Radyushkin, hep-ph/0504030
M.D., hep-ph/0307382
K. Goeke et al., hep-ph/0106012

▶ TMDs
R. Boussarie et al., TMD handbook, arXiv:2304.03302
T. Rogers, arXiv:1509.04766
S. Mert Aybat and T. Rogers, arXiv:1101.5057
A. Bacchetta et al., hep-ph/0611265

▶ Double parton scattering
P. Bartalini and J. Gaunt, Multiple Parton Interactions at LHC, CUP 2018
M.D. and J. Gaunt, Double parton scattering theory overview, arXiv:1710.04408
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DIS structure functions

▶ σℓ+p→ℓ+X expressed through structure
functions F1, F2, F3

▶ parton model:

F2(x,Q
2) =

∑
q

e2q x
[
q(x) + q̄(x)

]
+ Z exchange

▶ Bjorken scaling: F2 independent of Q2

holds approx. at x ∼ a few 0.1
and large enough Q2

figure: Review of Particle Properties 2020
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The running coupling

plot: Review of Particle Properties 2026
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Scale dependence in factorisation formulae
examples: rapidity distributions in Z/γ∗ and in Higgs production

Anastasiou, Dixon, Melnikov, Petriello, hep-ph/0312266 Anastasiou, Melnikov, Petriello, hep-ph/0501130

µF = µR = µ varied within factor 1/2 to 2
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Scale dependence in factorisation formulae
example: inclusive Higgs production

pp → H + X

LO NLO

NNLO N3LO
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P P -> H+X

Mistlberger, arXiv:1802.00833
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Illustration of PDF sets and their errors
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all PDFs at NNLO, error bands for 68% CL

▶ spread between different parametrisation often larger than error bands of
single parametrisation

▶ error bands propagate uncertainties of fitted data into PDFs
but do not reflect “systematic theory uncertainties” of extraction
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Illustration of PDF sets and their errors
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all PDFs at NNLO, error bands for 68% CL

▶ strangeness distribution remains poorly known

in past often assumed
s(x) ∝ ū(x) + d̄(x) or s(x) ∝ d̄(x) at µ = µ0

⇝ small errors in fit
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Illustration of PDF sets and their errors
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▶ evolution to higher scales ⇝ qq̄ pairs at low x

M. Diehl Partonic structure of hadrons 10



Introduction Part 1 Exercises pt. 1 Part 2 Exercises pt. 2 Part 3

Illustration of PDF sets and their errors
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all PDFs at NNLO, error bands for 68% CL

▶ evolution to higher scales ⇝ qq̄ pairs at low x

▶ all q(x) and q̄(x) become similar at high scales and low x

▶ relative uncertainties shrink
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Illustration of PDF sets and their errors
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▶ g(x) ≫ q(x) for x below 0.1

▶ at low scale and low x gluon known very poorly
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Illustration of PDF sets and their errors
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▶ g(x) ≫ q(x) for x below 0.1

▶ evolution for g(x) even stronger than for q(x)
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Polarised PDFs

difference between densities of right- and left-handed partons in right-handed proton

all PDFs at NNLO, except JAMpol25 (NLO); µ = 10GeV
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plots from E Nocera, arXiv:2607.24613
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Factorisation at work
∫
L dt

[fb−1]
Reference
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Wγγ
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WWW
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ts−chan

tt−chan
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Z

W

γ

Dijets R=0.4

Jets R=0.4
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pp
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20.3 PRD 93, 092004 (2016)
36.1 PLB 793 92019) 469
20.3 PRD 96, 012007 (2017)
36.1 PRL 123, 161801 (2019)

total 20.2 PRD 94 (2016) 032011
139 PLB 816 (2021) 136190
20.3 JHEP 07 (2017) 107
139 ATLAS-CONF-2021-038
20.2 EPJC 77 (2017) 646
20.3 PRL 115, 031802 (2015)
20.3 PRD 93, 112002 (2016)
139 arXiv:2106.11683
20.2 PLB 781 (2018) 55
20.3 JHEP 04, 031 (2014)
139 EPJC 81 (2021) 163
4.7 EPJC 77 (2017) 474
20.2 EPJC 77 (2017) 474
79.8 PLB 798 (2019) 134913
139 ATLAS-CONF-2021-039
4.6 PRD 91, 072007 (2015)
20.2 JHEP 11 (2017) 086
36.1 EPJC 79 (2019) 382
20.3 JHEP 11, 172 (2015)
139 arXiv:2103.12603
20.3 JHEP 11, 172 (2015)
36.1 PRD 99, 072009 (2019)
4.6 JHEP 01, 049 (2015)
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>40 (30) GeV 139 arXiv:2107.09330 [hep-ex]
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20.3 JHEP 01, 099 (2017)
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4.6 EPJC 72 (2012) 2173
20.3 PRD 93, 092004 (2016)
36.1 EPJC 79 (2019) 535
4.6 PRD 87, 112001 (2013)
20.3 PLB 763, 114 (2016)
36.1 EPJC 79 (2019) 884
139 JHEP 07 (2020) 124
2.0 PLB 716, 142-159 (2012)
20.3 JHEP 01, 064 (2016)
3.2 JHEP 01 (2018) 63
20.3 PLB 756, 228-246 (2016)
4.6 PRD 90, 112006 (2014)
20.3 EPJC 77 (2017) 531
3.2 JHEP 04 (2017) 086
0.3 ATLAS-CONF-2021-003
4.6 EPJC 74 (2014) 3109
20.2 EPJC 74 (2014) 3109
36.1 EPJC 80 (2020) 528

0.025 EPJC 79 (2019) 128
4.6 JHEP 02 (2017) 117
20.2 JHEP 02 (2017) 117
3.2 JHEP 02 (2017) 117

0.025 EPJC 79 (2019) 128
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20.2 EPJC 79 (2019) 760
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Exercises
1.1 Light-cone coordinates

• Derive the relations

d4v = dv+ dv− d2v , ∂+
v = ∂/(∂v−) , ∂−

v = ∂/(∂v+) ,

where ∂µ
v = ∂/(∂vµ) and v is the transverse part of the vector.

• Show that under a boost along the z axis, the light-cone components
transform as v+ → αv+ and v− → v−/α.
Here α =

√
(1 + β)/(1− β), where β is the velocity of a particle in

the boosted frame if that particle is at rest in the original one.

1.2 Kinematics of DIS
Consider a frame in which the proton and photon momenta, p and q, have
zero transverse components.

• Derive the explicit forms of p+, p−, q+, q− in the Bjorken limit for
(i) the proton rest frame and (ii) the γ∗p centre-of-mass.
You can neglect m2 ≪ Q2 and use q+ = −xB p+.

• Express p+/q+ in terms of xB , Q
2 and m2 without neglecting the

proton mass.
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Exercises
1.3 Mellin moments

• Derive the evolution equation of the Mellin moment M(j) from the
one for f(x).

• Compute M(j) for f(x) = x−α(1− x)β and discuss its analytic
structure in the complex j plane.

• Show that the inverse of the Mellin transform

M(j) =

∫ 1

0
dx xj−1f(x) (1)

is

f(x) =
1

2πi

c+i∞∫
c−i∞

dj x−j M(j) , (2)

where c is a real constant. The path of integration thus is a vertical
line in the complex j plane, and it must be to the right of all
singularities of M(j). Hint: insert (1) into (2) and rewrite the
integration over j as a Fourier transform.
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Exercises
1.4 Mellin moments (continued)

• Verify the operator relation∫
dx x

n−1
∫

dz
−

e
ixp+z−

q̄(− 1
2 z)γ

+
W [− 1

2 z,
1
2 z] q(

1
2 z)

∣∣
z+=0, zT =0

∝ q̄(z)γ
+ [

D
↔+

(z)
]n−1

q(z)
∣∣
z=0

with D
↔

= 1
2 (D
→

− D
←

) , D
→
(z) = ∂z + igA(z) , D

←
(z) = ∂

←
z − igA(z)

for n = 1 and n = 2. The Wilson line is defined as

W [z0, z1] = P exp

[
ig

∫ z
−
1

z
−
0

dy
−
A

+
(z

+
0 , y

−
, z0)

]

for the light-like path with z+0 = z+1 and z0 = z1.

The path ordering P acts such that, when one Taylor expands the
exponential, the fields A+(y1) · · ·A+(yn) are ordered along the integration
path, starting with z0 and ending with z1. (Recall that A+ is a matrix in
colour space.)

To simplify the calculation, you could first consider the case with light-cone
gauge, A+(z) = 0.
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Spin and angular momentum: lattice results

plots and numbers: ETMC Collab., arXiv:2607.20337 and arXiv:2603.28604v2

all results at scale µ = 2GeV

Σq = gqA =
∫ 1

0
dx (∆q +∆q̄)
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A ▶ helicity:

large > 0 for u
large < 0 for d
small for s

Ju = 0.239(14)(20)(6)

Jd = 0.025(11)(10)(6)

Ju+d+s+c = 0.298(30)(19)(15)

Lu = −0.177(18)(20)(6)

Ld = 0.228(15)(10)(6)

Lu+d+s+c = 0.108(37)(19)(15)
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Spin and angular momentum: lattice results

plots and numbers: ETMC Collab., arXiv:2607.20337 and arXiv:2603.28604v2

all results at scale µ = 2GeV
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Spin and angular momentum: lattice results

plots and numbers: ETMC Collab., arXiv:2607.20337 and arXiv:2603.28604v2

all results at scale µ = 2GeV
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small for s
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Exercises
2.1 Dirac algebra on the light cone

• Show that (γ+)2 = (γ−)2 = 0 and γ± γi = −γi γ± for i = 1, 2

• Show that P+ = 1
2
γ−γ+ and P− = 1

2
γ+γ− form a set of projectors

in Dirac space.

Nomenclature: the good and bad components of a fermion field q
are q+ = P+q and q− = P−q, respectively.

• Verify γ+P+ = γ+.

• Show that the conjugate q̄+ = (q+)
†γ0 of the good fermion field

component satisfies q̄+ = q̄ P−.

• Show that q̄ Γ+q with Γ+ = γ+, γ+γ5, γ
+γjγ5 with j = 1, 2 involves

only the good components of the fermion field and its conjugate.

These are the Dirac structures of twist-two quark distributions.

• Decompose q̄ Γq with Γ = 1, γ5, γ
j with j = 1, 2 onto the good and

bad components of q and q̄.

These structures correspond to quark distributions of twist 3.

M. Diehl Partonic structure of hadrons 22



Introduction Part 1 Exercises pt. 1 Part 2 Exercises pt. 2 Part 3

Measured transverse momentum in SIDIS
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Measured transverse momentum in Drell-Yan
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The Collins-Soper evolution kernel

▶ from lattice calculations and phenomenological fits of TMDs
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µ = 2GeV; plots from Tan et al., arXiv:2511.22547
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