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Rare kaon decays

Based on:

Phenomenological letter arXiv:2605:22727 To be submitted to PRL
Rare kaon decays K~ — ¢ p,/'"¢'~: Standard Model predictions from lattice QCD

R.DiPalma,! R.Frezzotti,? G. Gagliardi,® V.Lubicz,! G.Martinelli,*
C.T. Sachrajda,® F.Sanfilippo,® S.Simula,> and N.Tantalo?

Lattice QCD technical paper arXiv:2605:22742  To be submitted to PRD

Complete lattice QCD calculation of K~ — ¢~ 7,/ ¢~ form factors

R.DiPalma,! R.Frezzotti,? G.Gagliardi,® V.Lubicz,! G.Martinelli,*
C.T. Sachrajda,® F.Sanfilippo,® S.Simula,> and N.Tantalo?



U 1, decays

Quark -line connected Quark -line disconnected

A Rare decays in the SM: startingat 0 | O ,with' O € P T

A They provide alternative determinations of the Cabibbo angle

! ‘O ‘ ,‘Q 6

A First SM predictions of these decays  (only exploratory studies available before)

Tuo et al. - [Phys.Rev.D 105 (2022) 5, 054518]  Gagliardi et al. - [Phys.Rev.D 105 (2022) 11, 114507] 4



Form factors

A The hadronic tensor is defined as

‘0O OHF , Q& ¢

[£O s the following three-point correlation function
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A The hadronic tensor is decomposed into: CUNCHions of tWo
Point-like term SD-contribution Lorentz invariants
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Lattice Input and systematic errors

A The starting point of our calculation is 6 , evaluated on the lattice at Euclidean times
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Euclidean time
A We must ensure that:

1. The hadronic tensor can be reconstructed from 0 computed at imaginary time
2. Finite-size effects are under control (finite-T effects, infinite-volume limit): L N GEBUXEQ) /E|
3. Discretization effects are under control (Continuum limit): N T8t L IKST X ¥EI 6



The hadronic tensor from the lattice

A IS It possible to compute the hadronic tensor by integrating the correlation
functions over Euclidean time?

B Target: 'O O QL 6
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A We must ensure that the integral over O Y iszerointhelimit YO Hb



First time -ordering

A We check the contribution from 0 Y
—Im|z]

0, O B ngd 9 nY § 0O

> Rej1]

A In the limit Y© Hb, the integral goes to zero only if

A The intermediate states € for O TTthave the quantum numbers




Second time -ordering

A We do the same thing with the integral over 0 Y
A In the limit Y© Hb, the integral goes to zero only if

&UR)
L Re[/]

A The intermediate states for O  TUhave the quantum numbers

—Im|7]

I ED ¢ la g Tcs

A When O TT, the hadronic tensor cannot be obtain by integrating O  over Euclidean time for

~y

ca Q a

A Older works did not have this problem, since CO a | 0
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Systematic errors

A Continuum-limit and finite-volume extrapolations controlled by performing
simulations at three different lattice spacings and three spatial volumes.

A A key systematic effect comes from the finite Euclidean times available!

A Toreconstruct . Q® 0O , we must be sure that the integral restricted to
the time-interval where we have data, has already converged within stat. errors.

A This is delicate for axial form factors (w=A), because of an intermediate kaon-state
contribution, with 1}~ (‘O H ), which decays very slowly in specific region of the
phase space.
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Kaon contribution In the first time  -ordering

A Atsmall § Sand Q, this intermediate-kaon contribution prevents] "@oing to zero fast enough
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A We can subtract EXACTLY the Kaon contribution evaluating Q and ‘O at each lattice spacing
170 dwhd 1 "@ohd 770 dwhod
A We can model the tail of] "@rON  Hh O assuming Kaon dominance

10 ohwhd KAGED O da& o &6 1 Ohwho b o
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Time -Integral truncation effects In the first time  -ordering

A Naive
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Form factors below the “ "“threshold

A The hadronic tensor is reconstructed from Euclidean time integration
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Above the © “threshold

A On-shell* ““ states prevent the possibility of performing the Wick rotation

A Previous exploratory works employed heavy pions, such that CO Q

A We have developed a strategy based on Spectral Function Reconstruction (SFR)
methods to circumvent this problem!

'O O e & O ‘0 G QO % i 06 Q0 Cﬁ Q O
s O O Q q T 'O 'O "Q _ N q T !O !O C

R. Frezzotti et al. - [Phys.Rev.D 108 (2023) 7, 074510] Hansen, Lupo, Tantalo (HLT)- [Phys.Rev.D 99 (2019) 9, 094508] 15



The SFR/HLT method

A The first ingredient of the SFR method is the spectral representation of the

hadronic tensor R. Frezzotti et al. - [Phys.Rev.D 108 (2023) 7, 074510]
. Q0o (Of) . . Q0 O 1Q
0 (-Fo g fo y 08 - 06 70
O ( 18 ) "~ "0 0 Q- O O @E ¢ @ -Ho FEE ¢ O O C

A The spectral density is related to the Euclidean correlator through an ILT:

w \ ’Q!Q Py . . .
6 o ?‘Q " L linversion is not possible!

7 \ AT

A Wecanuse - TU as aregulator to compute the smeared amplitude O -hO
(evaluated through the Hansen-Lupo-Tantalo (HLT) method [phys.rev.D 99 (2019) 9, 094508])

A The SFR method can be employed also for mesons heavier than U 16



SFR: Infinite -volume Iimit

A In a finite volume, the spectral density is a sum of delta functions

—— Continuum —— Continuum
— s
— V2 > V'_]_

T N

p(E)
Smeared p(E)

m
m

A To recover the infinite-volume spectral density, we must keep

-1 pA0

A é a n perform the infinite-volume extrapolation at fixed -

a 'ga (OhfOoHE )h -
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SFR/HLT: - © Trextrapolation

A After the infinite-volume limit has been performed, we extrapolate to - © T expanding the
smeared hadronic tensor in powers of -| 3
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- O 1T imaginary parts

—4— Eff. Model

(Xk, yk) =(0.75,0.1)

Constant fit ¢
Quadratic fit I e£=0
~ Cubic fit

——== Constant fit ¢ (xx yk)=(0.7,0.3)
Quadratic fit m &=0
—A&—  Eff. Model 1 Cubic fit
- B o R X ¥
_____ A A A A
1
0.60 O.bl O.IOZ O.IO3 O.IO4 0.65 0.66 0.67 0.08
£’ [GeV?]

—— Constant fit il =0
Quadratic fit - Cubic fit
¢  (xk yx) =(0.65,0.3)
——— Constant fit M &e=0
Quadratic fit - Cubic fit
¢ (X yk) =(0.75,0.5)
. 0 % ]
it OO0 000 202020002 9202000
0.60 O.IOI O.IOZ 0.63 0.64 0.65 0.66 0.67 0.08

2 [GeV?]

20



Final results: real parts

A We fit the data using a polynomial ansatz

This work, fit ETMC 22 ChPT ¢ y,r=0.3
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Im[FV(Xk! )/k)]

Im[Hl(Xk! )/k)]

0.2

Final results: imaginary parts

First time that imaginary parts of form factors are determined!

This work, fit
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Branching fractions

- This work —o— KA o
HEH  BNL ES865 (16,17 | I | I NAG62 Preliminary
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8
BTQS‘]CZO.QSZL(K/.LQG) x 108 BTQ:(’)ZO.QSZL(KGQG) x 10 B’T‘(Kegﬂ) x 103 Br(K QM) x 108

[16] A. A. Poblaguev et al., Experimental study of the ra-
diative decays K4+ —> mu+ nu e+ e- and K4+ —> e+
nu e+ e-, Phys. Rev. Lett. 89, 061803 (2002), arXiv:hep-
ex/0204006.

[17] H. Ma et al., First observation of the decay KT —
etnu(e)mu™mu~, Phys. Rev. D 73, 037101 (2006),
arXiv:hep-ex/0505011.

[19] J. Bijnens, G. Ecker, and J. Gasser, Radiative semilep-
tonic kaon decays, Nucl. Phys. B 396, 81 (1993),

arXiv:hep-ph/9209261.
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We have further provided results for differential branchings and LFU ratios
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Cabibbo angle

Extracted S Swith

C Perror from a Rare decay (

W oc pm
oo pm
|-I-|

K Mzé—K ,JIQ,J average
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[2] S. Navas et al. (Particle Data Group), Review of particle
physics, Phys. Rev. D 110, 030001 (2024).

(7] Y. Aoki et al. (Flavour Lattice Averaging Group
(FLAG)), FLAG Review 2024, (2024), arXiv:2411.04268
[hep-lat].

[10] C. Alexandrou et al. (Extended Twisted Mass), Inclusive
Hadronic Decay Rate of the 7 Lepton from Lattice QCD:
The u s Flavor Channel and the Cabibbo Angle, Phys.
Rev. Lett. 132, 261901 (2024), arXiv:2403.05404 [hep-
lat].

[27] Y. S. Ambhis et al. (HFLAV), Averages of b-hadron, c-
hadron, and 7-lepton properties as of 2021, Phys. Rev. D
107, 052008 (2023), arXiv:2206.07501 [hep-ex].

[28] S. Bacchio and A. Konstantinou, Study of the A—plv™ ¢
Semileptonic Decay in Lattice QCD, Phys. Rev. Lett.
135, 231901 (2025), arXiv:2507.09970 [hep-lat].
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Radiative decay: U O JB|

Based on

Kaon radiative leptonic decay rates from lattice QCD simulations at the physical point

R.DiPalma,! R.Frezzotti,®> G.Gagliardi," V.Lubicz,! G.Martinelli,>

C.T.Sachrajda,* F.Sanfilippo,® S.Simula,” and N.Tantalo?

! Dipartimento di Matematica e Fisica, Universita Roma Tre and INFN, Sezione di Roma Tre,
Via della Vasca Navale 84, I-00146 Rome, Italy

2 Dipartimento di Fisica and INFN, Universita di Roma “Tor Ve
Via della Ricerca Scientifica 1, I-00133 Roma, Italy

® Physics Department and INFN Sezione di Roma La Sapien K~
Piazzale Aldo Moro 5, 00185 Roma, Italy

1 Department of Physics and Astronomy, University of Southam
Southampton S017 1BJ, UK

°Istituto Nazionale di Fisica Nucleare, Sezione di Roma Tre,
Via della Vasca Navale 84, I-00146 Rome, Italy
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O O Jb™j,

U

U, decays

Y
S K'J_ﬁ -
K- <
Vy

A Sensitive to BSM currents different from the standard V' A

A First time all the contributions at U |

A Same lattice input (O

) of U j, . Since W

‘0O OHE

are computed

~

Previous work without quark -line

disconnected:

A. Desiderio et al.
[Phys.Rev.D 103 (2021) 1, 014502]

Tt the Wick rotation Is always possible

QQ o

AV ATTTTT]
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Form factors

A 2 Form factors only contributing, functions of a single Lorentz scalar

Ow HOw ho ¢O T4

A Full agreement between two independent lattice calculations with completely different
systematic errors!
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0.15¢ Boyle et al. 006 [ArXiv:2510.26993] Boyle et al.
><>0.13§\\‘!I’F|a\’ttlce data ><>0_05_F jF . §  Our lattice data
G| "< 0.04 :
u_ O0.11 L 1 =
0.09;
0.02-
007'. . . . . . . . . . . 0 01 . . . . ! ! ! . . ! .
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 '~70.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Xy Xy

28



VD O Q T :KLOE

A KLOE has performed a binned
analysis of [erJc 64 (2009) 627-636]

Y

A They iImpose kinematical constraints
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A\ 4
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Y : Energy integrated observable

A KLOE and the E36 experiment at J-PARC have provided an integrated analysis
[P.Lett.B 843 (2023) 138020]

v 0 0D Q3v 9 Q77
g 3LV O T 9.0,
E36
'_QRIA62 (from Kaon '25)
‘KLOE
A
ChPt O(p?)
=Boyle et al. (wout RC)
“This work
0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4
R, % 10°
A Full agreement between lattice collaborations. Discrepancies between experimental

measurements
A Boyle et al. pointed out that higher-order QED corrections, enhanced by large logarithms of the 30

electron-to-kaon mass ratio, may affect comparisons with experiment.



Conclusions

A We performed the first complete lattice computation of U ,_ n, decay rates
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A Astonishing agreement between independent Lattice QCD calculations of U n form

factors calls for experimental clarification.

A Higher-order QED corrections
might be an explanation.
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Backup slides

32



U - (B 7

A The E787 experiment has measured the muon channel[Phys.Rev.Lett. 85 (2000) 2256-2259]
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U

STRA+

anad

A ISTRA+ and OKA collaborations have measured the muon channel
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A These experiments are mostly sensitive to O

N /N

pt

1.0 -
0.9
0.8
0.7
0.6 |

0.5 L

AL L L L L R R
o b @]
¢ + :
O ISTRA+
O ETMC '25 K > uw vy -
)
& ChPT O(p%) HU ]
||||||||||||||F|'F||||Q&)llnl
0.0 0.1 02 03 04 05 0.6

Phys.Lett.B 695 (2011) 59-66]
Eur. Phys. J. C 79 (2019) 635

’ ¢ ( ™
Q3uv O I
O 0O
A LRI B N BB |
1.00k....... i $ $ 4)
] = I
< 0.95) $
> I
090L | O OKA
O ETMC '25
0.85 |
- | © CchPT O(p™)
o0l 11
00 0.1 0.2 03 04

34



Gauge ensembles

ID L/a m. [GeV] a [fm] Zy Z A N,
B48 48 140.3(3) 0.07948(11) 0.706354(54) 0.74296(19) 436
B64 64 140.2(3) 0.07948(11) 0.706354(54) 0.74296(19) 189
B96 96 140.1(3) 0.07948(11) 0.706406(52) 0.74261(19) 66
C80 80 136.7(3) 0.06819(14) 0.725440(33) 0.75814(13) 169
DY6 96 140.8(3) 0.056850(90) 0.744132(31) 0.77367(10) 211

TABLE I. Ny =2+ 1+ 1 ETMC gauge ensembles used for the calculation of the quark-connected contribution. We give the
spatial extent in lattice units L/a, the pion mass m,, the lattice spacing a, the vector (Zy) and axial (Z4) renormalization
constants, and the number of gauge configurations N, analyzed. The quark-disconnected contribution is computed exclusively
on the B96 ensemble employing 300 gauge configurations.
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Finite -O effects

A We check the effects due to Kaon isolation simulating two different values of O
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