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Content of the talk

Rare decays from LQCD Real photon emission from LQCD

ὑ ᴼЉ’ЉЉ Љ ὑ ᴼЉ’Љ‎
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Rare kaon decays

Lattice QCD technical paper To be submitted to PRDarXiv:2605:22742
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ὑЉЉ decays
ὑ ᴼЉ’ЉЉ Љ

ÅRare decays in the SM: starting at ὕ‌ Ὃ , with ꜞὑЉЉ ḗρπ

ÅThey provide alternative determinations of the Cabibbo angle  

Quark -line connected Quark -line disconnected

ÅFirst SM predictions of these decays (only exploratory studies available before)

Tuo et al. - [Phys.Rev.D 105 (2022) 5, 054518] Gagliardi et al. - [Phys.Rev.D 105 (2022) 11, 114507]

יִ ὠὋ‌ Ὢὃ ὄὌ ὒ
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Form factors

ÅThe hadronic tensor is defined as 

Ὄ Ὁȟ▓ ᷿ ὨὸὩ ὅ ὸȟ▓

Ɇὅ is the following three-point correlation function

ὅ ὸȟ▓ Ὠ᷿ὼὩ ▓ẗ●ἂπȿ4ὐ ὸȟ●ὐ π ȿὑ ἃ

ÅThe hadronic tensor is decomposed into:

Ὢ
4 Form Factors

ὊȟὊȟὌȟὌ

Point-like term SD-contribution

ὼ ὯȾά

ώ ςȿ▓ȿȾά

Functions of two 

Lorentz invariants
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Lattice input and systematic errors

ÅThe starting point of our calculation is ὅ , evaluated on the lattice at Euclidean times

ÅWe must ensure that:

1. The hadronic tensor can be reconstructed from ὅ computed at imaginary time

2. Finite-size effects are under control (finite-T effects, infinite-volume limit): ὒɴ σȢψȟχȢφÆÍ
3. Discretization effects are under control (Continuum limit): ὥᶰπȢπυχȟπȢπχψÆÍ

Finite spatial (ὒ)

and time extent (Ὕ)
Discretized time ὥ π

Euclidean time
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The hadronic tensor from the lattice

ÅIs it possible to compute the hadronic tensor by integrating the correlation 

functions over Euclidean time?

2Åὸ

)Íὸ

ὅ Ὑ

ὅ Ὑ

Ὑ

ÅWe must ensure that the integral over ὅ Ὑ is zero in the limit ὙᴼЊ

Target: Ὄ Ὁȟ▓ ᷿ ὨὸὩ ὅ ὸȟ▓

Lattice: ᷿ ὨὸὩ ὅ Ὥὸȟ▓
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First time -ordering

ÅWe check the contribution from ὅ Ὑ

Ὄ ȟ Ὁȟ▓ Вἂπȿὐ πȿὲἃἂὲȿὐ πȿὑ ἃ᷿ ὨὸὩ

ÅIn the limit ὙᴼЊ, the integral goes to zero only if 

Ὁ Ὁ ά π

ÅThe intermediate states ὲ for ὸ πhave the quantum numbers

ÍÉÎὉ ḳὉ ά ȿ▓ȿ
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Second time -ordering

ÅWe do the same thing with the integral over ὅ Ὑ

ςά Ὧ ά

ÅOlder works did not have this problem, since ςά ά !

ÅWhen ὸ π, the hadronic tensor cannot be obtain by integrating ὅ over Euclidean time for

ÅIn the limit ὙᴼЊ, the integral goes to zero only if 

Ὁ Ὁ

ÅThe intermediate states for ὸ πhave the quantum numbers

ÍÉÎὉ ς ά ȿ▓Ⱦςȿ
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ὑЉЉ simulated points

ώ ςȿ▓ȿȾάὼ ὯȾά
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Systematic errors

ὅȠ ὸȟὉȟ▓ ḳ
Ὥ

ςὉ
ὪὊ ÅØÐὉ Ὁ ά ὸὴ ὴ ὴ

ÅA key systematic effect comes from the finite Euclidean times available!

ÅTo reconstruct ᷿ ὨὸὩ ὅ Ὥὸȟ▓ , we must be sure that the integral restricted to 

the time-interval where we have data, has already converged within stat. errors.

ÅThis is delicate for axial form factors (w=A), because of an intermediate kaon-state 

contribution, with ὴ Ὁȟ▓ , which decays very slowly in specific region of the 

phase space.

ÅContinuum-limit and finite-volume extrapolations controlled by performing

simulations at three different lattice spacings and three spatial volumes.
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Kaon contribution in the first time -ordering

ÅAt small ȿ▓ȿand Ὧ , this intermediate-kaon contribution prevents ‏Ὂgoing to zero fast enough 

ÅWe can model the tail of ‏Ὂfor ὸɴ Њȟὸᶻ assuming Kaon dominance

ÅWe can subtract EXACTLY the Kaon contribution evaluating Ὢ and Ὂ at each lattice spacing

Ὂ‏ ὸȟὼȟώ ḳÅØÐὉ Ὁ ά ὸ ὸz Ὂ‏ ὸzȟὼȟώ ȟὸ ὸz

Ὂ‏ ὸȟὼȟώ Ὂὸȟὼȟώ‏ Ὂ‏ ὸȟὼȟώ
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Time-integral truncation effects in the first time -ordering

ὼ

ὼ πȢςυ

ὼ πȢτπ

ὼ πȢυυ
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Form factors below the ““threshold

ÅThe hadronic tensor is reconstructed from Euclidean time integration 

Ὄ Ὁȟ▓ ᷿ ὨὸὩ ὅ ὸȟ▓

ÅAfter continuum and infinite-volume limits we get ὼ ςά Ⱦά ḗπȢυυ
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Above the ““threshold
ÅOn-shell “““ states prevent the possibility of performing the Wick rotation

ÅPrevious exploratory works employed heavy pions, such that ςά ά

ÅWe have developed a strategy based on Spectral Function Reconstruction (SFR) 

methods to circumvent this problem!

Ὄ Ὁȟ▓ ὰὭά
ᴼ
ὰὭά
ᴼ
᷿
ὨὉ

ς“

” Ὁȟ▓ȟὒ

Ὁ Ὁ Ὥ‐
06᷿

ὨὉ

ς“

” Ὁȟ▓

Ὁ Ὁ

Ὥ

ς
” Ὁ

R. Frezzotti et al. - [Phys.Rev.D 108 (2023) 7, 074510] Hansen, Lupo, Tantalo (HLT)- [Phys.Rev.D 99 (2019) 9, 094508]
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The SFR/HLT method
ÅThe first ingredient of the SFR method is the spectral representation of the 

hadronic tensor

Ὄ ‐ȟὉȟ▓ ᷿
ὨὉ

ς“

” Ὁȟ▓

Ὁ Ὁ Ὥ‐
ȟὌ Ὁȟ▓ ὰὭά

ᴼ
Ὄ ‐ȟὉȟ▓ 06᷿

ὨὉ

ς“

” Ὁȟ▓

Ὁ Ὁ

Ὥ

ς
” Ὁ

ÅWe can use ‐ π as a regulator to compute the smeared amplitude Ὄ ‐ȟὉȟ▓
(evaluated through the Hansen-Lupo-Tantalo (HLT) method [Phys.Rev.D 99 (2019) 9, 094508])

ÅThe spectral density is related to the Euclidean correlator through an ILT:

ὅ ὸȟ▓ ᷿
ὨὉ

ς“
Ὡ ” Ὁȟ▓ Inversion is not possible!

R. Frezzotti et al. - [Phys.Rev.D 108 (2023) 7, 074510]

ÅThe SFR method can be employed also for mesons heavier than ὑ
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SFR: Infinite -volume limit

ÅIn a finite volume, the spectral density is a sum of delta functions

ÅTo recover the infinite-volume spectral density, we must keep

‐ḻρȾὒ

Åéand perform the infinite-volume extrapolation at fixed ‐

ὰὭά
ᴼ
Ὄ ὒȟ‐ȟὉȟ▓ ȟ ‐ π
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SFR/HLT: ‐O πextrapolation

ÅAfter the infinite-volume limit has been performed, we extrapolate to ‐O π, expanding the 

smeared hadronic tensor in powers of ϳ‐ɝ

Ὄ ‐ȟὉȟ▓ Ὄ Ὁȟ▓ ὃ ‐ȾɝὉ ẗẗẗ ‐ȾɝὉ ȟρȾὒḺ‐ḺɝὉ

Ɇɝis the energy scale over which the physical amplitude varies significantly around Ὁ

ÍÉÎɝὉ ḗπȢςχυ'Å6
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‐O π: real parts
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‐O π: imaginary parts
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Final results: real parts

ÅWe fit the data using a polynomial ansatz
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Final results: imaginary parts

First time that imaginary parts of form factors are determined!
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Branching fractions

First complete lattice QCD calculation for these decay modes
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We have further provided results for differential branchings and LFU ratios
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Cabibbo angle

Extracted ȿὠȿwith ςϷerror from a Rare decay ( ꜞḗρπ ) 

ὕς ρπ

ὕσ ρπ
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Radiative decay: ὑᴼЉ’‎
Based on
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ὑЉ decays

ÅSensitive to BSM currents different from the standard V A

ÅFirst time all the contributions at ὕ‌ are computed

ÅSame lattice input (ὅ ) of ὑЉЉ. Since ὼ π, the Wick rotation is always possible

Previous work without quark -line 

disconnected: 

A. Desiderio et al. 

[Phys.Rev.D 103 (2021) 1, 014502] 

Ὄ Ὁȟ▓ ᷿ ὨὸὩ ὅ ὸȟ▓

ὑ ᴼЉ’Љ‎
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Form factors

Å2 Form factors only contributing, functions of a single Lorentz scalar

Ὂ ὼ ȟὊ ὼ ȟὼ ςὉȾά

ÅFull agreement between two independent lattice calculations with completely different 

systematic errors!

04/25

[ArXiv:2510.26993]
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ὑᴼὩ’‎: KLOE

Å KLOE has performed a binned 

analysis of [EPJC 64 (2009) 627-636]

ɝὙ ᷿ ὨὉ
ρ

ɜὑ ᴼ‘’ ‎

Ὠɜὑ ᴼὩ’‎

ὨὉ

ÅDominant contribution ᶿὊ
Ὂ Ὂ

ȿὴȿ ςππ-Å6ȟ

Ὁ ᶰρπȟςυπ-Å6

…
Ƕ

ςȢσÅThey impose kinematical constraints
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Ὑ : Energy integrated observable

ÅKLOE and the E36 experiment at J-PARC have provided an integrated analysis
[P.Lett.B 843 (2023) 138020]

Ὑ ᷿ ὨὉ
ρ

ɜὑ ᴼ‘’ ‎

Ὠɜὑ ᴼὩ’‎

ὨὉ

Å Full agreement between lattice collaborations. Discrepancies between experimental 

measurements

Å Boyle et al. pointed out that higher-order QED corrections, enhanced by large logarithms of the 

electron-to-kaon mass ratio, may affect comparisons with experiment.
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Conclusions
ÅWe performed the first complete lattice computation ofὑЉЉ decay rates

ÅAstonishing agreement between independent Lattice QCD calculations of ὑЉ form 

factors calls for experimental clarification.

ÅHigher-order QED corrections

might be an explanation.
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Backup slides
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ὑ : E787

Å The E787 experiment has measured the muon channel[Phys.Rev.Lett. 85 (2000) 2256-2259]

ὨὙ

ὨÃÏÓ—

ρ

ɜὑ ᴼ‘’ ‎

Ὠɜὑ ᴼ‘’‎

ὨÃÏÓ—

3$ᶿȿὊ Ὂȿ

).4θ Ὢ Ὂ Ὂ
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ὑ : ISTRA+ and OKA

Å ISTRA+ and OKA collaborations have measured the muon channel

ὔ ᷿ ὨὉὨὉ
Ὠɜὑ ᴼ‘’‎

ὨὉὨὉ

[Phys.Lett.B 695 (2011) 59-66]

[Eur. Phys. J. C 79 (2019) 635]

Å These experiments are mostly sensitive to Ὂ Ὂ Ὂ

…
Ƕ

σȢφ

…
Ƕ

σȢω
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Gauge ensembles
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Finite -ὸ effects
ÅWe check the effects due to Kaon isolation simulating two different values of ὸ


