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OaTLAS Introduction(0) uf it

A lot of vertex fitting applications use a method presented in a classical paper

[1]P. Billoir, S. Qian, Nucl. Instrum. Meth. Phys. Res. A 311, 139 (1992) "Fast vertex fitting with a local

parametrization of tracks”
A full review of this approach can be found also in the book

[2] "Pattern Recognition, Tracking and Vertex Reconstruction in Particle Detectors” R.Frihwirth,
A.Strandlie

Problem: having measured curved tracks q; , one heeds to find a common vertex V and track
momenta in it p;
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Fig. 8.1 A vertex it with four tracks. The parameters of the fit are the vertex v and the momentum . . .
vectors p;; the observations are the estimated track parameters g; Flg. 1. Relation between q; and (V, p,) in a vertex fit.

Both book and paper illustrations are misleading — measured trajectories don’t cross each other at a single point
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measured

Each track can be represented as q; = F(V,p;) , then x2 = ¥, Aq! W;Aq; here Ag;=gq; =F(V, p)

Taylor expansion as usual: F(V°+38V, pf +8p;) =F(V", p) + D,3V + E 3p,

Substituting this to the y? and minimizing it (see details in the Billoir's paper[1] or Frihwirth's book[2])

one can get a matrix equation:

rA Bl BZ < an raV} rT1
Bl C, 0 =+ 0| [dp| |Ui| A=YD'WD,B,=DIWE, C,=ETWE,
Bl 0 Cc, 0 - 0}|]|5p, v, ‘
. . 0 - 0 A i T=) D Wsdq, U, =EW3g,.
B, 0 0 0 --- C,J\%p,) |U,)

-1
Solution: 3= (A" EB:'CFIBT) (T*‘ ZB.-C,-'IU,-)
i i
8pi . Cov(V,V), Cov(V,B;), Cov(B;B;) can be obtained by substituting 6V to the matrix equation.

If the found displacements 8V, 8p; happened to be big - all tracks should be extrapolated to the new point

8V and the y% minimization step repeated.
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Then it's only needed to defined q; = F(V,3;) and matrices of derivatives D;, E;

In paper this is done for the case of the magnetic field parallel to the Z-axis of a detector (typical
collider experiment design). In this case particle tfrajectories are circle segments in the XY plane

and straight lines in XZ and YZ planes. Using a guessed vertex position V as the reference point O
one can easily get the trajectory parametrisation for the tfrack ¢ = (€, @p, ¥, zp, k)

K is a track curvature 1/R in XY plane
2
s

— . . Fig. 8.2 A helical track in A
X = €simngp + scosgp — > sSin ¢p, the projection to the Y

(x, y)-plane. O: origin; track
2 C:circle center; P: perigee
. K point; V: vertex; p: circle
y =~ —€ cos@p + §SIn@p + — COS @p, radius; 7p: tangent at P; gp:
2 azimuth of track direction at
P: ty: tangent at V; py:
== Zp -+ s cot 7. azimuth of track direction
atv

Note that k and 8 don't change in the selected
coordinate frame and s is a 2D (x,y) running

parameter. Then, it's possible to invert this
system:

€~ —R — Q%/2,

zp ~ zv — O(1 — Rk) cot ¥, Q = xy cos gy + yy sin gy

R = yy cos gy — xy sin ¢y al /3> x, y, 2z, 0 ¢, P
vp~ gy — Ok, e s <0 0 0 -02,2
z, —tc—ts 1 —-QU+t*)-Rt QRt , (11)
Corresponding derivatives are ¢, -—pc—ps 0 0 1 -0
D matrix E matrix
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EXPERIMENT

The presented iterative xy* vertex fitting algorithm is very flexible and allows a lot of extensions
1.  x? functional can be reformulated as a Kalman filter
2. Charged and neutral tracks can be used simultaneously

3. Prior information can be added via the Lagrange multipliers mechanism (derivations needed)

o  Full (all tracks) and partial (subset of tracks) mass constraints
o  Summary momentum particle trajectory passes through a specific point in space
o  Limits on angles between tracks at the fitted vertex
o  Limits on the fitted vertex position
4. Prior information can be added via additional x? terms
o Fitted vertex is expected to be close to another vertex with known covariance
o  Summary momentum particle frajectory is expected to be close to another vertex as defined by the

summary momentum and this vertex covariances
5. Use robust replacements of the x2 function in the fitting functional (Huber, Tukey, Welsch,
L1-L2, etc. functions known from theory of M-estimators) to make results less sensitive to badly
measured tracks
6. Simultaneous fit of several vertices in a cascade decay topology requiring that intfermediate
particles, defined by downstream cascade vertices, participate in the corresponding upstream

vertex fit (downstream information propagation)

All above is implemented in the VKalVrt vertex fitting package in ATLAS
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What happens if the magnetic field is not uniform i.e. each iteration of the vertex

fit ends up in a region with different magnetic field direction?

Example - ATLAS muon detector volume.

Formalism described above is not valid. Coordinate system rotation according to the

magnetic field in every iteration is possible but technically heavy.

What else?
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EXPERIMENT

Let’s start from a local equation of motion [2]

26) = 7 B- ) ( sin(s - p)) B N sin(s-p) p (1 —cos(s-p)) B x p
r(s —
IBI |pl p |B] p Ipl p |Bl|pl
. . = o S KQB :
here s-running variable, B - magnetic field, p - momentum, p = |_p| - trajectory curvature, where

k = 0.29979 GeV - T~1 - m™1 and Q-particle charge.

For local vertex finding one may assume that both s and p are small, then

... P p§><ﬁ . B s* Bxp
7(s) =1, +s— — =7 ——— K
o+ ST, 2 T8Il ||zQp2
2
T(S)ET0+SH—?peff
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EXPERIMENT

| Similar to [ 1], one can parametrize the trajectory near some point P
Y Tangent at P track

: . s?
X = €sing, + scos @, sinQ, — 5 Px

: : s?
|y = —€cosg, + ssing,sin®, ——p,

2
S
Lz—zp+scos®p—?pz

Peff = (px »Py » Pz ), s — running parameter along 3D trajectory
(not 2D as in original paper [1]!), magnetic field variation around
the vertex position is assumed negligible.

Momentum direction t at point V is (—x vy

. . . . 2
PP 65) . Differentiating and neglecting the s= terms

9y — ¢p = Ap = ——(py sin @, — py, cos @)

0, — 0, = AO =

. . . sin Oy
one can get the following estimations

o

sin Gp
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\

y Tangent ot 1 track Now one needs to invert these expressions, 1.e. to find out what

would be the track perigee parameters for track with momentum_P;,

passing through a point I_/;(xv, Yy, Z,,). Following [ 1] some quantities

can be introduced V, = p, sin ¢, — p, cos @, , U, = py cos @, +

Py Sin@, , Q = x, cos@, + y, sing, , R = —x, sin @, + y,, cos @,

Otrnnk f _ S
Ap = sin @, P
SZ
—R — ApQ = E—?Vp
2
Yy Q — ApR =s-sin®p—%Up
S
A0 = sinG)p'DZ
52
| Zv =zp+cos®p—;pz
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v Tangent at P track Observing that with s—0 Q —0, R —e¢, effective curvature is small
and neglecting the corresponding terms
S~ v i p 2 sin? @,
e NS
P _ VpQ
\\ﬁ' S . ~1\/€\ < ¢p - (pv Sinz G)p
IO VyR 0%
- D
Zy = Z,, — 1-— cot®, —
v .. p v— 0 ( sin? Gp) P 2sin2 0, Pz
O Q
0, = -
g p V' sin?2 @, Pz

To make these formulas similar to those in [1],[2] one can define a scalar “effective curvature” via

“effective” magnetic field B, s

, N

D K

p= sin? 0, - lpl sin @,

cos 0, (By sin ¢, + B, cos gop) — B, sin@, _

sin ®p

= p_T([By Sin (pp + Bx COS (pp] COtGP + BZ)

Bff

Pt
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EXPERIMENT
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Y Tangent at P track To COII]plCtG:
Pz p’Bx sin¢, — By cosg, 'C
0 - - VA
o sin? @, Berr
Finally:
1 Q*
Otr‘nnk Ep = _R - 7p
Pp = Py — Qp'

2
zp =2, — Q (1 —Rp’) cot®, — %p’CZ
0p =0y — Qp'C,

\

These expressions are very similar to those in [1], so most of the already written vertex fitting

software can be preserved. Constraints in the vertex fit require special consideration though.
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Special BSM LLP simulation with decay in the ATLAS muon volume.
Momentum components resolution for the standard and corrected vertex fitting
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ATL-PHYS-PUB-2025-044 "Development of secondary vertex reconstruction using
tracks in the ATLAS Muon Spectrometer for long-lived particle decays”
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1) Modifications of the vertex fitting procedure introduced in the Billoir's
paper [1] for the non-uniform magnetic filed were developed

2) By intfroduction an "effective” magnetic field the modified expressions can
be made similar to the original ones what allowed to re-use the already
created software with minimal modifications

3) Improved vertex fitting software was tested in the ATLAS muon detector

volume with non-uniform magnetic field
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