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Introduction(0)
A lot of vertex fitting applications use a method presented in a classical paper 

[1] P. Billoir, S. Qian, Nucl. Instrum. Meth. Phys. Res. A 311, 139 (1992) “Fast vertex fitting with a local 

parametrization of tracks”

A full review of this approach can be found also in the book 

[2] “Pattern Recognition, Tracking and Vertex  Reconstruction in Particle Detectors” R.Frühwirth, 

A.Strandlie

Problem: having measured curved tracks qi , one needs to find a common vertex 𝑉 and track 
momenta in it Ԧ𝑝𝑖

Book Paper

Both book and paper illustrations  are misleading – measured trajectories don’t cross each other at a single point
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Introduction(1)

Each track can be represented as 𝒒𝑖 = 𝑭(𝑉, Ԧ𝑝𝑖) , then 𝜒2 = σ𝑖 ∆𝒒𝑖
𝑇𝑊𝑖∆𝒒𝑖 here

Taylor expansion as usual: 

Substituting this to the 𝜒2 and minimizing it (see details in the Billoir’s paper[1] or Frühwirth’s book[2])

one can get a matrix equation:

Solution:

𝜹𝒑𝒊 , 𝑪𝒐𝒗 𝑽, 𝑽 , 𝑪𝒐𝒗 𝑽, 𝒑𝒊 , 𝑪𝒐𝒗(𝒑𝒊, 𝒑𝒋) can be obtained by substituting 𝛿𝑉 to the matrix equation. 

If the found displacements 𝜹𝑽, 𝜹𝒑𝒊 happened to be big – all tracks should be extrapolated to the new point 

𝜹𝑽 and the 𝜒2 minimization step repeated.
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Introduction(2)

In paper this is done for the case of the magnetic field parallel to the Z-axis of a detector (typical 
collider experiment design). In this case particle trajectories are circle segments in the XY plane 

and straight lines in XZ and YZ planes.  Using a guessed vertex position 𝑉 as the reference point O 
one can easily get the trajectory parametrisation for the track 

κ is a track curvature 1/R in XY plane 

Note that κ and θ don’t change in the selected 
coordinate frame and s is a 2D (x,y) running 
parameter. Then, it’s possible to invert this 
system:

Then it’s only needed to defined 𝒒𝑖 = 𝑭(𝑉, Ԧ𝑝𝑖) and matrices of derivatives 𝑫𝒊, 𝑬𝒊

Corresponding derivatives are 
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Introduction(3)
The presented iterative 𝜒2 vertex fitting algorithm is very flexible and allows a lot of extensions

1. 𝜒2 functional can be reformulated as a Kalman filter 

2. Charged and neutral tracks can be used simultaneously

3. Prior information can be added via the Lagrange multipliers mechanism (derivations needed)

o Full (all tracks) and partial (subset of tracks) mass constraints

o Summary momentum particle trajectory passes through a specific point in space

o Limits on angles between tracks at the fitted vertex

o Limits on the fitted vertex position

4. Prior information can be added via additional 𝜒2 terms

o Fitted vertex is expected to be close to another vertex with known covariance

o Summary momentum particle trajectory is expected to be close to another vertex as defined by the 

summary momentum and this vertex covariances

5. Use robust replacements of the x2 function in the fitting functional (Huber, Tukey, Welsch, 

L1-L2, etc. functions known from theory of M-estimators) to make results less sensitive to badly 

measured tracks

6. Simultaneous fit of several vertices in a cascade decay topology requiring that intermediate 

particles, defined by downstream cascade vertices, participate in the corresponding upstream 

vertex fit (downstream information propagation)

All above is implemented in the VKalVrt vertex fitting package in ATLAS



V. Kostyukhin 5/13 ACTS 2026 Amsterdam

Problem

What happens if the magnetic field is not uniform i.e. each iteration of the vertex 

fit ends up in a region with different magnetic field direction?

Example – ATLAS muon detector volume.

Formalism described above is not valid. Coordinate system rotation according to the 

magnetic field in every iteration is possible but technically heavy.

What else?
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Equation of motion 

Let’s start from a local equation of motion [2]  

Ԧ𝑟 𝑠 = 𝑟0 +
𝐵 ∙ Ԧ𝑝

𝐵 ∙ 𝑝
𝑠 −

sin 𝑠 ∙ 𝜌

𝜌

𝐵

𝐵
+
sin 𝑠 ∙ 𝜌

𝜌

Ԧ𝑝

𝑝
−

1 − cos 𝑠 ∙ 𝜌

𝜌

𝐵 × Ԧ𝑝

𝐵 𝑝

here s-running variable, 𝐵 - magnetic field, Ԧ𝑝 - momentum, 𝜌 =
𝜅𝑄𝐵

𝑝
- trajectory curvature, where 

𝜅 = 0.29979 𝐺𝑒𝑉 ⋅ T−1 ⋅ 𝑚−1 and Q-particle charge.

For local vertex finding one may assume that both 𝑠 and 𝜌 are small, then 

Ԧ𝑟 𝑠 ≅ 𝑟0 + 𝑠
Ԧ𝑝

𝑝
−
𝑠2𝜌

2

𝐵 × Ԧ𝑝

𝐵 𝑝
= 𝑟0 + 𝑠

Ԧ𝑝

𝑝
−
𝑠2

2
⋅ 𝜅𝑄

𝐵 × Ԧ𝑝

𝑝2

One can introduce an “effective” curvature (directional)  Ԧ𝜌𝑒𝑓𝑓 = 𝜅𝑄
𝐵× Ԧ𝑝

𝑝2
then 

𝑟 𝑠 ≅ 𝑟0 + 𝑠
Ԧ𝑝

𝑝
−
𝑠2

2
Ԧ𝜌𝑒𝑓𝑓
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Perigee parametrization 

Similar to [1], one can parametrize the trajectory near some point P  

𝑥 = 𝜖 sin𝜑𝑝 + 𝑠 cos𝜑𝑝 sinΘ𝑝 −
𝑠2

2
𝜌𝑥

𝑦 = −𝜖 cos𝜑𝑝 + 𝑠 sin𝜑𝑝 sinΘ𝑝 −
𝑠2

2
𝜌𝑦

𝑧 = 𝑧𝑝 + 𝑠 cosΘ𝑝 −
𝑠2

2
𝜌𝑧

Ԧ𝜌𝑒𝑓𝑓 = 𝜌𝑥 , 𝜌𝑦 , 𝜌𝑧 , s – running parameter along 3D trajectory 

(not 2D as in original paper [1]!), magnetic field variation around 

the vertex position is assumed negligible. 

Momentum direction Ԧ𝑡 at point V is 
𝜕𝑥

𝜕𝑠
,
𝜕𝑦

𝜕𝑠
,
𝜕𝑧

𝜕𝑠
. Differentiating and neglecting the s2 terms 

one can get  the following estimations ൞
𝜑𝑣 − 𝜑𝑝 = Δ𝜑 =

𝑆

sin Θ𝑝
𝜌𝑥 sin𝜑𝑝 − 𝜌𝑦 cos𝜑𝑝

Θ𝑣 − Θ𝑝 = ΔΘ =
𝑠

sin Θ𝑝
𝜌𝑧
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∆𝜑 =
𝑠

sin Θ𝑝
𝑉𝑝

−𝑅 − ∆𝜑𝑄 = 𝜖 −
𝑠2

2
𝑉𝑝

𝑄 − ∆𝜑𝑅 = 𝑠 ∙ sinΘ𝑝 −
𝑠2

2
𝑈𝑝

∆Θ =
𝑠

sin Θ𝑝
𝜌𝑧

𝑧𝑣 = 𝑧𝑝 + cosΘ𝑝 −
𝑠2

2
𝜌𝑧

Perigee parametrization 
Now one needs to invert these expressions, i.e. to find out what 

would be the track perigee parameters for track with momentum 𝑃𝑣

passing through a point 𝑉𝑣 𝑥𝑣 , 𝑦𝑣 , 𝑧𝑣 . Following [1] some quantities 

can be introduced 𝑉𝑝 = 𝜌𝑥 sin𝜑𝑝 − 𝜌𝑦 cos𝜑𝑝 , 𝑈𝑝 = 𝜌𝑥 cos𝜑𝑝 +

𝜌𝑦 sin𝜑𝑝 , 𝑄 = 𝑥𝑣 cos𝜑𝑣 + 𝑦𝑣 sin𝜑𝑣 , 𝑅 = −𝑥𝑣 sin𝜑𝑣 + 𝑦𝑣 cos𝜑𝑣
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𝜖𝑝 = −𝑅 −
𝑉𝑝𝑄

2

2 sin2 Θ𝑝

𝜑𝑝 = 𝜑𝑣 −
𝑉𝑝𝑄

sin2 Θ𝑝

𝑧𝑝 = 𝑧𝑣 − 𝑄 1 −
𝑉𝑝𝑅

sin2 Θ𝑝
cotΘ𝑝 −

𝑄2

2 sin2 Θ𝑝
𝜌𝑧

Θ𝑝 = Θ𝑣 −
𝑄

sin2 Θ𝑝
𝜌𝑧

Perigee parametrization 

Observing that with s→0 Q →0, R →𝜖, effective curvature is small 

and neglecting the corresponding terms 

To make these formulas similar to those in [1],[2] one can define a scalar “effective curvature” via 

“effective” magnetic field 𝐵𝑒𝑓𝑓

𝜌′ =
𝑉𝑝

sin2 Θ𝑝
=

𝜅

𝑝 sinΘ𝑝

cosΘ𝑝 𝐵𝑦 sin𝜑𝑝 + 𝐵𝑥 cos𝜑𝑝 − 𝐵𝑧 sinΘ𝑝

sinΘ𝑝
=

=
𝜅

𝑝𝑇
𝐵𝑦 sin𝜑𝑝 + 𝐵𝑥 cos𝜑𝑝 cotΘ𝑝 + 𝐵𝑧 =

𝜅

𝑝𝑇
𝑩𝒆𝒇𝒇
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Perigee parametrization 

To complete:

𝜌𝑧
sin2 Θ𝑝

= 𝜌′
𝐵𝑥 sin𝜑𝑝 − 𝐵𝑦 cos𝜑𝑝

𝐵𝑒𝑓𝑓
= 𝜌′𝐶𝑧

𝜖𝑝 = −𝑅 −
𝑄2

2
𝜌′

𝜑𝑝 = 𝜑𝑣 − 𝑄𝜌′

𝑧𝑝 = 𝑧𝑣 − 𝑄 1 − 𝑅𝜌′ cotΘ𝑝 −
𝑄2

2
𝜌′𝐶𝑧

Θ𝑝 = Θ𝑣 − 𝑄𝜌′𝐶𝑧

Finally: 

These expressions are very similar to those in [1], so most of the already written vertex fitting 

software can be preserved. Constraints in the vertex fit require special consideration though. 
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Performance

Special BSM LLP simulation with decay in the ATLAS muon volume. 

Momentum components resolution for the standard and corrected vertex fitting
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Performance

ATL-PHYS-PUB-2025-044 “Development of secondary vertex reconstruction using 

tracks in the ATLAS Muon Spectrometer for long-lived particle decays” 
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Conclusions

1) Modifications of the vertex fitting procedure introduced in the Billoir’s

paper [1] for the non-uniform magnetic filed were developed

2) By introduction an “effective” magnetic field the modified expressions can 

be made similar to the original ones  what allowed to re-use the already 

created software with minimal modifications

3) Improved vertex fitting software was tested in the ATLAS muon detector  

volume with non-uniform magnetic field
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