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Access to |𝑉𝑐𝑏|
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Leptonic Matrix Element 𝑔𝑒𝑤

𝑔𝑒𝑤 × 𝑉𝑐𝑏

𝑙−

ҧ𝜈ℓ

𝑏

ത𝑢

𝑊−

ത𝑢

𝑐

Hadronic Matrix Element

ത𝐵

ℬ ∝ 𝑉𝑐𝑏
2 Γ 𝑏 → 𝑞ℓ ҧ𝜈ℓ +

1

𝑚𝑐,𝑏
+ 𝛼𝑠 + ⋯

Inclusive |𝑉𝑐𝑏|
ത𝐵 → 𝑋𝑐ℓ ҧ𝜈ℓ 
Operator Product Expansion

Sum over all 
hadronic final states

ℬ ∝ 𝑉𝑐𝑏
2𝑓2

Exclusive 𝑉𝑐𝑏
ത𝐵 → 𝐷(∗)ℓ ҧ𝜈ℓ 
Form Factors Single hadronic final state

𝑋𝑐 = 𝐷(∗), 𝐷∗∗, 𝐷(∗)𝜋, 𝐷(∗)𝜋𝜋 
Nota bene: 
sum-of-exclusive ≠ inclusive

Factorization of long-distance 
and short-distance physics

How does it work experimentally?
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Setup of a 𝑒+𝑒− 𝐵-factory
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Υ(4𝑆)
⟨𝑏 ത𝑏⟩

𝑠 = 10.58 GeV

𝑒+ 𝑒−

Fragmentation into two 𝑩 mesons 
and not additional particles

ത𝑏

𝑞
𝐵-meson

⟨ത𝑏𝑞⟩

𝑏

ത𝑞
ത𝐵-meson

⟨𝑏 ത𝑞⟩
color 
field

Light
anti-quark

heavy 
𝑏-quark

Υ 5𝑆 → 𝐵𝑠
(∗) ത𝐵(∗)

s

@ 𝑠 = 10.89 GeV

𝐵 ത𝐵 cross-section ≈ 1.05 nb

Pull quark-anti-quark 
pair from vacuum



Two complementary reconstruction methods

Tagged Reconstruction Untagged Reconstruction
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Two key variables for 𝑏 → 𝑞ℓ ҧ𝜈ℓ, ℓ = 𝑒, 𝜇
𝑀𝑚𝑖𝑠𝑠

2 = 𝑝𝑒+𝑒− − 𝑝𝐵𝑡𝑎𝑔
− 𝑝𝐷 ∗ ℓ

2

Squared 4-momentum of the 
undetected neutrino(s)

cos 𝜃𝐵𝑌 =
2𝐸𝐵

∗ 𝐸𝑌
∗ − 𝑚𝐵

2 − 𝑚𝑌
2

2| Ԧ𝑝𝐵
∗ || Ԧ𝑝𝑌

∗ |

Angle between 𝐵 and 𝑌 = 𝐷(∗)ℓ
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The exclusive measurements rely on these (almost) model-independent variables to subtract backgrounds



Measurement strategies
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Hadronic tag

Inclusive
ത𝐵 → 𝑋𝑐ℓ ҧ𝜈ℓ

Untagged

Exclusive
ത𝐵 → 𝐷(∗)ℓ ҧ𝜈ℓ



ത𝐵 → 𝐷(∗)ℓ ҧ𝜈ℓ exclusive 
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|𝑉𝑐𝑏| from ത𝐵 → 𝐷ℓ ҧ𝜈ℓ vs ത𝐵 → 𝐷∗ℓ ҧ𝜈ℓ

Heavy Quark Symmetry Basis

𝐷∗(𝑝′) 𝐴𝜇 𝐵(𝑝)

𝑚𝐵𝑚𝐷∗
= ℎ𝐴1

𝑤 + 1 𝜖∗𝜇 − ℎ𝐴2
𝜖∗ ∙ 𝑣 𝜈  𝜇 − ℎ𝐴3

𝜖∗ ∙ 𝑣 𝑣′𝜇

𝐷∗(𝑝′) 𝑉𝜇 𝐵(𝑝)

𝑚𝐵𝑚𝐷∗
= ℎ𝑉𝜖𝜇𝜈𝛼𝛽𝜖𝑣

∗𝑣𝛼
′ 𝑣𝛽

𝐷(𝑝′) 𝑉𝜇 𝐵(𝑝)

𝑚𝐵𝑚𝐷
= ℎ+ 𝑣 + 𝑣′  𝜇 + ℎ− 𝑣 − 𝑣′ 𝜇

Hadronic Matrix Elements can not be calculated from first principles
→ Can be parameterized with form factors ℎ𝑋 = ℎ𝑋 𝑤  and extracted from data
→ Theory must provide (at least) inputs on their normalization

Γ ത𝐵 → 𝐷ℓ ҧ𝜈ℓ ∝ 𝑉𝑐𝑏
2 × 𝑤2 − 1

3

2 × 𝒢(1) 

Γ ത𝐵 → 𝐷∗ℓ ҧ𝜈ℓ ∝ 𝑉𝑐𝑏
2 × 𝑤2 − 1

1

2× ℱ(1) 
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𝑉𝜇 = ҧ𝑐𝛾𝜇𝑏
𝐴𝜇 = ҧ𝑐𝛾𝜇𝛾5𝑏

Beauty 2026

• 𝐷∗ carries spin, so can make sure that angular momentum is conserved
• 𝐷∗ has larger rate (3 spin states)
• Drawback: additional Lorentz structures → additional form factors
• Additional degrees of freedom, total rate depends also on the helicity angles

Leptonic Matrix Element 𝑔𝑒𝑤

𝑔𝑒𝑤 × 𝑉𝑐𝑏

𝑙−

ҧ𝜈ℓ

𝑏

ത𝑢

𝑊−

ത𝑢

𝑐

Hadronic Matrix Element

ത𝐵



Signal extraction (generalized)
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We rely on an appropriate model-independent variable to 
estimate the background contribution

w reconstructed



Signal extraction (generalized)
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We rely on an appropriate model-independent variable to 
estimate the background contribution

• For each bin in the reconstructed variable of interest, perform 
an independent background subtraction fit

• Conceptually works the same for tagged and untagged 

measurements, only the fit variable changes (𝑀𝑚𝑖𝑠𝑠
2 , cos 𝜃𝐵𝑌)

• Might need an additional variable to constrain backgrounds

w reconstructed



Exclusive ത𝐵 → 𝐷ℓ ҧ𝜈ℓ
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Analysis strategy:

• Belle data ℒ = 711 fb−1

• Tagged reconstruction

• Background subtraction via 𝑀𝑚𝑖𝑠𝑠
2

• Bin-by-bin Unfolding

 

𝑉𝑐𝑏
𝐶𝐿𝑁 = 39.86 ± 1.33 × 10−3

Leading systematics: Tag correction, Signal Shape

[Phys.Rev.D 93 (2016) 3, 032006]

[Phys.Rev.D 93 (2016) 3, 032006]

non-zero recoil LQCD

https://doi.org/10.1103/PhysRevD.93.032006


Exclusive ത𝐵 → 𝐷∗ℓ ҧ𝜈ℓ
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Analysis strategy:

• Belle data ℒ = 711 fb−1

• Tagged reconstruction

• Background subtraction via 𝑀𝑚𝑖𝑠𝑠
2  

• Matrix inversion unfolding

 

Two analyses on same data w/ same technique:
• Differential distributions
• Angular coefficients
• Compatible results
• Leading systematics: MC statistics
• 𝑉𝑐𝑏

𝐵𝐺𝐿 = 40.7 ± 0.7 × 10−3

Phys.Rev.D 108 (2023) 1, 012002 

Phys.Rev.Lett. 133 (2024) 13, 131801 

World average branching ratio as input
non-zero recoil LQCD

https://doi.org/10.1103/PhysRevD.108.012002
https://doi.org/10.1103/PhysRevD.108.012002
https://doi.org/10.1103/PhysRevLett.133.131801
https://doi.org/10.1103/PhysRevLett.133.131801


Exclusive 𝐵0 → 𝐷∗−ℓ ҧ𝜈ℓ
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Analysis strategy:

• Belle data ℒ = 711 fb−1

• Untagged reconstruction

• Single background subtraction 
via cos 𝜃𝐵𝑌, Δ𝑀, 𝑝ℓ (shape from simulation) 

• Forward folding

ℬ 𝐵0 → 𝐷∗−ℓ+𝜈ℓ = 4.90 ± 0.02𝑠𝑡𝑎𝑡 ± 0.16𝑠𝑦𝑠 %

𝑉𝑐𝑏
𝐵𝐺𝐿 = (38.3 ± 0.3 ± 0.7 ± 0.6) × 10−3

• Leading systematics: 𝑁𝐵 ത𝐵 , 𝑓+0,  lepton ID, slow pion 

efficiency

[Phys.Rev.D 100 (2019) 5, 052007]

[Phys.Rev.D 100 (2019) 5, 052007]

zero recoil LQCD

https://doi.org/10.1103/PhysRevD.100.052007


Analysis strategy:

• Belle II data ℒ = 189 fb−1

• Untagged reconstruction using
an improved diamond frame approach

• Background subtraction via cos 𝜃𝐵𝑌, Δ𝑀

• SVD Unfolding

ℬ 𝐵0 → 𝐷∗−ℓ+𝜈ℓ = 4.92 ± 0.02𝑠𝑡𝑎𝑡 ± 0.22𝑠𝑦𝑠 %
𝑉𝑐𝑏

𝐵𝐺𝐿 = 40.6 ± 0.3𝑠𝑡𝑎𝑡 ± 1.0𝑠𝑦𝑠 ± 0.6𝑡ℎ × 10−3

• Leading systematics: 
𝑓+0, 𝐵-counting, slow pion reconstruction

Exclusive 𝐵0 → 𝐷∗−ℓ ҧ𝜈ℓ
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[Phys.Rev.D 108 (2023) 9, 9]

[Phys.Rev.D 108 (2023) 9, 9]

non-zero recoil LQCD

https://doi.org/10.1103/PhysRevD.108.092013


Exclusive ത𝐵 → 𝐷ℓ ҧ𝜈ℓ

Analysis strategy:

• Belle II data ℒ = 365 fb−1

• Untagged reconstruction using an improved 
diamond frame approach

• Background subtraction via cos 𝜃𝐵𝑌

ℬ 𝐵0 → 𝐷−ℓ+𝜈ℓ = 2.06 ± 0.05𝑠𝑡𝑎𝑡 ± 0.10𝑠𝑦𝑠 %
ℬ 𝐵+ → ഥ𝐷0ℓ+𝜈ℓ = 2.31 ± 0.04𝑠𝑡𝑎𝑡 ± 0.09𝑠𝑦𝑠 %
𝑉𝑐𝑏

𝐵𝐶𝐿 = 39.2 ± 0.4𝑠𝑡𝑎𝑡 ± 0.6𝑠𝑦𝑠 ± 0.5𝑡ℎ × 10−3

• Leading systematics: 
𝐵-counting, particle identification

Beauty 2026 Markus Prim 15

Phys.Rev.D 112 (2025) 11, 112009 

non-zero recoil LQCD

https://doi.org/10.1103/vs8k-259v
https://doi.org/10.1103/vs8k-259v


ത𝐵 → 𝑋𝑐ℓ ҧ𝜈ℓ inclusive 
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Inclusive ത𝐵 → 𝑋𝑐ℓ ҧ𝜈ℓ
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Agnostic with respect 
to the hadronic system

HQE parameters must 
be extracted from data

The theoretical framework is the Heavy Quark Expansion (HQE)

𝑑Γ = 𝑑Γ0 + 𝑑Γ𝜇𝜋

𝜇𝜋
2

𝑚𝑏
2 + 𝑑Γ𝜇𝐺

𝜇𝐺
2

𝑚𝑏
2 + 𝑑Γ𝜌𝐷

𝜌𝐷
3

𝑚𝑏
3 + 𝑑Γ𝜌LS

𝜌LS
3

𝑚𝑏
3 + 𝒪( Τ1 𝑚𝑏

4)

𝑑Γ are calculated 
perturbatively

𝜇𝜋, 𝜇𝐺 , 𝜌𝐷 , 𝜌𝐿𝑆 encapsulate 
non-perturbative dynamics

M. Fael, K. Schönwald, M. Steinhauser
[Phys. Rev. D 104, 016003 (2021)]

requires the moments 
of the 𝐵 → 𝑋𝑐ℓ𝜈 rate

Available at 𝒪(𝛼𝑠
3)

Challenge: Proliferation of 
HQE parameters at higher order

The theory cannot predict the 
differential decay rate, but the 
moments of the distribution

Beauty 2026

 M. Fael, T. Mannel, K. K. Vos [JHEP 02 (2019) 177]

M. Fael, T. Mannel, K. K. Vos 
[JHEP 02 (2019) 177]

Leptonic Matrix Element 𝑔𝑒𝑤

𝑔𝑒𝑤 × 𝑉𝑐𝑏

𝑙−

ҧ𝜈ℓ

𝑏

ത𝑢

𝑊−

ത𝑢

𝑐

Hadronic Matrix Element

ത𝐵

 T. Mannel, K. K. Vos [JHEP 06 (2018) 115]

T. Mannel, K. K. Vos 
[JHEP 06 (2018) 115]

𝑞2 moments are impacted less

https://doi.org/10.1007/JHEP02(2019)177
https://doi.org/10.1007/JHEP06(2018)115


• Babar
Phys.Rev.D69:111104,2004
Phys.Rev.D81:032003,2010

• Belle
Phys.Rev.D75:032005,2007
Phys.Rev.D75:032001,2007

Inclusive ത𝐵 → 𝑋𝑐ℓ ҧ𝜈ℓ moments

𝐸ℓ , 𝑀𝑋
• DELPHI 

Eur.Phys.J.C45:35-59,2006

• CLEO
Phys.Rev.D70:032002,2004
Phys.Rev.D70:032003,2004

• CDF
Phys.Rev.D71:051103,2005

𝑞2

• Belle
Phys.Rev.D 104 (2021) 11, 112011

• Belle II
Phys.Rev.D 107 (2023) 7, 072002

11 years

ℓ−

ҧ𝜈ℓ

𝑊−

𝑏

𝑐
ത𝑢

ത𝑢

𝑉𝑐𝑏

𝐵−

𝑋𝑐 𝑀𝑋

𝐸ℓ

𝑞2
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• Babar and Belle measurements are systematically limited, but not fully inclusive (minimum lepton momentum)
• DELPHI and CDF 𝑀𝑋  measurements are sum-of-exclusive measurements (but have relatively large uncertainties)

Both measurements follow 
the same analysis strategy



𝑞2  Moments – Measurement Strategy
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𝑋𝑐

𝑞2 = 𝑝𝑠𝑖𝑔 − 𝑝𝑋𝑐

2

𝑀𝑋 = 𝑝𝑋𝑐 𝜇
𝑝𝑋𝑐

𝜇

Key-techniques: Hadronic tagging and kinematic fitting
exploit the known initial state kinematics

Kinematic constraints: 

Ƹ𝑝𝑋
2 > 0, Ƹ𝑝𝐵𝑡𝑎𝑔

2 = 𝑚𝐵
2  

Ƹ𝑝ℓ + Ƹ𝑝𝑋 + Ƹ𝑝𝜈
2 = 𝑚𝐵

2  

Ƹ𝑝𝑒+𝑒− − Ƹ𝑝𝐵𝑡𝑎𝑔
− Ƹ𝑝ℓ − Ƹ𝑝𝑋 − Ƹ𝑝𝜈 = 0 
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𝑞2  Moments – Background Subtraction
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Determine background 
normalization in 𝑞2 
through fits to 𝑀𝑋

𝑋𝑐ℓ𝜈

𝐵 ത𝐵 bkg.

𝑒+𝑒− → 𝑞 ത𝑞

Event-wise master formula

𝑞2𝑛 =
𝛴𝑖=0

𝑁𝑑𝑎𝑡𝑎𝑤 𝑞𝑖
2 × 𝑞𝑐𝑎𝑙𝑖𝑏,𝑖

2𝑛

𝛴𝑗=0
𝑁𝑑𝑎𝑡𝑎𝑤 𝑞𝑗

2
× 𝒞𝑐𝑎𝑙𝑖𝑏 × 𝒞𝑔𝑒𝑛

• Linear calibration function
𝑞𝑐𝑎𝑙𝑖𝑏

2𝑛 = (𝑞𝑟𝑒𝑐𝑜
2𝑛 − 𝑐𝑛)/𝑚𝑛

• Bias from assumed linearity
𝒞𝑐𝑎𝑙𝑖𝑏 = 𝑞𝑔𝑒𝑛,𝑠𝑒𝑙

2𝑛 / 𝑞𝑐𝑎𝑙𝑖𝑏
2𝑛

• Reconstruction effects 
& final state radiation

𝒞𝑔𝑒𝑛 = 𝑞𝑔𝑒𝑛
2𝑛 / 𝑞𝑔𝑒𝑛,𝑠𝑒𝑙

2𝑛
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Calculate event-wise 
signal probability



𝑞2  Moments – Calibration / Correction
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𝑋𝑐ℓ𝜈

𝐵 ത𝐵 bkg.

𝑒+𝑒− → 𝑞 ത𝑞

Event-wise master formula

𝑞2𝑛 =
𝛴𝑖=0

𝑁𝑑𝑎𝑡𝑎𝑤 𝑞𝑖
2 × 𝑞𝑐𝑎𝑙𝑖𝑏,𝑖

2𝑛

𝛴𝑗=0
𝑁𝑑𝑎𝑡𝑎𝑤 𝑞𝑗

2
× 𝒞𝑐𝑎𝑙𝑖𝑏 × 𝒞𝑔𝑒𝑛

• Linear calibration function
𝑞𝑐𝑎𝑙𝑖𝑏

2𝑛 = (𝑞𝑟𝑒𝑐𝑜
2𝑛 − 𝑐𝑛)/𝑚𝑛

• Bias from assumed linearity
𝒞𝑐𝑎𝑙𝑖𝑏 = 𝑞𝑔𝑒𝑛,𝑠𝑒𝑙

2𝑛 / 𝑞𝑐𝑎𝑙𝑖𝑏
2𝑛

• Reconstruction effects 
& final state radiation

𝒞𝑔𝑒𝑛 = 𝑞𝑔𝑒𝑛
2𝑛 / 𝑞𝑔𝑒𝑛,𝑠𝑒𝑙

2𝑛

𝑞𝑐𝑎𝑙𝑖𝑏
2𝑛 = (𝑞𝑟𝑒𝑐𝑜

2𝑛 − 𝑐𝑛)/𝑚𝑛

𝒞𝑐𝑎𝑙𝑖𝑏 = 𝑞𝑔𝑒𝑛,𝑠𝑒𝑙
2𝑛 / 𝑞𝑐𝑎𝑙𝑖𝑏

2𝑛

𝒞𝑔𝑒𝑛 = 𝑞𝑔𝑒𝑛
2𝑛 / 𝑞𝑔𝑒𝑛,𝑠𝑒𝑙

2𝑛



𝑞2  Moments – Result
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First raw moment: Mean
Measures the location

Second central moment: Variance
Measures the spread

Third central moment: ~Skewness
Measures asymmetry

Fourth central moment: ~Kurtosis
Measures “tailedness”

𝜇𝑛 = න
−∞

−∞

𝑥 − 𝑐 𝑛𝑓 𝑥 𝑑𝑥

Raw moment: 𝑐 = 0
Central moment: 𝑐 = Mean

𝒒𝟐  Moments

cut-offs

Systematics 
• Background yields and shape
• Composition of the 𝑋𝑐 system
• Simulated detector resolution



Inclusive |𝑉𝑐𝑏| Global Fit

• Extraction of inclusive |𝑉𝑐𝑏| is consistent 
between the “old way” using 𝑀𝑋, 𝐸ℓ and the 
“new way” using 𝑞2

• Global analysis gives our most precise 
inclusive |𝑉𝑐𝑏|:

𝑉𝑐𝑏 𝑖𝑛𝑐𝑙 = 41.97 ± 0.48 × 10−3

Eur.Phys.J.ST 233 (2024) 2, 325-346

JHEP 02 (2024) 206
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ℓ−

ҧ𝜈ℓ

𝑊−

𝑏

𝑐
ത𝑢

ത𝑢

𝑉𝑐𝑏

𝐵−

𝑋𝑐 𝑀𝑋

𝐸ℓ

𝑞2

https://doi.org/10.1140/epjs/s11734-024-01090-w
https://doi.org/10.1140/epjs/s11734-024-01090-w
https://doi.org/10.1140/epjs/s11734-024-01090-w
https://doi.org/10.1140/epjs/s11734-024-01090-w
https://doi.org/10.1140/epjs/s11734-024-01090-w
https://doi.org/10.1140/epjs/s11734-024-01090-w
https://doi.org/10.1140/epjs/s11734-024-01090-w
https://doi.org/10.1007/JHEP02(2024)206
https://doi.org/10.1007/JHEP02(2024)206
https://doi.org/10.1007/JHEP02(2024)206
https://doi.org/10.1007/JHEP02(2024)206


Conclusion
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The inclusive-exclusive tension persists
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Quo vadis?
Continuous experimental effort by Belle II, with several 
measurements being worked on:

• Combined ത𝐵 → 𝐷(∗)ℓ ҧ𝜈ℓ analysis
• Combined 𝑀𝑋, 𝐸ℓ, 𝑞2 ത𝐵 → 𝑋𝑐ℓ ҧ𝜈ℓ moments analysis
• 𝐴𝐹𝐵 from inclusive ത𝐵 → 𝑋𝑐ℓ ҧ𝜈ℓ 
• Inclusive ത𝐵 → 𝑋𝑐ℓ ҧ𝜈ℓ branching ratio
A large fraction of the systematics can be improved

Eur.Phys.J.ST 233 (2024) 2, 347-358 

Nota bene: this plot does not 
yet include all present 
measurements

|𝑉𝑐𝑏| tension persists

Not yet out of ideas, but the new generation 
of data has so far not resolved this puzzle

Presented analyses (often) also provide:

• Observables Δ 𝐴𝐹𝐵 , Δ 𝐹𝐿 𝐷∗ , 𝑅 Τ𝑒 𝜇(𝐷(∗)) 

• Unfolded spectra or migration matrices and acceptance 
functions for forward folding

https://doi.org/10.1140/epjs/s11734-023-01077-z
https://doi.org/10.1140/epjs/s11734-023-01077-z
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