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Non-perturbative corrections
Non-perturbative corrections to 3-jet region have been computed first for C-
parameter and thrust 

Caola et al. 2204.02247 (see also Luisoni, Monni, Salam 2012.00622; Caola et al. 2108.00622)

2-jet limit
2-jet limit

Ratio of full non-perturbative corrections to the 2-jet limit
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Correction with respect to 2-jet limit
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Nason, GZ ’23

Now known for many observables: 



Remarks
• the 2-jet calculation is not a good approximation the in the 3-jet region, 
where 𝛼s is fitted (at best it is wrong by a factor of order 1) 


• for some observables there is a very abrupt transition from the 2-jet to the 
3-jet region. This is an indication that sub-leading logs are numerically very 
important  


➡ First study: fit of 𝛼s limiting ourselves to the three well-behaved 
observables C, 1-T and y3 as measured by ALEPH at 91.2 GeV

ALEPH Eur. Phys. J. C 35 (2004) 457–486
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Theory predictions

•we study non-perturbative corrections in the 3-jet region, where 
resummation should not have a big impact

• not fully clear how to include resummation: apply non-perturbative shift 

associated to the 2-jet limit to the resummation part, and the one to the 3-
jet limit to the NNLO?

5

Somehow unconventionally, we do NOT include resummation effects in our 
theory predictions and rely on pure NNLO calculations  

⇒ To assess the impact of the three-jet power corrections we limited

     ourself to the simplest possible setup 



Impact of resummation 
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•since we do not include resummation effects, our fit range has to be to the 
left of the region where the resummation departs from the NNLO

• it is not clear that including resummation in the 3-jet region correctly 

approximates higher-order results 
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Fit details 
Fit is performed by minimising

with  

statistical error   

theory error   

statistical correlation matrix 

covariance matrix of systematic errors 
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Fit results 
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Fit results 
➡We use NNLO predictions at scale 

𝜇R = Q/2 and vary the scale up and 
down by a factor of two 

➡For the NNLO prediction we rely on 
the public code EERAD3

Gehrmann-De Ridder, Gehrmann, Glover, 
Heinrich  0710.0346, 0711.4711, 0802.0813

•Antenna-based calculation: A. Gehrmann-De 
Ridder, T. Gehrmann and E. W. N. Glover, hep-ph/
0505111

•ColorFull Subtraction: Del Duca et al 1603.08927, 
1606.03453
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Fit results 
Non-perturbative corrections can be 
included as 


➡ a shift of the NNLO integrated 
distribution (scheme “a”)


➡ a shift of the LO distribution only 
(scheme “b”) 


➡ a shift of the differential distribution 
(scheme “c”) 


➡ as in scheme “a” without any estimate 
of quadratic corrections included in 
other schemes (scheme “d”)  
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Fit results 

d

Explicitly: 

with 

Estimate of quadratic corrections

with 
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Fit results 
Ambiguity in the event-shape definitions 
when applied to massive particles. Correct 
to different schemes using Monte Carlos:  


➡E-sheme (our default): make particle 
massless conserving the energies 


➡P-scheme: make particle massless 
conserving the three-momentum 


➡Decay-scheme: decay each massive 
particle isotropically in its CM frame 
into two massless particles 


➡Standard: do not correct 
12



Fit results 
NNLO deals with massless quarks. Use 
Monte Carlo to correct for massive charm 
and bottom 
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Fit results 

As default Monte Carlo for the calculation 
of the migration matrix for the mass-
schemes and heavy-to-light correction we 
used Pythia 8. 


To assess the sensitivity to the Monte 
Carlo used we also use Herwig 6 and 
Herwig 7.
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Fit results 

Default range fixed to the left of where 
resummation effects are important. 


To assess sensitivity to range by varying 
the lower edge by a factor 2/3 and 3/2
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Fit results 
We implement correlations using a 
minimum overlap method  


To assess sensitivity to this, we also use 
replicas provided to us privately by Hasko 
Stenzel either around the default central 
value, or around the average of the replicas 
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Fit results 

Even in the 3-jet region y3 is only additive if 
one assumes no clustering among the two 
soft partons from gluon splitting. We have 
computed the non-perturbative correction 
under this assumption. 

To assess the error we also compute it 
under the assumption that they always 
cluster (corresponding to a massive gluon)  
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Fit results 
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Fit result using 2-jet NP corrections 

19

3-jet

2-jet



Quality of the fits
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Description of other observables
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Extension of 2023 results
Inclusion of all data we could find at all energies [GeV]
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Obs. Experiment Energies in GeV
C ALEPH [22] 91.2 133 161 172 183 189 200 206
C DELPHI [23–25] 45 66 76 91.2 133 161 172 183 189 192 196 200 202 205 207
C JADE [26] 35 44
C L3 [27–29] 91.2 130.1 136.1 161.3 172.3 182.8 188.6 194.4 200
C OPAL [30–32] 91.2 133 177 197
C SLD [33] 91.2
T ALEPH [22] 91.2 133 161 172 183 189 200 206
T DELPHI [23–25] 45 66 76 91.2 133 161 172 183 189 192 196 200 202 205 207
T JADE [26] 35 44
T L3 [27–29] 41.4 55.3 65.4 75.7 82.3 85.1 91.2 130.1 136.1 161.3 172.3

182.8 188.6 194.4 200
T OPAL [30–32] 91.2 133 177 197
T SLD [33] 91.2
T TRISTAN [34] 58
y3 ALEPH [22] 91.2 133 161 172 183 189 200 206
y3 JADE [26] 22
y3 JADE-OPAL [35] 35 44 91.2 133 161 172 183 189
y3 OPAL [30–32] 177 197
y3 TRISTAN [34] 58

Table 1. Summary of observables, experiments and energies used in the fit.

The χ2 value is taken as the average of the two interpolated values. While in ref. [1] we
could easily use grids with a large number of points to obtain an accurate result with this
method, this is no longer feasible in the present case because of the very large number of
data points. Therefore, we start the procedure with a grid with a modest number of points,
find a minimum and iterate the procedure taking the minimum as the new center of the
grid, reducing the grid range while keeping the same number of grid points. In practice, we
typically start with a grid centered around αs = 0.12 and α0 = 0.5, we use a grids which has
11 by 11 points, such that the maximum variation in αs is |∆αs| = 0.01 and |∆α0| = 0.5. At
each iteration we half the maximum variation. In general we perform four iterations. We
have checked that performing more iterations the result remains stable. Once we have found
the minimum, we compute χ2 values around the minimum on a relatively fine but sufficiently
large grid, in order to compute the ∆χ2 contours.

5 Results
We begin by presenting the simultaneous fit of the three shape variables T , C and y3, which
we refer to as the CTy3 fit, using the full data set described in section 3. We use our default
central setup. The minimum χ2 and the contours for one and two units of χ2 above the
minimum are shown in figure 1. This fit includes Ndeg = 895 bins and has χ2/Ndeg = 1.26.
The central value of αs is in good agreement with the world average and the value of the
non-perturbative parameter agrees well with previous determinations (see e.g. [37]).

– 8 –



Changes compared to 2023 results
1. Running renormalization scale: Our choice for the central dynamical 
scale is the average transverse momentum for a given value of v v relative 
to the thrust axis computed at Born level. As usual we vary the central 
scale by a factor 2. 

23

2. New fit range: lower limit set to peak position times two. Peak 
parametrised by . Also impose that in all fit range 
the renormalisation scale is above 4 GeV. 

vpeak(E) = v0 ⋅ (91.2/E)a

3. Fit procedure:   does no longer include theoretical error. Theory 
uncertainty assessed by suitable variations of theory setup   

χ2

4. Adaptive procedure to find the minimum    (required to deal with large 
dataset)   

χ2



2025 results 
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Figure 1. Fit central point and constant ∆χ2 contours, for the simultaneous fit using C, τ and y3.
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Figure 2. Fit central point and Constant ∆χ2 contours for the fit of the C-parameter (left top), τ
(right top), y3 (left bottom) and CT (right bottom).

The result of the fits performed using each observable separately and using the C-
parameter and τ simultaneously are presented in figures 2, where C, T, y3 and CT label
the C-parameter, τ , y3 and the simultaneous fits of C and τ , respectively. In figure 3 we
report the CTy3, C, T and y3 fit on the same plot for comparison.

In table 2 we summarise the results of all fits. In table 3 we present the χ2 and χ2/d.o.f.
values computed for each separate observable at the αs and α0 values determined with
the CTy3 fit.4

4The sum of these χ2 values does not equal the total χ2 of the CTy3 fit, since correlations among different
observables are not included there.
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2025 results 
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Figure 3. Fit central point and Constant ∆χ2 contours for the CTy3, C, T and y3 fits reported on
the same plot for comparison.

Fit name d.o.f. χ2 χ2/d.o.f. αs(MZ) α0
CTy3 895 1125.6 1.26 0.1181 0.5902
CT 744 952.6 1.28 0.1173 0.6089
C 292 269.0 0.921 0.1172 0.6148
T 452 651.7 1.44 0.1169 0.6245
y3 151 71.6 0.47 0.1155 0.4151

Table 2. Results for all fits.

Obs. d.o.f. χ2 χ2/d.o.f.
C 292 278.2 0.95
τ 452 659.7 1.465
y3 151 132.7 0.879

Table 3. Individual χ2 contribution of each observable to the combined CTy3fit.

We observe that the χ2/d.o.f. value are quite acceptable for all fits. The T fit yields the
largest χ2/d.o.f., and the y3 fit the smallest, both as individual fits and as contributions to
the CTy3 fit. The individual fit to y3 leads to a χ2/d.o.f. value that is very small (0.47),
and to an α0 value that is not consistent with the other two determinations. However, due
to the very low χ2/d.o.f. value, the χ2 for y3 obtained using the α0 and αs values of the
CTy3 is still very reasonable.

Notice that the αs(MZ) result of the CTy3 fit is larger than all individual determinations.
This is not surprising if we look at the correlation between αs(MZ) and α0 in figure 2. In
order to accommodate all observables with a single fit the value of α0 should be higher
than the preferred y3 value, and lower for the C and T fits, which implies larger values
of α(MZ) in both cases.

– 10 –
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Figure 3. Fit central point and Constant ∆χ2 contours for the CTy3, C, T and y3 fits reported on
the same plot for comparison.

Fit name d.o.f. χ2 χ2/d.o.f. αs(MZ) α0
CTy3 895 1125.6 1.26 0.1181 0.5902
CT 744 952.6 1.28 0.1173 0.6089
C 292 269.0 0.921 0.1172 0.6148
T 452 651.7 1.44 0.1169 0.6245
y3 151 71.6 0.47 0.1155 0.4151

Table 2. Results for all fits.

Obs. d.o.f. χ2 χ2/d.o.f.
C 292 278.2 0.95
τ 452 659.7 1.465
y3 151 132.7 0.879

Table 3. Individual χ2 contribution of each observable to the combined CTy3fit.

We observe that the χ2/d.o.f. value are quite acceptable for all fits. The T fit yields the
largest χ2/d.o.f., and the y3 fit the smallest, both as individual fits and as contributions to
the CTy3 fit. The individual fit to y3 leads to a χ2/d.o.f. value that is very small (0.47),
and to an α0 value that is not consistent with the other two determinations. However, due
to the very low χ2/d.o.f. value, the χ2 for y3 obtained using the α0 and αs values of the
CTy3 is still very reasonable.

Notice that the αs(MZ) result of the CTy3 fit is larger than all individual determinations.
This is not surprising if we look at the correlation between αs(MZ) and α0 in figure 2. In
order to accommodate all observables with a single fit the value of α0 should be higher
than the preferred y3 value, and lower for the C and T fits, which implies larger values
of α(MZ) in both cases.
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Figure 3. Fit central point and Constant ∆χ2 contours for the CTy3, C, T and y3 fits reported on
the same plot for comparison.

Fit name d.o.f. χ2 χ2/d.o.f. αs(MZ) α0
CTy3 895 1125.6 1.26 0.1181 0.5902
CT 744 952.6 1.28 0.1173 0.6089
C 292 269.0 0.921 0.1172 0.6148
T 452 651.7 1.44 0.1169 0.6245
y3 151 71.6 0.47 0.1155 0.4151

Table 2. Results for all fits.

Obs. d.o.f. χ2 χ2/d.o.f.
C 292 278.2 0.95
τ 452 659.7 1.465
y3 151 132.7 0.879

Table 3. Individual χ2 contribution of each observable to the combined CTy3fit.

We observe that the χ2/d.o.f. value are quite acceptable for all fits. The T fit yields the
largest χ2/d.o.f., and the y3 fit the smallest, both as individual fits and as contributions to
the CTy3 fit. The individual fit to y3 leads to a χ2/d.o.f. value that is very small (0.47),
and to an α0 value that is not consistent with the other two determinations. However, due
to the very low χ2/d.o.f. value, the χ2 for y3 obtained using the α0 and αs values of the
CTy3 is still very reasonable.

Notice that the αs(MZ) result of the CTy3 fit is larger than all individual determinations.
This is not surprising if we look at the correlation between αs(MZ) and α0 in figure 2. In
order to accommodate all observables with a single fit the value of α0 should be higher
than the preferred y3 value, and lower for the C and T fits, which implies larger values
of α(MZ) in both cases.
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Figure 1. Fit central point and constant ∆χ2 contours, for the simultaneous fit using C, τ and y3.

Figure 2. Fit central point and Constant ∆χ2 contours for the fit of the C-parameter (left top), τ
(right top), y3 (left bottom) and CT (right bottom).

The result of the fits performed using each observable separately and using the C-
parameter and τ simultaneously are presented in figures 2, where C, T, y3 and CT label
the C-parameter, τ , y3 and the simultaneous fits of C and τ , respectively. In figure 3 we
report the CTy3, C, T and y3 fit on the same plot for comparison.

In table 2 we summarise the results of all fits. In table 3 we present the χ2 and χ2/d.o.f.
values computed for each separate observable at the αs and α0 values determined with
the CTy3 fit.4

4The sum of these χ2 values does not equal the total χ2 of the CTy3 fit, since correlations among different
observables are not included there.
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Three-jet power corrections 
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Variation αs(MZ) α0 χ2 χ2/d.o.f. d.o.f.
default 0.1181 0.5902 1125.6463 1.2577 895
µR = µ0/2 0.1167 0.6683 1940.0007 2.3775 816
µR = 2µ0 0.1167 0.5846 1465.9393 1.6021 915
std scheme 0.1173 0.5347 1090.8732 1.2202 894
p scheme 0.1160 0.5624 1051.1005 1.1757 894
D scheme 0.1199 0.7252 747.3571 0.8350 895
Cll = 1.5 0.1165 0.6260 1579.9496 1.6073 983
Cll = 3 0.1177 0.5673 947.3134 1.2498 758
non-pert scheme (b) 0.1193 0.5923 1249.1436 1.3957 895
non-pert scheme (c) 0.1189 0.5825 1232.5919 1.3772 895
minus non-pert error 0.1187 0.5865 1122.1407 1.2538 895
plus non-pert error 0.1189 0.5649 1228.4413 1.3726 895

Table 5. Central fit result and variations of the results of the CTy3 fit, as described in the text. We
indicate in boldface the central, highest and lowest values.

possible. Unfortunately, by considering the other sources of uncertainties that were studied
in ref. [1], this does not seem to be the case. All the considered uncertainties for the CTy3
fit are reported in table 5.

These include the scale variations, that we already discussed; the use of different mass
schemes for the definition of the shape variables; variations on the lower limit of the fit
range for each shape variable; three alternative different schemes for the calculation of the
non-perturbative corrections; and the addition or subtraction of the non-perturbative error to
the central value of the non-perturbative correction. In the following we describe them in turn.

5.2.1 Mass scheme dependence

It is easy to realize that there are alternative definitions of the same shape variable that yield
the same results for massless final state particles, but not for massive ones. For example, in
the definitions, the energy and the modulus of the momentum can be used interchangeably
when dealing with massless particles, but this can makes a difference for massive ones. It
thus turns out that for the family of schemes that agree in the massless case, the theoretical
result is the same, while the measurements may differ [9]. We stress that our calculation
of the linear non-perturbative correction is also insensitive to mass effects, since at the end
it always deals with massless particles in the final state, typically the particles that arise
from the splitting of the soft gluon.

In ref. [9], besides the standard schemes commonly used by the experimental collaborations
(reported in section 2 of ref. [1]), three alternative schemes, dubbed E, p and D, where proposed.
We assess the effect of the use of different schemes using a Monte Carlo generator, i.e. we
generate a large sample of e+e→ → hadrons events using Pythia8 [38], and for each measured
distribution, we compute a migration matrix that can be used to convert from the standard
scheme experimental data to the E, p or D scheme. More in detail for each generated event
and for each measured binned event shape distribution, we compute the bin i where the
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Variation αs(MZ) α0 χ2 χ2/d.o.f. d.o.f.
default 0.1161 0.5389 1149.9394 1.2848 895
µR = µ0/2 0.1155 0.6061 1523.6604 1.8672 816
µR = 2µ0 0.1150 0.5181 1830.6507 2.0007 915
std scheme 0.1153 0.4989 1106.6396 1.2379 894
p scheme 0.1141 0.5119 1125.7113 1.2592 894
D scheme 0.1173 0.6465 923.2022 1.0315 895
Cll = 1.5 0.1143 0.5658 1510.5800 1.5367 983
Cll = 3 0.1159 0.5325 977.2551 1.2893 758
non-pert scheme (b) 0.1163 0.5603 1281.1125 1.4314 895
non-pert scheme (c) 0.1167 0.5305 1312.8618 1.4669 895
minus non-pert error 0.1161 0.5390 1150.0007 1.2849 895
plus non-pert error 0.1161 0.5389 1149.8783 1.2848 895

Table 6. Results for the CTy3 fit using ζ(v) → ζ(0), and performing all variations that we
have considered.

light hadron masses cannot be studied in the large nf framework, since they always end
up considering final states made up of massless partons. We remark that not many αs fits
in the context of e+e→ shape variables have considered the mass scheme ambiguities, while
we find that they lead to dominant uncertainties.

On the other hand, we find that uncertainties related to how the non-perturbative
corrections are included, and to possible higher-order non-perturbative corrections, are small,
of the order of half a percent.

5.3 Comparison to previous parametrization of non-perturbative effects

Older studies of non-perturbative corrections were making use of the large b0 approximate
power corrections evaluate in the 2-jet region extrapolated to the full phase space. In our
framework, this amounts to setting ζ(v) → ζ(0). We have performed such fits and report
the result (including variations) in table 6. We find that in general the χ2 values that we
obtain are as acceptable as for our standard fits. However, the value of αs(MZ) that we
obtained are systematically lower by two units in the third digit.

This trend holds also for the fits CT, and C, T, y3 as we can see in table 7.

5.4 Including the heavy-jet mass and the jet-mass difference in the fits

In ref. [1] it was shown that the ζ functions for the heavy jet mass and for the jet mass
difference undergo very sharp variations near the two jet limit configuration. We then
preferred not to include them in our fit. Nevertheless, we were able to show that their
behavior in the three-jet region is in nice agreement with our calculation of non-perturbative
corrections, that for these observables are in fact negative. It is thus interesting to see what
happens if one attempts to include also these observables in the fits. In order to do this, we
face an immediate problem, namely that the DELPHI data seem to be inconsistent with data
from other experiments. Since the ALEPH experiment provides very precise data, which are
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Three-jet power corrections  versus two-jet power corrections  ζ(v) ζ(0)
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αs(MZ)
CTy3 C T y3

Variation ζ(v) ζ(0) ζ(v) ζ(0) ζ(v) ζ(0) ζ(v) ζ(0)
default 0.1181 0.1161 0.1169 0.1139 0.1168 0.1158 0.1155 0.1154
µR = µ0/2 0.1167 0.1155 0.1141 0.1105 0.1159 0.1128 0.1122 0.1131
µR = 2µ0 0.1167 0.1150 0.1212 0.1184 0.1208 0.1191 0.1157 0.1161
std scheme 0.1173 0.1153 0.1164 0.1118 0.1152 0.1148 0.1150 0.1149
p scheme 0.1160 0.1141 0.1164 0.1118 0.1152 0.1148 0.1137 0.1135
D scheme 0.1199 0.1173 0.1190 0.1153 0.1205 0.1170 0.1168 0.1166
Cll = 1.5 0.1165 0.1143 0.1151 0.1116 0.1154 0.1133 0.1142 0.1142
Cll = 3 0.1177 0.1159 0.1221 0.1116 0.1180 0.1172 0.1156 0.1154
non-pert scheme (b) 0.1193 0.1163 0.1191 0.1176 0.1185 0.1184 0.1154 0.1154
non-pert scheme (c) 0.1189 0.1167 0.1195 0.1172 0.1192 0.1191 0.1154 0.1154
minus non-pert error 0.1187 0.1161 0.1173 0.1139 0.1165 0.1158 0.1157 0.1154
plus non-pert error 0.1189 0.1161 0.1172 0.1139 0.1172 0.1158 0.1153 0.1154

Table 7. Summary of αs(MZ) results for all fits and variations considered.

Figure 4. Comparison of ALEPH, DELPHI and WICKE data for M2
h distribution at Q = MZ .

in agreement with all other experiments, in the following, we show comparisons of DELPHI
to ALEPH data at the Z-peak as an illustration. Since the two experiments use a very
different binning, to illustrate the comparison, it is useful to take as a reference the theoretical
prediction, which we show both including and omitting the non-perturbative correction. This
comparison is displayed in figure 4 and 5 left and central panels. It is clear that ALEPH data,
which use a much finer binning than the DELPHI ones, are in excellent agreement with the
theory prediction which includes the non-perturbative correction. Instead, the DELPHI data
is considerably above both predictions. This is the case for both mass distributions. This is a
clear indication that the experimental data are not consistent with each other. On the other
hand, DELPHI data have been also re-analyzed at Q = MZ in ref. [39]. These data, that we
label “WICKE” in the following, are shown in the right panels of figures 4 and 5. We notice
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Problem with DELPHI Mh2 data 
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αs(MZ)
CTy3 C T y3

Variation ζ(v) ζ(0) ζ(v) ζ(0) ζ(v) ζ(0) ζ(v) ζ(0)
default 0.1181 0.1161 0.1169 0.1139 0.1168 0.1158 0.1155 0.1154
µR = µ0/2 0.1167 0.1155 0.1141 0.1105 0.1159 0.1128 0.1122 0.1131
µR = 2µ0 0.1167 0.1150 0.1212 0.1184 0.1208 0.1191 0.1157 0.1161
std scheme 0.1173 0.1153 0.1164 0.1118 0.1152 0.1148 0.1150 0.1149
p scheme 0.1160 0.1141 0.1164 0.1118 0.1152 0.1148 0.1137 0.1135
D scheme 0.1199 0.1173 0.1190 0.1153 0.1205 0.1170 0.1168 0.1166
Cll = 1.5 0.1165 0.1143 0.1151 0.1116 0.1154 0.1133 0.1142 0.1142
Cll = 3 0.1177 0.1159 0.1221 0.1116 0.1180 0.1172 0.1156 0.1154
non-pert scheme (b) 0.1193 0.1163 0.1191 0.1176 0.1185 0.1184 0.1154 0.1154
non-pert scheme (c) 0.1189 0.1167 0.1195 0.1172 0.1192 0.1191 0.1154 0.1154
minus non-pert error 0.1187 0.1161 0.1173 0.1139 0.1165 0.1158 0.1157 0.1154
plus non-pert error 0.1189 0.1161 0.1172 0.1139 0.1172 0.1158 0.1153 0.1154

Table 7. Summary of αs(MZ) results for all fits and variations considered.
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Figure 4. Comparison of ALEPH, DELPHI and WICKE data for M2
h distribution at Q = MZ .

in agreement with all other experiments, in the following, we show comparisons of DELPHI
to ALEPH data at the Z-peak as an illustration. Since the two experiments use a very
different binning, to illustrate the comparison, it is useful to take as a reference the theoretical
prediction, which we show both including and omitting the non-perturbative correction. This
comparison is displayed in figure 4 and 5 left and central panels. It is clear that ALEPH data,
which use a much finer binning than the DELPHI ones, are in excellent agreement with the
theory prediction which includes the non-perturbative correction. Instead, the DELPHI data
is considerably above both predictions. This is the case for both mass distributions. This is a
clear indication that the experimental data are not consistent with each other. On the other
hand, DELPHI data have been also re-analyzed at Q = MZ in ref. [39]. These data, that we
label “WICKE” in the following, are shown in the right panels of figures 4 and 5. We notice
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Problem with DELPHI Md2 data 
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Figure 5. Same as figure 4 for the M2
d distribution.

Obs. Experiment Energies in GeV
M2

d ALEPH [22] 91.2 133 161 172 183 189 200 206
M2

h WICKE [39] 91.2
M2

h ALEPH [22] 91.2 133 161 172 183 189 200 206
M2

h JADE [26] 35 44
M2

h L3 [27–29] 41.4 55.3 65.4 75.7 82.3 85.1 91.2 130.1 136.1 161.3 172.3
182.8 188.6 194.4 200

M2
h OPAL [30–32] 91.2 133 177 197

M2
h SLD [33] 91.2

M2
h TRISTAN [34] 58

M2
h WICKE [39] 91.2

Table 8. Summary of data for M2
h and M2

d used in the section.

that these data are in good agreement with theory predictions including non-perturbative
corrections, and therefore are compatible with ALEPH (and all other) data. For this reason,
in the following, we have decided to omit in the fit all DELPHI data on M2

h and M2
d and to

include instead data from ref. [39], that we denote as “WICKE”.6
In table 8 we show all additional data that we have included in the fit. We use as upper

limits for the fit ranges 0.33 in both cases, while the lower limits are set as described before.
In table 9 we show the results of our fit. We find that the inclusion of the masses in the
fits increases the central value of αs by about 2.8% and worsens in general all fits, yielding
considerably larger χ2/d.o.f. values. Both features are mitigated when raising the lower
limit of the fit range. This finding supports the view that perhaps the sharp variation of
the ζ functions near the two-jet limit, found in ref. [1], introduces further uncertainty in
the result near the two-jet region.

6We found no evidence of other relevant discrepancies in the data for other shape variables, in particular
also in the DELPHI data, that are thus kept in the fit.
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Including non-problematic Mh2 and Md2 data in the fit 

J
H
E
P
0
6
(
2
0
2
5
)
2
0
0

Variation αs(MZ) α0 χ2 χ2/d.o.f. d.o.f.
default 0.1214 0.5214 2737.0665 2.1267 1287
µR = µ0/2 0.1200 0.5140 4602.1494 3.8968 1181
µR = 2µ0 0.1205 0.5380 4056.9046 3.1040 1307
std scheme 0.1221 0.4649 6032.3920 4.7055 1282
p scheme 0.1189 0.5007 2540.5896 1.9756 1286
D scheme 0.1253 0.6041 3605.6129 2.8016 1287
Cll = 1.5 0.1224 0.5252 4238.7596 3.0191 1404
Cll = 3 0.1199 0.5239 2076.6755 1.8692 1111
non-pert scheme (b) 0.1220 0.4810 4494.4234 3.4922 1287
non-pert scheme (c) 0.1221 0.4914 4148.3055 3.2232 1287
minus non-pert error 0.1216 0.5186 2769.4522 2.1519 1287
plus non-pert error 0.1212 0.5243 2710.8829 2.1064 1287

Table 9. As table 5 but including also the data for M2
h and M2

d listed in table 8.

Variation αs(MZ) α0 χ2 χ2/d.o.f. d.o.f.
default 0.1145 0.5769 6576.4898 5.1099 1287
µR = µ0/2 0.1163 0.5983 3801.7747 3.2191 1181
µR = 2µ0 0.1068 0.6053 11697.8542 8.9502 1307
std scheme 0.1174 0.5225 5616.3416 4.3809 1282
p scheme 0.1110 0.5633 6437.6362 5.0059 1286
D scheme 0.1158 0.6806 10599.5174 8.2358 1287
Cll = 1.5 0.1138 0.5865 6971.5191 4.9655 1404
Cll = 3 0.1159 0.5735 5808.1213 5.2278 1111
non-pert scheme (b) 0.1170 0.5693 8415.0241 6.5385 1287
non-pert scheme (c) 0.1167 0.5491 8300.0328 6.4491 1287
minus non-pert error 0.1145 0.5770 6576.7989 5.1102 1287
plus non-pert error 0.1145 0.5769 6576.1813 5.1097 1287

Table 10. As tables 9 but with power corrections computed in the two-jet limit.

In table 10 we show the same fit including mass-distributions, but now using the non-
perturbative corrections computed in the two-jet limit. We find a reduction in the value of the
fitted αs(MZ), and considerably larger χ2 values, indicating that constant non-perturbative
corrections are incompatible with data.

We stress that, for the mass distributions, we have not included resummation effects
in the two-jet limit, consistently with what is done in the rest of the paper, nor all-order
effects close to the symmetric three-particle limit (M2

h = M2
d = 1/3), as studied in ref. [40].

We find however that lowering the upper limit in our fit does not change the results in
a noticeable way.
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Variation αs(MZ) α0 χ2 χ2/d.o.f. d.o.f.
default 0.1214 0.5214 2737.0665 2.1267 1287
µR = µ0/2 0.1200 0.5140 4602.1494 3.8968 1181
µR = 2µ0 0.1205 0.5380 4056.9046 3.1040 1307
std scheme 0.1221 0.4649 6032.3920 4.7055 1282
p scheme 0.1189 0.5007 2540.5896 1.9756 1286
D scheme 0.1253 0.6041 3605.6129 2.8016 1287
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non-pert scheme (b) 0.1220 0.4810 4494.4234 3.4922 1287
non-pert scheme (c) 0.1221 0.4914 4148.3055 3.2232 1287
minus non-pert error 0.1216 0.5186 2769.4522 2.1519 1287
plus non-pert error 0.1212 0.5243 2710.8829 2.1064 1287

Table 9. As table 5 but including also the data for M2
h and M2

d listed in table 8.

Variation αs(MZ) α0 χ2 χ2/d.o.f. d.o.f.
default 0.1145 0.5769 6576.4898 5.1099 1287
µR = µ0/2 0.1163 0.5983 3801.7747 3.2191 1181
µR = 2µ0 0.1068 0.6053 11697.8542 8.9502 1307
std scheme 0.1174 0.5225 5616.3416 4.3809 1282
p scheme 0.1110 0.5633 6437.6362 5.0059 1286
D scheme 0.1158 0.6806 10599.5174 8.2358 1287
Cll = 1.5 0.1138 0.5865 6971.5191 4.9655 1404
Cll = 3 0.1159 0.5735 5808.1213 5.2278 1111
non-pert scheme (b) 0.1170 0.5693 8415.0241 6.5385 1287
non-pert scheme (c) 0.1167 0.5491 8300.0328 6.4491 1287
minus non-pert error 0.1145 0.5770 6576.7989 5.1102 1287
plus non-pert error 0.1145 0.5769 6576.1813 5.1097 1287

Table 10. As tables 9 but with power corrections computed in the two-jet limit.

In table 10 we show the same fit including mass-distributions, but now using the non-
perturbative corrections computed in the two-jet limit. We find a reduction in the value of the
fitted αs(MZ), and considerably larger χ2 values, indicating that constant non-perturbative
corrections are incompatible with data.

We stress that, for the mass distributions, we have not included resummation effects
in the two-jet limit, consistently with what is done in the rest of the paper, nor all-order
effects close to the symmetric three-particle limit (M2

h = M2
d = 1/3), as studied in ref. [40].

We find however that lowering the upper limit in our fit does not change the results in
a noticeable way.
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Three-jet power corrections Two-jet power corrections 

Larger values of when including Mh2 and Md2. Much larger when using two-
jet power corrections 

χ2



Conclusions

• Inclusion of data at all energies helps disentangle perturbative and non-
perturbative effects and confirms the previous findings: 

• A value compatible with the world average is found when using  3-jet power corrections


• When using 2-jet power corrections systematically lower values are found (by about 0.02) 


•Variations show that uncertainties are large (some percent), with the largest 
coming from the treatment of mass effects (see talk by Paolo later)  


•data seem to prefer the 3-jet power corrections. In particular observables 
not included in the fit can be described well in the 3-jet region only when 
using 3-jet power corrections
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Observable scale αs(MZ) α0 Nbins χ2/Ndeg
µ0/2 0.1167 0.67 816 2.38

CTy3 µ0 0.1181 0.59 895 1.26
2µ0 0.1167 0.58 915 1.60
µ0/2 0.1146 0.75 705 1.38

CT µ0 0.1175 0.61 744 1.28
2µ0 0.1211 0.50 744 1.34
µ0/2 0.1141 0.76 285 0.99

C µ0 0.1169 0.62 292 0.92
2µ0 0.1212 0.51 292 0.95
µ0/2 0.1159 0.71 420 1.52

T µ0 0.1168 0.63 452 1.44
2µ0 0.1208 0.53 452 1.52
µ0/2 0.1122 0.03 111 0.53

y3 µ0 0.1155 0.42 151 0.47
2µ0 0.1157 0.52 171 1.61

Table 4. Impact of scale variations on the results for all fits.

5.1 Scale variations

Next, we consider the impact of performing a renormalization scale variation by factor 2 up
and down in the theory predictions. The result is shown in table 4.5 We see that in the
CTy3 fit the value of αs decreases slightly (by about 1.2%) both when varying the scale up
or down. We find, however, larger values of χ2, especially when using a scale µ0/2. This
result is better understood by examining the effect of scale variations in the individual C,
T and y3 fits. In these cases we obtain much more reasonable χ2 values, although always
worse than the central value. However the α(MZ) and α0 value obtained in the y3 fit for
the scale choice µ0/2 is not compatible with that of the other determinations, which leads
to the large χ2/d.o.f. value in the CTy3 fit. Some discrepancies of the fitted parameters
in the C and T fits alone is also observed, but is not quite as strong, so that in the CT fit
the increase in χ2 due to scale variations is not so large.

In conclusion, if we consider fits using individual variables, or the combined CT fit, we
find large scale variations, of the order of 2–3%, while in the combined CTy3 fit the scale
uncertainty amounts to about 1% on αs(MZ). This is in part due to the correlation between
αs(MZ) and α0. In fact, when the scale increases αs(MZ) increases and α0 decreases for the
C, T and CT fits, while for the y3 fit both αs(MZ) and α0 increase.

5.2 Variations of other theory setting

When considering only scale variations, the extracted value of αs(MZ) is confined in a
range of 1.2%, suggesting that perhaps an extraction of αs with a 0.6% accuracy may be

5Note that the number of bins depends slightly on the renormalization scales. This, as explained in
section 5.2.2 is due to the fact that the lower limit is adjusted in such a way as not to include bins where the
running renormalization scale falls below 4GeV.
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NP correction in the 3-jet region
Provided an observable is additive w.r.t. to soft gluon emission in the 3-jet 
region and, after azimuthal integration, the integral in rapidity is convergent, 
the NP correction can be computed as 

Milan factor: 

Cdip: dipole colour charges: 

INP: non-perturbative universal parameter (can be related to the dispersive 
parameter 𝛼0)
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NP correction in the 3-jet region
The observable dependent part hv is 

With {p} the momenta in the absence of soft radiation and {P} the momenta of 
the hard partons in the presence of a soft massless parton of momentum l

➡the above expression can be computed by taking a gluon l of softness 𝝀, and 
expanding analytically in 𝝀, keeping only linear terms in 𝝀


➡or it can be evaluated numerically keeping 𝝀 finite, but much smaller than Q  

We use the evaluation at finite 𝝀 as a check of our results and to estimate the 
size of quadratic terms 34


