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Monte Carlo/Statisticians Paradigm:
Probability Density Function

b

I:=fp(')2)d')2

a

— Sampling of a probability density
function (pdf) called p(x)

Particle Physicists Theoretical Paradigm:
Quantum Field Theory

a-a,b—)mzl/.da-u,b—bm =f|Mﬂ,b—,m|2d(Dm(f))
Q Q

Where:

L 3=
d(bm(f})—ﬂ(zd}z ( 4Py - ij)



Simulation-Based Inference

We have data sampled from a physics model determined by some parameters
2
z ~ |[M(z|0)]
and we want to infer the physical parameters that our data describes implicitly
{55‘1,332,. o ,Cl?n} — 0 =7

with only access to simulation/generative models

How can we construct meaningful statistical models and perform hypothesis
ing?
testing Hy: 6 € 0y,

reject Hy?
Hl : 9 € @1,

The likelihood-ratio test is the most powerful (Neyman-Pearson lemma)



Likelihood Ratio Tests

Likelihood ratio tests are state-of-the-art and currently employed by analyses

SUDgeo, E(B)}
SUPpeco 5(9)

/\LR = —2In [
But can we do this in a continuous, multivariate way?

«  We can try to model the densities: p(z|0)

p(x|6o)
« Or we can try to model the ratio: r(z|6y,0,) =
y p(x|61)

The reference value can be somewhat arbitrary since

. [p(:cwp)] . lp(xw?)p(xwl)
p(x]0) p(x|0)p(x|61)

] = Inr (|0, 0,) — Inr(x]0,0;)

So how do we estimate the ratio?



Neural Likelihood Ratio Estimation



General Setup

1. Start with a neural network
s(x; 0)

2. Choose some loss functional
Lis(x: 6,)] Typically a classifier

3. Find the minimum using gradient descent

Qt—l—l — Qt — VGL[S('TJ 975)]

[:L‘laxQ} s 31:71]

4. The optimal function is related to the density ratio through some transformation
s(x;0") = argming L|s(z;0)] = T(s(x;0%)) = r(x)

subject to certain conditions (see [arxiv:2512.19913])



https://arxiv.org/abs/2512.19913

General Loss Function

Loss Functions o

Loss functions have a general form:
Lls| = —/dﬂ? [p(2(00) A(s(x)) + p(x]61)B(s(x))]
Optimal functions satisfy the “Ratio Trick” equation:

oL _ s*(z)) = _ A=) — p(z]6)) =r(z
5 =0 <— T( ( )) B’(S*(.’L‘)) p(mwo) ( ’90591)

While many loss functions exist, including ones that directly
estimate the ratio, we’ll focus on classifier-based ones where s(z) € (0, 1)

[2305.10500] Learning Likelihood Ratios with Neural Network Classifiers



https://arxiv.org/abs/2305.10500

Classification Loss [/w‘””?‘fiiilfi‘?i'lfiw |

Labels onl:

Replace p(x|8) with y € {0,1} ]

If we have access to generative models, but not
the density functions, then we can do classification

Use Bayes’ Law to re-write p(x|0)

p(0|z)p(x)
p(0)

Sample the same number from each p(x|6y) and p(z|6;) so p(d) = 1/2

p(z|f) =

p(bo|z) = Eypryzy [ — 4], plb1]x) = Eypypa) [Y]
Then you get a binary classification loss
L[s] = —E(@y)~p(zy) (1 —y)A(s(x)) + yB(s())]

Replaced the integral over unknown
densities with an expectation over data \/



[ General Loss Function 1

L[s] =~ [ dx [poA(s) + p1B(s)]

/

I Labels only J

Replace p(x|#) with y € {0,1}

CARL Models

Now choose the functions A, B
A(s) =In(1 — s), B(s) = In(s)
Then you get Binary Cross Entropy

Lpcels] = —E@gmpay (1 —y) In(l = s(z)) + y In(s(x))]

ARL
Leaps = — 7 X [ wilogd(xi) + (1 - y;) log(1 - 3(x,))|

With the “Ratio Trick”: r(x|6y,0:) =

CARL combines this loss function with calibration
methods to produce meaningful probabilities

This is state-of-the-art without additional information

[1506.02169] Approximating Likelihood Ratios with Calibrated Discriminative Classifiers



https://arxiv.org/abs/1506.02169

[ General Loss Function 1

Lls] = —[ dx [paA(s) + p1B(s)]

“Mining Gold” e

What if we can extract additional information from the simulator? [ Joint simulator info

Access to r(x,z|0) and Vg logr(x,z|0)

Often we have access to the probabilities/ratios
defined on some latent space, e.g. parton-level p(z]0)

These can be used to compute auxiliary quantities

The joint ratio 7(x, 2|0y, 61
J ( | ) p(ZE, Z|90)

The joint score t(:lj, z|90) = Vy 1ogp(l‘, Z|9) ‘90

This information can be used to improve the loss functions

[1805.122441 Mining gold from implicit models to improve likelihood-free inference



https://arxiv.org/abs/1805.12244
https://arxiv.org/abs/1805.12244
https://arxiv.org/abs/1805.12244

{ General Loss Function ]

L[s] = —[ dx[poA(s) + p1B(s)]

ALICE Loss =

Return to the classification loss function, but don’t use {m T r—— m]
. . . . ess to r(x, z| o logr(x,z|
class labels — use the joint ratio instead

1 r(x, z|0y, 01) [ e j

Oola) 0. 12) s et
plr) = w1 PO 7 T R ) 1

Lauc = =7 £ [silog8(x;) + (1 - s5;) log(1 - §(x;)) |

Then replace the expectation over y with z
Lavior[s] = —Eompa.z) (1 — s(x, 200, 61)) In(1 — s(x)) + s(z, 2|60, 61) In(s(x))]

where
r(x, 2|6y, 0)
(QU, Z|6’07 91) + 1

s(z, 2160,01) = p(61], 2) = -

This leads to improved performance due to reduced variance

[1808.00973] Likelihood-free inference with an improved cross-entropy estimator



https://arxiv.org/abs/1808.00973
https://arxiv.org/abs/1808.00973
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https://arxiv.org/abs/1808.00973
https://arxiv.org/abs/1808.00973

L[s] = —[ dx [poA(s) + p1B(s)]

ALICES Loss )

Take the ALICE loss and add regression on the score, [mjzn.':tdvl:f( ,.g)]
which adds local differential behavior to the learning ' -

[ General Loss Function ]

t(x, 2l0) = Vo log p(x, 216)] . e )
This can further improve the sample efficiency of [Lmﬂmﬁﬁu,z)-uxﬂ
learning

1 — 5z | 0,6
(16,0,

Larices = Larice +a(l —y) |t(zx, 2 | 0p,61) — Vglog (

fo

[1808.00973] Likelihood-free inference with an improved cross-entropy estimator



https://arxiv.org/abs/1808.00973
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Overview

General Loss Function

[ L[s] = - [ dx [poA(s) + p1B

|

()]

/

~,

Labels only

Replace p(x|8) with y € {0,1}

| ]

Joint simulator info

Access to r(x, z|0) and Vg logr(x, z|0)

|

A\

Y

CARL

ﬁ D [yf108§(x;:) + (1 - y;) log(1 - -‘3(36:'))]

o |

ALICE

r(x,z)

1+r(x.z

s(x,z) =

Lauice = — 7 2 [silog$(x;) + (1 — s;) log(1 — §(x;)) |

A

|

ALICES

Lauices = Lavice + AE||2(x, z) — £(x)]|?

|

*There are many more methods not mentioned here, but see the linked papers on previous slides



Negative Weights



Negative Weights

Density

In practice, models trained on negatively-weighted data can
struggle with convergence

Some physics samples can have a large proportion of negatively weighted
events!

PPS8 tt + bb Weights

50

40

20

10

0.01
Weights

Sherpa tt + bb Weights

0.000 0.005
Weights
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Where’s the Problem?

Updating model parameters via gradient descent

N
t+1 _ pt 77 . Training Loss Per Epoch
0 =0 — N E Vo L(i, yi; Sor Jw; e ——
== Optinal Loss !

. 0.80
1=1

Training on unweighted data  °7|

Var(0t|X,Y) =0 0701

Training on weighted data

Var(0"X,Y) oc Var(W|X,Y)

This is independent

of the loss function 0 50 oo 10 200 250
poch 6



Physical Meaning

Overview of the Problem

Monte Carlo data often includes negatively weighted events

> Mns T T T T
8 E ATLAS Simulation ,
S R 7
Explicit BSM QFT: g .3 Parton level, no selection —_tanp-z24 ] 1.
Exact theoretical extension of S F E
the SM with new BSM physics. 501
E.g. 2HDMs or MSSM F -
,50:_ LH"L_J’J:r:ff/ .
300 4[‘)0 EED E(IJD 760 800
arXiv:2404.18986 e FSR Gev]
- - benchmark paint 1" at NLO
Effective Field
Theory: e 2.
Effective interaction vertices of SWET =
unknown form can extend the —_—
SM (SMEFT) that introduces T
physics at some new scale A: ‘; -
oo 1 ’
Lsyrrr = Lsm + Z A;ZO, gt O(F) R ——
i ‘E N — -
- 300 400 0 . [Gl:\:‘l TO0 800 B0
<+ Monte Carlo arXiv:2204.1304
estimates of SM o’s: 5 3

Merging/matching of M™and
M1 matrix elements from MC
estimates of p-p collision; e.g.

MC@NLO subtraction method

Mn PN M‘n+1

Theoretical extensions of the
Standard Model (SM) that interfere
with SM physics

pS+al+B=(—u)S+iu(S+I)+B

Effects from truncating perturbative
series at a fixed order of the new
physics scale A

Numerical corrections to sampling
imperfections

17
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Explicit BSM QFT: m imme s 1. Theoretical extensions of the

 techniques to safely train on negatively
weighted samples?

Monte Carlo

cefimates of Sl o's: 3. Numerical corrections to sampling

M" & Mt imperfections
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Neural Quasiprobabilistic Density Ratio
Estimation



Classical Limitations

Toy Model Demonstration

Gaussian Mixture preliminary

Traditional methods are by sl e
restricted to nonnegative values
g5 |
=1z o2} Dg=2(B|[T)
. s(x i
T‘('T) - # Z 0 01} i) ‘-L--L
1 —s(x) I -

Current approaches will fail 2
whenever negative density regions
of phase space are present :

Radial Coordinate (R= Vv X? +Y?) Pull

20



Solution 1: Extending CARL



A New Loss Function: REVERT

We introduce a new loss function
L(s(z),y) =ys — (1 —y)(logs(z) + log(1 — s(x)))

and train a binary classifier

s(z) € (0,1) (o1, @2, @l sssn CLASSIFIER
. . e 4o N e O
With a new “ratio trick” ‘ O
1 1 Q> s@)
P(z) = i SNy
s(z)  s(x) -1 O
which is capable of representing any density ratio
r(z) € (—o0, ) 1 1 q(x]6h)

s(z) * s(x) =1 q(z]o)

[2512.19913] Quasiprobabilistic Density Ratio Estimation with a Reverse Engineered Classification Loss Function 22
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Solution 2: Ratio of Signed Mixtures
Model



Breaking up the Learning Task

Decompose the quasi-pdfs into signed mixture models

q(2]0) = c(0)p(x]0,w > 0) — (c(0) — 1)p(x|0,w < 0)

[arxiv:2410.10216] Neural Quasiprobabilistic Likelihood Ratio Estimation with Negatively Weighted Data 24



https://arxiv.org/abs/2410.10216

Breaking up the Learning Task

Decompose the quasi-pdfs into signed mixture models

q(z]0) = c(O)p(x]0,w > 0) — (c(0) — 1

[positively weighted subset]

The mixture components are determined by the sign of the weights

[arxiv:2410.10216] Neural Quasiprobabilistic Likelihood Ratio Estimation with Negatively Weighted Data 2



https://arxiv.org/abs/2410.10216

Breaking up the Learning Task

Decompose the quasi-pdfs into signed mixture models

q(z]0) = e(@)p(x10,w > 0) — (e(8) — 1)p(]0,w < 0)

The mixture coefficient is not a probability ¢(f) > 1

Zi,wizﬂ Wi

D Wi

Estimator ¢

[arxiv:2410.10216] Neural Quasiprobabilistic Likelihood Ratio Estimation with Negatively Weighted Data 26



https://arxiv.org/abs/2410.10216

Ratio of Signed Mixtures Model (RoSMM)
Decompose the quasi-pdfs into signed mixture models
q(z]0) = c(0)p(]|0,w = 0) — (c(0) — 1)p(x]0, w < 0)

The density ratio can be decomposed into four “sub-ratios”

() (5] e i3

Four
classifiers

Combine the four “sub-ratios” to get a model for r(z|6)

[arxiv:2410.10216] Neural Quasiprobabilistic Likelihood Ratio Estimation with Negatively Weighted Data



https://arxiv.org/abs/2410.10216

RoSMM Models

1. We train four different carl NNs on the different
disjoint nonnegative subsets of the data

Hldden

Input
Out put
>%

/O—rii:){—>[0,oo)

Signed LR Apphcatlon Lpare Loss Landscape

2. Optimize the coefficients ¢; € R
This can be done using the new g

loss function introduced earlier

0.50  0.75 1.00 1.25 1.50 1.75 2,00  2.25
Coefficient ¢

[arxiv:2410.10216] Neural Quasiprobabilistic Likelihood Ratio Estimation with Negatively Weighted Data

e Imtlahzatmn
S \ * Mmlmum

0.4977385

0.4977380

0.4977375

0.4977370

0.4977365

0.4977360

0.4977355

0.4977350

0.4977345

0.497734660

0.497734654

0.497734648

0.497734642

0.497734636

0.497734630

0.497734624

0.497734618

0.497734612
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Improved Performance vs Variance

Sample data from a toy probability distribution,
but assign artificial weights with a controlled variance

W ld —— (n — Bern(n))

(1 —n)
E[W]=1
Var(W) = o2,
P(W <0)=n

Compare the performance of each
model as a function of the variance

0.0025

0.0020

0.0015

0.0010

Median Radial Reweighting Tsallis Entropy

Median Radial Reweighting Tsallis Entropy vs Variance

0.0030

T

» MLP

---- Linear Fit, R=0.982

RoSMM,
-~ Linear Fit, R=0.842

lo:wer i bettf;r

Results were independent of the fraction of negative
weights present (assuming sufficient sample sizes)

2.5

3.0

Oy =V Var(W)

3.5

4.0 4.5 5.0

[arxiv:2410.10216]
29



https://arxiv.org/abs/2410.10216

Which Approach Should I Use?

_ Solution 1 — New Loss/Classifier Solution 2 - RoOSMM

Can learn probabilistic density ~ Yes Yes

ratios?

Can learn quasiprobabilistic Yes Yes

density ratios?

Model Complexity One classifier Two or four classifiers

trained separately

Data requirements None Enough negatively weighted
events to train a model

Variance No change Reduced

The best approach to use will likely depend on the number of
negatively weighted events present and the variance of the weights

30



Applications



Search for

When interference is non-negligible, quasiprobabilities can arise

p S+ l+B=(p—p 8+ ve(S+1D)+(B

(nonnegative pdf| [quasi-pdf | [
Density ratios can be used as an Sk M .
importance weight to sample from quasi-pdfs

P(2|0) ~ gs+1(x0)

" ps(alo) = e
;e H\ M /\/\,rA /‘ / |
We can train a model to learn / 2 >Hﬂu\iwwﬂvﬂ¢w\"\7‘\pmmﬂw |

this parameterized reweighting h [\f\m

n L L L
0.4 0.6 0.4 1.0 1.2 1.4 2.5 00 25
(3

b=
Pull
£ 0L

[arxiv:2404.18986] Search for heavy neutral Higgs bosons decaying into a top quark pair... 32
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SBI with Explicit Interference

Consider a toy analogue of the previous setup example, where background, signal,
and signal+interference are each described separately

Signal Distributions Signal-plus-Interference Distributions

samples. Sampies Samples
— True Density — e Density / — True Density
ooz8 ae

Background Distributions

Y Coordinate
" ¥ Coordinate
" ¥ Coordinate

-2 a 2 -2 a 2 -z 3 H
X Coordinate X Coordinate X Coordinate

this goes negative!

33



SBI with Explicit Interference

Choose a signal strength of u = 1.2
and O'S/O'B I~ 1/1600 Combined Distributions for u=1.2

SSSSSSS

For inference, generate:
9995240 background events
653 signal events

4105 signal + interference events

-2 0 2
X Coordinate

Y Coordinate



SBI with Explicit Interference

Parameterize the density in terms of background, signal, and interference

-~ (nonnegative pdf]

[ quasi-pdf |

Choose a reference distribution (e.g. background/SM)

(a:|(,u| )0) (0B + Vuosr + (1 — /1)os) UB+\/_USIﬂ+( —\/_)Usﬂ

Now we need to estimate a ratio instead of a density

= (05 + Vios + (n— V)os) ™ (o8 + Viosirsi(@) + (1 — Viosfrs(a))

Train two ratio estimators

35

And we can get a likelihood ratio test statistic

Aug = =2 [Inr(z|p) —Inr(z|p)




SBI with Explicit Interference

Look at the confidence intervals on p

ALR VS |
30 | —e— Ratio Estimator :
[ eeeere Truth
I == lo =1
e T
- 30=9

40 = 16

20— 355=2 /

2(LLHyax — LLH(p))




SUMMARY

e Introduced neural likelihood ratio estimation _ o
methods and demonstrated their limitations M. Drnevich S. liggins

e Extended neural classification-based density ratio
estimation to be compatible with quasiprobability
distributions [2512.19913]

e Developed a new model architecture for density
ratio estimation that leverages negative weights to K. Cranmer J. Katzy
reduce the model training variance [arxiv:2410.10216]

e Applied to modelling BSM distributions with
explicit interference (see my thesis)

e Demonstrated SBI with explicit interference
modeling on a toy dataset

37
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THANK YOU
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Quasiprobabilities & Quantum Physics

Quasiprobability distributions allow for negative probabilities
but maintain proper expectation values of observables

(IG5 = Te(5G) = / f Wa:p g(z, p)dzdp

Qua&-pdf

They can also be used to represent corrections to
existing models

f MPPdB(x) = ] (IMsurl? + [Mapsarl? + 2Re (MsnMipgnr)) dB(x)
Q Q

v/ N——

pdf Quasi-pdf

By J S Lundeen at English Wikipedia - Transferred from en.wikipedia to Commons by Premeditated Chaos using 40
CommonsHelper., Public Domain, https://commons.wikimedia.org/w/index.php?curid=18682510




n=2~_0

Quasiprobability distributions yield proper expectation

ralues with respect to the weights of the distribution

o0 (0. @)

<w “It is usual to suppose that, since the probabilities of events must be positive, a theory which
gives negative numbers for such quantities must be absurd ... By discussing a number of
examples, | hope to show that they are entirely rational of course, and that their use simplifies
calculation and thought in a number of applications.”

Th - Richard Feynman, Negative Probability
to existing models

IM? = [Mgu|? + [Mpsul|® + Mgy Mpsu + MsyuMpgy,

Quasi-pdf

By J S Lundeen at English Wikipedia - Transferred from en.wikipedia to Commons by Premeditated Chaos using
CommonsHelper., Public Domain, https://commons.wikimedia.org/w/index.php?curid=18682510


https://cds.cern.ch/record/154856

SMEFT: gg—hh

e Data is generated using Powheg + Pythia

e Classifying/reweighting between
Standard Model and SM + EFT

e The truncation chosen has a
quasiprobability distribution

o
1+%
NITILT A
cr -
1+5 .-
M= A Y + - +
L4+ G
00000 A — - - -
Cy
1+ 44

= Msn + Maime + Mgime? »

[arXiv:2204.13045]

WE USE THIS TRUNCATION
FOR THE ALTERNATIVE/TARGET

0 benchmark point 3* at NLO l
’ - <
0.4 + SMEFT  osarcsm + OsMxdime
+ (SM +dimb) x (S M +dimé)
03— 4+  SMEFT  o(saridime)x(sM+dim6) + TSM xdime?
J‘z — d SMEFT 0t dimtt i) (SN 4 i stime)
= 029 HEFT
e - e
‘L‘ L — = e
0.0 -—__—:_ i
~0.1 —
20
éf 10 —=.=_._$====
o ] —— —_———]
EE —— e ee——
<0 ———
300 400 500 600 700 800 900
mun [GeV]
& -
Az
benchmark
i A
(* = modified) Chyxin | Cu | Cun | Cuc
SM 0 0 0 0 1 TeV
1* 4.95 —6.81 | 3.28 0 1 TeV
— 3* 13.5 2.64 12.6 | 0.0387 | 1 TeV
6* 0.561 3.80 | 2.20 | 0.0387 | 1 TeV
42


https://arxiv.org/pdf/2204.13045.pdf

SMEFT: gg—hh at NLO

MIL4ANW — geHH SMEFT W Basis prelimin
For example: 100 F = :::w —=——
- |
h [ "u 1 SM (+ve)
TTOTTOOOO e 80 =)
T ) _ i .
P ( y Pz pya Pz [ SM+SMx6dim
I\ 1 60 I SM+SMx6dim (+ve)
h : SM+SMx6dim (-ve)
— e 40 -
P = (E, Dz, Py, D-) :
20 [
p'u:(E:p:c:pyapz) 0__:r ‘:
9 —20} &
_ —40[
We consider the final state :
4-momentum distributions ¢(p*|Higgs) ~°°L

500 1000 1500 2000 2500
Mhuhn
43



SMEFT RESULTS

SMEFT preluzinary

Legond ¥* Scores

0006 - ::v Bose [ Taryel 1280 1373

W53, :::uu MLl 278

Training is performed on asei .””"Ti::ik e e

the final state 4-momentums i -y "f"”" e

él‘f 0.00% | T.MH‘L* - ::" e

- 4. Dy asfn
(1) (i i i s i ~

{ p@ @, O @ [r i S R

0.000 n._ﬁp . . ML® €.000%

i ' WAMV. rons

ot >H JF ReSMM, coes

. N Ry ™’ BUSM NG 0003

Performance is evaluated L wE A A A e

on the reconstructed ' ’ S I i
di-Higgs mass distribution 2/ I\\ - | wf
e} :;‘ (3 \ s VX \\Jﬂ\f'\JJ M ,</\_ S /L-A }44 H
i oy ‘,’L | \/ J ’4\ /.1) \ V ‘ m%
1Y « \ | I

A A — L 1)

The density ratio estimate is used

as an importance sampling weight mapping E,. o [f(@)] = B, o [F (@) ()]
source (SM) to target (SM + SM x dim6) asm (@) psm ()
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CAUTIONARY NOTE

Target Dataset Signed Distributions

Regions of phase space with negative density
can be “hiding” in higher dimensions

Target Samples
—— Target True Density

These may not be visible in lower
dimensional projections or observables

Some diagnostic tools are in
development so stay tuned!

-6 -4 =2 0 2
X Coordinate

[arxiv:2410.10216] Neural Quasiprobabilistic Likelihood Ratio Estimation with Negatively Weighted Data

Y Coordinate
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