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Roadmap of this talk

Introduction to Feynman integrals

What is new: Algorithmic procedure for -factorized differential equations<latexit sha1_base64="OX6WJZVD+eOjgfslSWyWJfbCA/E="></latexit>ω

Examples

Differential equations and -factorized form<latexit sha1_base64="OX6WJZVD+eOjgfslSWyWJfbCA/E="></latexit>ω
Feynman integrals with non-trivial geometries

Twisted cohomology and Baikov representation
Filtrations from Hodge theory
Core of the algorithm

Three-loop Banana integral with four scales
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Introduction
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GravityParticle Physics 
<latexit sha1_base64="isFzFdhqYzYaLUxbx2uQu3EQkqY="></latexit>

Black holes

Scattering of…

Particles

Theory independent building blocks capturing loop-level analytic complexity

4

Feynman Integrals
Building blocks of scattering amplitudes
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What are current challenges?

Kinematic  
scales

Feynman integrals scale in complexity with number of…

Loops

up
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<latexit sha1_base64="Ss29MrcvwAUe6KeOwVPkhhce05M=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFNy5bsA9oh5LJ3LahmWRIMkIZ+gVu68+4E7f+gP/iwkw7C9t6IHA4997ce04Qc6aN6347hY3Nre2d4m5pb//g8Kh8fNLSMlEUmlRyqToB0cCZgKZhhkMnVkCigEM7GD9m9fYLKM2keDaTGPyIDAUbMEqMlRphv1xxq+4ceJ14OamgHPV++acXSppEIAzlROuu58bGT4kyjHKYlnqJhpjQMRlC11JBItB+Oj90ii+sEuKBVPYJg+fq34mURFpPosB2RsSM9GotE/+rdRMzuPdTJuLEgKCLRYOEYyNx5hqHTAE1fGIJoYrZWzEdEUWosdksbcn+DqXRS05Sba2OIJzauLzVcNZJ66rq3VZvGteV2kMeXBGdoXN0iTx0h2roCdVRE1EE6BXN0Jszc96dD+dz0Vpw8plTtATn6xdbbJ8W</latexit>

d

<latexit sha1_base64="wmRUfNdgV3+/CFeBSjLm6bRVxVM=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFNy5bsA9oh5LJ3LahmWRIMkIZ+gVu68+4E7f+gP/iwkw7C9t6IHA4997ce04Qc6aN6347hY3Nre2d4m5pb//g8Kh8fNLSMlEUmlRyqToB0cCZgKZhhkMnVkCigEM7GD9m9fYLKM2keDaTGPyIDAUbMEqMlRq0X664VXcOvE68nFRQjnq//NMLJU0iEIZyonXXc2Pjp0QZRjlMS71EQ0zomAyha6kgEWg/nR86xRdWCfFAKvuEwXP170RKIq0nUWA7I2JGerWWif/VuokZ3PspE3FiQNDFokHCsZE4c41DpoAaPrGEUMXsrZiOiCLU2GyWtmR/h9LoJSeptlZHEE5tXN5qOOukdVX1bqs3jetK7SEProjO0Dm6RB66QzX0hOqoiSgC9Ipm6M2ZOe/Oh/O5aC04+cwpWoLz9QtZvp8V</latexit>c

<latexit sha1_base64="ifYqc42wrjWEyBI93vSTr8/6acw=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFNy5bsA9oh5LJ3LahmWRIMkIZ+gVu68+4E7f+gP/iwkw7C9t6IHA4997ce04Qc6aN6347hY3Nre2d4m5pb//g8Kh8fNLSMlEUmlRyqToB0cCZgKZhhkMnVkCigEM7GD9m9fYLKM2keDaTGPyIDAUbMEqMlRq6X664VXcOvE68nFRQjnq//NMLJU0iEIZyonXXc2Pjp0QZRjlMS71EQ0zomAyha6kgEWg/nR86xRdWCfFAKvuEwXP170RKIq0nUWA7I2JGerWWif/VuokZ3PspE3FiQNDFokHCsZE4c41DpoAaPrGEUMXsrZiOiCLU2GyWtmR/h9LoJSeptlZHEE5tXN5qOOukdVX1bqs3jetK7SEProjO0Dm6RB66QzX0hOqoiSgC9Ipm6M2ZOe/Oh/O5aC04+cwpWoLz9Qt0np8l</latexit>s

<latexit sha1_base64="Va3sFSKrvHJMTbG9qy2X8vKLKsU=">AAACEnicbVDLSsNAFJ3UV62vqks3wSK4Kon4WknBjcsW7APaUCaT23boZBJmboQS+gVu68+4E7f+gP/iwkmbhW09MHA499659xw/Flyj43xbhY3Nre2d4m5pb//g8Kh8fNLSUaIYNFkkItXxqQbBJTSRo4BOrICGvoC2P37M6u0XUJpH8hknMXghHUo+4IyikRrYL1ecqjOHvU7cnFRIjnq//NMLIpaEIJEJqnXXdWL0UqqQMwHTUi/REFM2pkPoGippCNpL54dO7QujBPYgUuZJtOfq34mUhlpPQt90hhRHerWWif/VugkO7r2UyzhBkGyxaJAIGyM7c20HXAFDMTGEMsXNrTYbUUUZmmyWtmR/BxHqJSepNlZHEExNXO5qOOukdVV1b6s3jetK7SEPrkjOyDm5JC65IzXyROqkSRgB8kpm5M2aWe/Wh/W5aC1Y+cwpWYL19Qt2TJ8m</latexit>

t

<latexit sha1_base64="YmHqeaHU7X7eQUANOTbjsLxhVL8=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFNy5bsA9oh5LJ3LahmWRIMkIZ+gVu68+4E7f+gP/iwkw7C9t6IHA4997ce04Qc6aN6347hY3Nre2d4m5pb//g8Kh8fNLSMlEUmlRyqToB0cCZgKZhhkMnVkCigEM7GD9m9fYLKM2keDaTGPyIDAUbMEqMlRpBv1xxq+4ceJ14OamgHPV++acXSppEIAzlROuu58bGT4kyjHKYlnqJhpjQMRlC11JBItB+Oj90ii+sEuKBVPYJg+fq34mURFpPosB2RsSM9GotE/+rdRMzuPdTJuLEgKCLRYOEYyNx5hqHTAE1fGIJoYrZWzEdEUWosdksbcn+DqXRS05Sba2OIJzauLzVcNZJ66rq3VZvGteV2kMeXBGdoXN0iTx0h2roCdVRE1EE6BXN0Jszc96dD+dz0Vpw8plTtATn6xdYEJ8U</latexit>

b

<latexit sha1_base64="s7niAjWoz6U+QEtZptBRBVTeL2k=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFNy5bsA9oS8lk7rShmWRIMkIZ+gVu68+4E7f+gP/iwkw7C9t6IHA4997ce44fc6aN6347hY3Nre2d4m5pb//g8Kh8fNLSMlEUmlRyqTo+0cCZgKZhhkMnVkAin0PbHz9m9fYLKM2keDaTGPoRGQoWMkqMlRrDQbniVt058DrxclJBOeqD8k8vkDSJQBjKidZdz41NPyXKMMphWuolGmJCx2QIXUsFiUD30/mhU3xhlQCHUtknDJ6rfydSEmk9iXzbGREz0qu1TPyv1k1MeN9PmYgTA4IuFoUJx0bizDUOmAJq+MQSQhWzt2I6IopQY7NZ2pL9HUijl5yk2lodQTC1cXmr4ayT1lXVu63eNK4rtYc8uCI6Q+foEnnoDtXQE6qjJqII0CuaoTdn5rw7H87norXg5DOnaAnO1y9gdp8Z</latexit>g

<latexit sha1_base64="FLcXiSnNyIDKTVQAepqseP1W1ik=">AAACGHicbVDLSgMxFL3js9ZX1aWbYBFclRnxtZKCG5cV7APaoWQymTY0mQxJRihDP8Jt/Rl34tad/+LCTDsL23ogcDj33tx7TpBwpo3rfjtr6xubW9ulnfLu3v7BYeXouKVlqghtEsml6gRYU85i2jTMcNpJFMUi4LQdjB7yevuFKs1k/GzGCfUFHsQsYgQbK7V7AywELvcrVbfmzoBWiVeQKhRo9Cs/vVCSVNDYEI617npuYvwMK8MIp5NyL9U0wWSEB7RraYwF1X42O3eCzq0Sokgq+2KDZurfiQwLrccisJ0Cm6FeruXif7VuaqI7P2Nxkhoak/miKOXISJR7RyFTlBg+tgQTxeytiAyxwsTYhBa25H+H0ugFJ5m2Voc0nNi4vOVwVknrsubd1K6frqr1+yK4EpzCGVyAB7dQh0doQBMIjOAVpvDmTJ1358P5nLeuOcXMCSzA+foFprGhVw==</latexit>�

<latexit sha1_base64="BwUhTFZZVP4a4N1XWH9lZn/eBCM=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFNy5bsA9sh5LJ3LahmWRIMkIZ+gVu68+4E7f+gP/iwkw7C1s9EDice2/uPSeIOdPGdb+cwtr6xuZWcbu0s7u3f1A+PGppmSgKTSq5VJ2AaOBMQNMww6ETKyBRwKEdjO+zevsZlGZSPJpJDH5EhoINGCXGSo2nfrniVt058F/i5aSCctT75e9eKGkSgTCUE627nhsbPyXKMMphWuolGmJCx2QIXUsFiUD76fzQKT6zSogHUtknDJ6rvydSEmk9iQLbGREz0qu1TPyv1k3M4NZPmYgTA4IuFg0Sjo3EmWscMgXU8IklhCpmb8V0RBShxmaztCX7O5RGLzlJtbU6gnBq4/JWw/lLWhdV77p61bis1O7y4IroBJ2ic+ShG1RDD6iOmogiQC9ohl6dmfPmvDsfi9aCk88coyU4nz9KoJ8M</latexit>

Z

<latexit sha1_base64="A7w3xi2x+C56DOpInfl3yd8qJhA=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFNy5bsA9oh5LJ3LahmWRIMkIZ+gVu68+4E7f+gP/iwkw7C9t6IHA4997ce04Qc6aN6347hY3Nre2d4m5pb//g8Kh8fNLSMlEUmlRyqToB0cCZgKZhhkMnVkCigEM7GD9m9fYLKM2keDaTGPyIDAUbMEqMlRrtfrniVt058DrxclJBOer98k8vlDSJQBjKidZdz42NnxJlGOUwLfUSDTGhYzKErqWCRKD9dH7oFF9YJcQDqewTBs/VvxMpibSeRIHtjIgZ6dVaJv5X6yZmcO+nTMSJAUEXiwYJx0bizDUOmQJq+MQSQhWzt2I6IopQY7NZ2pL9HUqjl5yk2lodQTi1cXmr4ayT1lXVu63eNK4rtYc8uCI6Q+foEnnoDtXQE6qjJqII0CuaoTdn5rw7H87norXg5DOnaAnO1y9Flp8J</latexit>

W
<latexit sha1_base64="SxBONXmZFIaRoZWwAmcBv2MO930=">AAACGHicbVC7SgNBFJ2NrxhfUUubwSBYhV3xVUnAxjKCeUB2CbOzk2TIPJZ5CGHJR9jGn7ETWzv/xcLZZAsTPTBwOPfeufecOGVUG9//8kpr6xubW+Xtys7u3v5B9fCoraVVmLSwZFJ1Y6QJo4K0DDWMdFNFEI8Z6cTj+7zeeSZKUymezCQlEUdDQQcUI+OkTihsP+S2X635dX8O+JcEBamBAs1+9TtMJLacCIMZ0roX+KmJMqQMxYxMK6HVJEV4jIak56hAnOgom587hWdOSeBAKveEgXP190SGuNYTHrtOjsxIr9Zy8b9az5rBbZRRkVpDBF4sGlgGjYS5d5hQRbBhE0cQVtTdCvEIKYSNS2hpS/53Io1ecpJpZ3VEkqmLK1gN5y9pX9SD6/rV42WtcVcEVwYn4BScgwDcgAZ4AE3QAhiMwQuYgVdv5r15797HorXkFTPHYAne5w9oHaHK</latexit>⌫µ

<latexit sha1_base64="TMvWMb0xN365G04er3xxuHJRFZY=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFNy4r2Ae0Q8lk7rShmWRIMkIZ+g1u68+4E7du/RcXZtpZ2OqBwOHce3PvOUHCmTau++WU1tY3NrfK25Wd3b39g+rhUVvLVFFoUcml6gZEA2cCWoYZDt1EAYkDDp1gfJ/XO8+gNJPiyUwS8GMyFCxilBgrtfoiHcCgWnPr7hz4L/EKUkMFmoPqdz+UNI1BGMqJ1j3PTYyfEWUY5TCt9FMNCaFjMoSepYLEoP1sfuwUn1klxJFU9gmD5+rviYzEWk/iwHbGxIz0ai0X/6v1UhPd+hkTSWpA0MWiKOXYSJw7xyFTQA2fWEKoYvZWTEdEEWpsPktb8r9DafSSk0xbqyMIpzYubzWcv6R9Ufeu61ePl7XGXRFcGZ2gU3SOPHSDGugBNVELUcTQC5qhV2fmvDnvzseiteQUM8doCc7nD6zyoN0=</latexit>⌫e

<latexit sha1_base64="E99MvUFzXoL5f5sG38xhowLipoI=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFNy5bsA9oh5LJ3LahmWRIMkIZ+gVu68+4E7f+gP/iwkw7C9t6IHA4997ce04Qc6aN6347hY3Nre2d4m5pb//g8Kh8fNLSMlEUmlRyqToB0cCZgKZhhkMnVkCigEM7GD9m9fYLKM2keDaTGPyIDAUbMEqMlRrQL1fcqjsHXideTiooR71f/umFkiYRCEM50brrubHxU6IMoxympV6iISZ0TIbQtVSQCLSfzg+d4gurhHgglX3C4Ln6dyIlkdaTKLCdETEjvVrLxP9q3cQM7v2UiTgxIOhi0SDh2EicucYhU0ANn1hCqGL2VkxHRBFqbDZLW7K/Q2n0kpNUW6sjCKc2Lm81nHXSuqp6t9WbxnWl9pAHV0Rn6BxdIg/doRp6QnXURBQBekUz9ObMnHfnw/lctBacfOYULcH5+gVdGp8X</latexit>e
<latexit sha1_base64="zWDaVl8XUzc6Snrkv6ffswc/uhw=">AAACFHicbVDLSsNAFJ3UV62vqks3wSK4Kon4WknBjcuK9gFtKJPJbTt0HmFmIpTQT3Bbf8aduHXvv7hw0mZhWw8MHM69d+49J4wZ1cbzvp3C2vrG5lZxu7Szu7d/UD48amqZKAINIplU7RBrYFRAw1DDoB0rwDxk0ApH91m99QJKUymezTiGgOOBoH1KsLHSU5cnvXLFq3ozuKvEz0kF5aj3yj/dSJKEgzCEYa07vhebIMXKUMJgUuomGmJMRngAHUsF5qCDdHbqxD2zSuT2pbJPGHem/p1IMdd6zEPbybEZ6uVaJv5X6ySmfxukVMSJAUHmi/oJc410M99uRBUQw8aWYKKovdUlQ6wwMTadhS3Z35E0esFJqq3VIUQTG5e/HM4qaV5U/evq1eNlpXaXB1dEJ+gUnSMf3aAaekB11EAEDdArmqI3Z+q8Ox/O57y14OQzx2gBztcvFPmgBA==</latexit>µ <latexit sha1_base64="gcnM+H4lYPECAQ3HRKVXZbxf6eA=">AAACFXicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFNy4r2Ae0Q8lkMm1oJhmSO0IZ+gtu68+4E7eu/RcXZtpZ2OqBwOHce3PvOUEiuAHX/XJKa+sbm1vl7crO7t7+QfXwqG1UqilrUSWU7gbEMMElawEHwbqJZiQOBOsE4/u83nlm2nAln2CSMD8mQ8kjTgnkUh9IOqjW3Lo7B/5LvILUUIHmoPrdDxVNYyaBCmJMz3MT8DOigVPBppV+alhC6JgMWc9SSWJm/Gx+6xSfWSXEkdL2ScBz9fdERmJjJnFgO2MCI7Nay8X/ar0Uols/4zJJgUm6WBSlAoPCuXEccs0oiIklhGpub8V0RDShYONZ2pL/HSowS04yY62OWDi1cXmr4fwl7Yu6d12/erysNe6K4MroBJ2ic+ShG9RAD6iJWoiiEXpBM/TqzJw35935WLSWnGLmGC3B+fwB6fOgdg==</latexit>⌧

Higgs

<latexit sha1_base64="rrPdRPdcDrGBgVZxP/q2t01t3nU=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFN122YB/QlpLJ3GlDM8mQZIQy9Avc1p9xJ279Af/FhZl2FrZ6IHA4997ce44fc6aN6345hY3Nre2d4m5pb//g8Kh8fNLWMlEUWlRyqbo+0cCZgJZhhkM3VkAin0PHnzxm9c4zKM2keDLTGAYRGQkWMkqMlZr1YbniVt0F8F/i5aSCcjSG5e9+IGkSgTCUE617nhubQUqUYZTDrNRPNMSETsgIepYKEoEepItDZ/jCKgEOpbJPGLxQf0+kJNJ6Gvm2MyJmrNdrmfhfrZeY8H6QMhEnBgRdLgoTjo3EmWscMAXU8KklhCpmb8V0TBShxmazsiX7O5BGrzhJtbU6hmBm4/LWw/lL2ldV77Z607yu1B7y4IroDJ2jS+ShO1RDddRALUQRoBc0R6/O3Hlz3p2PZWvByWdO0Qqczx8sZJ76</latexit>

H

Quarks Leptons Gauge Bosons Scalar Bosons

up

<latexit sha1_base64="ICLtrUrr7IvT4aeBNFcGYlV/0W0=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFNy5bsA9oh5LJ3LahmWRIMkIZ+gVu68+4E7f+gP/iwkw7C9t6IHA4997ce04Qc6aN6347hY3Nre2d4m5pb//g8Kh8fNLSMlEUmlRyqToB0cCZgKZhhkMnVkCigEM7GD9m9fYLKM2keDaTGPyIDAUbMEqMlRpJv1xxq+4ceJ14OamgHPV++acXSppEIAzlROuu58bGT4kyjHKYlnqJhpjQMRlC11JBItB+Oj90ii+sEuKBVPYJg+fq34mURFpPosB2RsSM9GotE/+rdRMzuPdTJuLEgKCLRYOEYyNx5hqHTAE1fGIJoYrZWzEdEUWosdksbcn+DqXRS05Sba2OIJzauLzVcNZJ66rq3VZvGteV2kMeXBGdoXN0iTx0h2roCdVRE1EE6BXN0Jszc96dD+dz0Vpw8plTtATn6xd3+p8n</latexit>u

charm top gluon

down strange bottom photon

electron muon tau Z boson

electron 
neutrino

muon 
neutrino

tau 
neutrino

<latexit sha1_base64="exnMr77WTm2t6bo3Oq09yEeJwaw=">AAACGXicbVDLSgMxFM34rPVVdekmWARXZUZ8raTgxmUF+4DOUDKZtA3NJENyRyhDf8Jt/Rl34taV/+LCTDsL23ogcDj33tx7TpgIbsB1v5219Y3Nre3STnl3b//gsHJ03DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD0UNeb78wbbiSzzBOWBCTgeR9TglYqePLtOcDSXuVqltzZ8CrxCtIFRVo9Co/fqRoGjMJVBBjup6bQJARDZwKNin7qWEJoSMyYF1LJYmZCbLZvRN8bpUI95W2TwKeqX8nMhIbM45D2xkTGJrlWi7+V+um0L8LMi6TFJik80X9VGBQODePI64ZBTG2hFDN7a2YDokmFGxEC1vyvyMFZsFJZqzVIYsmNi5vOZxV0rqseTe166erav2+CK6ETtEZukAeukV19IgaqIkoEugVTdGbM3XenQ/nc9665hQzJ2gBztcvPsyiPA==</latexit>⌫⌧

W boson

<latexit sha1_base64="Ss29MrcvwAUe6KeOwVPkhhce05M=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFNy5bsA9oh5LJ3LahmWRIMkIZ+gVu68+4E7f+gP/iwkw7C9t6IHA4997ce04Qc6aN6347hY3Nre2d4m5pb//g8Kh8fNLSMlEUmlRyqToB0cCZgKZhhkMnVkCigEM7GD9m9fYLKM2keDaTGPyIDAUbMEqMlRphv1xxq+4ceJ14OamgHPV++acXSppEIAzlROuu58bGT4kyjHKYlnqJhpjQMRlC11JBItB+Oj90ii+sEuKBVPYJg+fq34mURFpPosB2RsSM9GotE/+rdRMzuPdTJuLEgKCLRYOEYyNx5hqHTAE1fGIJoYrZWzEdEUWosdksbcn+DqXRS05Sba2OIJzauLzVcNZJ66rq3VZvGteV2kMeXBGdoXN0iTx0h2roCdVRE1EE6BXN0Jszc96dD+dz0Vpw8plTtATn6xdbbJ8W</latexit>

d

<latexit sha1_base64="wmRUfNdgV3+/CFeBSjLm6bRVxVM=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFNy5bsA9oh5LJ3LahmWRIMkIZ+gVu68+4E7f+gP/iwkw7C9t6IHA4997ce04Qc6aN6347hY3Nre2d4m5pb//g8Kh8fNLSMlEUmlRyqToB0cCZgKZhhkMnVkCigEM7GD9m9fYLKM2keDaTGPyIDAUbMEqMlRq0X664VXcOvE68nFRQjnq//NMLJU0iEIZyonXXc2Pjp0QZRjlMS71EQ0zomAyha6kgEWg/nR86xRdWCfFAKvuEwXP170RKIq0nUWA7I2JGerWWif/VuokZ3PspE3FiQNDFokHCsZE4c41DpoAaPrGEUMXsrZiOiCLU2GyWtmR/h9LoJSeptlZHEE5tXN5qOOukdVX1bqs3jetK7SEProjO0Dm6RB66QzX0hOqoiSgC9Ipm6M2ZOe/Oh/O5aC04+cwpWoLz9QtZvp8V</latexit>c

<latexit sha1_base64="ifYqc42wrjWEyBI93vSTr8/6acw=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFNy5bsA9oh5LJ3LahmWRIMkIZ+gVu68+4E7f+gP/iwkw7C9t6IHA4997ce04Qc6aN6347hY3Nre2d4m5pb//g8Kh8fNLSMlEUmlRyqToB0cCZgKZhhkMnVkCigEM7GD9m9fYLKM2keDaTGPyIDAUbMEqMlRq6X664VXcOvE68nFRQjnq//NMLJU0iEIZyonXXc2Pjp0QZRjlMS71EQ0zomAyha6kgEWg/nR86xRdWCfFAKvuEwXP170RKIq0nUWA7I2JGerWWif/VuokZ3PspE3FiQNDFokHCsZE4c41DpoAaPrGEUMXsrZiOiCLU2GyWtmR/h9LoJSeptlZHEE5tXN5qOOukdVX1bqs3jetK7SEProjO0Dm6RB66QzX0hOqoiSgC9Ipm6M2ZOe/Oh/O5aC04+cwpWoLz9Qt0np8l</latexit>s

<latexit sha1_base64="Va3sFSKrvHJMTbG9qy2X8vKLKsU=">AAACEnicbVDLSsNAFJ3UV62vqks3wSK4Kon4WknBjcsW7APaUCaT23boZBJmboQS+gVu68+4E7f+gP/iwkmbhW09MHA499659xw/Flyj43xbhY3Nre2d4m5pb//g8Kh8fNLSUaIYNFkkItXxqQbBJTSRo4BOrICGvoC2P37M6u0XUJpH8hknMXghHUo+4IyikRrYL1ecqjOHvU7cnFRIjnq//NMLIpaEIJEJqnXXdWL0UqqQMwHTUi/REFM2pkPoGippCNpL54dO7QujBPYgUuZJtOfq34mUhlpPQt90hhRHerWWif/VugkO7r2UyzhBkGyxaJAIGyM7c20HXAFDMTGEMsXNrTYbUUUZmmyWtmR/BxHqJSepNlZHEExNXO5qOOukdVV1b6s3jetK7SEPrkjOyDm5JC65IzXyROqkSRgB8kpm5M2aWe/Wh/W5aC1Y+cwpWYL19Qt2TJ8m</latexit>

t

<latexit sha1_base64="YmHqeaHU7X7eQUANOTbjsLxhVL8=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFNy5bsA9oh5LJ3LahmWRIMkIZ+gVu68+4E7f+gP/iwkw7C9t6IHA4997ce04Qc6aN6347hY3Nre2d4m5pb//g8Kh8fNLSMlEUmlRyqToB0cCZgKZhhkMnVkCigEM7GD9m9fYLKM2keDaTGPyIDAUbMEqMlRpBv1xxq+4ceJ14OamgHPV++acXSppEIAzlROuu58bGT4kyjHKYlnqJhpjQMRlC11JBItB+Oj90ii+sEuKBVPYJg+fq34mURFpPosB2RsSM9GotE/+rdRMzuPdTJuLEgKCLRYOEYyNx5hqHTAE1fGIJoYrZWzEdEUWosdksbcn+DqXRS05Sba2OIJzauLzVcNZJ66rq3VZvGteV2kMeXBGdoXN0iTx0h2roCdVRE1EE6BXN0Jszc96dD+dz0Vpw8plTtATn6xdYEJ8U</latexit>

b

<latexit sha1_base64="s7niAjWoz6U+QEtZptBRBVTeL2k=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFNy5bsA9oS8lk7rShmWRIMkIZ+gVu68+4E7f+gP/iwkw7C9t6IHA4997ce44fc6aN6347hY3Nre2d4m5pb//g8Kh8fNLSMlEUmlRyqTo+0cCZgKZhhkMnVkAin0PbHz9m9fYLKM2keDaTGPoRGQoWMkqMlRrDQbniVt058DrxclJBOeqD8k8vkDSJQBjKidZdz41NPyXKMMphWuolGmJCx2QIXUsFiUD30/mhU3xhlQCHUtknDJ6rfydSEmk9iXzbGREz0qu1TPyv1k1MeN9PmYgTA4IuFoUJx0bizDUOmAJq+MQSQhWzt2I6IopQY7NZ2pL9HUijl5yk2lodQTC1cXmr4ayT1lXVu63eNK4rtYc8uCI6Q+foEnnoDtXQE6qjJqII0CuaoTdn5rw7H87norXg5DOnaAnO1y9gdp8Z</latexit>g

<latexit sha1_base64="FLcXiSnNyIDKTVQAepqseP1W1ik=">AAACGHicbVDLSgMxFL3js9ZX1aWbYBFclRnxtZKCG5cV7APaoWQymTY0mQxJRihDP8Jt/Rl34tad/+LCTDsL23ogcDj33tx7TpBwpo3rfjtr6xubW9ulnfLu3v7BYeXouKVlqghtEsml6gRYU85i2jTMcNpJFMUi4LQdjB7yevuFKs1k/GzGCfUFHsQsYgQbK7V7AywELvcrVbfmzoBWiVeQKhRo9Cs/vVCSVNDYEI617npuYvwMK8MIp5NyL9U0wWSEB7RraYwF1X42O3eCzq0Sokgq+2KDZurfiQwLrccisJ0Cm6FeruXif7VuaqI7P2Nxkhoak/miKOXISJR7RyFTlBg+tgQTxeytiAyxwsTYhBa25H+H0ugFJ5m2Voc0nNi4vOVwVknrsubd1K6frqr1+yK4EpzCGVyAB7dQh0doQBMIjOAVpvDmTJ1358P5nLeuOcXMCSzA+foFprGhVw==</latexit>�

<latexit sha1_base64="BwUhTFZZVP4a4N1XWH9lZn/eBCM=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFNy5bsA9sh5LJ3LahmWRIMkIZ+gVu68+4E7f+gP/iwkw7C1s9EDice2/uPSeIOdPGdb+cwtr6xuZWcbu0s7u3f1A+PGppmSgKTSq5VJ2AaOBMQNMww6ETKyBRwKEdjO+zevsZlGZSPJpJDH5EhoINGCXGSo2nfrniVt058F/i5aSCctT75e9eKGkSgTCUE627nhsbPyXKMMphWuolGmJCx2QIXUsFiUD76fzQKT6zSogHUtknDJ6rvydSEmk9iQLbGREz0qu1TPyv1k3M4NZPmYgTA4IuFg0Sjo3EmWscMgXU8IklhCpmb8V0RBShxmaztCX7O5RGLzlJtbU6gnBq4/JWw/lLWhdV77p61bis1O7y4IroBJ2ic+ShG1RDD6iOmogiQC9ohl6dmfPmvDsfi9aCk88coyU4nz9KoJ8M</latexit>

Z

<latexit sha1_base64="A7w3xi2x+C56DOpInfl3yd8qJhA=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFNy5bsA9oh5LJ3LahmWRIMkIZ+gVu68+4E7f+gP/iwkw7C9t6IHA4997ce04Qc6aN6347hY3Nre2d4m5pb//g8Kh8fNLSMlEUmlRyqToB0cCZgKZhhkMnVkCigEM7GD9m9fYLKM2keDaTGPyIDAUbMEqMlRrtfrniVt058DrxclJBOer98k8vlDSJQBjKidZdz42NnxJlGOUwLfUSDTGhYzKErqWCRKD9dH7oFF9YJcQDqewTBs/VvxMpibSeRIHtjIgZ6dVaJv5X6yZmcO+nTMSJAUEXiwYJx0bizDUOmQJq+MQSQhWzt2I6IopQY7NZ2pL9HUqjl5yk2lodQTi1cXmr4ayT1lXVu63eNK4rtYc8uCI6Q+foEnnoDtXQE6qjJqII0CuaoTdn5rw7H87norXg5DOnaAnO1y9Flp8J</latexit>

W
<latexit sha1_base64="SxBONXmZFIaRoZWwAmcBv2MO930=">AAACGHicbVC7SgNBFJ2NrxhfUUubwSBYhV3xVUnAxjKCeUB2CbOzk2TIPJZ5CGHJR9jGn7ETWzv/xcLZZAsTPTBwOPfeufecOGVUG9//8kpr6xubW+Xtys7u3v5B9fCoraVVmLSwZFJ1Y6QJo4K0DDWMdFNFEI8Z6cTj+7zeeSZKUymezCQlEUdDQQcUI+OkTihsP+S2X635dX8O+JcEBamBAs1+9TtMJLacCIMZ0roX+KmJMqQMxYxMK6HVJEV4jIak56hAnOgom587hWdOSeBAKveEgXP190SGuNYTHrtOjsxIr9Zy8b9az5rBbZRRkVpDBF4sGlgGjYS5d5hQRbBhE0cQVtTdCvEIKYSNS2hpS/53Io1ecpJpZ3VEkqmLK1gN5y9pX9SD6/rV42WtcVcEVwYn4BScgwDcgAZ4AE3QAhiMwQuYgVdv5r15797HorXkFTPHYAne5w9oHaHK</latexit>⌫µ

<latexit sha1_base64="TMvWMb0xN365G04er3xxuHJRFZY=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFNy4r2Ae0Q8lk7rShmWRIMkIZ+g1u68+4E7du/RcXZtpZ2OqBwOHce3PvOUHCmTau++WU1tY3NrfK25Wd3b39g+rhUVvLVFFoUcml6gZEA2cCWoYZDt1EAYkDDp1gfJ/XO8+gNJPiyUwS8GMyFCxilBgrtfoiHcCgWnPr7hz4L/EKUkMFmoPqdz+UNI1BGMqJ1j3PTYyfEWUY5TCt9FMNCaFjMoSepYLEoP1sfuwUn1klxJFU9gmD5+rviYzEWk/iwHbGxIz0ai0X/6v1UhPd+hkTSWpA0MWiKOXYSJw7xyFTQA2fWEKoYvZWTEdEEWpsPktb8r9DafSSk0xbqyMIpzYubzWcv6R9Ufeu61ePl7XGXRFcGZ2gU3SOPHSDGugBNVELUcTQC5qhV2fmvDnvzseiteQUM8doCc7nD6zyoN0=</latexit>⌫e

<latexit sha1_base64="E99MvUFzXoL5f5sG38xhowLipoI=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFNy5bsA9oh5LJ3LahmWRIMkIZ+gVu68+4E7f+gP/iwkw7C9t6IHA4997ce04Qc6aN6347hY3Nre2d4m5pb//g8Kh8fNLSMlEUmlRyqToB0cCZgKZhhkMnVkCigEM7GD9m9fYLKM2keDaTGPyIDAUbMEqMlRrQL1fcqjsHXideTiooR71f/umFkiYRCEM50brrubHxU6IMoxympV6iISZ0TIbQtVSQCLSfzg+d4gurhHgglX3C4Ln6dyIlkdaTKLCdETEjvVrLxP9q3cQM7v2UiTgxIOhi0SDh2EicucYhU0ANn1hCqGL2VkxHRBFqbDZLW7K/Q2n0kpNUW6sjCKc2Lm81nHXSuqp6t9WbxnWl9pAHV0Rn6BxdIg/doRp6QnXURBQBekUz9ObMnHfnw/lctBacfOYULcH5+gVdGp8X</latexit>e
<latexit sha1_base64="zWDaVl8XUzc6Snrkv6ffswc/uhw=">AAACFHicbVDLSsNAFJ3UV62vqks3wSK4Kon4WknBjcuK9gFtKJPJbTt0HmFmIpTQT3Bbf8aduHXvv7hw0mZhWw8MHM69d+49J4wZ1cbzvp3C2vrG5lZxu7Szu7d/UD48amqZKAINIplU7RBrYFRAw1DDoB0rwDxk0ApH91m99QJKUymezTiGgOOBoH1KsLHSU5cnvXLFq3ozuKvEz0kF5aj3yj/dSJKEgzCEYa07vhebIMXKUMJgUuomGmJMRngAHUsF5qCDdHbqxD2zSuT2pbJPGHem/p1IMdd6zEPbybEZ6uVaJv5X6ySmfxukVMSJAUHmi/oJc410M99uRBUQw8aWYKKovdUlQ6wwMTadhS3Z35E0esFJqq3VIUQTG5e/HM4qaV5U/evq1eNlpXaXB1dEJ+gUnSMf3aAaekB11EAEDdArmqI3Z+q8Ox/O57y14OQzx2gBztcvFPmgBA==</latexit>µ <latexit sha1_base64="gcnM+H4lYPECAQ3HRKVXZbxf6eA=">AAACFXicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFNy4r2Ae0Q8lkMm1oJhmSO0IZ+gtu68+4E7eu/RcXZtpZ2OqBwOHce3PvOUEiuAHX/XJKa+sbm1vl7crO7t7+QfXwqG1UqilrUSWU7gbEMMElawEHwbqJZiQOBOsE4/u83nlm2nAln2CSMD8mQ8kjTgnkUh9IOqjW3Lo7B/5LvILUUIHmoPrdDxVNYyaBCmJMz3MT8DOigVPBppV+alhC6JgMWc9SSWJm/Gx+6xSfWSXEkdL2ScBz9fdERmJjJnFgO2MCI7Nay8X/ar0Uols/4zJJgUm6WBSlAoPCuXEccs0oiIklhGpub8V0RDShYONZ2pL/HSowS04yY62OWDi1cXmr4fwl7Yu6d12/erysNe6K4MroBJ2ic+ShG9RAD6iJWoiiEXpBM/TqzJw35935WLSWnGLmGC3B+fwB6fOgdg==</latexit>⌧

Higgs

<latexit sha1_base64="rrPdRPdcDrGBgVZxP/q2t01t3nU=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFN122YB/QlpLJ3GlDM8mQZIQy9Avc1p9xJ279Af/FhZl2FrZ6IHA4997ce44fc6aN6345hY3Nre2d4m5pb//g8Kh8fNLWMlEUWlRyqbo+0cCZgJZhhkM3VkAin0PHnzxm9c4zKM2keDLTGAYRGQkWMkqMlZr1YbniVt0F8F/i5aSCcjSG5e9+IGkSgTCUE617nhubQUqUYZTDrNRPNMSETsgIepYKEoEepItDZ/jCKgEOpbJPGLxQf0+kJNJ6Gvm2MyJmrNdrmfhfrZeY8H6QMhEnBgRdLgoTjo3EmWscMAXU8KklhCpmb8V0TBShxmazsiX7O5BGrzhJtbU6hmBm4/LWw/lL2ldV77Z607yu1B7y4IroDJ2jS+ShO1RDddRALUQRoBc0R6/O3Hlz3p2PZWvByWdO0Qqczx8sZJ76</latexit>

H

Quarks Leptons Gauge Bosons Scalar Bosons

@ high-precision

Things get complicated

&
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Propagators
Numerators: <latexit sha1_base64="ymjrQG9moH2oMwmUr45OwfHleYE="></latexit>

ωj < 0

What we want:

Laurent series of 
<latexit sha1_base64="ezpnFunWAwr+8Srx4SLFE3iO4nk="></latexit>

Iω1...ωm  in <latexit sha1_base64="sHgKoidTTqyHE28T90RqcDL9lhs="></latexit>ω

Dimensional regularization

Feynman Integrals 101
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Two important features:

1 Integration-by-parts relations

Total derivative

<latexit sha1_base64="Io4b59eKFVJnWXrtOgpMH9NzZ0M="></latexit>∫ (
∏

i

dDli

)
qµ

ω

ωlµj

(
1∏

j D
ωj

j

)
= 0

Generate linear relations between Feynman integrals→

Can find a minimal basis of Feynman integrals: → Master Integrals

2 Derivatives of Feynman Integrals are again Feynman Integrals

w.r.t. external kinematics

7

Feynman Integrals: Some properties
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Main tool to evaluate Feynman Integrals

<latexit sha1_base64="JnJsWviyQGz8rYQkw/cyyaOB7Kw="></latexit>

dJ = ωÃ(x)J

Find “good” basis such that  factorizes <latexit sha1_base64="BjpFzR/4XVbVTdTjIg5+iht5suo="></latexit>"
<latexit sha1_base64="jg19DQSkZKVKhG51zNyaKQN4qrk="></latexit>

J = UI

Solution given by   
path-ordered  
exponential

<latexit sha1_base64="V6zzfVoQ297hO8990/01J4m7krQ="></latexit>

J = "0J0 + "1
Z 1

0
dtÃ(t)J0 + "2

Z 1

0
dt1

Z t1

0
dt2Ã(t1)Ã(t2)J0 +O("3)

<latexit sha1_base64="33DX6QlvD7lfg4fktabh4F8ir74=">AAACAHicbVC7TgJBFJ3FF+ILtbSZSEywIbvGoCUJDSUm8kgAyd3hghNmH5m5a0I2NH6FrVZ2xtY/sfBf3F0pFDzVyTn35p573FBJQ7b9aeXW1jc2t/LbhZ3dvf2D4uFR2wSRFtgSgQp01wWDSvrYIkkKu6FG8FyFHXdaT/3OA2ojA/+WZiEOPJj4ciwFUCLd9T2gewEqrs/LdD4sluyKnYGvEmdBSmyB5rD41R8FIvLQJ6HAmJ5jhzSIQZMUCueFfmQwBDGFCfYS6oOHZhBnqef8LDJAAQ9Rc6l4JuLvjRg8Y2aem0ymKc2yl4r/eb2IxteDWPphROiL9BBJhdkhI7RM6kA+khqJIE2OXPpcgAYi1JKDEIkYJf0Ukj6c5e9XSfui4lQr1ZvLUq2xaCbPTtgpKzOHXbEaa7AmazHBNHtiz+zFerRerTfr/Wc0Zy12jtkfWB/f9WmW0g==</latexit>

C(t)Let be an integration contour 
<latexit sha1_base64="AUszgsnhbRaR7HshVV0b5KAXINA=">AAAB/HicbVC7TsNAEDyHVwivACXNiQiJAkU2QoEyEk3KIJGHcKzofNmEU85n626NFFnhK2ihokO0/AsF/4JtXEDCVKOZXe3s+JEUBm370yqtrK6tb5Q3K1vbO7t71f2DrgljzaHDQxnqvs8MSKGggwIl9CMNLPAl9Pzpdeb3HkAbEapbnEXgBWyixFhwhql0hwOhqGufOd6wWrPrdg66TJyC1EiB9rD6NRiFPA5AIZfMGNexI/QSplFwCfPKIDYQMT5lE3BTqlgAxkvyxHN6EhuGIY1AUyFpLsLvjYQFxswCP50MGN6bRS8T//PcGMdXXiJUFCMonh1CISE/ZLgWaRVAR0IDIsuSA03/50wzRNCCMs5TMU67qaR9OIvfL5Pued1p1Bs3F7Vmq2imTI7IMTklDrkkTdIibdIhnCjyRJ7Ji/VovVpv1vvPaMkqdg7JH1gf3+0blIA=</latexit>

t 2 [0, 1]
<latexit sha1_base64="Vs8g/79OaPz8IRrHpSfNBPPlbSE=">AAACBnicbVC7TgJBFJ31ifhCLG0mEhNsyK4xaGNCQkOJiTwSIOTucMEJs4/M3DWQDb1fYauVnbH1Nyz8F3eRQsFTnZxzb+65xw2VNGTbn9ba+sbm1nZmJ7u7t39wmDvKN00QaYENEahAt10wqKSPDZKksB1qBM9V2HLH1dRvPaA2MvDvaBpiz4ORL4dSACVSP5fvekD3AlRcnRXt85tJ3+7nCnbJnoOvEmdBCmyBej/31R0EIvLQJ6HAmI5jh9SLQZMUCmfZbmQwBDGGEXYS6oOHphfPs8/4WWSAAh6i5lLxuYi/N2LwjJl6bjKZJjXLXir+53UiGl73YumHEaEv0kMkFc4PGaFlUgrygdRIBGly5NLnAjQQoZYchEjEKGkpm/ThLH+/SpoXJadcKt9eFiq1RTMZdsJOWZE57IpVWI3VWYMJNmFP7Jm9WI/Wq/Vmvf+MrlmLnWP2B9bHN6e3mCs=</latexit>

C(0) = x0
<latexit sha1_base64="EVFArRPaCOFsBvm0gzEMQvlPpK8=">AAACBHicbVC7SgNREJ31bXytWtpcDII2YVck2giCjaWCMYEkhNnrJF68++De2WBY0voVtlrZia3/YeG/uBtTaOKpDufMMGdOkGhl2fM+nZnZufmFxaXl0srq2vqGu7l1Y+PUSKrJWMemEaAlrSKqsWJNjcQQhoGmenB/Xvj1Phmr4uiaBwm1Q+xFqqskci51XLcVIt9J1Nn5cN8/OH3ouGWv4o0gpok/JmUY47LjfrVuY5mGFLHUaG3T9xJuZ2hYSU3DUiu1lKC8xx41cxphSLadjZIPxV5qkWORkBFKi5FIvzcyDK0dhEE+WeS0k14h/uc1U+6etDMVJSlTJItDrDSNDllpVF4JiVtliBmL5CRUJCQaZCajBEqZi2neUSnvw5/8fprcHFb8aqV6dVQ+uxg3swQ7sAv74MMxnMEFXEINJPThCZ7hxXl0Xp035/1ndMYZ72zDHzgf33RSl4k=</latexit>

C(1) = xwith 

<latexit sha1_base64="SORfmeNDQI6m19OGHYstmiVSbPs="></latexit>

J = P exp

(
ω

∫
Ã

)
J0

Kinematic variables
Matrix of differential 1-formsBasis of Master Integrals

<latexit sha1_base64="76BEUDqLwHZo4CXAQfi0IdiX+4E="></latexit>

I = {I1, . . . , In}
<latexit sha1_base64="LzKTlh9nfxBrTbPvkxora+0A7L8="></latexit>

dI = A(x, ω)I
<latexit sha1_base64="VCvhugclrPu+q71Qw7VANm2fkdM="></latexit>

x = {x1, . . . , xn}

8

Differential equations for Feynman Integrals
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Provide direct access to… …solution at any order in 
<latexit sha1_base64="OX6WJZVD+eOjgfslSWyWJfbCA/E="></latexit>ω

…required function space (  entries)
<latexit sha1_base64="c0BM4a1UaMp9IzRH5lcEh/6r/5o="></latexit>

Ã

…singularity structure 

…analytic continuation in kinematics

Why -factorized differential equations?<latexit sha1_base64="YaFoYUH3MngGloxSnfKh8Iw6Me8="></latexit>ω

In summary:  
Make important properties of Feynman integrals manifest

General methods for deriving -factorized differential 
equations are key to systematic understanding

<latexit sha1_base64="YaFoYUH3MngGloxSnfKh8Iw6Me8="></latexit>ω
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Integrals associated to geometries

???

Here be 
dragons

Geometry

Functions

Examples

Elliptic curves

<latexit sha1_base64="LKpVlkB0Sfc0Udh9rKQiNFUYWpM="></latexit>

modular forms

<latexit sha1_base64="18GYR/Z5fjVfcUDTHgKmyQCiUOw="></latexit>

K
<latexit sha1_base64="s4jGBNdyb6GqWTmubeKuo4AtTPI="></latexit>

E
<latexit sha1_base64="BKK9GpTF6rGIQk/ZYaITP/sQLvA="></latexit>

!
<latexit sha1_base64="R5xqWPIwkaSrC2zh+4Yu/W2jCyI="></latexit>

eMPL, , , 
Elliptic functions

Calabi—Yaus

?

<latexit sha1_base64="uqFOLgxQPjb/HtUHIfr37SBhFUk="></latexit>...

Expansions, in some 
cases modular forms

Higher-genus 
Curves

Higher-genus 
functions

<latexit sha1_base64="Pn286Q/fWUcczD2WRvGRMb0cYc0="></latexit>

heMPL
<latexit sha1_base64="3104kOF02IDI/rQMIQAKHWAZsmA="></latexit>

Siegel modular forms

ℙ1

(poly)logarithms
<latexit sha1_base64="2RmJQxgOcwPiTrkItMyZFVXAW5g="></latexit>

log
<latexit sha1_base64="SNLZaoK6YSW3NPYrN2HYGVbS5ug="></latexit>

Lin
<latexit sha1_base64="P79T61OkJEs9wQmtJVGCvdtJsGc="></latexit>

MPL, , 

Most planar  
massless integrals

10

A Zoo of Geometries

Determines functions appearing in 
<latexit sha1_base64="JnJsWviyQGz8rYQkw/cyyaOB7Kw="></latexit>

dJ = ωÃ(x)J
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A (not so) simple example
Møller ( ) scattering at two-loops<latexit sha1_base64="2IIBXFSyqJgk7INusJpDMWN5tHw="></latexit>

e→e→ → e→e→

K3 surface  
(Calabi—Yau 2-fold)

Genus 2  
hyperelliptic curve

Already at two-loop:  
non-trivial geometries become prominent

Need new tools to simplify analytic evaluation of such integrals

<latexit sha1_base64="Vt+RMVlOc1ptnaSGOxfxfOBaSnw="></latexit>

Z : massive

<latexit sha1_base64="Grcn00gd6RzygrUeUtVKv+z6p54="></latexit>

e→: massless
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Current geometry specific approaches present challenges

Geometric analysis limited to integer dimension

Required special functions can be poorly understood
(also in mathematics literature)

Requires case-by-case analysis

We would like a method that…
… does not require advanced knowledge of special functions

… is truly algorithmic (no “good” choices by user required)

… naturally extends to new geometries and many kinematic scales

Where we are vs. where we want to be
Non-trivial geometries and -factorized DEQs<latexit sha1_base64="YaFoYUH3MngGloxSnfKh8Iw6Me8="></latexit>ω
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The Algorithm
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Two step process to derive  
-factorized differential equations<latexit sha1_base64="OX6WJZVD+eOjgfslSWyWJfbCA/E="></latexit>ω

1 Choose Master Integrals, such that DEQ is Laurent polynomial in <latexit sha1_base64="OX6WJZVD+eOjgfslSWyWJfbCA/E="></latexit>ω

2 Rotate away non- -factorizing pieces, leaving only  term<latexit sha1_base64="OX6WJZVD+eOjgfslSWyWJfbCA/E="></latexit>ω
<latexit sha1_base64="peRLNHYJGhc9eoJBmcPLIpP2/Rk="></latexit>

ω1

<latexit sha1_base64="18DKAg6qmMwFICdLPNXxYctNavI="></latexit>







<latexit sha1_base64="qnCxbrCBXd4asC4zKxMWQYkOl8o="></latexit>

I
<latexit sha1_base64="yOABpjJR/urOFBaiK8fYxM3gMFc="></latexit>

dI =
<latexit sha1_base64="kUCVolfhgcsNcJrpTuig7TJTaV0="></latexit>

ω→2
<latexit sha1_base64="v48R31hPJh17IiZd3O5b7psRw7s="></latexit>

ω→1
<latexit sha1_base64="uVT/q8r0tI4DWLCmhxLyhOKdqIE="></latexit>

ω0
<latexit sha1_base64="peRLNHYJGhc9eoJBmcPLIpP2/Rk="></latexit>

ω1
<latexit sha1_base64="AMH2RY+Zh3D4o8z1Op3OtOYj+eE="></latexit>

+

<latexit sha1_base64="18DKAg6qmMwFICdLPNXxYctNavI="></latexit>







<latexit sha1_base64="qnCxbrCBXd4asC4zKxMWQYkOl8o="></latexit>

I
<latexit sha1_base64="AMH2RY+Zh3D4o8z1Op3OtOYj+eE="></latexit>

+

<latexit sha1_base64="18DKAg6qmMwFICdLPNXxYctNavI="></latexit>







<latexit sha1_base64="qnCxbrCBXd4asC4zKxMWQYkOl8o="></latexit>

I
<latexit sha1_base64="AMH2RY+Zh3D4o8z1Op3OtOYj+eE="></latexit>

+

<latexit sha1_base64="18DKAg6qmMwFICdLPNXxYctNavI="></latexit>







<latexit sha1_base64="qnCxbrCBXd4asC4zKxMWQYkOl8o="></latexit>

I

<latexit sha1_base64="lm2gzX9fJzdmwKhg8xyp/7lFJgs="></latexit>

J = R→1I such that 
<latexit sha1_base64="D2iF7CGOVudQRkN4rIa0pSKUBAE="></latexit>

dJ =
<latexit sha1_base64="peRLNHYJGhc9eoJBmcPLIpP2/Rk="></latexit>

ω1

<latexit sha1_base64="18DKAg6qmMwFICdLPNXxYctNavI="></latexit>







<latexit sha1_base64="iey2G808s5x9KdKY+/5ZgRoiA+E="></latexit>

J

Both steps algorithmic!

[ -collaboration, 2506.09124, 2510.xxxxx]<latexit sha1_base64="OX6WJZVD+eOjgfslSWyWJfbCA/E="></latexit>ωon maximal cut 
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Choosing Masters with  
Laurent polynomial DEQ 1
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Not most natural to capture Feynman integrals in dimensional regularization. 
Instead…

<latexit sha1_base64="tS/R6Vx/4SRoLFYLngddzt0jpo8="></latexit>

ω → ω+ dεIntegration by Parts:

Standard de Rham cohomology
<latexit sha1_base64="huG6o7FresCK0gY9Jip2LMJo+P4="></latexit>∫

ω
rational differential form

Framework: Twisted Cohomology

Fixed multivalued function  
Twist

<latexit sha1_base64="DKPPk/B1Eqsc8r5lp0b4M6d+6sM="></latexit>∫
uω

Twisted de Rham cohomology

rational differential form

Integration by Parts:
<latexit sha1_base64="XiDTfMKX89qT1+B2cEgF8h9Zp/8="></latexit>

ω → ω+↑uε
<latexit sha1_base64="SWuttyTEFmr3FGsS56dABl8gDkw="></latexit>

→u = d+ d log(u)↑ with 
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Twisted Cohomology and Feynman Integrals
Baikov representation of Feynman Integrals

Propagators <latexit sha1_base64="Pa4btjEQaI6hMzw/ZURGFca7viI="></latexit>→ Integration Variables

Defines characteristic polynomial(s)

Baikov polynomials
<latexit sha1_base64="sAG7TGq+IMdDaD8geX6M3zEY/v4="></latexit>

Pj

Together with exponents <latexit sha1_base64="EFaIbaUZRA+KGfGhTgja0Dt+GI0="></latexit>aj
<latexit sha1_base64="Fg2uWOQ0Of2MCcaAJQeNR1V5opE="></latexit>

bj,
Encode all geometric information of integral

<latexit sha1_base64="BEXpP8L0CzdqYLErPO4e+J8ufNk="></latexit>aj → even
odd

<latexit sha1_base64="4nXErY2e0WB1/JoUBWSdhbsPTls="></latexit>! <latexit sha1_base64="4nXErY2e0WB1/JoUBWSdhbsPTls="></latexit> !
<latexit sha1_base64="VVeRigPqwEjvXmxPK1Z0IMVEb9I="></latexit>

Pj
even
odd

<latexit sha1_base64="4nXErY2e0WB1/JoUBWSdhbsPTls="></latexit>! <latexit sha1_base64="4nXErY2e0WB1/JoUBWSdhbsPTls="></latexit> !
Distinguish Baikov polynomials

<latexit sha1_base64="Qum+pfkKDA8nKRual5jp1VDbdFY="></latexit>

}

<latexit sha1_base64="le9FU7hzOFQWCkMQACjOKl6bJzQ="></latexit>utwist regulates singularities at 
<latexit sha1_base64="A01vuGMnMVDUQcMYQp7Be2hWm/A="></latexit>

Pj = 0

<latexit sha1_base64="cCJtLTtImT9kjIPT0Stwi2W4OCY="></latexit>

I ! 1 ... ! n = CB

! " #

j

Pqj
j

$ #

i

dzi

z! i
i

<latexit sha1_base64="2WsCq71Npha7LT2PSEFSimxyJ9w="></latexit>

zi ! D i

<latexit sha1_base64="OwghFgy1+VPcnWAb10tPaVi6hXE="></latexit>

qj = aj / 2 + bj !
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Can always translate back to Feynman integrals whenever needed

In the following, we work entirely in Baikov space
Forget about Feynman integrals for the moment

with

<latexit sha1_base64="ozSdM8KH+wzUyLt+YfUAUMZCtQo="></latexit>!
u! µ 1 ...µ k [Q]

<latexit sha1_base64="xkYIjGgxQPGHwwqAHHqPS8LbAIc="></latexit>

! µ 1 ...µ k [Q] = C(! )
Q(zi )

Pµ 1
1 . . . Pµ k

k
dz1 ! . . . ! dzn

Consider generic integrands of the form

Polynomial in
<latexit sha1_base64="gUavt8KYUwMvhkqEA2f3ZtfLEoU="></latexit>zi

Baikov twist
<latexit sha1_base64="/NeaC2zShDdK4S72SZXz6QmoV5s="></latexit>

u =
!

j

Pqj
j
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Without twist this situation is already understood:

Baikov representation suggests understanding differential forms…

…with set of characteristic polynomials 
<latexit sha1_base64="sAG7TGq+IMdDaD8geX6M3zEY/v4="></latexit>

Pj

…with singularities only at  
<latexit sha1_base64="A01vuGMnMVDUQcMYQp7Be2hWm/A="></latexit>

Pj = 0

…in 
<latexit sha1_base64="8VsHVGFvwjvvaV+zLwuCODyttXk="></latexit>

CPn (after suitably projectivizing)

Mixed Hodge Structure
[Deligne, 1970] 

Classify differential forms with support on 
hypersurfaces and their intersections

(for our purposes)

<latexit sha1_base64="NASJ7J4pAw09TAHgozPzPymcrx4="></latexit>!

Equivalent twisted version not clear… 
However, ideas carry over!

Baikov Representation and Hodge Theory
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Geometric Integrands in Baikov Representation

Build integrands with (locally) logarithmic singularities

Taking residues localizes on hypersurfaces
 construct forms with support on hypersurfaces→

<latexit sha1_base64="3feium8Cvux6Gav8GQXQiz6Ibx8="></latexit>

P1 = 0
<latexit sha1_base64="pebe26HT23Qrgh5TlOlQ6Ivo9Bo="></latexit>

! =
dP1

P1
! . . .

(locally) 

<latexit sha1_base64="o3d13Iw7jZ3f3Pm7R7sST2eDDTE="></latexit>

P2 = 0
<latexit sha1_base64="hd3+KE9QREQO+MtV78IwReOHZa4="></latexit>

! =
dP2

P2
! . . .

(locally) 

<latexit sha1_base64="Ob2sesjeJiUs1SQr/CZ5mMQFPxs="></latexit>

P1 = P2 = 0
<latexit sha1_base64="5ujpQ3HEhCXTbseB15bkIDCOyQA="></latexit>

! =
dP1

P1
!

dP2

P2
! . . .

(locally) 

<latexit sha1_base64="e9RI72WqnALVn+Y8dA1kDf38KnQ="></latexit>

P4 = 0

<latexit sha1_base64="B/M3zj/g0au3nq0YYSNBX2t/dP4="></latexit>

P5 = 0

only possible for  
even Baikov polynomials

<latexit sha1_base64="RN8J6/F3MADUTEOvloCEuJsrgZY="></latexit>

u ! Pbj !
j

Base space , hypersurfaces of interest 
<latexit sha1_base64="TKrqNH220m2hFC9aTCYg7N5pkow="></latexit>

CPn <latexit sha1_base64="S13Eb8cSY/XkWp+PNxH4XJ7US78="></latexit>

Pj = 0  (even)

base geometry given  
by odd Baikov polynomials 
e.g. a Calabi—Yau

<latexit sha1_base64="rXLaIUXScWAl5DX1EpqeIEd3Wxo="></latexit>

y2 !
!

aj odd

Pj = 0
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Set of forms with  
“order of deepest pole  x”≥

<latexit sha1_base64="RZUXYtQA/z1WHihGmz9a6FtQA+8="></latexit>

F ¥
geom

Motivation: 
empirical observation

21

Filtrations
Tool to classify differential forms depending on certain properties

<latexit sha1_base64="TwB52ueXLldba07dmfcx69xquwU="></latexit>

F 0
geom

<latexit sha1_base64="rIIFosYHlAE2z4hJ8b8dKImTjm0="></latexit>

F 1
geom

<latexit sha1_base64="SAMIOqMcS4qxqQvdRN5GRQMykFk="></latexit>

F 2
geom

<latexit sha1_base64="SvUSy0xrRhAT5rJa7CzdrZfWTAc="></latexit>

h2,0
comb

<latexit sha1_base64="xl7Yg3MiEQQtvvZXj2NR1iRjaIw="></latexit>

h1,1
comb

<latexit sha1_base64="ylzv5G4ErTRTSzsdeQ7U4JBjmJ8="></latexit>

h2,1
comb

<latexit sha1_base64="CBSblUJJZx9mXhtxpDvn8EUue+4="></latexit>

h2,2
comb

<latexit sha1_base64="PbJiJ87H0vDpgX7iNNbwMr1maBM="></latexit>

h1,2
comb

<latexit sha1_base64="CBSblUJJZx9mXhtxpDvn8EUue+4="></latexit>

h2,2
comb

<latexit sha1_base64="X0M8KF+W1fZkAx4ylotYzIeKcBM="></latexit>

W2

<latexit sha1_base64="0loC8L9vcWVIUOYYDa3QJ32Ftsc="></latexit>

W3

<latexit sha1_base64="KepYdVipqIhPSBCEOJWGw/B14rw="></latexit>

W4 <latexit sha1_base64="zmOMqew5rovaCoXnD9moy11m6rk="></latexit>

W¥
Set of forms with 

“number of residues  x”≥

Motivation: 
Mixed Hodge Structure

Set of forms with   
“number of   x”Pj ≥

<latexit sha1_base64="kBLd63V65cWUhz3YW+y0w3lIKqk="></latexit>

F ¥
comb

Motivation: 
Griffiths transversality

<latexit sha1_base64="p8O3DGjvmfpZ0oQJ/lh9nxGLR3Y="></latexit>

! F n
comb ! F n ! 1

comb

Example: 
<latexit sha1_base64="spiblzQFSQQg9cghZ0fEyatPaqs="></latexit>

n = 2
<latexit sha1_base64="RkQr1svAlumluwg6Yxl/VjJQbRQ="></latexit>

h2,2
geom

<latexit sha1_base64="u8JMuDAazrjQXsjKkaSirvim2WI="></latexit>

h2,1
geom

<latexit sha1_base64="ffmvegkyF1NT8y94arbVcmAY+mI="></latexit>

h1,2
geom

<latexit sha1_base64="Co0buTVr7ehMSUA8iScUGV34gGM="></latexit>

h2,0
geom

<latexit sha1_base64="Xb0tDP3KH+kooeVYdo/s+GdtiNE="></latexit>

h1,1
geom

<latexit sha1_base64="tFlCJ0tdhDD7bTflzfLNDTrLMfs="></latexit>

h0,2
geom

dimension

<latexit sha1_base64="eU2ZPc7mof9NOSYsBT4xkINg7j4="></latexit>

! 2 =
!

Q(z1, z2)
Pµ 1

1 . . . Pµ k
k

dz1 ! dz2

"

<latexit sha1_base64="JqHe/C4i8b8hrD6iNcN0R/HHYrE="></latexit>

F 2
comb <latexit sha1_base64="3axoipq/iHE8n1UISIgfp38LeJA="></latexit>

F 1
comb

<latexit sha1_base64="HM7AwT3NIH0PJNHE7qMTefjjxyo="></latexit>

F 0
comb
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Prefactors
Reminder: We consider differential forms

need a prescription for 
 prefactors<latexit sha1_base64="OX6WJZVD+eOjgfslSWyWJfbCA/E="></latexit>ω

<latexit sha1_base64="A6MUM9GI1JJ95g8CzN/TH4cLVdY="></latexit>

Cabs

<latexit sha1_base64="RCZfAc73hkoL4rRp7ylHLh5x8aY="></latexit>

Cabs ! CB
pure transcendental 

weight zero

<latexit sha1_base64="QZui1nkaZjWfTSOh2xgwItNBGBc="></latexit>

Cclutch

<latexit sha1_base64="bzBJSlijpktjH7iDHnlpmjRWnTU="></latexit>

! !
!

µ i

<latexit sha1_base64="PZUzG+mOCzZowCE+X2DYKewxZtE="></latexit>

Crel

<latexit sha1_base64="JKTO4DIF4n9n3w5XFOBoKRJ8C4A="></latexit>!

i

"
1
2

(ai + bi ! )
#

µ i

<latexit sha1_base64="lvJgdfCLfHiuvAT5pZEbR9Zf3OE="></latexit>

! µ 1 ...µ i ...µ k

!
! zj Q

"
+ "

#

i

! µ 1 ... (µ i +1) ...µ k

!
Q á

$
! zj Pi

%"
= 0

All integration-by-parts relations take the form:

independent of  
<latexit sha1_base64="OX6WJZVD+eOjgfslSWyWJfbCA/E="></latexit>ω

<latexit sha1_base64="lgaLrFxss3MtCM4GXh7MhurK/Eo="></latexit>

Q -dependence trivialized<latexit sha1_base64="OX6WJZVD+eOjgfslSWyWJfbCA/E="></latexit>ω

<latexit sha1_base64="xkYIjGgxQPGHwwqAHHqPS8LbAIc="></latexit>

! µ 1 ...µ k [Q] = C(! )
Q(zi )

Pµ 1
1 . . . Pµ k

k
dz1 ! . . . ! dzn

Three components, dependent on <latexit sha1_base64="4l6b6cCskjqj1qSMZwdKodYjOnA="></latexit>µi

<latexit sha1_base64="CucqSLcodI5IRhtqJ8G6+JZLuHM="></latexit>

C(! ) = Cabs ! Crel ! Cclutch
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Integration-by-Parts

Heavy lifting of the algorithm done via Integration-by-Parts reduction

Integration-by-Parts: Quick reminder

Linear relations  
between integrals

Row 
reduction

Basis of integrals
<latexit sha1_base64="OuRBVHrre1FubnUMczq40fkwmbI="></latexit>!

u! u ! = 0

Row reduction requires ordering of integrals

Choose ordering that prefers integrands with “good” properties! 

Prefer integrands with more consecutive logarithmic singularities1

Prefer integrands with lower deepest poles2

Prefer integrands with fewer powers of 3
<latexit sha1_base64="sAG7TGq+IMdDaD8geX6M3zEY/v4="></latexit>

Pj  in denominator

Determined by  
filtrations

<latexit sha1_base64="mqXZyGekdwhWvQN2HYtHXoeBmsM="></latexit>

}
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To recap…

2 Build generic differential forms in Baikov space

1 Derive Baikov representation of Feynman integral with polynomials 
<latexit sha1_base64="bB4P0qM6UqETxhd0AbuG/tJ1plQ="></latexit>

Pj

3 Classify forms with Hodge theoretic filtrations 

5 Based on filtrations, define integral ordering

4 Define  prefactors<latexit sha1_base64="OX6WJZVD+eOjgfslSWyWJfbCA/E="></latexit>ω

6 Perform integration-by-parts reduction with that ordering
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Laurent Polynomial Differential Equations

<latexit sha1_base64="18DKAg6qmMwFICdLPNXxYctNavI="></latexit>







<latexit sha1_base64="qnCxbrCBXd4asC4zKxMWQYkOl8o="></latexit>

I
<latexit sha1_base64="yOABpjJR/urOFBaiK8fYxM3gMFc="></latexit>

dI =
<latexit sha1_base64="kUCVolfhgcsNcJrpTuig7TJTaV0="></latexit>

ω→2
<latexit sha1_base64="v48R31hPJh17IiZd3O5b7psRw7s="></latexit>

ω→1
<latexit sha1_base64="uVT/q8r0tI4DWLCmhxLyhOKdqIE="></latexit>

ω0
<latexit sha1_base64="peRLNHYJGhc9eoJBmcPLIpP2/Rk="></latexit>

ω1
<latexit sha1_base64="AMH2RY+Zh3D4o8z1Op3OtOYj+eE="></latexit>

+

<latexit sha1_base64="18DKAg6qmMwFICdLPNXxYctNavI="></latexit>







<latexit sha1_base64="qnCxbrCBXd4asC4zKxMWQYkOl8o="></latexit>

I
<latexit sha1_base64="AMH2RY+Zh3D4o8z1Op3OtOYj+eE="></latexit>

+

<latexit sha1_base64="18DKAg6qmMwFICdLPNXxYctNavI="></latexit>







<latexit sha1_base64="qnCxbrCBXd4asC4zKxMWQYkOl8o="></latexit>

I
<latexit sha1_base64="AMH2RY+Zh3D4o8z1Op3OtOYj+eE="></latexit>

+

<latexit sha1_base64="18DKAg6qmMwFICdLPNXxYctNavI="></latexit>







<latexit sha1_base64="qnCxbrCBXd4asC4zKxMWQYkOl8o="></latexit>

I

Claim:
Basis of integrands chosen by these criteria satisfies a Laurent polynomial differential equation

Independent of 
<latexit sha1_base64="OX6WJZVD+eOjgfslSWyWJfbCA/E="></latexit>ω

<latexit sha1_base64="M0Oe1mLZ60BcrisP8eK3gfjL7w8="></latexit>

dI =
1!

p= pmin

! pA(p) I

<latexit sha1_base64="sAG7TGq+IMdDaD8geX6M3zEY/v4="></latexit>

Pj

More than that:
The orders in  satisfy a block structure imposed by  

<latexit sha1_base64="OX6WJZVD+eOjgfslSWyWJfbCA/E="></latexit>ω
<latexit sha1_base64="kBLd63V65cWUhz3YW+y0w3lIKqk="></latexit>

F ¥
comb

Total power of 

<latexit sha1_base64="jJBIWU5l7cN/5GXYv1D5QlkS/JY="></latexit>

dI i =
1!

p= ! ( |µ | i ! |µ | j )

! pA(p)
ij I j

Example: basis with largest 
<latexit sha1_base64="3Al/1GVjMLN1YJH3K6I5UccRybQ="></latexit>

|µ| = 2
<latexit sha1_base64="ICo+P+XX3Qbj2vVIqTPQT9dBFCM="></latexit>

|µ| = 0 and smallest 
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From Laurent Polynomial 
to -factorized form<latexit sha1_base64="YaFoYUH3MngGloxSnfKh8Iw6Me8="></latexit>ω

2
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From Laurent polynomial to -factorized form<latexit sha1_base64="OX6WJZVD+eOjgfslSWyWJfbCA/E="></latexit>ω

<latexit sha1_base64="18DKAg6qmMwFICdLPNXxYctNavI="></latexit>







<latexit sha1_base64="qnCxbrCBXd4asC4zKxMWQYkOl8o="></latexit>

I
<latexit sha1_base64="yOABpjJR/urOFBaiK8fYxM3gMFc="></latexit>

dI =
<latexit sha1_base64="kUCVolfhgcsNcJrpTuig7TJTaV0="></latexit>

ω→2
<latexit sha1_base64="v48R31hPJh17IiZd3O5b7psRw7s="></latexit>

ω→1
<latexit sha1_base64="uVT/q8r0tI4DWLCmhxLyhOKdqIE="></latexit>

ω0
<latexit sha1_base64="peRLNHYJGhc9eoJBmcPLIpP2/Rk="></latexit>

ω1
<latexit sha1_base64="AMH2RY+Zh3D4o8z1Op3OtOYj+eE="></latexit>

+

<latexit sha1_base64="18DKAg6qmMwFICdLPNXxYctNavI="></latexit>







<latexit sha1_base64="qnCxbrCBXd4asC4zKxMWQYkOl8o="></latexit>

I
<latexit sha1_base64="AMH2RY+Zh3D4o8z1Op3OtOYj+eE="></latexit>

+

<latexit sha1_base64="18DKAg6qmMwFICdLPNXxYctNavI="></latexit>







<latexit sha1_base64="qnCxbrCBXd4asC4zKxMWQYkOl8o="></latexit>

I
<latexit sha1_base64="AMH2RY+Zh3D4o8z1Op3OtOYj+eE="></latexit>

+

<latexit sha1_base64="18DKAg6qmMwFICdLPNXxYctNavI="></latexit>







<latexit sha1_base64="qnCxbrCBXd4asC4zKxMWQYkOl8o="></latexit>

I

<latexit sha1_base64="18DKAg6qmMwFICdLPNXxYctNavI="></latexit>





<latexit sha1_base64="qXJB+IbVCfdwY6/4jsFUTqWxM98="></latexit>

! -1
<latexit sha1_base64="Zd1pvLonRR9H4RiOwfwCzjVPP8A="></latexit>

! -2 <latexit sha1_base64="Qh8hFjMo8q6oCWlz+1BMtwe0jEU="></latexit>

! 0

<latexit sha1_base64="qXJB+IbVCfdwY6/4jsFUTqWxM98="></latexit>

! -1
<latexit sha1_base64="Qh8hFjMo8q6oCWlz+1BMtwe0jEU="></latexit>

! 0

<latexit sha1_base64="Qh8hFjMo8q6oCWlz+1BMtwe0jEU="></latexit>

! 0

Starting from Laurent polynomial, can systematically eliminate  
 non- -factorizing terms<latexit sha1_base64="OX6WJZVD+eOjgfslSWyWJfbCA/E="></latexit>ω

<latexit sha1_base64="8P0KDP6N/xpcThV79Q8R37CpNMo="></latexit>

R =

<latexit sha1_base64="18DKAg6qmMwFICdLPNXxYctNavI="></latexit>







<latexit sha1_base64="Qh8hFjMo8q6oCWlz+1BMtwe0jEU="></latexit>

! 0

<latexit sha1_base64="Qh8hFjMo8q6oCWlz+1BMtwe0jEU="></latexit>

! 0
<latexit sha1_base64="qXJB+IbVCfdwY6/4jsFUTqWxM98="></latexit>

! -1

<latexit sha1_base64="sURBsjlQsrdZTg5u/lrUfWokPow="></latexit>

<latexit sha1_base64="sURBsjlQsrdZTg5u/lrUfWokPow="></latexit>

<latexit sha1_base64="sURBsjlQsrdZTg5u/lrUfWokPow="></latexit>

<latexit sha1_base64="18DKAg6qmMwFICdLPNXxYctNavI="></latexit>





<latexit sha1_base64="Qh8hFjMo8q6oCWlz+1BMtwe0jEU="></latexit>

! 0

<latexit sha1_base64="sURBsjlQsrdZTg5u/lrUfWokPow="></latexit>

<latexit sha1_base64="sURBsjlQsrdZTg5u/lrUfWokPow="></latexit>

<latexit sha1_base64="sURBsjlQsrdZTg5u/lrUfWokPow="></latexit>

Entries of  defined by polynomial differential constraints that are coupled…
<latexit sha1_base64="fzkNjQ6nuP95L/k8s0sBgl+fkWs="></latexit>

R
…but systematically solvable, at worst as series expansions

<latexit sha1_base64="TCsy/0ksBvcNCDJfRaGWHtJkBvQ="></latexit>

K = R! 1IDefine
matrix of generic functions in kinematics, but fixed -dependence<latexit sha1_base64="OX6WJZVD+eOjgfslSWyWJfbCA/E="></latexit>ω

<latexit sha1_base64="FgWwdEv/b9qAd8kaA26gyqtntms="></latexit>

R

Gives a complete algorithm for deriving -factorized differential equations 
for Feynman integrals

<latexit sha1_base64="OX6WJZVD+eOjgfslSWyWJfbCA/E="></latexit>ω
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Applications
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<latexit sha1_base64="/Qr88s9HqfZOtH2uhOdNt5cAx9k="></latexit>!
Define 
K3 surface

Application
Three-loop Banana Integral

<latexit sha1_base64="PTfzgCekWnqR7orHM00KMwN5FJM="></latexit>

P1 = z1
<latexit sha1_base64="sPWBzcNg+5k0+hWAHsRxZgcY5rc="></latexit>

P2 = z2
<latexit sha1_base64="skP/I5/MO2bq4YRLOdcYUCaei5o="></latexit>

P3 = z2
2 ! 2 (1 ! y1) z2 + (1 + y1)2

<latexit sha1_base64="IcgSQ3/H8ejutFeQBfUUGkssfqs="></latexit>

P4 = ( z2 ! z1)2 + 2y2 (z1 + z2) + y2
2

<latexit sha1_base64="4oxbtoNS0Kk26V09U6PfG2ZqWh4="></latexit>

P5 = z2
1 + 2 ( y3 + y4) z1 + ( y3 ! y4)2

Baikov polynomials

Four parameters
<latexit sha1_base64="MjDhdHpVPYUAd0R52liuCHm1veY="></latexit>

yi = !
m2

i

p2

Known to be  
associated with a 

 K3 surface

<latexit sha1_base64="RZUXYtQA/z1WHihGmz9a6FtQA+8="></latexit>

F ¥
geom

<latexit sha1_base64="zmOMqew5rovaCoXnD9moy11m6rk="></latexit>

W¥

<latexit sha1_base64="GVk/xF2EyC8CeUwO4OvZGBerp0g="></latexit>

1
<latexit sha1_base64="GVk/xF2EyC8CeUwO4OvZGBerp0g="></latexit>

1
<latexit sha1_base64="njI43Sw98+qJnE4rI/zG4y/Se9I="></latexit>

4

<latexit sha1_base64="RMrann05jrW3uiY6ToGfgjA2R1I="></latexit>

0
<latexit sha1_base64="RMrann05jrW3uiY6ToGfgjA2R1I="></latexit>

0

<latexit sha1_base64="gtuiM0D8+/dfuGRiuwpPFPf3ng8="></latexit>

5
<latexit sha1_base64="Zm7tOBr4lTTGEQzK/FDTm9rcBEY="></latexit>

u = P !
1 P !

2 P ! 1/ 2! !
3 P ! 1/ 2! !

4 P ! 1/ 2! !
5

Twist

<latexit sha1_base64="mqXZyGekdwhWvQN2HYtHXoeBmsM="></latexit>

} Options for 
log singularities

[SP, Teschke, Weinzierl, Wang, 2507.23594]

<latexit sha1_base64="qnCxbrCBXd4asC4zKxMWQYkOl8o="></latexit>

I
<latexit sha1_base64="yOABpjJR/urOFBaiK8fYxM3gMFc="></latexit>

dI =
<latexit sha1_base64="kUCVolfhgcsNcJrpTuig7TJTaV0="></latexit>

ω→2
<latexit sha1_base64="v48R31hPJh17IiZd3O5b7psRw7s="></latexit>

ω→1
<latexit sha1_base64="uVT/q8r0tI4DWLCmhxLyhOKdqIE="></latexit>

ω0
<latexit sha1_base64="peRLNHYJGhc9eoJBmcPLIpP2/Rk="></latexit>

ω1
<latexit sha1_base64="AMH2RY+Zh3D4o8z1Op3OtOYj+eE="></latexit>

+
<latexit sha1_base64="qnCxbrCBXd4asC4zKxMWQYkOl8o="></latexit>

I
<latexit sha1_base64="AMH2RY+Zh3D4o8z1Op3OtOYj+eE="></latexit>

+
<latexit sha1_base64="qnCxbrCBXd4asC4zKxMWQYkOl8o="></latexit>

I
<latexit sha1_base64="AMH2RY+Zh3D4o8z1Op3OtOYj+eE="></latexit>

+
<latexit sha1_base64="qnCxbrCBXd4asC4zKxMWQYkOl8o="></latexit>

I

<latexit sha1_base64="18DKAg6qmMwFICdLPNXxYctNavI="></latexit>







<latexit sha1_base64="18DKAg6qmMwFICdLPNXxYctNavI="></latexit>







<latexit sha1_base64="18DKAg6qmMwFICdLPNXxYctNavI="></latexit>







<latexit sha1_base64="18DKAg6qmMwFICdLPNXxYctNavI="></latexit>






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O(! 4)

"
K

(4
)

5

numerical
imag
real

0.80.60.40.20! 0.2! 0.4! 0.6! 0.8

6000

4000

2000

0

! 2000

! 4000

! 6000

O(! 3)

"

K
(3

)
5

numerical
imag
real

0.80.60.40.20! 0.2! 0.4! 0.6! 0.8

1000

500

0

! 500

! 1000

Allows high-precision numerical evaluation for 

<latexit sha1_base64="tXcJF7rCeKX+gwF4EwmZ8hRWfYE="></latexit>

! =
(mW + mZ + mH + mt )2

! p2“Random” parameter slice 
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Some additional examples

K3 Hyperelliptic genus 2 Elliptic

Elliptic
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Thank you!

Developed general algorithm derive -factorized differential equations for Feynman integrals<latexit sha1_base64="OX6WJZVD+eOjgfslSWyWJfbCA/E="></latexit>ω

Conclusions

No case-by-case geometric analysis required
No requirement of making “good” choices by user 

Applied to non-trivial example (three-loop Banana integral),  
verified against a number of known examples

Allows deriving solutions as multi-variate series expansions

Machinery to be applied to phenomenological integrals

LHC:
FCC-ee:

Low-energy experiments:

mixed QCD-electroweak processes
electroweak Bhabha scattering
Møller scattering
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Backup
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Maximal Cuts

Skeletonized version of integral 
Much simpler to extract geometry

→
<latexit sha1_base64="9TF6LFwm7RyGu0LDv/EuQFXEuO0="></latexit>

I /. { 1
D j

! ! (D j )}<latexit sha1_base64="GCBXRqKehRG1d7wNOa1DvSYq1oE="></latexit>

I

34
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In differential equations for Feynman integrals, maximal cuts are homogeneous part

→

<latexit sha1_base64="oX0jK/pAM25h4OLt4yBvNI0GtmM="></latexit>

MaxCut( I )
! "

→

35

<latexit sha1_base64="18DKAg6qmMwFICdLPNXxYctNavI="></latexit>







<latexit sha1_base64="18DKAg6qmMwFICdLPNXxYctNavI="></latexit>







DEQ matrix 
<latexit sha1_base64="4hgLL5McyJvyA7+/4InlupOda5s="></latexit>

A

Maximal-Cuts
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[1 : ! 1 : . . . : ! n : y] ! WP1,1,..., 1,(n +1)

<latexit sha1_base64="Vdcmy5RXtjw2CX2izl2+KuV+Yg4="></latexit>

<latexit sha1_base64="Q/QgTAJUNJtErLctHOXCkHPHaUM="></latexit>

y2 = P(! 1, . . . , ! n ) degP = 2( n + 1)

<latexit sha1_base64="oP5RDuRC8FNlALNYEVL2eCM7PcY="></latexit>

with

Codimension 1 = Dimension n

MaxCut I !
!

d! 1 . . . d! n"
P(! 1, . . . , ! n )

<latexit sha1_base64="VEdEQMa08EytNEmkOguZReixXDg="></latexit>

Compute maximal cut  
and you may get 

Hypersurface in weighted projective space 

Calabi—Yau n-fold

is a period of the Calabi—Yau 
<latexit sha1_base64="c8m7sb2MaPC8DWuHDdx1DO6p5IM="></latexit>

MaxCut( I )

36

Holomorphic top-form Required for  
Calabi—Yau 

condition

Example: Calabi—Yaus in Feynman Integrals


