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What is a boson star?

A self-gravitating star made of boson fields, which maybe dark matter

E.g. 𝐿𝑀 = −𝑔𝜇𝜈  (∇𝜇𝜙0)∗∇𝜈𝜙0 − 𝑚0 2𝜙0∗𝜙0,    

 𝜙0(𝑥) =
1

2
𝜎(𝑟)𝑒−𝑖𝜔𝑡 .

𝑑𝑠2 = −
1

𝑏 𝑟 2𝑠 𝑟 2 𝑑𝑡2 + 𝑏 𝑟 2𝑑𝑟2 + 𝑟2 𝑑𝜃2 + sin2 𝜃 𝑑𝜑2 .

Stabilized by the balance: gravitational attraction = uncertainty principle

Dynamical formation by gravitational cooling: ejecting excess fields and energy 
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[Kaup ’68, Ruffini and Bonazzola ’69]

[Seidel and Suen ’94]

localized  periodic
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Why study boson stars?

Black holes or boson stars or others?

Gravitational waves                                

Boson stars are similar to black holes in observational signals – black hole mimickers!

Compactness 𝐶 = 𝑀/𝑅
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[Bustillo et al., ’21]

GW190521
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How do quantum effects change a boson star?

A boson star is a macroscopic quantum object, 

but it is almost always treated with classical fields. 

Quantum effects reshape compact objects: 

Hawking radiation makes black holes unstable

Semiclassical fluid stars can surpass the Buchdahl compactness limit

6

classical condensate  𝜙

quantum fluctuations 𝑇𝜇𝜈
q

𝜙

𝑟

[Arrechea et al. ’21- ’24]

[Hawking ’75]
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How do quantum effects change a boson star?

A boson star is a macroscopic quantum object, 

but it is almost always treated with classical fields. 

Quantum effects reshape compact objects: 

Hawking radiation makes black holes unstable

Semiclassical fluid stars can surpass the Buchdahl compactness limit
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classical condensate  𝜙

quantum fluctuations 𝑇𝜇𝜈
q

𝜙

𝑟

[Arrechea et al. ’21- ’24]

What about boson stars? 

The star itself is made of quantum fields – self-consistency

The first step: computing the quantum stress-energy tensor.

[Hawking ’75]
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Semiclassical gravity = GR + QFT

𝑆 = න𝑑𝑛𝑥 −𝑔 𝐿𝐺 + 𝐿𝑀

 𝐿𝑀 = σ𝑛 −
1

2
𝑔𝜇𝜈∇𝜇𝜙𝑛∇𝜈𝜙𝑛 −

1

2
𝑚𝑛 2 𝜙𝑛 2, 𝐿𝐺 =

ഥ𝑚𝑃
2

2
𝑅 − 2Λ +

𝑎

2
𝑅2 +

𝑏

2
𝑅𝜇𝜈𝑅𝜇𝜈, ഥ𝑚𝑃

2 =
1

8𝜋𝐺

Klein-Gordon equation −∇2 + 𝑚𝑛 2 𝜙𝑛 = 0

Mode decomposition 𝜙𝑛 = σ𝐼 𝐴𝐼
𝑛𝑓𝐼

𝑛 + 𝐴𝐼
𝑛†𝑓𝐼

𝑛∗,  𝐴𝐼
𝑛 0 = 0, 𝑓𝐼

𝑛~𝑒−𝑖𝜔𝑘𝑙
𝑛 𝑡 𝑣𝑘𝑙

𝑛 𝑟

𝑟
𝑌𝑙𝑚 𝜃, 𝜑

Semiclassical Einstein equation ഥ𝑚𝑃
2  𝐺𝜇𝜈 + Λ𝑔𝜇𝜈 + 𝑎(1)𝐻𝜇𝜈 + 𝑏(2)𝐻𝜇𝜈 = 𝑇𝜇𝜈

Coherent state 𝜒 𝑇𝜇𝜈 𝜒 = 𝑇𝜇𝜈
c

𝜒 𝜙 𝜒 + 𝑇𝜇𝜈
q

𝑓𝐼
𝑛, 𝑓𝐼

𝑛∗ , 𝑇𝜇𝜈
q

= σ𝐼 𝒯𝜇𝜈 𝑓𝐼
𝑛, 𝑓𝐼

𝑛∗

8
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Pauli-Villars regularization renders 𝑇𝜇𝜈  finite 

Physical fields  𝜙0𝑟 , 𝜙0𝑖,  heavy PV fields  𝜙1𝑟 , 𝜙1𝑖 , 𝜙2𝑟 , 𝜙2𝑖 , 𝜙3𝑟 , 𝜙3𝑖~𝑀PV

𝑇𝜇𝜈 = ෍

𝑛

−1 𝑛 𝑇𝜇𝜈
𝑛

Regularization conditions

෍

𝑛

−1 𝑛 = 0, ෍

𝑛

−1 𝑛 𝑚𝑛 2 = 0, ෍

𝑛

−1 𝑛 𝑚𝑛 4 = 0

Renormalization 𝑇𝜇𝜈 = 𝑇𝜇𝜈 ren
+ 𝑔𝜇𝜈𝛿Λ + 𝐺𝜇𝜈𝛿 ഥ𝑚𝑃

2 +(1) 𝐻𝜇𝜈𝛿𝑎 +(2) 𝐻𝜇𝜈𝛿𝑏

𝛿Λ~𝑀𝑃𝑉
4 , 𝛿 ഥ𝑚𝑃

2~𝑀𝑃𝑉
2 , 𝛿𝑎, 𝛿𝑏~ ln 𝑀PV

Renormalized Einstein equation ഥ𝑚𝑃
2

ren𝐺𝜇𝜈 = 𝑇𝜇𝜈 ren

9
Λren = 0, 𝑎ren = 0, 𝑏ren = 0

𝜙0 =
1

2
(𝜙0𝑟 + 𝑖𝜙0𝑖),  𝜙0𝑟 , 𝜙0𝑖 ∈ ℝ
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Mode functions and frequencies

11

𝑣𝑘𝑙

𝑙/𝑘 = 2𝑓𝐼
𝑛~𝑒−𝑖𝜔𝑘𝑙

𝑛 𝑡
𝑣𝑘𝑙

𝑛 𝑟

𝑟
𝑌𝑙𝑚 𝜃, 𝜑
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   Quantum effects modify the spacetime

Renormalized stress-energy tensor
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Ƹ𝑠0 = 𝜔𝑠(𝑟 = 0)
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Quantum effects track the curvature

Quantum effects ∝ curvature2

13



Move your text 

box to this guide 

if your title goes 

over two lines

Quantum effects may change the 
monotonicity of the energy density

Total stress-energy tensor loses monotonicity

14

• 𝑇𝜇𝜈
𝑐

∼
𝑚𝑃

2

𝑚0 2 𝑇𝜇𝜈
𝑞

   

• Backreaction on the metric
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Conclusions and outlook

▪Quantum fields and stress-energy tensor are computed in coherent 
states in boson star spacetime.

▪ The Pauli-Villars method is used to regularize divergences.

▪Quantum effects in boson stars are distinctive: nonmonotonic
energy density, growing with curvature, and no longer negligible 
for high-density stars.

▪Outlook: generalizations to other compact objects, backreaction and 
self-consistent semiclassical solutions, etc.

15
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energy density, growing with curvature, and no longer negligible 
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self-consistent semiclassical solutions, etc.

15
Thank you! Any questions or comments?
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Semiclassical fluid star

• Different internal structure

• Negative energy density

• Surpassing the Buchdahl limit
 𝐺𝑀/𝑅 ≤ 4/9

19

[Arrechea et al., ’24](Assuming GR, static spherical matter configuration, isotropic fluid, 

non-negative and monotonic energy density, etc.)
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Boson star image

20

Kerr Boson star

[Olivares et al., ’20]
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Boson star mass, charge and compactness

21

[e.g., Friedberg ’86, Seidel and Suan ’90]
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More plots of classical boson stars

22

Ƹ𝑠0 = 𝜔𝑠(𝑟 = 0)
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𝑑𝑠2 = −
1

𝑏 𝑟 2𝑠 𝑟 2
𝑑𝑡2 + 𝑏 𝑟 2𝑑𝑟2 + 𝑟2 𝑑𝜃2 + sin2 𝜃 𝑑𝜑2

𝜙0𝑟 = 𝜎 𝑟 cos 𝜔𝑡 , 𝜙0𝑖 = −𝜎 𝑟 sin 𝜔𝑡 ; Ƹ𝑠0 = 𝜔𝑠(𝑟 = 0)

   Mass 𝑏 𝑟 −2 = 1 −
2𝐺 𝑚 𝑟

𝑟
,

𝑀 = lim
𝑟→∞

𝑚 𝑟 = ׬
0

∞
4𝜋𝑟2ρ c

   Radius 0.99𝑀 = ׬
0

𝑅99 4𝜋𝑟2ρ c

   Compactness 𝐶 =
𝐺𝑀

𝑅99

   Noether charge 𝐽𝜇 = 𝜙0𝑟∇𝜇𝜙0𝑖 − 𝜙0𝑖∇𝜇𝜙0𝑟

    𝑄 = − Σ׬
𝑑Σ 𝛾 𝑛𝜇𝐽𝜇

   Ricci scalar  𝑅 =
−𝑇

ഥ𝑚𝑃
2

Properties of a boson star

23
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Derivation of the Pauli-Villars conditions in 
FRW spacetime

For UV divergences, only the local geometry matters
𝑑𝑠2 = −𝑑𝑡2 + 𝑎2 𝑡 𝑑𝑥𝑖𝑑𝑥𝑗

Single mode 𝑓𝒑 = 𝑢𝒑 𝑡 𝑒𝑖𝒑⋅𝒙 ሷ𝑢 + 3
ሶ𝑎

𝑎
ሶ𝑢 + 𝜔𝒑

2 𝑡 𝑢 = 0, 𝜔𝒑
2 𝑡 =

𝒑𝟐

𝑎2 𝑡
+ 𝑚2

WKB order of a slowly varying spacetime = number of time derivatives

𝑢𝒑 𝑡 = [ 2𝜋𝑎 32𝑊𝒑 𝑡 ]−1/2𝑒−𝑖 ׬
𝑡

𝑊𝒑 𝑡′ 𝑑𝑡’, 𝑊2 = 𝜔2 −
3

2

ሷ𝑎

𝑎
−

3

4

ሶ𝑎2

𝑎2
+

3

4

ሶ𝑊2

𝑊2
−

1

2

ሷ𝑊

𝑊
𝑊2 ≈ 𝑊0

2 + 𝑊2
2 + 𝑊4

2 + ⋯

0th order 𝑊0
2 = 𝜔2

2nd order         ⋮      .

4th order         ⋮ .

24
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Derivation of the Pauli-Villars conditions in 
FRW spacetime (continued)

𝜙 = ׬ 𝑑3𝑝 𝐴𝒑𝑓𝒑 + h. c., adiabatic vacuum 𝐴𝒑 0𝐴 = 0

0𝐴 𝑇𝜇𝜈 0𝐴 ቚ
𝐴=4

cutoff 𝑀
෍

𝑛

−1 𝑛 𝑀4 + 𝑚𝑛 2𝑀2 + 𝑚𝑛 4 ln 𝑀 + fin

⇒ ෍

𝑛

−1 𝑛 = 0, ෍

𝑛

−1 𝑛 𝑚𝑛 2 = 0, ෍

𝑛

−1 𝑛 𝑚𝑛 4 = 0

𝑇𝜇𝜈 ~𝑔𝜇𝜈𝛿Λ + 𝐺𝜇𝜈𝛿 ഥ𝑚𝑃
2 + 𝐻𝜇𝜈𝛿𝑎

𝛿Λ~ ෍

𝑛

−1 𝑛 𝑚𝑛 4 ln 𝑚𝑛

𝛿 ഥ𝑚𝑃
2~ ෍

𝑛

−1 𝑛 𝑚𝑛 2 ln 𝑚𝑛

𝛿𝑎~ ෍

𝑛

−1 𝑛 ln 𝑚𝑛

25
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Advantages of the PV regularization

1. Diffeomorphism invariance
  modifying the Lagragian 𝐿

2. Mode-by-mode regularization, suitable for numerical calculation

න 𝑑𝑝 ෍

𝑛

−1 𝑛 𝑓 𝑝; 𝑚𝑛, 𝑔𝜇𝜈 , but ෍

𝑛

−1 𝑛 𝑚𝑛 2𝑞 = 0

3. Dynamical spacetimes

26



Move your text 

box to this guide 

if your title goes 

over two lines

Continuum limit
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Derivation of the semiclassical Einstein 
equation

𝑆𝑀 𝜙 = න
𝑥

−
1

2
𝑔𝜇𝜈∇𝜇𝜙∇𝜈𝜙 −

1

2
𝑚2𝜙2, න

𝑥

 = න𝑑𝑛𝑥 −𝑔

𝑍 𝐽 = exp 𝑖𝑊 𝐽 = න𝐷𝜙 exp{ 𝑖𝑆𝑀 𝜙 + 𝑖 න
𝑥

𝐽 𝑥 𝜙 𝑥 } = out in 𝐽

Schwinger’s action principle 𝛿𝑍 0 = 𝑖 out 𝛿𝑆𝑀 in
2

−𝑔

𝛿𝑊 0

𝛿𝑔𝜇𝜈
=

out 𝑇𝜇𝜈 in

out in

𝑊 = −
𝑖

2
tr ln −𝐺𝐹 , 𝑥 𝐺𝐹 𝑥’ = 𝐺𝐹 𝑥, 𝑥’ = −𝑖 out 𝑇 𝜙 𝑥 𝜙 𝑥’ in

𝑊 = න
𝑥

𝐿eff 𝑥 , 𝐿eff 𝑥 = −
𝑖

2
lim
𝑥’→𝑥

⟨𝑥| ln(−𝐺𝐹)|𝑥’⟩

28

[Birrell and Davies ’94]
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Derivation of the semiclassical Einstein 
equation (continued)

𝑆𝐺 = න
𝑥

𝐿𝐺 , 𝐿𝐺 =
1

16𝜋𝐺𝐵
(𝑅 − 2Λ𝐵 + 𝑎𝐵𝑅2 + 𝑏𝐵𝑅𝜇𝜈𝑅𝜇𝜈 + 𝑐𝐵𝑅𝜇𝜈𝜌𝜎𝑅𝜇𝜈𝜌𝜎)

𝑆 = 𝑆𝐺 + 𝑊 = 𝑆𝐺 ren + 𝑊ren
2

−𝑔

𝛿𝑆

𝛿𝑔𝜇𝜈
= 0 ⇒ 𝑅𝜇𝜈 −

1

2
𝑅𝑔𝜇𝜈 + Λ𝑔𝜇𝜈 + 𝑎 1 𝐻𝜇𝜈 + 𝑏 2 𝐻𝜇𝜈 + 𝑐𝐻𝜇𝜈 = 8𝜋𝐺

out 𝑇𝜇𝜈 in
ren

out in

Λ, 𝑎, 𝑏, 𝑐, 𝐺 are determined by experiments

in 𝑇𝜇𝜈 in , in-in formalism

exp 𝑖𝑊 𝐽+, 𝐽− = න𝐷𝜙+𝐷𝜙− exp{ 𝑖𝑆 𝜙+ + 𝑖 න
𝑥

𝐽+𝜙+ − 𝑖𝑆∗ 𝜙− − 𝑖 න
𝑥

𝐽−𝜙−}

29

log divergences

calculating S-matrix
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Spectral methods

𝒦 𝑣𝑘𝑙 , 𝑣𝑘𝑙 ’, 𝑣𝑘𝑙 ’’; 𝜔𝑘𝑙 = 0

Chebyshev points 𝑥𝑗 = cos 𝑗
𝜋

𝑁

𝑣 𝑥𝑖 = ෍

𝑗=0

𝑁

𝑣 𝑥𝑗 𝑝𝑗 𝑥𝑖 , 𝑝𝑗 𝑥𝑖 = 𝛿𝑗𝑖

𝑣’ 𝑥𝑖 ≃ ෍

𝑗=0

𝑁

𝑣 𝑥𝑗 𝑝𝑗 ’ 𝑥𝑖

ODE → matrix equation

30

errors decrease exponentially as the number of points

[Trefethen ’00]
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Quantum stress tensor and numerical 
convergence

𝑇𝜇𝜈
q

𝑥; 𝑘𝑀 , 𝑙𝑀 = ෍

𝑘

𝑘𝑀

෍

𝑙

𝑙𝑀

෍

𝑚=−𝑙

𝑙

෍

𝑛

−1 𝑛 𝒯𝜇𝜈
𝑛 𝑓𝑘𝑙𝑚, 𝑓𝑘𝑙𝑚

∗
𝑘𝑀,𝑙𝑀→∞

𝑇𝜇𝜈
q

𝑥

31

𝑙𝑀/𝑘𝑀 = 2
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Minkowski space results

32
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  C = M / R
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   𝜙 n =  ∑ I   A I n  f I n +  A I  n †  f I  n ∗ ,          A I n  | 0 ⟩ = 0


   f I n ~  e  − i  𝜔  k l n t    v  k l n  ( r ) r  Y  l m  (  𝜃 , 𝜑 )


     m - P 2    G  𝜇 𝜈 + Λ  g  𝜇 𝜈 +  a  ( 1 )  H  𝜇 𝜈 +  b  ( 2 )  H  𝜇 𝜈 =  ⟨   T  𝜇 𝜈 ⟩


   ⟨  𝜒  |   T  𝜇 𝜈 | 𝜒 ⟩ =  T  𝜇 𝜈   ( c )  (   ⟨  𝜒  | 𝜙 | 𝜒 ⟩ ) +  T  𝜇 𝜈   ( q )  (   f I n ,  f I  n ∗ )


   T  𝜇 𝜈   ( q ) =  ∑ I   𝒯  𝜇 𝜈  (   f I n ,  f I  n ∗ )


   ⟨   T  𝜇 𝜈 ⟩


   𝜙  0 r ,  𝜙  0 i


   𝜙  1 r ,  𝜙  1 i ,  𝜙  2 r ,  𝜙  2 i ,  𝜙  3 r ,  𝜙  3 i ~  M  PV


   T  𝜇 𝜈 =  ∑ n     (  − 1 )   ( n )  T  𝜇 𝜈 n


   ∑ n     (  − 1 )   ( n ) = 0 ,    ∑ n     (  − 1 )   ( n )    (   m n ) 2 = 0 ,    ∑ n     (  − 1 )   ( n )    (   m n ) 4 = 0


   ⟨   T  𝜇 𝜈 ⟩ =    ⟨   T  𝜇 𝜈 ⟩  ren +  g  𝜇 𝜈 𝛿 Λ +  G  𝜇 𝜈 𝛿    m - P 2  +  ( 1 )  H  𝜇 𝜈 𝛿 a  +  ( 2 )  H  𝜇 𝜈 𝛿 b


  𝛿 Λ ~  M  P V 4 , 𝛿    m - P 2 ~  M  P V 2 , 𝛿 a , 𝛿 b ~   ln ⁡   M  PV


     (     m - P 2 )  ren  G  𝜇 𝜈 =    ⟨   T  𝜇 𝜈 ⟩  ren


   Λ  ren = 0 ,  a  ren = 0 ,  b  ren = 0


   𝜙 0 =  1   2 (  𝜙  0 r + i  𝜙  0 i )


   𝜙  0 r ,  𝜙  0 i ∈ ℝ


   v  k l


  l / k = 2


   f I n ~  e  − i  𝜔  k l n t    v  k l n  ( r ) r  Y  l m  (  𝜃 , 𝜑 )


     s ^ 0 = 𝜔 s ( r = 0 )


  ∝


   T  𝜇 𝜈   ( c ) ∼    m P 2     (   m 0 ) 2  T  𝜇 𝜈   ( q )


  G M / R ≤ 4 / 9


     s ^ 0 = 𝜔 s ( r = 0 )


  d  s 2 = −  1  b    ( r ) 2 s    ( r ) 2 d  t 2 + b    ( r ) 2 d  r 2 +  r 2  (  d  𝜃 2 +     sin 2 ⁡ 𝜃 d  𝜑 2 )


   𝜙  0 r = 𝜎  ( r )   cos ⁡   (  𝜔 t ) ,  𝜙  0 i = − 𝜎  ( r )   sin ⁡   (  𝜔 t ) ;    s ^ 0 = 𝜔 s ( r = 0 )


  b    ( r )  − 2 = 1 −   2 G   m  ( r ) r ,


  M =     lim  r → ∞ ⁡  m  ( r ) =  ∫ 0 ∞  4 𝜋  r 2  ρ   ( c )


    0 . 99 M =  ∫ 0   R  99  4 𝜋  r 2  ρ   ( c )


  C =   G M   R  99


   J 𝜇 =  𝜙  0 r  ∇ 𝜇  𝜙  0 i −  𝜙  0 i  ∇ 𝜇  𝜙  0 r


  Q = −  ∫ Σ  d Σ  𝛾  n 𝜇  J 𝜇


  R =   − T     m - P 2


  d  s 2 = − d  t 2 +  a 2  ( t ) d  x i d  x j


   f 𝒑 =  u 𝒑  ( t )  e  i 𝒑 ⋅ 𝒙    u ¨ + 3    a . a  u . +  𝜔 𝒑 2  ( t ) u = 0 ,  𝜔 𝒑 2  ( t ) =    𝒑 𝟐   a 2  ( t ) +  m 2


   u 𝒑  ( t ) =     [  (  2 𝜋 a ) 3 2  W 𝒑  ( t ) ]  − 1 / 2  e  − i  ∫ t   W 𝒑  (   t ′ ) d t ’ ,    W 2 =  𝜔 2 −  3 2    a ¨ a −  3 4      a 2 .   a 2 +  3 4      W 2 .   W 2 −  1 2    W ¨ W


   W 2 ≈    (   W 0 ) 2 +    (   W 2 ) 2 +    (   W 4 ) 2 + ⋯


     (   W 0 ) 2 =  𝜔 2


  ⋮


  ⋮  


  𝜙 = ∫   d 3 p  A 𝒑  f 𝒑 + h . c .


   A 𝒑  |   0 A ⟩ = 0


   ⟨   0 A  |   T  𝜇 𝜈 |  0 A ⟩    ​ |  A = 4  →  cutoff   M  ∑ n     (  − 1 )   ( n )  [   M 4 +    (   m n ) 2  M 2 +    (   m n ) 4   ln ⁡ M +  (  fin ) ]


  ⇒  ∑ n     (  − 1 )   ( n ) = 0 ,    ∑ n     (  − 1 )   ( n )    (   m n ) 2 = 0 ,    ∑ n     (  − 1 )   ( n )    (   m n ) 4 = 0


   ⟨   T  𝜇 𝜈 ⟩ ~  g  𝜇 𝜈 𝛿 Λ +  G  𝜇 𝜈 𝛿    m - P 2 +  H  𝜇 𝜈 𝛿 a


  𝛿 Λ ~  ∑ n     (  − 1 )   ( n )    (   m n ) 4   ln ⁡   m n


  𝛿    m - P 2 ~  ∑ n     (  − 1 )   ( n )    (   m n ) 2   ln ⁡   m n


  𝛿 a ~  ∑ n     (  − 1 )   ( n )   ln ⁡   m n


  L


  ∫  d p  ∑ n     (  − 1 )   ( n ) f  (  p ;  m n ,  g  𝜇 𝜈 ) ,   but  ∑ n     (  − 1 )   ( n )    (   m n )  2 q = 0


   S M  [ 𝜙 ] =  ∫ x  −  1 2  g  𝜇 𝜈  ∇ 𝜇 𝜙  ∇ 𝜈 𝜙 −  1 2  m 2  𝜙 2 ,    ∫ x    = ∫   d n x   − g


  Z  [ J ] =   exp ⁡   (  i W  [ J ] ) = ∫  D 𝜙   exp ⁡ { i  S M  [ 𝜙 ] + i  ∫ x  J  ( x ) 𝜙  ( x ) } =    ⟨  out |  in ⟩ J


  𝛿 Z  [ 0 ] = i  ⟨  out  |  𝛿  S M | in ⟩


   2    − g   𝛿 W  [ 0 ]  𝛿  g  𝜇 𝜈 =    ⟨  out  |   T  𝜇 𝜈 | in ⟩   ⟨  out |  in ⟩


  W = −  i 2 tr  [    ln ⁡   (  −  G F ) ] ,  ⟨  x  |   G F | x ’ ⟩ =  G F  (  x , x ’ ) = − i  ⟨  out  |  T  (  𝜙  ( x ) 𝜙  (  x ’ ) ) | in ⟩


  W =  ∫ x   L  eff  ( x ) ,    L  eff  ( x ) = −  i 2   lim  x ’ → x ⟨ x |   ln ⁡ ( −  G F ) | x ’ ⟩


   S G =  ∫ x   L G ,    L G =  1  16 𝜋  G B ( R − 2  Λ B +  a B  R 2 +  b B  R  𝜇 𝜈  R  𝜇 𝜈 +  c B  R  𝜇 𝜈 𝜌 𝜎  R  𝜇 𝜈 𝜌 𝜎 )


  S =  S G + W =    (   S G )  ren +  W  ren


   2    − g   𝛿 S  𝛿  g  𝜇 𝜈 = 0 ⇒  R  𝜇 𝜈 −  1 2 R  g  𝜇 𝜈 + Λ  g  𝜇 𝜈 +  a   ( 1 )  H  𝜇 𝜈 +  b   ( 2 )  H  𝜇 𝜈 + c  H  𝜇 𝜈 = 8 𝜋 G      ⟨  out  |   T  𝜇 𝜈 | in ⟩  ren   ⟨  out |  in ⟩


  Λ , a , b , c , G


   ⟨  in  |   T  𝜇 𝜈 | in ⟩


    exp ⁡   (  i W  [   J + ,  J − ] ) = ∫  D  𝜙 + D  𝜙 −   exp ⁡ { i S  [   𝜙 + ] + i  ∫ x   J +  𝜙 + − i  S ∗  [   𝜙 − ] − i  ∫ x   J −  𝜙 − }


  𝒦  (   v  k l ,  v  k l ’ ,  v  k l ’ ’ ;  𝜔  k l ) = 0


   x j =   cos ⁡   (  j  𝜋 N )


  v  (   x i ) =  ∑  j = 0 N  v  (   x j )  p j  (   x i ) ,  p j  (   x i ) =  𝛿  j i


  v ’  (   x i ) ≃  ∑  j = 0 N  v  (   x j )  p j ’  (   x i )


   T  𝜇 𝜈   ( q )  (  x ;  k M ,  l M ) =  ∑ k   k M   ∑ l   l M   ∑  m = − l l   ∑ n     (  − 1 )   ( n )  𝒯  𝜇 𝜈 n  (   f  k l m ,  f  k l m ∗ )  →   k M ,  l M → ∞  T  𝜇 𝜈   ( q )  ( x )


   l M /  k M = 2

