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Roadmap of this talk

Introduction to Feynman integrals

Differential equations and £-factorized form
Feynman integrals with non-trivial geometries

What is new: Algorithmic procedure for e-factorized differential equations

Twisted cohomology and Baikov representation

Filtrations from Hodge theory
Core of the algorithm

Examples

Three-loop Banana integral with four scales
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INtroduction
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Feynman Integrals
Building blocks of scattering amplitudes

Particle Physics Gravity

Scattering of..

Particles Black holes

Theory independent building blocks capturing loop-level analytic complexity
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What are current challenges?

Feynman integrals scale in complexity with number of..

Kinematic & | 00pS

scales

C
p ® @ nigh-precision

= (e
l

Things get complicated
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Feynman Integrals 101

Dimensional regularization

d = d() — 2¢€
g
Zﬂ'd/ 2 [, DVJ
IK Propagators Vj € £

Numerators:v; < 0

What we want:

aurent seriesof I, IN€
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Feynman Integrals: Some properties

Two important features:

S . D 1 B
Integration-by-parts relations /(Hd ) oI (H D’fj) =

7777

\Total derivative
— Generate linear relations between Feynman integrals

—Can find a minimal basis of Feynman integrals: -

Derivatives of Feynman Integrals are again Feynman Integrals

\ w.rt external kinematics
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Differential equations for Feynman Integrals

Main tool to evaluate Feynman Integrals

Basis of Master Integrals [ = {Iy,...,I,} v " Matrix of differential 1-forms

Kinematic variables = =4{x1,...,Zn}
dl = A(x,e)l

Find "good” basis J = U such that € factorizes
dJ =cA(x)J

.....................................................................

: Let C(t) be an integration contour

Solution given by with ¢ € [0,1] C(0) = 2o C(1) = 2

path-ordered
exponential

i 1 1 ty 3 3
= J=&%, + 51/ dtA(t)Jo + 52/ dt1/ dta A(t1)A(ts)Jy + O(e?) =
- 0 0 0 =

lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
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Why e-factorized differential equations?

Provide direct access to..  .solution at any orderin &
required function space (4 entries)
.Singularity structure

.analytic continuation in kinematics

In summary:
Make important properties of Feynman integrals manifest

General methods for deriving e-factorized differential
equations are key to systematic understanding
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A Zoo of Geometries

Integrals associated to geometries

E @ E * E

: i : . : . Higher-genus Y
Geometry - P . Elliptic curves . Calabi—Yaus Curvos 27
(polyllogarithms  *  Elliptic functions ? - Higher-genus
Functions log Li, MPL . K,FE II,eMPL . Expansions,insome . fu}?eﬁ?LnS

modular forms . cases modular forms . Siegel modular forms

]> o P dHere be
] : : : ; /\> © dragons
-xamples CYT e, 2 " ‘ : @ : f
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A (not so) simple example

Moller (e e — e e™) scattering at two-loops

e ' massless
7 massive

Genus 2 K3 surface
hyperelliptic curve (Calabi—Yau 2-fold)

Already at two-loop:
non-trivial geometries become prominent

Need new tools to simplify analytic evaluation of such integrals

Geometric Bookkeeping for Feynman Integrals | Sebastian Pégel

11



Non-trivial geometries and e-factorized DEQs
Where we are vs. where we want to be

Current geometry specific approaches present challenges

Requires case-by-case analysis

Required special functions can be poorly understood
(also in mathematics literature)

Geometric analysis limited to integer dimension

We would like a method that..

. does not require advanced knowledge of special functions
. 1S truly algorithmic (no "good” choices by user required)

. haturally extends to new geometries and many kinematic scales
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The Algorithm
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Two step process to derive
e-factorized differential equations

on maximal cut [E-collaboration, 2506.00124, 2510.XXXXX]

Choose Master Integrals, such that DEQ is Laurent polynomial in €

( ) ( ) ( ) ( )
dl =72 I +e 1 I+ &Y I+ &l I
\ ) \ ) \ ) \ )

Rotate away non-£-factorizing pieces, leaving only el term

( )
J =R suchthat dJ = &' J
\ )

Both steps algorithmic!
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Choosing Masters with
Laurent polynomial DEQ
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Framework: Twisted Cohomology

Standard de Rham cohomology

/ K =~ rational differential form

Integration by Parts: (¢ ~ ¢ 4+ d&

Not most natural to capture Feynman integrals in dimensional regularization.

Instead..

Twisted de Rham cohomology

|{ = rational differential form
Up

Fixed multivalued function J

Twist

Integration by Parts: ¢ >~ @ + V&  with V, =d+ dlog(u)A
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Twisted Cohomology and Feynman Integrals

Baikov representation of Feynman Integrals

Propagators = Integration Variables

\/Cﬁ = a/2+1D!
# v dzi<—'\z

i, .1, = Cg ijj - i I D;
] A

W
twist u regulates singularities at P; =0

Defines characteristic polynomial(s)
Baikov polynomials P;

Encode all geometric information of integral

Together with exponents a, b,

Distinguish Baikov polynomials

 even
odd

| even
a D.
I oqq T T
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IN the following, we work entirely in Baikov space

Consider generic integrands of the form

- = q
Baikov twist u = | P, J \x/itk}/— olynomialin
Q(z)
e E C(!)Pl‘“ ...IPk“k dz;! ...! dz,

Can always translate back to Feynman integrals whenever needed
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Baikov Representation and Hodge Theory

Baikov representation suggests understanding differential forms..

.in CP" (after suitably projectivizing)
.with set of characteristic polynomials P;
.with singularities only at Pj =0

Without twist this situation is already understood.

Mixed Hodge Structure

[Deligne, 1970]
I
(for our purposes)

Classify differential forms with support on
hypersurfaces and their intersections

Equivalent twisted version not clear.
However, ideas carry over!
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Geometric Integrands in Balkov Representation

Base space CP", hypersurfaces of interest P; = 0 (even)
Build integrands with «ocaly) logarithmic singularities

only possible for
Taking residues localizes on hypersurfaces € even Baikov Féollvmmials
. J .
— construct forms with support on hypersurfaces ut b

base geometry given
by odd Baikov polynomials

e.g. a Calabi—Yau
y? | P =0

a; odd
P2 =0 P1:P2:O\/P5:O

P1:O
= dP1,

p, -

(locally) «\\\\\\--—:’

= dP2 = 9P1, dPz
5, _ P Pz....
(locally) (locally)
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Filtrations

Tool to classify differential forms depending on certain properties

T,

W3

Example:n = 2
| 2 = - Q(z1,22)

pIn P dz, 1 dz

Wy
Set of forms with
‘"number of residues > x"

Motivation:
Mixed Hodge Structure

F 2 - dimension
gentn F 1 —_—
geoin F 0
gewmiin
x Set of forms with Motivation:
genm . 5 in i @pﬁgﬂ@[@ > " @nﬁths&tmm@ld}m
! |:c?omb ! |:cno!mb
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Prefactors

Reminder: We consider differential forms

| Hl...uk[Q] — C(I)Ple(ZII):)kuk d21! - dzn

) need a prescription for

€ prefactors

Three components, dependent on W,

C(')= Caps! Crei! Ceuten

Cabs CreI Cclutch
Cabs ! Cg ! 1 _
oure transcendental E(ai +h!) 11 M
weight zero | Hi

All integration-by-parts relations take the form:

| MHa...Mi...Hk | Zj Q T | Ui...(Hi+1) ...l k Q a | Z; F)i =0
-
Q independent of & e-dependence trivialized
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Integration-by-Parts

Heavy lifting of the algorithm done via Integration-by-Parts reduction

Integration-by-Parts: Quick reminder -
oW

Linear relations ~ reduction -
u' ;! =0 —> between integrals —> Basis of integrals

llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

Row reduction requires ordering of integrals

Choose ordering that prefers integrands with “good” properties!

Prefer integrands with more consecutive logarithmic singularities

Determined by
filtrations

Prefer integrands with lower deepest poles

Prefer integrands with fewer powers of P; in denominator
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To recap..

Derive Baikov representation of Feynman integral with polynomials P;
Build generic differential forms in Baikov space

Classify forms with Hodge theoretic filtrations

Define e prefactors

Based on filtrations, define integral ordering

Perform integration-by-parts reduction with that ordering
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Laurent Polynomial Differential Equations

Claim:

Basis of integrands chosen by these criteria satisfies a Laurent polynomial differential equation

| 1
dl = IPAP)]
D= Pmin \/ Independent of €
More than that:

The orders in € satisfy a block structure imposed by Ffomb
| 1

.: | 1PAP) . t

dl; ' A'J J Total power of P;

p="1 (Juli ! [ul;)

Example: basis with largest || = 2 and smallest || = 0

( \ ( \ ( \ ( \
d] =2 I+t I+ &Y I+ &t I
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From Laurent Polynomial
to e-factorized form
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From Laurent polynomial to e-factorized form

dI =2

Starting from Laurent polynomial, can systematically eliminate
non-e-factorizing terms

(

X

R matrix of generic functions in kinematics, but fixed e-dependence

I+ &1

(B

-1 10

1-2 -1

\

[
><

XK

)

/

T+ &Y

Define K = R' 1]

\

1 0

/

o)

XXX,

\ (s

J\"

I+ &l

\

1

/

(

\

Entries of R defined by polynomial differential constraints that are coupled..
.but systematically solvable, at worst as series expansions

Gives a complete algorithm for deriving e-factorized differential equations
for Feynman integrals
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Applications
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Application
Three-loop Banana Integral

[SP, Teschke, Weinzierl, Wang, 2507.23594|

TWISt | I | I | I
Four paraTn%ters u= P!pypL Y2 pl 2ty
=
4 P? Baikov polynomials
P1= 2 Options for Wy
anwn to b,e P, = 7, } log singularities
associated with a 5 5
K3 surface Ps;=2z;! 2(1! y1)z + (1 + y31)
Pa=(22! 21)" +2y2 (21 + 22) + Y5 2§Zﬁ?face
Ps =22 +2(ys+ ya)zs +(Ya! Ya)°
( ) ( ) \
dl =4 [+e ! I+ & [+ ¢t
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Allows high-precision numerical evaluation for

"Random” parameter slice! =

Q%)
1000
500 | _
\./xm O — A - " X O O O O ©
1 500 + N real : . real
imag 14000 | J imag
\ numerlcal : numerlcal :
1 1000 ' l 6000

'08'06'04'02 0O 02 04 06 0.8 '08'06'04'02 O 02 04 06 0.8
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Some additional examples

- X 10

Hyperelliptic genus 2 Elliptic

Elliptic
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Conclusions

Developed general algorithm derive e-factorized differential equations for Feynman integrals

No case-by-case geometric analysis required

No requirement of making "good” choices by user

Allows deriving solutions as multi-variate series expansions

Applied to non-trivial example (three-loop Banana integral),
verified against a number of known examples

Machinery to be applied to phenomenological integrals

LHC: mixed QCD-electroweak processes

FCC-ee: electroweak Bhabha scattering
Low-energy experiments:. Moller scattering

Thank you!
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Maximal Cuts

T
%—L%

1. {L 1 1(D;)}

Skeletonized version of integral
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Maximal-Cuts

In differential equations for Feynman integrals, maximal cuts are homogeneous part

DEQ matrixA

I(]:[O —
MaxCut( | )- 1 -
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Example: Calabi—Yaus in Feynman Integrals

Compute maximal cut
and you may get

MaxCut | |

Holomorphic top-form
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Calabi—Yau n-fold

Hypersurface in weighted projective space

[1 ;| 1« vv s | n y] | Wpl,l,..., 1,(n+1)
y2: P(I 1,-..,!n) with degP:Z(n+1)
Codimension 1 = Dimension n N |
Required for
Calabi—Yau
condition

MaxCut( | ) is a period of the Calabi—Yau
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