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• Induced by soft hadronization effects,  pert. soft scaleQe =

dσ2 = H2 × J2
q ⊗ S2 ⊗ F22-jets, eg. thruste =

3-jets, eg. 3-jettinesse = dσ3 = H3 × J2
qJg ⊗ S3 ⊗ F3

• Hadron masses are crucial:  mH ∼ ΛQCD

for  power corrections:  can’t neglect   in any limit !!ΛQCD mH

• For N-jets,              dominant power corrections  e+e− → dσN → !QCD

Qe
(e ≪ 1)

2



• For N-jets,              dominant power corrections  e+e− → dσN → !QCD

Qe

• For  with   (“OPE” or “tail” region) 
    the leading hadron mass effects in QCD are encoded in:

dσ2 ΛQCD ≪ Qe
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FIG. 1. The energy flow operator (top) compared to the trans-
verse velocity operator (bottom). Measurements are made
with respect to the thrust axis t̂. The arrows correspond to
particles with lengths given by the particle velocities. Shad-
ing indicates which particles are measured by the operator.
Note that the velocity v(r, y) and pseudo-rapidity η(r, y) are
functions of the transverse velocity r and rapidity y.

Note that here we use rapidity y rather than pseudo-
rapidity η. In App. A we show that ÊT (r, y) can be de-
fined in terms of the energy-momentum tensor as

ÊT (r, y) =
r sech4y√
r2+sinh2y

lim
R→∞

R3

∫ 2π

0
dφ n̂i T

0i(R,R v n̂) ,

(26)

where v = v(r, y) and η = η(r, y) are given in Eq. (6).
The unit vector n̂ again points in the (θ,φ) direction and
hence depends on y and r through its dependence on
η = → ln tan(θ/2).

The physical picture for the distinction between ÊT (η)
and ÊT (r, y) is shown in Fig. 1. The energy flow opera-
tor ÊT (η) involves an expanding sphere of radius R inte-
grated over all time, and measures the total transverse
momentum for rapidities in an infinitesimal interval δη
about η. The transverse velocity operator ÊT (r, y) in-
volves a spheroid that expands in both space and time
with a finite velocity v, and it measures the total trans-
verse mass for particles in an infinitesimal interval in both
η and the velocity v (or equivalently an infinitesimal in-
terval in y and r). Using ÊT (r, y), the value of an event
shape ē for a state |X〉 with massive or massless particles

is given by ê|X〉 = ē(X)|X〉 where the operator

ê ≡
1

Q

∫ +∞

−∞
dy

∫ 1

0
dr fe(r, y) ÊT (r, y) , (27)

involves fe(r, y) defined in Eq. (9). This is the desired
generalization of Eq. (24) that will allow us to treat the
effect of hadron masses on event shape power corrections.
The result in Eq. (27) completes the matrix element def-
inition of Ωe

1 given in Eq. (17).

B. Boost Invariance

Both ÊT (η) and ÊT (r, y) have nice transformation
properties under longitudinal boosts. These arguments
were first given in Ref. [2] in the context of ÊT (η) to prove
universality of power corrections for massless particles,
and we will extend the logic for ÊT (r, y) to develop the
notion of universality classes which account for hadron
masses in the next section.
For the case of massless particles in Ref. [2], η = y and

it was shown that under a boost of rapidity y′ along the
thrust axis:

U(y′)ÊT (y)U(y′)† = ÊT (y + y′). (28)

Due to the invariance of the vacuum |0〉 and Wilson lines
Yn and Yn̄ under this boost, we can choose y′ = →y so

↔ 0 |Y †
n̄Y

†
nET (y)YnY n̄ | 0 〉 = ↔ 0 |Y †

n̄Y
†
nET (0)YnY n̄ | 0 〉.

(29)

Using Eq. (24), again with η = y, the power correction
in Eq. (17) simplifies to

[∫ +∞

−∞
dη fe(η)

]
↔ 0 |Y †

n̄Y
†
nET (0)YnY n̄ | 0 〉 . (30)

Thus as argued in Ref. [2], the power correction is univer-
sal if one neglects hadron mass effects, since it depends
on a common nonperturbative matrix element times a
calculable η integral specific to an event shape. This re-
sult agrees with the dispersive approach [36–38], and also
explains why it only applies for the first power correction
in the expansion of Eq. (16).
We can apply the same logic to our transverse velocity

operator in Eq. (25), now accounting for the effect of
hadron masses. Under a boost of rapidity y′,

U(y′) ÊT (r, y)U(y′)† = ÊT (r, y + y′) . (31)

Choosing y′ = →y, we find that the leading power cor-
rections to dijet event shapes are all described by the
nonperturbative matrix element

Ω1(r) ≡ ↔ 0 |Y †
n̄Y

†
n ÊT (r, 0)YnY n̄ | 0 〉 (32)

finite velocity energy-flow operator
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generalization of Eq. (24) that will allow us to treat the
effect of hadron masses on event shape power corrections.
The result in Eq. (27) completes the matrix element def-
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1 given in Eq. (17).

B. Boost Invariance

Both ÊT (η) and ÊT (r, y) have nice transformation
properties under longitudinal boosts. These arguments
were first given in Ref. [2] in the context of ÊT (η) to prove
universality of power corrections for massless particles,
and we will extend the logic for ÊT (r, y) to develop the
notion of universality classes which account for hadron
masses in the next section.
For the case of massless particles in Ref. [2], η = y and

it was shown that under a boost of rapidity y′ along the
thrust axis:
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Yn and Yn̄ under this boost, we can choose y′ = →y so
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Using Eq. (24), again with η = y, the power correction
in Eq. (17) simplifies to

[∫ +∞

−∞
dη fe(η)

]
↔ 0 |Y †

n̄Y
†
nET (0)YnY n̄ | 0 〉 . (30)

Thus as argued in Ref. [2], the power correction is univer-
sal if one neglects hadron mass effects, since it depends
on a common nonperturbative matrix element times a
calculable η integral specific to an event shape. This re-
sult agrees with the dispersive approach [36–38], and also
explains why it only applies for the first power correction
in the expansion of Eq. (16).
We can apply the same logic to our transverse velocity

operator in Eq. (25), now accounting for the effect of
hadron masses. Under a boost of rapidity y′,

U(y′) ÊT (r, y)U(y′)† = ÊT (r, y + y′) . (31)

Choosing y′ = →y, we find that the leading power cor-
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(e ≪ 1)

use boost  
symmetry 
  y → 0
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Using Eq. (24), again with η = y, the power correction
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†
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calculable η integral specific to an event shape. This re-
sult agrees with the dispersive approach [36–38], and also
explains why it only applies for the first power correction
in the expansion of Eq. (16).
We can apply the same logic to our transverse velocity

operator in Eq. (25), now accounting for the effect of
hadron masses. Under a boost of rapidity y′,
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rections to dijet event shapes are all described by the
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energy mom.  
tensor

transverse velocity
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• For N-jets,              dominant power corrections  e+e− → dσN → !QCD

Qe
(e ≪ 1)

• For  with   (“peak” region)  QCD predicts higher

moments   are equally important (  full  shape fn.)

dσ2 ΛQCD ∼ Qe
Ωk ∼ Λk

QCD → F2

fits for  exclude “peak” to avoid model bias from form of αs F2
4

• For  with   (“OPE” or “tail” region) 
    the leading hadron mass effects in QCD are encoded in:

dσ2 ΛQCD ≪ Qe
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Q

∫ +∞

−∞
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∫ 1

0
dr fe(r, y) ÊT (r, y) , (27)

involves fe(r, y) defined in Eq. (9). This is the desired
generalization of Eq. (24) that will allow us to treat the
effect of hadron masses on event shape power corrections.
The result in Eq. (27) completes the matrix element def-
inition of Ωe

1 given in Eq. (17).

B. Boost Invariance

Both ÊT (η) and ÊT (r, y) have nice transformation
properties under longitudinal boosts. These arguments
were first given in Ref. [2] in the context of ÊT (η) to prove
universality of power corrections for massless particles,
and we will extend the logic for ÊT (r, y) to develop the
notion of universality classes which account for hadron
masses in the next section.
For the case of massless particles in Ref. [2], η = y and

it was shown that under a boost of rapidity y′ along the
thrust axis:

U(y′)ÊT (y)U(y′)† = ÊT (y + y′). (28)

Due to the invariance of the vacuum |0〉 and Wilson lines
Yn and Yn̄ under this boost, we can choose y′ = →y so

↔ 0 |Y †
n̄Y

†
nET (y)YnY n̄ | 0 〉 = ↔ 0 |Y †

n̄Y
†
nET (0)YnY n̄ | 0 〉.

(29)

Using Eq. (24), again with η = y, the power correction
in Eq. (17) simplifies to

[∫ +∞

−∞
dη fe(η)

]
↔ 0 |Y †

n̄Y
†
nET (0)YnY n̄ | 0 〉 . (30)

Thus as argued in Ref. [2], the power correction is univer-
sal if one neglects hadron mass effects, since it depends
on a common nonperturbative matrix element times a
calculable η integral specific to an event shape. This re-
sult agrees with the dispersive approach [36–38], and also
explains why it only applies for the first power correction
in the expansion of Eq. (16).
We can apply the same logic to our transverse velocity

operator in Eq. (25), now accounting for the effect of
hadron masses. Under a boost of rapidity y′,

U(y′) ÊT (r, y)U(y′)† = ÊT (r, y + y′) . (31)

Choosing y′ = →y, we find that the leading power cor-
rections to dijet event shapes are all described by the
nonperturbative matrix element

Ω1(r) ≡ ↔ 0 |Y †
n̄Y

†
n ÊT (r, 0)YnY n̄ | 0 〉 (32)

finite velocity energy-flow operator
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δηÊT (η)

t̂
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tor ÊT (η) involves an expanding sphere of radius R inte-
grated over all time, and measures the total transverse
momentum for rapidities in an infinitesimal interval δη
about η. The transverse velocity operator ÊT (r, y) in-
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and we will extend the logic for ÊT (r, y) to develop the
notion of universality classes which account for hadron
masses in the next section.
For the case of massless particles in Ref. [2], η = y and

it was shown that under a boost of rapidity y′ along the
thrust axis:

U(y′)ÊT (y)U(y′)† = ÊT (y + y′). (28)

Due to the invariance of the vacuum |0〉 and Wilson lines
Yn and Yn̄ under this boost, we can choose y′ = →y so

↔ 0 |Y †
n̄Y

†
nET (y)YnY n̄ | 0 〉 = ↔ 0 |Y †

n̄Y
†
nET (0)YnY n̄ | 0 〉.

(29)

Using Eq. (24), again with η = y, the power correction
in Eq. (17) simplifies to

[∫ +∞

−∞
dη fe(η)

]
↔ 0 |Y †

n̄Y
†
nET (0)YnY n̄ | 0 〉 . (30)

Thus as argued in Ref. [2], the power correction is univer-
sal if one neglects hadron mass effects, since it depends
on a common nonperturbative matrix element times a
calculable η integral specific to an event shape. This re-
sult agrees with the dispersive approach [36–38], and also
explains why it only applies for the first power correction
in the expansion of Eq. (16).
We can apply the same logic to our transverse velocity

operator in Eq. (25), now accounting for the effect of
hadron masses. Under a boost of rapidity y′,

U(y′) ÊT (r, y)U(y′)† = ÊT (r, y + y′) . (31)

Choosing y′ = →y, we find that the leading power cor-
rections to dijet event shapes are all described by the
nonperturbative matrix element

Ω1(r) ≡ ↔ 0 |Y †
n̄Y

†
n ÊT (r, 0)YnY n̄ | 0 〉 (32)

energy mom.  
tensor

transverse velocity
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t̂

η

δηÊT (η)

t̂

δηδvÊT (r, y)

η(r, y)
v(r, y)

FIG. 1. The energy flow operator (top) compared to the trans-
verse velocity operator (bottom). Measurements are made
with respect to the thrust axis t̂. The arrows correspond to
particles with lengths given by the particle velocities. Shad-
ing indicates which particles are measured by the operator.
Note that the velocity v(r, y) and pseudo-rapidity η(r, y) are
functions of the transverse velocity r and rapidity y.

Note that here we use rapidity y rather than pseudo-
rapidity η. In App. A we show that ÊT (r, y) can be de-
fined in terms of the energy-momentum tensor as

ÊT (r, y) =
r sech4y√
r2+sinh2y

lim
R→∞

R3

∫ 2π

0
dφ n̂i T

0i(R,R v n̂) ,

(26)

where v = v(r, y) and η = η(r, y) are given in Eq. (6).
The unit vector n̂ again points in the (θ,φ) direction and
hence depends on y and r through its dependence on
η = → ln tan(θ/2).

The physical picture for the distinction between ÊT (η)
and ÊT (r, y) is shown in Fig. 1. The energy flow opera-
tor ÊT (η) involves an expanding sphere of radius R inte-
grated over all time, and measures the total transverse
momentum for rapidities in an infinitesimal interval δη
about η. The transverse velocity operator ÊT (r, y) in-
volves a spheroid that expands in both space and time
with a finite velocity v, and it measures the total trans-
verse mass for particles in an infinitesimal interval in both
η and the velocity v (or equivalently an infinitesimal in-
terval in y and r). Using ÊT (r, y), the value of an event
shape ē for a state |X〉 with massive or massless particles

is given by ê|X〉 = ē(X)|X〉 where the operator

ê ≡
1

Q

∫ +∞

−∞
dy

∫ 1

0
dr fe(r, y) ÊT (r, y) , (27)

involves fe(r, y) defined in Eq. (9). This is the desired
generalization of Eq. (24) that will allow us to treat the
effect of hadron masses on event shape power corrections.
The result in Eq. (27) completes the matrix element def-
inition of Ωe

1 given in Eq. (17).

B. Boost Invariance

Both ÊT (η) and ÊT (r, y) have nice transformation
properties under longitudinal boosts. These arguments
were first given in Ref. [2] in the context of ÊT (η) to prove
universality of power corrections for massless particles,
and we will extend the logic for ÊT (r, y) to develop the
notion of universality classes which account for hadron
masses in the next section.
For the case of massless particles in Ref. [2], η = y and

it was shown that under a boost of rapidity y′ along the
thrust axis:

U(y′)ÊT (y)U(y′)† = ÊT (y + y′). (28)

Due to the invariance of the vacuum |0〉 and Wilson lines
Yn and Yn̄ under this boost, we can choose y′ = →y so

↔ 0 |Y †
n̄Y

†
nET (y)YnY n̄ | 0 〉 = ↔ 0 |Y †

n̄Y
†
nET (0)YnY n̄ | 0 〉.

(29)

Using Eq. (24), again with η = y, the power correction
in Eq. (17) simplifies to

[∫ +∞

−∞
dη fe(η)

]
↔ 0 |Y †

n̄Y
†
nET (0)YnY n̄ | 0 〉 . (30)

Thus as argued in Ref. [2], the power correction is univer-
sal if one neglects hadron mass effects, since it depends
on a common nonperturbative matrix element times a
calculable η integral specific to an event shape. This re-
sult agrees with the dispersive approach [36–38], and also
explains why it only applies for the first power correction
in the expansion of Eq. (16).
We can apply the same logic to our transverse velocity

operator in Eq. (25), now accounting for the effect of
hadron masses. Under a boost of rapidity y′,

U(y′) ÊT (r, y)U(y′)† = ÊT (r, y + y′) . (31)

Choosing y′ = →y, we find that the leading power cor-
rections to dijet event shapes are all described by the
nonperturbative matrix element

Ω1(r) ≡ ↔ 0 |Y †
n̄Y

†
n ÊT (r, 0)YnY n̄ | 0 〉 (32)

Dijet event shapes e =
∑

i

m→
i

Q
fe(ri, yi)

power correction:

≪ 1
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which depends only on r and is independent of the event
shape e. Using Eq. (27), the power correction Ωe

1 simpli-
fies to

Ωe
1 =

∫ 1

0
dr

[∫ +→

−→
dy fe(r, y)

]
Ω1(r) . (33)

We will consider the implications of Eqs. (32) and (33)
for universality in the next section. Note that there is no
limit where Eq. (33) approaches the massless approxima-
tion in Eq. (30).

IV. UNIVERSALITY FOR EVENT SHAPES

A. Universality Classes Defined by g(r)

The boost invariance logic of the previous section
shows that for the power correction Ωe

1, we can factor out
the rapidity dependence from the nonperturbative matrix
element. We define the integral appearing in Eq. (33) as

∫ +→

−→
dy fe(r, y) → ce ge(r) , (34)

where ge(1) = 1 and

ce =

∫ +→

−→
dy fe(1, y) , ge(r) =

1

ce

∫ +→

−→
dy fe(r, y) . (35)

(For the special case of event shapes that vanish for mass-
less partons,

∫
dyfe(1, y) = 0, we define ce = 1 and let

ge(1) = 0.) Thus, the leading power correction for an
event shape e can be written as

Ωe
1 = ceΩ

ge
1 , Ωge

1 →
∫ 1

0
dr ge(r)Ω1(r) , (36)

where Ω1(r) is given in Eq. (32).
Using the fact that for massless hadrons fe(η) = fe(r =

1, y = η) in Eq. (30), we see that the coefficients ce are
precisely the classic universality prefactors that one de-
rives neglecting the hadron mass dependence of event
shapes [2, 8, 36, 37, 44, 54, 74–76]. The function ge(r)
then encodes the effect of hadron masses through the
nonperturbative parameter Ωge

1 .
The key result from Eq. (36) is that each unique func-

tion ge(r) defines a universality class for dijet event
shapes. In particular, for two different event shape vari-
ables a and b, if ga(r) = gb(r) then Ωga

1 = Ωgb
1 (equiva-

lently Ωa
1/ca = Ωb

1/cb), so their power corrections agree
up to the calculable constants ca and cb. We say that two
such event shapes belong to the same universality class,
and we will often refer to Ωg

1 as the universal power cor-
rection defined by g(r).
Recall from Tab. I that the fe(r, y) functions in gen-

eral depend on the measurement scheme used for treat-
ing hadron mass effects (E-scheme, P-scheme, etc). The

functions ge(r) will also in general vary with the mea-
surement scheme. However, the ce coefficients are inde-
pendent of the scheme for treating hadron masses since
they are defined with r = 1 corresponding to the mass-
less limit, and fe(r = 1, y) is the same in all schemes. Our
classification of universality classes with common g(r)’s
is the same as the identification of event shapes that have
the same hadron mass effects made in Ref. [1], and we
will elaborate on the precise notational relationship in
Sec. IVC below.
A summary of coefficients ce, functions ge(r), and uni-

versality classes is given in Tables III, IV, and V, and
will be discussed in detail in Secs. IVB and IVC below.
Since many of the standard event shapes have different
g(r) functions, their power corrections are not related
by universality. We will take up the question of nu-
merically approximate relations between power correc-
tions in different universality classes in Sec. IVD. Fi-
nally in Sec. IVE we consider the impact of changing
the renormalization scheme defining Ω1(r) from MS to a
renormalon-free scheme.

B. Generalized Angularities

In order to see how universality works in practice, it is
instructive to consider a family of event shapes which are
a simple generalization of angularities, and are labeled by
two numbers n ≥ 0 and a < 1:

τ(n,a) →
∑

i

m⊥
i r

n
i e

−|yi|(1−a) . (37)

This corresponds to extending the R-scheme definition
of angularities by incorporating a positive power n of
r = p⊥/m⊥, and this n dependence allows the event
shape to directly probe hadron mass effects. In terms of
Eq. (9) one trivially finds

fn,a(r, y) = rne−|y|(1−a) . (38)

These generalized angularities all have the same value of
ce,

cn,a =

∫ +→

−→
dy e−|y|(1−a) =

2

1− a
→ ca , (39)

which from Table III is also the same as for classic angu-
larities τ(a). (Again a < 1 here.) Computing the function
encoding the mass dependence we have

gn,a(r) =
(1− a)

2

∫
dy rne−|y|(1−a) = rn . (40)

Thus the τ(n,a) event shapes belong to universality classes
labeled by n, and represented by the functions

gn(r) = rn . (41)

Each value of n defines a different universality class, so
in general there are infinitely many different event shape

= ce

∫ 1

0
dr ge(r) !1(r)

naive “massless” 
universality 
cτ = 2, cρ = 1, …

hadron mass 
universality classes!
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C!parameter

Τ!!1"
P

Angularities
Jet masses, Τ2

FIG. 2. From top to bottom the ge(r) functions for Jet Masses
and 2-jettiness, Angularities, C-parameter, Thrust, and the
P-scheme angularity with a = −1. Lines correspond to exact
numerical values, open circles to two terms from the basis of
Sec. IVD, and filled circles to three terms from the basis.

b0 b1 b2 b3

Jet masses, τ2 1 0 0 0

Angularities
1
2

1

2
√
3

0 0

Thrust 0.383 0.299 0.050 −0.006

τP
(→1) 0.355 0.295 0.064 −0.004

C-parameter 0.393 0.300 0.046 −0.007

τP
(a→→∞)

1
3

1

2
√
3

1

6
√
5

0

TABLE VI. Numerical value of the coefficients of the complete
basis for the various ge(r) functions.

for angularities in the P-scheme. Also gC(r) and gτ (r) are
not so different from gτP

(→∞)
(r), implying an approximate

universality between event shapes in different classes for
all event shapes in the P-scheme. This was already noted
for thrust and the C-parameter in Ref. [1]. We will next
develop a complete basis for describing ge(r) functions
that will allow us to make this observation more quanti-
tative.

D. Orthogonal Basis for Ω1(r)

Many ge(r) curves are still parametrically close, even if
the corresponding event shapes are formally in different
universality classes. Examples are thrust, C-parameter,
and τP(→1) angularity shown in Fig. 2. To get a quanti-
tative handle on this observation, we can use a complete
set of orthonormal functions for r → [0, 1]:

hn(r) ≡
√
2n+ 1Pn(2r ↔ 1) , (50)

∫ 1

0
dr hn(r)hm(r) = δnm ,

where Pn are the Legendre polynomials. Now we can
decompose any of the ge(r) functions in this basis in the
usual way:

ge(r) =
∞∑

n=0

ben hn(r) , (51)

ben =

∫ 1

0
dr ge(r)hn(r) .

Since the g(r) functions for classic event shapes are fairly
close to low-order polynomials, the first few terms in the
basis will provide an accurate approximation.
The values of the ben coefficients are shown in Table VI

for the classic event shapes. The approximation for the
ge(r) functions are plotted in Fig. 2, where the exact
values are shown by lines and the approximation with
two terms from the basis (b0, b1) are shown by hollow
circles, and with three terms (b0, b1, b2) by filled cir-
cles. For the jet masses, 2-jettiness, and angularities, the
approximate result is exact with two terms in the basis.
For the remaining events shapes, the approximation with
two terms is likely sufficiently accurate at the level one
expects of current experimental and perturbative preci-
sion. With three terms, the approximation is excellent
in all cases, so the third term can be regarded as a high-
precision correction. This is also apparent from the val-
ues in Table VI, where b0 and b1 are much larger than b2
(and computing bn>2 one finds they are negligible).
Using Eq. (50) one can write any Ωe

1 in terms of a
denumerable set of power correction parameters:

Ωe
1 =

∞∑

n=0

benΩ
(n)
1 , Ω(n)

1 =

∫ 1

0
dr hn(r)Ω1(r) . (52)

Only the first few terms will be numerically relevant for
most event shape observables. Using Eqs. (51) and (52)
and the results in Table VI, we can make the following
exact identifications

Ω(0)
1 = Ωρ

1 , Ω(1)
1 = 2

√
3ΩE

1 ↔
√
3Ωρ

1 . (53)

Thus the power correction parameters for the Jet Mass
class and E-Scheme class already give an excellent ap-
proximation for the various classic event shapes. To re-
fine the prediction even further one can use the next term

in the basis, Ω(2)
1 .11 Writing the leading power correction

for the other event shapes in terms of Ωρ
1, Ω

E
1 , and Ω(2)

1
we have:

Ωτ
1 = 1.034ΩE

1 ↔ 0.135Ωρ
1 + 0.050Ω(2)

1 , (54)

11 In principle, we could extract Ω
(2)
1 exactly from the τP(a→→∞)

power correction, since from Table VI, we see that gτP
(a→→∞)

(r)

is saturated by the first three terms in the Legendre expansion.

{τ, C} ≠ {ρ, …} ≠ {EEC, …}

•

•
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FIG. 13. Comparison of determinations of ↵s(mZ) and ⌦1

with the corresponding total 1-� uncertainty ellipses. As an
illustration we display the determination of ⌦C

1 obtained from
fits to the C-parameter distribution (green), which is clearly
di↵erent from ⌦⌧

1 obtained from thrust fits (blue), and the de-
termination of ⌦⌧

1 as obtained from C-parameter distribution
fits (red). All fits have been performed with N3LL0 theoretical
predictions with power corrections and in the Rgap scheme.
The dashed vertical lines indicate the PDG 2014 [23] deter-
mination of ↵s(mZ).

that of Ref. [10] (higher statistics for the two-loop non-
singular cross sections and using the exact result for the
two-loop soft function non-logarithmic constant). In ad-
dition we have corrected the systematic uncertainty for
the ALEPH data, Q = 91.2GeV of Ref. [64].5 When
we compare thrust and C-parameter we neglect bottom-
mass and QED e↵ects in both event shapes. In this setup,
we find an updated result for thrust:

↵s(mZ) = 0.1134± 0.0002exp (35)

± 0.0005hadr ± 0.0011pert,

⌦1(R�, µ�) = 0.329± 0.009exp

± 0.021↵s(mZ) ± 0.060pert GeV.

For completeness we also quote an updated thrust result
when both QED and bottom-mass e↵ects are taken into
account:

↵s(mZ) = 0.1128± 0.0002exp (36)

5 In Ref. [9] we assumed that two quoted uncertainties where asym-
metric uncertainties, but it turns out they are two sources of sys-
tematic uncertainties that need to be added in quadrature. This
has no significant e↵ect on the results of Ref. [9].

0.110 0.111 0.112 0.113 0.114 0.115
0.4

0.5

0.6

0.7

0.8

0.9

1.0

Αs!mZ"

2"1
GeV

1#Σ
!2#dim"

1#Σ
!1#dim"

1#Σ
!1#dim"

1#Σ
!2#dim"

Full %3LL' results

Thrust
C#Parameter

FIG. 14. Distribution of best-fit points in the ↵s(mZ)-2⌦1

plane for both thrust (blue) and C-parameter (red) at N3LL0+
O(↵3

s)+⌦1(R,µ). The outer solid ellipses show the ��2 = 2.3
variations, representing 1-� uncertainties for two variables.
The inner dashed ellipses correspond to the 1-� theory uncer-
tainties for each one of the fit parameters. The dotted ellipses
correspond to ��2 = 1 variations of the total uncertainties.
All fits have been performed with N3LL0 theoretical predic-
tions with power corrections and in the Rgap scheme. This
plot zooms in on the bottom two ellipses of Fig. 13.
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FIG. 15. Distribution of best-fit points in the ↵s(mZ)-2⌦1

plane for both thrust (blue) and C-parameter (red) at N3LL0+
O(↵3

s)+⌦1. The meaning of the di↵erent ellipses is the same
as in Fig. 14.

Thrust and C-parameter universality  
  is obeyed by global fits

•

5

describes differences between E-scheme,  
p-scheme, etc.

Hoang, Kolodrubetz, Mateu, IS, arXiv:150.04111 (PRD)
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t̂

η

δηÊT (η)

t̂

δηδvÊT (r, y)

η(r, y)
v(r, y)

FIG. 1. The energy flow operator (top) compared to the trans-
verse velocity operator (bottom). Measurements are made
with respect to the thrust axis t̂. The arrows correspond to
particles with lengths given by the particle velocities. Shad-
ing indicates which particles are measured by the operator.
Note that the velocity v(r, y) and pseudo-rapidity η(r, y) are
functions of the transverse velocity r and rapidity y.

Note that here we use rapidity y rather than pseudo-
rapidity η. In App. A we show that ÊT (r, y) can be de-
fined in terms of the energy-momentum tensor as

ÊT (r, y) =
r sech4y√
r2+sinh2y

lim
R→∞

R3

∫ 2π

0
dφ n̂i T

0i(R,R v n̂) ,

(26)

where v = v(r, y) and η = η(r, y) are given in Eq. (6).
The unit vector n̂ again points in the (θ,φ) direction and
hence depends on y and r through its dependence on
η = → ln tan(θ/2).

The physical picture for the distinction between ÊT (η)
and ÊT (r, y) is shown in Fig. 1. The energy flow opera-
tor ÊT (η) involves an expanding sphere of radius R inte-
grated over all time, and measures the total transverse
momentum for rapidities in an infinitesimal interval δη
about η. The transverse velocity operator ÊT (r, y) in-
volves a spheroid that expands in both space and time
with a finite velocity v, and it measures the total trans-
verse mass for particles in an infinitesimal interval in both
η and the velocity v (or equivalently an infinitesimal in-
terval in y and r). Using ÊT (r, y), the value of an event
shape ē for a state |X〉 with massive or massless particles

is given by ê|X〉 = ē(X)|X〉 where the operator

ê ≡
1

Q

∫ +∞

−∞
dy

∫ 1

0
dr fe(r, y) ÊT (r, y) , (27)

involves fe(r, y) defined in Eq. (9). This is the desired
generalization of Eq. (24) that will allow us to treat the
effect of hadron masses on event shape power corrections.
The result in Eq. (27) completes the matrix element def-
inition of Ωe

1 given in Eq. (17).

B. Boost Invariance

Both ÊT (η) and ÊT (r, y) have nice transformation
properties under longitudinal boosts. These arguments
were first given in Ref. [2] in the context of ÊT (η) to prove
universality of power corrections for massless particles,
and we will extend the logic for ÊT (r, y) to develop the
notion of universality classes which account for hadron
masses in the next section.
For the case of massless particles in Ref. [2], η = y and

it was shown that under a boost of rapidity y′ along the
thrust axis:

U(y′)ÊT (y)U(y′)† = ÊT (y + y′). (28)

Due to the invariance of the vacuum |0〉 and Wilson lines
Yn and Yn̄ under this boost, we can choose y′ = →y so

↔ 0 |Y †
n̄Y

†
nET (y)YnY n̄ | 0 〉 = ↔ 0 |Y †

n̄Y
†
nET (0)YnY n̄ | 0 〉.

(29)

Using Eq. (24), again with η = y, the power correction
in Eq. (17) simplifies to

[∫ +∞

−∞
dη fe(η)

]
↔ 0 |Y †

n̄Y
†
nET (0)YnY n̄ | 0 〉 . (30)

Thus as argued in Ref. [2], the power correction is univer-
sal if one neglects hadron mass effects, since it depends
on a common nonperturbative matrix element times a
calculable η integral specific to an event shape. This re-
sult agrees with the dispersive approach [36–38], and also
explains why it only applies for the first power correction
in the expansion of Eq. (16).
We can apply the same logic to our transverse velocity

operator in Eq. (25), now accounting for the effect of
hadron masses. Under a boost of rapidity y′,

U(y′) ÊT (r, y)U(y′)† = ÊT (r, y + y′) . (31)

Choosing y′ = →y, we find that the leading power cor-
rections to dijet event shapes are all described by the
nonperturbative matrix element

Ω1(r) ≡ ↔ 0 |Y †
n̄Y

†
n ÊT (r, 0)YnY n̄ | 0 〉 (32)•

For fit to single event shape (eg. thrust), if we assume that all expts. 
   treat  effects with same method, then fit one parameter mH Ωe

1

Fits using multiple event shapes (in different classes) should not  
   be done with only a single hadronic parameter!

• Dijet event shapes e =
∑

i

m→
i

Q
fe(ri, yi)

power correction

≪ 1

{τ, C} ≠ {ρ, …} ≠ {EEC, …}
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which depends only on r and is independent of the event
shape e. Using Eq. (27), the power correction Ωe

1 simpli-
fies to

Ωe
1 =

∫ 1

0
dr

[∫ +→

−→
dy fe(r, y)

]
Ω1(r) . (33)

We will consider the implications of Eqs. (32) and (33)
for universality in the next section. Note that there is no
limit where Eq. (33) approaches the massless approxima-
tion in Eq. (30).

IV. UNIVERSALITY FOR EVENT SHAPES

A. Universality Classes Defined by g(r)

The boost invariance logic of the previous section
shows that for the power correction Ωe

1, we can factor out
the rapidity dependence from the nonperturbative matrix
element. We define the integral appearing in Eq. (33) as

∫ +→

−→
dy fe(r, y) → ce ge(r) , (34)

where ge(1) = 1 and

ce =

∫ +→

−→
dy fe(1, y) , ge(r) =

1

ce

∫ +→

−→
dy fe(r, y) . (35)

(For the special case of event shapes that vanish for mass-
less partons,

∫
dyfe(1, y) = 0, we define ce = 1 and let

ge(1) = 0.) Thus, the leading power correction for an
event shape e can be written as

Ωe
1 = ceΩ

ge
1 , Ωge

1 →
∫ 1

0
dr ge(r)Ω1(r) , (36)

where Ω1(r) is given in Eq. (32).
Using the fact that for massless hadrons fe(η) = fe(r =

1, y = η) in Eq. (30), we see that the coefficients ce are
precisely the classic universality prefactors that one de-
rives neglecting the hadron mass dependence of event
shapes [2, 8, 36, 37, 44, 54, 74–76]. The function ge(r)
then encodes the effect of hadron masses through the
nonperturbative parameter Ωge

1 .
The key result from Eq. (36) is that each unique func-

tion ge(r) defines a universality class for dijet event
shapes. In particular, for two different event shape vari-
ables a and b, if ga(r) = gb(r) then Ωga

1 = Ωgb
1 (equiva-

lently Ωa
1/ca = Ωb

1/cb), so their power corrections agree
up to the calculable constants ca and cb. We say that two
such event shapes belong to the same universality class,
and we will often refer to Ωg

1 as the universal power cor-
rection defined by g(r).
Recall from Tab. I that the fe(r, y) functions in gen-

eral depend on the measurement scheme used for treat-
ing hadron mass effects (E-scheme, P-scheme, etc). The

functions ge(r) will also in general vary with the mea-
surement scheme. However, the ce coefficients are inde-
pendent of the scheme for treating hadron masses since
they are defined with r = 1 corresponding to the mass-
less limit, and fe(r = 1, y) is the same in all schemes. Our
classification of universality classes with common g(r)’s
is the same as the identification of event shapes that have
the same hadron mass effects made in Ref. [1], and we
will elaborate on the precise notational relationship in
Sec. IVC below.
A summary of coefficients ce, functions ge(r), and uni-

versality classes is given in Tables III, IV, and V, and
will be discussed in detail in Secs. IVB and IVC below.
Since many of the standard event shapes have different
g(r) functions, their power corrections are not related
by universality. We will take up the question of nu-
merically approximate relations between power correc-
tions in different universality classes in Sec. IVD. Fi-
nally in Sec. IVE we consider the impact of changing
the renormalization scheme defining Ω1(r) from MS to a
renormalon-free scheme.

B. Generalized Angularities

In order to see how universality works in practice, it is
instructive to consider a family of event shapes which are
a simple generalization of angularities, and are labeled by
two numbers n ≥ 0 and a < 1:

τ(n,a) →
∑

i

m⊥
i r

n
i e

−|yi|(1−a) . (37)

This corresponds to extending the R-scheme definition
of angularities by incorporating a positive power n of
r = p⊥/m⊥, and this n dependence allows the event
shape to directly probe hadron mass effects. In terms of
Eq. (9) one trivially finds

fn,a(r, y) = rne−|y|(1−a) . (38)

These generalized angularities all have the same value of
ce,

cn,a =

∫ +→

−→
dy e−|y|(1−a) =

2

1− a
→ ca , (39)

which from Table III is also the same as for classic angu-
larities τ(a). (Again a < 1 here.) Computing the function
encoding the mass dependence we have

gn,a(r) =
(1− a)

2

∫
dy rne−|y|(1−a) = rn . (40)

Thus the τ(n,a) event shapes belong to universality classes
labeled by n, and represented by the functions

gn(r) = rn . (41)

Each value of n defines a different universality class, so
in general there are infinitely many different event shape

= ce

∫ 1

0
dr ge(r) !1(r)

6
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t̂

η

δηÊT (η)

t̂

δηδvÊT (r, y)

η(r, y)
v(r, y)

FIG. 1. The energy flow operator (top) compared to the trans-
verse velocity operator (bottom). Measurements are made
with respect to the thrust axis t̂. The arrows correspond to
particles with lengths given by the particle velocities. Shad-
ing indicates which particles are measured by the operator.
Note that the velocity v(r, y) and pseudo-rapidity η(r, y) are
functions of the transverse velocity r and rapidity y.

Note that here we use rapidity y rather than pseudo-
rapidity η. In App. A we show that ÊT (r, y) can be de-
fined in terms of the energy-momentum tensor as

ÊT (r, y) =
r sech4y√
r2+sinh2y

lim
R→∞

R3

∫ 2π

0
dφ n̂i T

0i(R,R v n̂) ,

(26)

where v = v(r, y) and η = η(r, y) are given in Eq. (6).
The unit vector n̂ again points in the (θ,φ) direction and
hence depends on y and r through its dependence on
η = → ln tan(θ/2).

The physical picture for the distinction between ÊT (η)
and ÊT (r, y) is shown in Fig. 1. The energy flow opera-
tor ÊT (η) involves an expanding sphere of radius R inte-
grated over all time, and measures the total transverse
momentum for rapidities in an infinitesimal interval δη
about η. The transverse velocity operator ÊT (r, y) in-
volves a spheroid that expands in both space and time
with a finite velocity v, and it measures the total trans-
verse mass for particles in an infinitesimal interval in both
η and the velocity v (or equivalently an infinitesimal in-
terval in y and r). Using ÊT (r, y), the value of an event
shape ē for a state |X〉 with massive or massless particles

is given by ê|X〉 = ē(X)|X〉 where the operator

ê ≡
1

Q

∫ +∞

−∞
dy

∫ 1

0
dr fe(r, y) ÊT (r, y) , (27)

involves fe(r, y) defined in Eq. (9). This is the desired
generalization of Eq. (24) that will allow us to treat the
effect of hadron masses on event shape power corrections.
The result in Eq. (27) completes the matrix element def-
inition of Ωe

1 given in Eq. (17).

B. Boost Invariance

Both ÊT (η) and ÊT (r, y) have nice transformation
properties under longitudinal boosts. These arguments
were first given in Ref. [2] in the context of ÊT (η) to prove
universality of power corrections for massless particles,
and we will extend the logic for ÊT (r, y) to develop the
notion of universality classes which account for hadron
masses in the next section.
For the case of massless particles in Ref. [2], η = y and

it was shown that under a boost of rapidity y′ along the
thrust axis:

U(y′)ÊT (y)U(y′)† = ÊT (y + y′). (28)

Due to the invariance of the vacuum |0〉 and Wilson lines
Yn and Yn̄ under this boost, we can choose y′ = →y so

↔ 0 |Y †
n̄Y

†
nET (y)YnY n̄ | 0 〉 = ↔ 0 |Y †

n̄Y
†
nET (0)YnY n̄ | 0 〉.

(29)

Using Eq. (24), again with η = y, the power correction
in Eq. (17) simplifies to

[∫ +∞

−∞
dη fe(η)

]
↔ 0 |Y †

n̄Y
†
nET (0)YnY n̄ | 0 〉 . (30)

Thus as argued in Ref. [2], the power correction is univer-
sal if one neglects hadron mass effects, since it depends
on a common nonperturbative matrix element times a
calculable η integral specific to an event shape. This re-
sult agrees with the dispersive approach [36–38], and also
explains why it only applies for the first power correction
in the expansion of Eq. (16).
We can apply the same logic to our transverse velocity

operator in Eq. (25), now accounting for the effect of
hadron masses. Under a boost of rapidity y′,

U(y′) ÊT (r, y)U(y′)† = ÊT (r, y + y′) . (31)

Choosing y′ = →y, we find that the leading power cor-
rections to dijet event shapes are all described by the
nonperturbative matrix element

Ω1(r) ≡ ↔ 0 |Y †
n̄Y

†
n ÊT (r, 0)YnY n̄ | 0 〉 (32)

• Dijet event shapes e =
∑

i

m→
i

Q
fe(ri, yi)

power correction

≪ 1

{τ, C} ≠ {ρ, …} ≠ {EEC, …}

•  has an anomalous dimension Ω1(r)

14

FIG. 6. Independent emission diagrams with Abelian and
non-Abelian contributions. The 4 additional diagrams ob-
tained by a horizontal flip or complex conjugation are not
shown.

is also a contribution from gauge coupling renormaliza-
tion which is not just canceled by the vacuum polariza-
tion graphs in many gauges. For the 1/ε poles, we can
take ∆n,n̄ → 0 in the sum of graphs in Fig. 6 and sepa-
rately in Fig. 7, so the extra IR regulators cancel out of
the UV terms as expected. The sum of diagrams in Fig. 6
and the sum in Fig. 7 each have 1/ε2 poles, but these can-
cel in the complete sum. This leaves only a nonzero 1/ε
pole which will yield the anomalous dimension.
The final result for the UV divergence in the matrix

element of the bare Ω1(r) operator is

M1-loop
1 (r) =

(
−

αsCA

2πε
ln(1 − r2)

)
M tree

1 (r) . (61)

We define the renormalized MS operator by

Ωbare
1 (r) = Z(r, µ, ε) Ω1(r, µ) , (62)

so Eq. (61) determines Z(r, µ, ε) at O(αs). Using
µ dαs/dµ = − 2 ε αs + . . . , the one-loop anomalous di-
mension of Ω1(r) is

µ
d

dµ
Ω1(r, µ) =

[
−

αsCA

π
ln(1 − r2)

]
Ω1(r, µ) . (63)

Note that this anomalous dimension is positive since
ln(1− r2) < 0.
Intriguingly, the anomalous dimension is r-dependent,

showing the important role of hadron masses. However,
there is no mixing for operators at different values of r,
so this Renormalization Group Evolution equation can
be solved exactly to yield

Ω1(r, µ) = Ω1(r, µ0)

[
αs(µ)

αs(µ0)

] 2CA
β0

ln(1→r2)

(64)

= Ω1(r, µ0)
[
1− r2

] 2 CA
β0

ln αs(µ)
αs(µ0) .

Here one can consider µ0 ∼ 2 GeV as the low energy
hadronic scale where we specify the nonperturbative ma-
trix element, and µ as a high energy scale that is appro-
priate for the observable being considered. In Sec. VB we
will show that µ ↔ Qe for the region of event shape distri-
butions with e % emax and Qe & ΛQCD, and µ ↔ Qemax

for first moments of event shapes.
In order to use the resummed expression for Ω1(r, µ)

to predict the evolution from Ωe
1(µ0) to Ωe

1(µ), one would

FIG. 7. Triple gluon Y-diagrams for the O(α2
s) correction to

Ω1(r). The 12 additional diagrams obtained by a horizontal
flip or complex conjugation are not shown. Diagrams with all
3 gluons coupled to Wilson lines of the same direction vanish.

need to know the full r-dependence of Ω1(r, µ0) to per-
form the integral over ge(r). We will see how to approx-
imately circumvent this problem in Sec. VC.
One can also consider expanding Eq. (64) perturba-

tively in αs(µ0) which yields

Ω1(r, µ) = Ω1(r, µ0) (65)

≃
[
1−

αs(µ0)CA

π
ln
( µ

µ0

)
ln(1− r2) + . . .

]
.

If one truncates at O(αs), then one only needs two non-
perturbative parameters defined at µ0 to determine the
the power corrections for an event shape at a higher scale
µ:

Ωe
1(µ) = Ωe

1(µ0) +
αs(µ0)CA

π
ln
( µ

µ0

)
Ωe, ln

1 (µ0) . (66)

Here Ωe
1(µ0) is our standard power correction parameter

at the scale µ0 given by Eq. (36) with Ω1(r, µ0), and the
slope parameter Ωe, ln

1 (µ0) is defined by

Ωe, ln
1 (µ0) ≡ −

∫
dr ln(1− r2) ce ge(r)Ω1(r, µ0) . (67)

The expanded form in Eq. (66) is a reasonable approxi-
mation if µ is not too different from µ0. It works for a
larger range than one would naively expect since there
are numerical cancellations in the O(α2

s) term between
ln2(1− r) and ln(1− r) contributions.

B. The Wilson Coefficient of Ω1(r, µ)

Having established that the nonperturbative matrix
element Ω1(r, µ0) runs, we reconsider the operator ex-
pansion of the shape function Fe($) in Eq. (16), now in-
corporating αs corrections through a Wilson coefficient

+𝒪(α2
s )
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FIG. 8. Comparison of fits to the C-parameter tail distribu-
tion with theory prediction which include/ignore hadron-mass
e↵ects (in red/blue). Although a direct comparison of ↵s val-
ues is possible, one has to keep in mind that ⌦1(µ�, R�) has
a di↵erent meaning once hadron mass running e↵ects are in-
cluded.

is still as accurately determined from data as the ⌦1 in
Tab. V. However, the orthogonal parameter ✓(R�, µ�) is
only determined with very large statistical uncertainties.
As discussed in Ref. [12], the specific value of ✓(R�, µ�)
has a very small impact on the cross section, which is
consistent with the inability to accurately fit for it.

The results of our fit including hadron-mass e↵ects are

↵s(mZ) = 0.1119± 0.0006exp+had ± 0.0013pert , (32)

⌦1(R�, µ�) = 0.411± 0.018exp+↵s ± 0.052pert GeV .

Note that the meaning of ⌦1(R�, µ�) here is di↵erent
from the case in which hadron-mass running e↵ects are
ignored because there are extra evolution e↵ects needed
to translate this value to that used in the cross section
at a given value of C, compared to the no-hadron-mass
case.

In Fig. 8 we compare the outcome of the 500 fits at
N3LL0 in the Rgap scheme. Results with hadron-mass ef-
fects give the red ellipse on the left, and without hadron-
mass e↵ects give the blue ellipse on the right. (The latter
ellipse is the same as the one discussed above in Sec. VB.)
The e↵ects of hadron masses on ↵s(mZ) are to decrease
its central value by 0.3% and reduce the percent pertur-
bative uncertainty by 0.1%. Given that the total pertur-
bative uncertainties are 1.2%, these e↵ects are not sta-
tistically significant. When studying the e↵ect on ⌦1

one has to keep in mind that its meaning changes when
hadron-mass e↵ects are included. Ignoring this fact we
observe that hadron masses shift the central value down-

wards by 2.4%, and reduce the percent theoretical un-
certainty by 1.6%. Again, given that the perturbative
uncertainty for ⌦1 is 14%, this shift is not significant.

Since the theory uncertainties become slightly smaller
when hadron-mass e↵ects are incorporated, one could use
this setup as our default. However we take a more con-
servative approach and consider the 0.3% shift on the
central value as an additional source of uncertainty, to
be added in quadrature to the hadronization uncertainty
already discussed in Sec. VB. This increases the value
of the hadronization uncertainty from 0.0006 to 0.0007,
and does not a↵ect the total ↵s uncertainty. The main
reason we adopt this more conservative approach is that,
while well motivated, the ansatz that we take in Eq. (23)
is not model independent. We believe that this ansatz
serves as a good estimate of what the numerical e↵ect of
hadron masses are, but should likely not be used for the
central fit until further theoretical insight on the form of
⌦1(r) is gained. We do not add an additional uncertainty
to ⌦1 since hadron-mass e↵ects change its meaning and
uncertainties for ⌦1 are large enough that these e↵ects
are negligible.

In App. B we also consider fits performed using the
Rgap scheme with C-parameter gap subtractions, rather
than our default Rgap scheme with thrust gap subtrac-
tions. The two results are fully compatible. As discussed
in Ref. [12] the thrust gap subtractions give better per-
turbative convergence, and hence are used for our default
cross section.

F. Dataset dependence

In this section we discuss how much our results de-
pend on the dataset choice. Our default global dataset
accounts for all experimental bins for Q � 35GeV in the
intervals [Cmin, Cmax ] = [ 25/Q, 0.7 ], (more details are
given in Sec. III). The upper limit in this range is moti-
vated by the fact that we do not want to include data too
close to the shoulder, since we do not anticipate having
the optimal theoretical description of this region. The
lower limit avoids including data too close to the non-
perturbative region, which is near the cross section peak
for Q = mZ , since we by default only include the leading
power correction ⌦1 in the OPE of the shape function.
To consider the impact of this dataset choice we can vary
the upper and lower limits used to select the data.

In Fig. 9 the best fits and the respective total exper-
imental + theory 68% CL uncertainty ellipses (for two
parameters) are shown for global datasets based on dif-
ferent choices of data ranges. The result for our default
global dataset is given in red, with a thicker, dashed el-
lipse. In the caption of Fig. 9 the data ranges and the
number of bins are specified for each one of the plotted
ellipses.

Interestingly all uncertainty ellipses have very similar

this running  
does not  
seem to  
cause large 
changes
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which depends only on r and is independent of the event
shape e. Using Eq. (27), the power correction Ωe

1 simpli-
fies to

Ωe
1 =

∫ 1

0
dr

[∫ +→

−→
dy fe(r, y)

]
Ω1(r) . (33)

We will consider the implications of Eqs. (32) and (33)
for universality in the next section. Note that there is no
limit where Eq. (33) approaches the massless approxima-
tion in Eq. (30).

IV. UNIVERSALITY FOR EVENT SHAPES

A. Universality Classes Defined by g(r)

The boost invariance logic of the previous section
shows that for the power correction Ωe

1, we can factor out
the rapidity dependence from the nonperturbative matrix
element. We define the integral appearing in Eq. (33) as

∫ +→

−→
dy fe(r, y) → ce ge(r) , (34)

where ge(1) = 1 and

ce =

∫ +→

−→
dy fe(1, y) , ge(r) =

1

ce

∫ +→

−→
dy fe(r, y) . (35)

(For the special case of event shapes that vanish for mass-
less partons,

∫
dyfe(1, y) = 0, we define ce = 1 and let

ge(1) = 0.) Thus, the leading power correction for an
event shape e can be written as

Ωe
1 = ceΩ

ge
1 , Ωge

1 →
∫ 1

0
dr ge(r)Ω1(r) , (36)

where Ω1(r) is given in Eq. (32).
Using the fact that for massless hadrons fe(η) = fe(r =

1, y = η) in Eq. (30), we see that the coefficients ce are
precisely the classic universality prefactors that one de-
rives neglecting the hadron mass dependence of event
shapes [2, 8, 36, 37, 44, 54, 74–76]. The function ge(r)
then encodes the effect of hadron masses through the
nonperturbative parameter Ωge

1 .
The key result from Eq. (36) is that each unique func-

tion ge(r) defines a universality class for dijet event
shapes. In particular, for two different event shape vari-
ables a and b, if ga(r) = gb(r) then Ωga

1 = Ωgb
1 (equiva-

lently Ωa
1/ca = Ωb

1/cb), so their power corrections agree
up to the calculable constants ca and cb. We say that two
such event shapes belong to the same universality class,
and we will often refer to Ωg

1 as the universal power cor-
rection defined by g(r).
Recall from Tab. I that the fe(r, y) functions in gen-

eral depend on the measurement scheme used for treat-
ing hadron mass effects (E-scheme, P-scheme, etc). The

functions ge(r) will also in general vary with the mea-
surement scheme. However, the ce coefficients are inde-
pendent of the scheme for treating hadron masses since
they are defined with r = 1 corresponding to the mass-
less limit, and fe(r = 1, y) is the same in all schemes. Our
classification of universality classes with common g(r)’s
is the same as the identification of event shapes that have
the same hadron mass effects made in Ref. [1], and we
will elaborate on the precise notational relationship in
Sec. IVC below.
A summary of coefficients ce, functions ge(r), and uni-

versality classes is given in Tables III, IV, and V, and
will be discussed in detail in Secs. IVB and IVC below.
Since many of the standard event shapes have different
g(r) functions, their power corrections are not related
by universality. We will take up the question of nu-
merically approximate relations between power correc-
tions in different universality classes in Sec. IVD. Fi-
nally in Sec. IVE we consider the impact of changing
the renormalization scheme defining Ω1(r) from MS to a
renormalon-free scheme.

B. Generalized Angularities

In order to see how universality works in practice, it is
instructive to consider a family of event shapes which are
a simple generalization of angularities, and are labeled by
two numbers n ≥ 0 and a < 1:

τ(n,a) →
∑

i

m⊥
i r

n
i e

−|yi|(1−a) . (37)

This corresponds to extending the R-scheme definition
of angularities by incorporating a positive power n of
r = p⊥/m⊥, and this n dependence allows the event
shape to directly probe hadron mass effects. In terms of
Eq. (9) one trivially finds

fn,a(r, y) = rne−|y|(1−a) . (38)

These generalized angularities all have the same value of
ce,

cn,a =

∫ +→

−→
dy e−|y|(1−a) =

2

1− a
→ ca , (39)

which from Table III is also the same as for classic angu-
larities τ(a). (Again a < 1 here.) Computing the function
encoding the mass dependence we have

gn,a(r) =
(1− a)

2

∫
dy rne−|y|(1−a) = rn . (40)

Thus the τ(n,a) event shapes belong to universality classes
labeled by n, and represented by the functions

gn(r) = rn . (41)

Each value of n defines a different universality class, so
in general there are infinitely many different event shape

= ce

∫ 1

0
dr ge(r) !1(r)

 (C)
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t̂

η

δηÊT (η)

t̂

δηδvÊT (r, y)

η(r, y)
v(r, y)

FIG. 1. The energy flow operator (top) compared to the trans-
verse velocity operator (bottom). Measurements are made
with respect to the thrust axis t̂. The arrows correspond to
particles with lengths given by the particle velocities. Shad-
ing indicates which particles are measured by the operator.
Note that the velocity v(r, y) and pseudo-rapidity η(r, y) are
functions of the transverse velocity r and rapidity y.

Note that here we use rapidity y rather than pseudo-
rapidity η. In App. A we show that ÊT (r, y) can be de-
fined in terms of the energy-momentum tensor as

ÊT (r, y) =
r sech4y√
r2+sinh2y

lim
R→∞

R3

∫ 2π

0
dφ n̂i T

0i(R,R v n̂) ,

(26)

where v = v(r, y) and η = η(r, y) are given in Eq. (6).
The unit vector n̂ again points in the (θ,φ) direction and
hence depends on y and r through its dependence on
η = → ln tan(θ/2).

The physical picture for the distinction between ÊT (η)
and ÊT (r, y) is shown in Fig. 1. The energy flow opera-
tor ÊT (η) involves an expanding sphere of radius R inte-
grated over all time, and measures the total transverse
momentum for rapidities in an infinitesimal interval δη
about η. The transverse velocity operator ÊT (r, y) in-
volves a spheroid that expands in both space and time
with a finite velocity v, and it measures the total trans-
verse mass for particles in an infinitesimal interval in both
η and the velocity v (or equivalently an infinitesimal in-
terval in y and r). Using ÊT (r, y), the value of an event
shape ē for a state |X〉 with massive or massless particles

is given by ê|X〉 = ē(X)|X〉 where the operator

ê ≡
1

Q

∫ +∞

−∞
dy

∫ 1

0
dr fe(r, y) ÊT (r, y) , (27)

involves fe(r, y) defined in Eq. (9). This is the desired
generalization of Eq. (24) that will allow us to treat the
effect of hadron masses on event shape power corrections.
The result in Eq. (27) completes the matrix element def-
inition of Ωe

1 given in Eq. (17).

B. Boost Invariance

Both ÊT (η) and ÊT (r, y) have nice transformation
properties under longitudinal boosts. These arguments
were first given in Ref. [2] in the context of ÊT (η) to prove
universality of power corrections for massless particles,
and we will extend the logic for ÊT (r, y) to develop the
notion of universality classes which account for hadron
masses in the next section.
For the case of massless particles in Ref. [2], η = y and

it was shown that under a boost of rapidity y′ along the
thrust axis:

U(y′)ÊT (y)U(y′)† = ÊT (y + y′). (28)

Due to the invariance of the vacuum |0〉 and Wilson lines
Yn and Yn̄ under this boost, we can choose y′ = →y so

↔ 0 |Y †
n̄Y

†
nET (y)YnY n̄ | 0 〉 = ↔ 0 |Y †

n̄Y
†
nET (0)YnY n̄ | 0 〉.

(29)

Using Eq. (24), again with η = y, the power correction
in Eq. (17) simplifies to

[∫ +∞

−∞
dη fe(η)

]
↔ 0 |Y †

n̄Y
†
nET (0)YnY n̄ | 0 〉 . (30)

Thus as argued in Ref. [2], the power correction is univer-
sal if one neglects hadron mass effects, since it depends
on a common nonperturbative matrix element times a
calculable η integral specific to an event shape. This re-
sult agrees with the dispersive approach [36–38], and also
explains why it only applies for the first power correction
in the expansion of Eq. (16).
We can apply the same logic to our transverse velocity

operator in Eq. (25), now accounting for the effect of
hadron masses. Under a boost of rapidity y′,

U(y′) ÊT (r, y)U(y′)† = ÊT (r, y + y′) . (31)

Choosing y′ = →y, we find that the leading power cor-
rections to dijet event shapes are all described by the
nonperturbative matrix element

Ω1(r) ≡ ↔ 0 |Y †
n̄Y

†
n ÊT (r, 0)YnY n̄ | 0 〉 (32)

• Monte Carlo agrees with QCD predictions for leading hadron mass effects
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FIG. 8. Universal power corrections extracted from
Pythia 8.162 (upper solid and dashed lines and dots) and
Herwig++ 2.6.0 (lower solid and dashed lines and dots) for
the generalized angularities τ(n,a). We use the measured
power corrections in the first two plots to fit for Ω(r, µ0)
at Q = 100 GeV, using Eq. (64) to evolve to different Q
scales. The curves in third plot are then predicted. The
dashed curves show the approximate formula in Eq. (66).

Ωe
1(µ), given by Eq. (55) with Eq. (58). Therefore we

emphasize that our analysis in this section only probes
the running in Eq. (63) and not the R-evolution [64, 65]
associated with Ωe

1(R, µ).

In Fig. 8 we plot Ω0
1→Ωn

1 for a = 0,→1,→2, n = 1, 2, 3,
and Q values ranging from 20 GeV to 200 TeV. At a
fixed scale Q, the power corrections are independent of a
with at most 5% variations, thus demonstrating the an-

Q = 100 GeV Q = 104 GeV

Pythia 8 Herwig++ Pythia 8 Herwig++

Ω0
1 − Ω1

1 0.7 GeV 0.6 GeV 1.3 GeV 0.9 GeV

Ω0, ln
1 − Ω1, ln

1 0.9 GeV 0.5 GeV 2.4 GeV 1.1 GeV

Ω0
1 − Ω2

1 1.1 GeV 1.0 GeV 2.3 GeV 1.6 GeV

Ω0, ln
1 − Ω2, ln

1 1.8 GeV 1.0 GeV 4.6 GeV 2.0 GeV

Ω0
1 − Ω3

1 1.5 GeV 1.3 GeV 3.2 GeV 2.1 GeV

Ω0, ln
1 − Ω3, ln

1 2.6 GeV 1.3 GeV 6.6 GeV 2.8 GeV

TABLE VII. Power correction differences extracted from the
fits in Fig. 8. The slope parameter Ωn, ln

1 is defined in Eq. (83).
These values have 10% to 20% uncertainties from the choice
of functional fit form.

ticipated universality.16 Note that both programs were
tuned to LEP Z pole and low energy data, so it is not
surprising that they have the same power corrections at
Q ∼ mZ . More interestingly, both programs show loga-
rithmic growth in Q for the power correction, as expected
from our results in Sec. VA. Numerically, this growth is
consistent with the form (lnQ)A/Q found in Ref. [1], and
the exponent A # 4CA/β0 ∼ 1.5 is presumably related to
the exponent in Eq. (64). A more concrete comparison is
difficult since the analysis in Ref. [1] effectively expands
about r = 1, and parametrizes the extra resulting loga-
rithmic singularity by a ln(µ/ΛQCD) factor that cancels
an αs(µ).
To show the importance of resummation, we fit for

the functional form of Ω(r, µ0). The solid lines in Fig. 8
have the full running in Eq. (64), while the dashed lines
correspond to the expansion in Eq. (66). These curves
were obtained following the procedure of Sec. VC, where
Ω(r, µ0) is modeled using the three basis functions

{1, r, (1→ r)→1/4}, (82)

suitable orthonormalized. The inclusion of (1 → r)→1/4

is needed to capture the (integrable) peak of Ω(r, µ0) at
r = 1, though other choices (1 → r)k give comparable
results. We apply the fit form at Q = 100 GeV and use
Eq. (64) to determine Ω(r, µ) over the whole Q range.17

To show that this framework has some predictive power,
we fit Ω(r, µ0) using information from n = 1 and n = 2
over the whole Q range, and then extrapolate to n = 3.

16 The leading violation of universality can be attributed to differ-
ent matching coefficients de1(r) in Eq. (71).

17 As mentioned below Eq. (64), a more natural strategy would be
to apply the fit form at µ0 = 2 GeV. Because of large range
of scales in Fig. 8 resummation is always important with that
choice. By using µ0 = (100 GeV)/2 we are using the same scale
where Monte Carlos have been tuned, and we can also better
highlight the difference between the full and expanded running.
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FIG. 8. Universal power corrections extracted from
Pythia 8.162 (upper solid and dashed lines and dots) and
Herwig++ 2.6.0 (lower solid and dashed lines and dots) for
the generalized angularities τ(n,a). We use the measured
power corrections in the first two plots to fit for Ω(r, µ0)
at Q = 100 GeV, using Eq. (64) to evolve to different Q
scales. The curves in third plot are then predicted. The
dashed curves show the approximate formula in Eq. (66).

Ωe
1(µ), given by Eq. (55) with Eq. (58). Therefore we

emphasize that our analysis in this section only probes
the running in Eq. (63) and not the R-evolution [64, 65]
associated with Ωe

1(R, µ).

In Fig. 8 we plot Ω0
1→Ωn

1 for a = 0,→1,→2, n = 1, 2, 3,
and Q values ranging from 20 GeV to 200 TeV. At a
fixed scale Q, the power corrections are independent of a
with at most 5% variations, thus demonstrating the an-

Q = 100 GeV Q = 104 GeV

Pythia 8 Herwig++ Pythia 8 Herwig++
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1 − Ω1
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Ω0, ln
1 − Ω1, ln

1 0.9 GeV 0.5 GeV 2.4 GeV 1.1 GeV

Ω0
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Ω0, ln
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Ω0
1 − Ω3

1 1.5 GeV 1.3 GeV 3.2 GeV 2.1 GeV

Ω0, ln
1 − Ω3, ln

1 2.6 GeV 1.3 GeV 6.6 GeV 2.8 GeV

TABLE VII. Power correction differences extracted from the
fits in Fig. 8. The slope parameter Ωn, ln

1 is defined in Eq. (83).
These values have 10% to 20% uncertainties from the choice
of functional fit form.

ticipated universality.16 Note that both programs were
tuned to LEP Z pole and low energy data, so it is not
surprising that they have the same power corrections at
Q ∼ mZ . More interestingly, both programs show loga-
rithmic growth in Q for the power correction, as expected
from our results in Sec. VA. Numerically, this growth is
consistent with the form (lnQ)A/Q found in Ref. [1], and
the exponent A # 4CA/β0 ∼ 1.5 is presumably related to
the exponent in Eq. (64). A more concrete comparison is
difficult since the analysis in Ref. [1] effectively expands
about r = 1, and parametrizes the extra resulting loga-
rithmic singularity by a ln(µ/ΛQCD) factor that cancels
an αs(µ).
To show the importance of resummation, we fit for

the functional form of Ω(r, µ0). The solid lines in Fig. 8
have the full running in Eq. (64), while the dashed lines
correspond to the expansion in Eq. (66). These curves
were obtained following the procedure of Sec. VC, where
Ω(r, µ0) is modeled using the three basis functions

{1, r, (1→ r)→1/4}, (82)

suitable orthonormalized. The inclusion of (1 → r)→1/4

is needed to capture the (integrable) peak of Ω(r, µ0) at
r = 1, though other choices (1 → r)k give comparable
results. We apply the fit form at Q = 100 GeV and use
Eq. (64) to determine Ω(r, µ) over the whole Q range.17

To show that this framework has some predictive power,
we fit Ω(r, µ0) using information from n = 1 and n = 2
over the whole Q range, and then extrapolate to n = 3.

16 The leading violation of universality can be attributed to differ-
ent matching coefficients de1(r) in Eq. (71).

17 As mentioned below Eq. (64), a more natural strategy would be
to apply the fit form at µ0 = 2 GeV. Because of large range
of scales in Fig. 8 resummation is always important with that
choice. By using µ0 = (100 GeV)/2 we are using the same scale
where Monte Carlos have been tuned, and we can also better
highlight the difference between the full and expanded running.
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FIG. 8. Universal power corrections extracted from
Pythia 8.162 (upper solid and dashed lines and dots) and
Herwig++ 2.6.0 (lower solid and dashed lines and dots) for
the generalized angularities τ(n,a). We use the measured
power corrections in the first two plots to fit for Ω(r, µ0)
at Q = 100 GeV, using Eq. (64) to evolve to different Q
scales. The curves in third plot are then predicted. The
dashed curves show the approximate formula in Eq. (66).

Ωe
1(µ), given by Eq. (55) with Eq. (58). Therefore we

emphasize that our analysis in this section only probes
the running in Eq. (63) and not the R-evolution [64, 65]
associated with Ωe

1(R, µ).

In Fig. 8 we plot Ω0
1→Ωn

1 for a = 0,→1,→2, n = 1, 2, 3,
and Q values ranging from 20 GeV to 200 TeV. At a
fixed scale Q, the power corrections are independent of a
with at most 5% variations, thus demonstrating the an-

Q = 100 GeV Q = 104 GeV

Pythia 8 Herwig++ Pythia 8 Herwig++

Ω0
1 − Ω1
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Ω0, ln
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1 − Ω2, ln
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Ω0, ln
1 − Ω3, ln

1 2.6 GeV 1.3 GeV 6.6 GeV 2.8 GeV

TABLE VII. Power correction differences extracted from the
fits in Fig. 8. The slope parameter Ωn, ln

1 is defined in Eq. (83).
These values have 10% to 20% uncertainties from the choice
of functional fit form.

ticipated universality.16 Note that both programs were
tuned to LEP Z pole and low energy data, so it is not
surprising that they have the same power corrections at
Q ∼ mZ . More interestingly, both programs show loga-
rithmic growth in Q for the power correction, as expected
from our results in Sec. VA. Numerically, this growth is
consistent with the form (lnQ)A/Q found in Ref. [1], and
the exponent A # 4CA/β0 ∼ 1.5 is presumably related to
the exponent in Eq. (64). A more concrete comparison is
difficult since the analysis in Ref. [1] effectively expands
about r = 1, and parametrizes the extra resulting loga-
rithmic singularity by a ln(µ/ΛQCD) factor that cancels
an αs(µ).
To show the importance of resummation, we fit for

the functional form of Ω(r, µ0). The solid lines in Fig. 8
have the full running in Eq. (64), while the dashed lines
correspond to the expansion in Eq. (66). These curves
were obtained following the procedure of Sec. VC, where
Ω(r, µ0) is modeled using the three basis functions

{1, r, (1→ r)→1/4}, (82)

suitable orthonormalized. The inclusion of (1 → r)→1/4

is needed to capture the (integrable) peak of Ω(r, µ0) at
r = 1, though other choices (1 → r)k give comparable
results. We apply the fit form at Q = 100 GeV and use
Eq. (64) to determine Ω(r, µ) over the whole Q range.17

To show that this framework has some predictive power,
we fit Ω(r, µ0) using information from n = 1 and n = 2
over the whole Q range, and then extrapolate to n = 3.

16 The leading violation of universality can be attributed to differ-
ent matching coefficients de1(r) in Eq. (71).

17 As mentioned below Eq. (64), a more natural strategy would be
to apply the fit form at µ0 = 2 GeV. Because of large range
of scales in Fig. 8 resummation is always important with that
choice. By using µ0 = (100 GeV)/2 we are using the same scale
where Monte Carlos have been tuned, and we can also better
highlight the difference between the full and expanded running.
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C. Orthogonal Basis for Ω1(r, µ)

In Sec. IVD, we showed that the power corrections for
observables in different universality classes could be ap-
proximately related by expanding out ge(r) and Ω1(r, µ)
in a suitable basis. Since the appropriate scale µ for Ω1

is Q dependent, this is true if all measurements are per-
formed at a single Q. From Secs. VA and VB, we know
that the leading power correction has nontrivialQ depen-
dence, and we would like to incorporate this information
in our description of Ω1(r).
Immediately from Eq. (64), we see that Ω1(r, µ) will di-

verge as r → 1. Even if Ω1(r, µ0) is regular at some scale
µ0, it will quickly develop a singularity at r = 1 as µ
evolves. This singularity can be physically interpreted as
the propensity of Wilson lines to emit soft massless parti-
cles. Of course, this singularity is still square-integrable,
and thus the power correction is still well-defined.13 How-
ever the singularity at r = 1 means that if the Legen-
dre polynomial basis in Sec. IVD is used at a scale µ0

to define a basis for power corrections Ω(n)
1 (µ0), then it

converges very slowly when trying to use these same pa-
rameters to describe power corrections for scales µ " µ0

or µ # µ0.
Looking at the αs expansion of the running formula

in Eq. (66), we see that to describe the power correction
for a range of Q values, we must find a suitable basis to
describe not only ge(r) and Ω1(r, µ0) but also ge(r) ln(1↔
r2). Since ln(1 ↔ r2) is unbounded at r = 1 (but still
square integrable), we will use the freedom to introduce
additional square-integrable basis elements (1↔ r)→k for
suitable values 0 < k < 1/2. As long as we are content
to work with a finite number of basis elements, we can
always make such a basis orthonormal via the Gram-
Schmidt procedure. Adding these additional functional
forms will in general yield an over-complete basis, but
this is not an issue in practice since we will only ever
consider a finite number of basis elements.
The situation becomes a bit more complicated if we

consider the full running in Eq. (64). In general, any fi-
nite basis we choose to describe Ω1(r, µ) at one value of
Q will not provide a good description at a different value
of Q due to the running. In particular, a basis that is or-
thonormal at one value of µ0 will no longer be orthonor-
mal at another scale. Instead of trying to find a basis that
works for any Q, we instead choose a scale µ0 at which we
model Ω1(r, µ0), and then evolve according to Eq. (64).
We then fit for the basis coefficients by using information
at different values ofQ. This procedure is philosophically
the same as the procedure used to determine parton dis-
tribution functions (PDFs), where the PDFs are modeled
at a low scale and then evolved to higher Q values via the

13 For evolution over a large enough Q range, the singularity may
no longer be integrable, and may turn into a distribution, but
we do not encounter this subtlety in our analysis.

Dokshizer-Gribov-Lipatov-Altarelli-Parisi equations [80–
82].

D. Comparison to Monte Carlo

We now show that power correction universality and
running is exhibited by two widely used Monte Carlo pro-
grams: Pythia 8.162 [83] and Herwig++ 2.6.0 [84]. The
hadronization model in Pythia 8 is based on string frag-
mentation while Herwig++ is based on cluster fragmen-
tation.14 The default hadronization parameters in both
programs have been tuned to reproduce LEP e+e→ event
shapes at the Z pole. We will consider e+e→ → hadrons
at various Q values, turning off initial-state electromag-
netic radiation to avoid the radiative return process.
Our study will use the generalized angularities τ(n,a)

defined in Eq. (37). Via the arguments in Sec. IVB, we
know that the power corrections for different values of a
are related via the ca = 2/(1↔a) coefficients in Eq. (39),

Ω
τ(n,a)

1 (µ) = ca Ω
n
1 (µ), (79)

where Ωn
1 (µ) is the universal power correction for the rn

class given in Eq. (42).
From Eq. (21), we know that the leading power cor-

rection shifts the moments of event shapes, so we can
extract the universal power corrections for the general-
ized angularities via the first moment

Ωn
1 (µQ) =

1

ca

(
Q
〈
τ(n,a)

〉
↔Q

〈
τ(n,a)

〉
pert

)
, (80)

up to small higher-order corrections. Since the maxi-
mum value of thrust (a = 0) is 1/2, we take µQ = Q/2 to
avoid having large logs in these higher order corrections,
which were displayed above in Eq. (78).15 The pertur-
bative moment

〈
τ(n,a)

〉
pert

is the same for event shapes

with a common r → 1 limit. To form a combination that
is sensitive to the power corrections in the Monte Carlo
programs without having to know about their perturba-
tive contributions, we consider the difference τ(0,a)↔τ(n,a)
which compares the same value of a at two different val-
ues of n. For this combination we have

Ω0
1(µQ)↔ Ωn

1 (µQ) =
Q

ca

( 〈
τ(0,a)

〉
↔
〈
τ(n,a)

〉 )
. (81)

Note that this difference is also independent of the ad-
ditive scheme change that removes the renormalon from

14 The two programs also have different showering models, with
Pythia 8 using a p→-ordered shower and Herwig++ using an
angular-ordered shower. Since the showers are evolved down to
the non-perturbative scale, part of the renormalization group
evolution of the power correction may be captured by the show-
ering algorithm, and not just the hadronization model.

15 The angularities with a →= 1 have different values for emax, but
this is an O(1) change to the µ scale, and hence not relevant.

1st moments of R-scheme angularities   
in different  hadron mass schemes 
(difference  pert. moment drops out)  

a
(rn)
→

different hadronic parameters in 
Pythia vs. Herwig,  
but both agree with expectations ✓

• Dijet event shapes e =
∑

i

m→
i

Q
fe(ri, yi)

power correction

≪ 1

{τ, C} ≠ {ρ, …} ≠ {EEC, …}

8

which depends only on r and is independent of the event
shape e. Using Eq. (27), the power correction Ωe

1 simpli-
fies to

Ωe
1 =

∫ 1

0
dr

[∫ +→

−→
dy fe(r, y)

]
Ω1(r) . (33)

We will consider the implications of Eqs. (32) and (33)
for universality in the next section. Note that there is no
limit where Eq. (33) approaches the massless approxima-
tion in Eq. (30).

IV. UNIVERSALITY FOR EVENT SHAPES

A. Universality Classes Defined by g(r)

The boost invariance logic of the previous section
shows that for the power correction Ωe

1, we can factor out
the rapidity dependence from the nonperturbative matrix
element. We define the integral appearing in Eq. (33) as

∫ +→

−→
dy fe(r, y) → ce ge(r) , (34)

where ge(1) = 1 and

ce =

∫ +→

−→
dy fe(1, y) , ge(r) =

1

ce

∫ +→

−→
dy fe(r, y) . (35)

(For the special case of event shapes that vanish for mass-
less partons,

∫
dyfe(1, y) = 0, we define ce = 1 and let

ge(1) = 0.) Thus, the leading power correction for an
event shape e can be written as

Ωe
1 = ceΩ

ge
1 , Ωge

1 →
∫ 1

0
dr ge(r)Ω1(r) , (36)

where Ω1(r) is given in Eq. (32).
Using the fact that for massless hadrons fe(η) = fe(r =

1, y = η) in Eq. (30), we see that the coefficients ce are
precisely the classic universality prefactors that one de-
rives neglecting the hadron mass dependence of event
shapes [2, 8, 36, 37, 44, 54, 74–76]. The function ge(r)
then encodes the effect of hadron masses through the
nonperturbative parameter Ωge

1 .
The key result from Eq. (36) is that each unique func-

tion ge(r) defines a universality class for dijet event
shapes. In particular, for two different event shape vari-
ables a and b, if ga(r) = gb(r) then Ωga

1 = Ωgb
1 (equiva-

lently Ωa
1/ca = Ωb

1/cb), so their power corrections agree
up to the calculable constants ca and cb. We say that two
such event shapes belong to the same universality class,
and we will often refer to Ωg

1 as the universal power cor-
rection defined by g(r).
Recall from Tab. I that the fe(r, y) functions in gen-

eral depend on the measurement scheme used for treat-
ing hadron mass effects (E-scheme, P-scheme, etc). The

functions ge(r) will also in general vary with the mea-
surement scheme. However, the ce coefficients are inde-
pendent of the scheme for treating hadron masses since
they are defined with r = 1 corresponding to the mass-
less limit, and fe(r = 1, y) is the same in all schemes. Our
classification of universality classes with common g(r)’s
is the same as the identification of event shapes that have
the same hadron mass effects made in Ref. [1], and we
will elaborate on the precise notational relationship in
Sec. IVC below.
A summary of coefficients ce, functions ge(r), and uni-

versality classes is given in Tables III, IV, and V, and
will be discussed in detail in Secs. IVB and IVC below.
Since many of the standard event shapes have different
g(r) functions, their power corrections are not related
by universality. We will take up the question of nu-
merically approximate relations between power correc-
tions in different universality classes in Sec. IVD. Fi-
nally in Sec. IVE we consider the impact of changing
the renormalization scheme defining Ω1(r) from MS to a
renormalon-free scheme.

B. Generalized Angularities

In order to see how universality works in practice, it is
instructive to consider a family of event shapes which are
a simple generalization of angularities, and are labeled by
two numbers n ≥ 0 and a < 1:

τ(n,a) →
∑

i

m⊥
i r

n
i e

−|yi|(1−a) . (37)

This corresponds to extending the R-scheme definition
of angularities by incorporating a positive power n of
r = p⊥/m⊥, and this n dependence allows the event
shape to directly probe hadron mass effects. In terms of
Eq. (9) one trivially finds

fn,a(r, y) = rne−|y|(1−a) . (38)

These generalized angularities all have the same value of
ce,

cn,a =

∫ +→

−→
dy e−|y|(1−a) =

2

1− a
→ ca , (39)

which from Table III is also the same as for classic angu-
larities τ(a). (Again a < 1 here.) Computing the function
encoding the mass dependence we have

gn,a(r) =
(1− a)

2

∫
dy rne−|y|(1−a) = rn . (40)

Thus the τ(n,a) event shapes belong to universality classes
labeled by n, and represented by the functions

gn(r) = rn . (41)

Each value of n defines a different universality class, so
in general there are infinitely many different event shape

= ce

∫ 1

0
dr ge(r) !1(r)

y dependence ✓
 RGE  Ω1(r) ✓
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t̂

η

δηÊT (η)

t̂

δηδvÊT (r, y)

η(r, y)
v(r, y)

FIG. 1. The energy flow operator (top) compared to the trans-
verse velocity operator (bottom). Measurements are made
with respect to the thrust axis t̂. The arrows correspond to
particles with lengths given by the particle velocities. Shad-
ing indicates which particles are measured by the operator.
Note that the velocity v(r, y) and pseudo-rapidity η(r, y) are
functions of the transverse velocity r and rapidity y.

Note that here we use rapidity y rather than pseudo-
rapidity η. In App. A we show that ÊT (r, y) can be de-
fined in terms of the energy-momentum tensor as

ÊT (r, y) =
r sech4y√
r2+sinh2y

lim
R→∞

R3

∫ 2π

0
dφ n̂i T

0i(R,R v n̂) ,

(26)

where v = v(r, y) and η = η(r, y) are given in Eq. (6).
The unit vector n̂ again points in the (θ,φ) direction and
hence depends on y and r through its dependence on
η = → ln tan(θ/2).

The physical picture for the distinction between ÊT (η)
and ÊT (r, y) is shown in Fig. 1. The energy flow opera-
tor ÊT (η) involves an expanding sphere of radius R inte-
grated over all time, and measures the total transverse
momentum for rapidities in an infinitesimal interval δη
about η. The transverse velocity operator ÊT (r, y) in-
volves a spheroid that expands in both space and time
with a finite velocity v, and it measures the total trans-
verse mass for particles in an infinitesimal interval in both
η and the velocity v (or equivalently an infinitesimal in-
terval in y and r). Using ÊT (r, y), the value of an event
shape ē for a state |X〉 with massive or massless particles

is given by ê|X〉 = ē(X)|X〉 where the operator

ê ≡
1

Q

∫ +∞

−∞
dy

∫ 1

0
dr fe(r, y) ÊT (r, y) , (27)

involves fe(r, y) defined in Eq. (9). This is the desired
generalization of Eq. (24) that will allow us to treat the
effect of hadron masses on event shape power corrections.
The result in Eq. (27) completes the matrix element def-
inition of Ωe

1 given in Eq. (17).

B. Boost Invariance

Both ÊT (η) and ÊT (r, y) have nice transformation
properties under longitudinal boosts. These arguments
were first given in Ref. [2] in the context of ÊT (η) to prove
universality of power corrections for massless particles,
and we will extend the logic for ÊT (r, y) to develop the
notion of universality classes which account for hadron
masses in the next section.
For the case of massless particles in Ref. [2], η = y and

it was shown that under a boost of rapidity y′ along the
thrust axis:

U(y′)ÊT (y)U(y′)† = ÊT (y + y′). (28)

Due to the invariance of the vacuum |0〉 and Wilson lines
Yn and Yn̄ under this boost, we can choose y′ = →y so

↔ 0 |Y †
n̄Y

†
nET (y)YnY n̄ | 0 〉 = ↔ 0 |Y †

n̄Y
†
nET (0)YnY n̄ | 0 〉.

(29)

Using Eq. (24), again with η = y, the power correction
in Eq. (17) simplifies to

[∫ +∞

−∞
dη fe(η)

]
↔ 0 |Y †

n̄Y
†
nET (0)YnY n̄ | 0 〉 . (30)

Thus as argued in Ref. [2], the power correction is univer-
sal if one neglects hadron mass effects, since it depends
on a common nonperturbative matrix element times a
calculable η integral specific to an event shape. This re-
sult agrees with the dispersive approach [36–38], and also
explains why it only applies for the first power correction
in the expansion of Eq. (16).
We can apply the same logic to our transverse velocity

operator in Eq. (25), now accounting for the effect of
hadron masses. Under a boost of rapidity y′,

U(y′) ÊT (r, y)U(y′)† = ÊT (r, y + y′) . (31)

Choosing y′ = →y, we find that the leading power cor-
rections to dijet event shapes are all described by the
nonperturbative matrix element

Ω1(r) ≡ ↔ 0 |Y †
n̄Y

†
n ÊT (r, 0)YnY n̄ | 0 〉 (32)

•  in  scheme has leading  renormalon, which can be  
   removed using other subtraction schemes
Ω1 MS ΛQCD

Figure 8: Ratios of self-normalized N3LL→+O(ω3
s) resummed distribution in four dif-

ferent gap schemes and in MS, over self-normalized N3LL→+O(ω3
s) resummed distribu-

tion in the R-gap scheme. We use ωs(mZ) = 0.114 and !R

1
= 0.3GeV. The corre-

sponding values for !1 in the other three other schemes read: !ω1
1
(2GeV) = 0.31GeV,

!ω2
1
(2GeV) = 0.34GeV, !ω3

1
(2GeV) = 0.37GeV. At O(ω3

s) the moment in the MS scheme

reads !̄1 = !R

1
+ 0→ 0.04→ 0.04 = 0.22GeV, where we have shown the subsequent terms

in the conversion series in ωs which contains an O(”QCD) renormalon.

scheme (corresponding to the dashed-black horizontal line at unity). The colored bands

are the perturbative uncertainties estimated from our profile function variation. We ob-

serve order-by-order convergent behavior for both normalizations, but a significantly better

convergence pattern can be attributed to the self-normalized distributions. This feature

also arises when using the 2015 profiles with the smaller rs variation range, but the overlap

of the uncertainty bands for the fixed-order normalization is larger with the variation of rs
used in the 2024 profiles. This same conclusion favoring self normalization was also drawn

in the 2010 analysis [50].

At this point it is prudent to also examine the gap-subtraction scheme dependence of

our resummed distribution. In Ref. [65], a sizable variation of the resummed predictions

was found for the 2010 profile functions (which we do not use in our current analysis)

between the R-gap and R↑ schemes. As we already explained at the end of Sec. 2.5.2, we

do not consider the R↑ scheme as a viable implementation for subtracting the O(”QCD)

renormalon arising from the perturbative large-angle soft radiation as it leaves large log-

arithms associated to the renormalon subtraction unresummed. However, the study of

the gap subtraction scheme dependence advocated by Ref. [65] is certainly warranted to

scrutinize the stability of the results, so we analyze this scheme dependence in detail here.

In Sec. 2.5.2 we discussed four di#erent gap subtractions, the R-gap scheme, which was

already employed in Ref. [50] and is our default, and the three non-derivative ε1,2,3-gap

schemes. Stability with respect to the choice of gap subtractions should yield predictions

that are consistent within the respective uncertainties (for values of !ωi

1
and !̄1 which

have been obtained by scheme conversion starting from a common !R
1
). In Fig. 8 the self-
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Figure 11: Best-fit results in the ωs(mZ)-2!R

1
plane for di”erent gap subtraction schemes

and in MS. Ellipses show the combined experimental and perturbative theoretical uncer-

tainties at the 39%-confidence level in two dimensions. The best-fit values for !1 in the

various schemes considered have been converted to the R-gap scheme !R

1
.

We see in Fig. 11 that this is indeed the case as very little variation is observed

on the fit results in the ωs(mZ)-!R

1
plane, having ellipses centered at (ωs(mZ),!R

1
) →

(0.1135, 0.32GeV), each with uncertainties (εωs(mZ), ε!R

1
) → ±(0.0013, 0.10GeV). The

variation of the best fit results among the four gap subtraction schemes corresponds to an

uncertainty in ωs(mZ) of 0.0003. Even fits with the N3LL→+O(ω3
s) resummed distribution

for the MS !1 (converted perturbatively to the !R

1
scheme at O(ω3

s)), yield a result for

!R

1
fully consistent with those obtained with gap subtractions. In MS the best-fit value

for ωs(mZ) is located at ωs(mZ) → 0.1145 with an uncertainty of εωs(mZ) → 0.0025. We

see that the results follow precisely the pattern observed in the theoretical distribution

shown in Fig. 8. The result in Fig. 11 shows in particular that we can get reliable results

using solely the R-gap scheme and that uncertainties from variations in the gap scheme

are already covered by the profile-function variations, which thus properly quantify the

perturbative uncertainty.

5 On the Validity of the Dijet Factorization Approach

In the previous sections we have reviewed and made improvements to the N3LL→+O(ω3
s)

factorized and resummed description of the thrust distribution. The resummation of log-

arithms and the treatment of the non-perturbative corrections are based on the leading

power factorization of the collinear and large-angle soft dynamical modes that emerge in

the small ϑ dijet region. We have made a particular e”ort to combine all known ingredi-

ents (resummed singular jet, soft and hard matching functions, non-singular contributions,

non-perturbative corrections, renormalon subtractions) such that our best prediction can
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• Dijet event shapes e =
∑

i

m→
i

Q
fe(ri, yi)

power correction

≪ 1

{τ, C} ≠ {ρ, …} ≠ {EEC, …}
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which depends only on r and is independent of the event
shape e. Using Eq. (27), the power correction Ωe

1 simpli-
fies to

Ωe
1 =

∫ 1

0
dr

[∫ +→

−→
dy fe(r, y)

]
Ω1(r) . (33)

We will consider the implications of Eqs. (32) and (33)
for universality in the next section. Note that there is no
limit where Eq. (33) approaches the massless approxima-
tion in Eq. (30).

IV. UNIVERSALITY FOR EVENT SHAPES

A. Universality Classes Defined by g(r)

The boost invariance logic of the previous section
shows that for the power correction Ωe

1, we can factor out
the rapidity dependence from the nonperturbative matrix
element. We define the integral appearing in Eq. (33) as

∫ +→

−→
dy fe(r, y) → ce ge(r) , (34)

where ge(1) = 1 and

ce =

∫ +→

−→
dy fe(1, y) , ge(r) =

1

ce

∫ +→

−→
dy fe(r, y) . (35)

(For the special case of event shapes that vanish for mass-
less partons,

∫
dyfe(1, y) = 0, we define ce = 1 and let

ge(1) = 0.) Thus, the leading power correction for an
event shape e can be written as

Ωe
1 = ceΩ

ge
1 , Ωge

1 →
∫ 1

0
dr ge(r)Ω1(r) , (36)

where Ω1(r) is given in Eq. (32).
Using the fact that for massless hadrons fe(η) = fe(r =

1, y = η) in Eq. (30), we see that the coefficients ce are
precisely the classic universality prefactors that one de-
rives neglecting the hadron mass dependence of event
shapes [2, 8, 36, 37, 44, 54, 74–76]. The function ge(r)
then encodes the effect of hadron masses through the
nonperturbative parameter Ωge

1 .
The key result from Eq. (36) is that each unique func-

tion ge(r) defines a universality class for dijet event
shapes. In particular, for two different event shape vari-
ables a and b, if ga(r) = gb(r) then Ωga

1 = Ωgb
1 (equiva-

lently Ωa
1/ca = Ωb

1/cb), so their power corrections agree
up to the calculable constants ca and cb. We say that two
such event shapes belong to the same universality class,
and we will often refer to Ωg

1 as the universal power cor-
rection defined by g(r).
Recall from Tab. I that the fe(r, y) functions in gen-

eral depend on the measurement scheme used for treat-
ing hadron mass effects (E-scheme, P-scheme, etc). The

functions ge(r) will also in general vary with the mea-
surement scheme. However, the ce coefficients are inde-
pendent of the scheme for treating hadron masses since
they are defined with r = 1 corresponding to the mass-
less limit, and fe(r = 1, y) is the same in all schemes. Our
classification of universality classes with common g(r)’s
is the same as the identification of event shapes that have
the same hadron mass effects made in Ref. [1], and we
will elaborate on the precise notational relationship in
Sec. IVC below.
A summary of coefficients ce, functions ge(r), and uni-

versality classes is given in Tables III, IV, and V, and
will be discussed in detail in Secs. IVB and IVC below.
Since many of the standard event shapes have different
g(r) functions, their power corrections are not related
by universality. We will take up the question of nu-
merically approximate relations between power correc-
tions in different universality classes in Sec. IVD. Fi-
nally in Sec. IVE we consider the impact of changing
the renormalization scheme defining Ω1(r) from MS to a
renormalon-free scheme.

B. Generalized Angularities

In order to see how universality works in practice, it is
instructive to consider a family of event shapes which are
a simple generalization of angularities, and are labeled by
two numbers n ≥ 0 and a < 1:

τ(n,a) →
∑

i

m⊥
i r

n
i e

−|yi|(1−a) . (37)

This corresponds to extending the R-scheme definition
of angularities by incorporating a positive power n of
r = p⊥/m⊥, and this n dependence allows the event
shape to directly probe hadron mass effects. In terms of
Eq. (9) one trivially finds

fn,a(r, y) = rne−|y|(1−a) . (38)

These generalized angularities all have the same value of
ce,

cn,a =

∫ +→

−→
dy e−|y|(1−a) =

2

1− a
→ ca , (39)

which from Table III is also the same as for classic angu-
larities τ(a). (Again a < 1 here.) Computing the function
encoding the mass dependence we have

gn,a(r) =
(1− a)

2

∫
dy rne−|y|(1−a) = rn . (40)

Thus the τ(n,a) event shapes belong to universality classes
labeled by n, and represented by the functions

gn(r) = rn . (41)

Each value of n defines a different universality class, so
in general there are infinitely many different event shape

= ce

∫ 1

0
dr ge(r) !1(r)
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(a) (b)

(c) (d)

Figure 19: Comparison of theory prediction and experimental data at the Z-pole in the

fit region, panel (a). We also show results outside the fit region in the peak (b), tail (c),

and far-tail (d) regions. The theory prediction uses our default N3LL→+O(ω3
s) results for

the cross section. The best fit values for ωs and !R

1
are used.

Eq. (6.1). The displayed red error band arises from the 500-point random scan over the

profile parameters. The analogous comparisons for Q = 44GeV and Q = 189GeV are

shown in Figs. 20a and 21a, respectively, in the appendix. Overall, we see a very good

agreement to the data points within their uncertainties for all thrust values and energies,

and in particular with those having the smallest uncertainties.20

The other plots in Figs. 19 show the comparison of the theory prediction to the Z-pole

data, based on the best-fit results, for thrust values not used in the fit. For example,

Fig. 19b shows the comparison in the peak region, Fig. 19c in the tail region above the fit

interval up to ε = 0.325, and Fig. 19d in the far-tail and endpoint region for ε > 0.325.

In Figs. 20 and 21 the analogous plots show the comparison for the other energies. We

again find an excellent agreement with the experimental data, which is comparable to

the one visible for the thrust fit intervals. There are some discrepancies visible in the

prediction of the peak region shape. However, this is not unexpected since in the peak

a more flexible parametrization for the shape function should be implemented, including

20
In Ref. [50] a very similar comparison was already carried out for the Z-pole data.
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