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Motivations

�Entanglement in relativistic systems as a possible resource in

Quantum Information;

� Investigation of fundamental properties of (elementary) particles via

quantum correlations

�Entanglement in high energy processes as a probe for new physics

beyond Standard Model.

�Understanding the mechanism of entanglement generation in

fundamental processes;
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Entanglement in particle physics¶

�Entanglement, decoherence, Bell inequalities for the K0 �K0 (or

B0 �B0) system∗;

�Quantumness in neutrino oscillations (entanglement†, Leggett-Garg

inequalities‡, quantum correlations);

�Entanglement in scattering processes§.

∗R.A.Bertlmann and B.Hiesmayr, Phys.Rev. A (2001); A.Di Domenico (Ed.)

Frascati Physics Series (2007).
†M.B., F.Dell’Anno, S.De Siena and F.Illuminati, EPL (2009).
‡J.A. Formaggio et al., Phys. Rev. Lett. (2016).
§G. Aad et al. [ATLAS], Nature (2024)

¶R.A.Bertlmann, Entanglement, Bell inequalities and decoherence in particle

physics, Lect. Not. Phys. (2006);

Y.Shi, Historical origins of quantum entanglement in particle physics, Int. J.

Mod. Phys. A (2025)
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Entanglement generation in QED processes∗

How entanglement (in helicity) is

generated in the processes:

e�e+ ! ���+

e�e+ ! e�e+

e��� ! e���

e�
 ! e�


:::

Initial and �nal helicity states:

jii = jRiA 
 jLiB

jfi =
X

r;s=R;L

M(RL; rs) jriA jsiB

∗A. Cervera-Lierta et al., SciPost Phys. (2017); S. Fedida, A. Serafini, Phys. Rev.

D (2023).
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Unitarity

� S matrix is unitary: �f = S�inS
y

� At tree level, unitarity is recovered by resorting by inclusion of

1-loop diagrams (optical theorem);†

� We consider a sharp momentum �ltering on the �nal state �f ,

corresponding to a POVM procedure: ��p =
P
� j�p; �i h�p; �j.

Post-measurement state:

~�f =
��p�f��p

Tr(��p�f��p)

which can be expressed in terms of S-matrix elements.

� The process �in ! ~�f is described by a non-unitary, non-linear

map.

†K. Kowalska and E. M. Sessolo, JHEP (2024). S. Shivashankara and

G. Gogliettino, Phys. Rev. D (2024)
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Quantum process tomography‡

�The above scattering processes together with measurement of spin

(or 
avour) can be conveniently described in the framework of

quantum channels and quantum instruments.

� Experimental reconstruction of Choi matrix is a powerful tool for

precision tests of the Standard Model.

‡C. Altomonte, A. J. Barr, M. Eckstein, P. Horodecki, and K. Sakurai, Quantum

Sci. Technol. (2025)
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Quantum Resource Theory

Resource theories are a versatile set of tools developed in quantum

information theory§.

The basic idea of a quantum resource

theory is to study quantum information

processing under a restricted set of

physical operations, called free operations.

These allow as to prepare only certain

physical states, called free states. The

other are called resource states.

§E.Chitambar, G.Gour, Rev. Mod. Phys. (2019)

A. Streltsov, G. Adesso and M. B. Plenio, Rev. Mod. Phys. (2017),
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Entanglement in QRT

Alice and Bob work in their laboratory separated by a large distance.

They can communicate only by telephone.

The free operations consist in local operations and classical

communication (LOCC). But an entangled state cannot be generated

using LOCC ) Entanglement is a (quantum) resource.

In a similar way one can de�ne other quantum resources as coherence

or magic.
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Quantum Correlations¶

Hierarchy of quantum correlations (figure adapted from G.Adesso et al., J. Phys. A (2016))

¶G. Adesso, T.R. Bromley and M. Cianciaruso, J. Phys. A (2016)
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Quantum correlations in neutrino oscillations †

{ Non-local Advantage of Quantum Coherence (NAQC) and Bell
non-locality for Daya-Bay and MINOS neutrino experiments.

†M.B., S. De Siena and C. Matrella, Eur. Phys. J. C (2021)
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Entanglement generation and
distribution in QED processes



QED processes with spectator particles *

Initial and �nal states

jii = jRi A 

�

cos � jRi B jRi C + e i� sin � jLi B jLi C

�

jf i =
X

r;s=R;L

�
cos � M(RR; rs) jri A jsi B jRi C +

ei� sin � M(RL; rs) jri A jsi B jLi C

�

� We studied generation and distribution of
entanglement in Bhabha scattering for the three
bipartite channel AB, AC,BC.

* J.B. Araujo et al., Phys. Rev. D (2019).
M. B., G. Lambiase and B. Micciola, Phys. Rev. D (2024).
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Entanglement distribution (� = �=4)

AB AC BC
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Main results

� The distribution and generation of entanglement tend to
concentrate in some bipartitions.

� Complete transfer from BC channel to the AC channel in
� = � in relativistic regime: interaction as a quantum gate )
possible application in quantum information protocols.

� For �
4 < � < 3�

4 the interaction generates entanglement in the
BC channel, where it was present before the interaction.
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Complete complementarity
relations in QED scattering
processes



Complete Complementarity Relations „

To better understand the above results, we resort to complete
complementarity relations (CCR).

� Complementarity: a quantum system may possess properties which
are equally real but mutually exclusive.

It is often associated with wave-particle duality, the complementarity
aspect between propagation and detection.

In the double-slit interferometer, the wave aspect is characterized by
the interference fringes visibility, while the particle nature is given by
the which-way information of the path along the interferometer.

„ N.Bohr, Nature (1928)
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Quantitative wave-particle duality

� Wootters and Zurek * : �rst quantitative version of the wave-particle
duality. A path-detecting device can give incomplete which-way
information and a sharply interference pattern can still be retained.

Their work was then extended and formulated in terms of a
complementarity relation „

P2 + V 2 � 1

where P is the predictability and V is the visibility.

� A \quanton" …may behave partially as a wave or as a particle at
the same time.

* W.K.Wootters and W.H.Zurek, Phys. Rev. D (1979)
„ D.M.Greenberger and A.Yasin, Phys.Lett. A (1988); B.-G. Englert, PRL (1996).
…J.-M.L�evy-Leblond, Physica (1988)
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Triality relation for bipartite pure states

� For bipartite systems a complete complementarity relation (CCR)
can be obtained by including the correlations between A and B
subsystems§:

V 2
k + P 2

k + C 2 = 1

Vk and Pk , k = 1; 2, generate local single-partite realities which
can be related to wave-particle duality.

C is the entanglement measure concurrence which generate an
exclusive bipartite nonlocal reality.

§M.Jakob and J.A.Bergou, Opt. Comm. (2010)
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Concurrence ¶

The concurrence for a generic qubit system described by the density
matrix � is given by

C(�) � maxf0; � 1 � � 2 � � 3 � � 4g

where the � i are the square root of the eigenvalues �2i of the operator
�~� in decreasing order, with

~� = (� y 
 � y )� � (� y 
 � y )

¶ S. A. Hill, W. K. Wootters, Phys. Rev. Lett. (1997)
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Triality relation

Consider the most general bipartite state of two qubits:

j�i = a j00i + b j01i + c j10i + d j11i

One obtains:

C = jh�j ~�ij = 2jad � bcj

Vk = 2jh�j� y
k j�ij !

8
<

:
V1 = 2jac � + bd � j

V2 = 2jab � + cd � j

Pk = jh�j� z;k j�ij !

8
<

:
P1 = j(jcj 2 + jdj 2) � (jaj 2 + jbj 2)j

P2 = j(jbj 2 + jdj 2) � (jaj 2 + jcj 2)j

where: j~�i = (� y 
 � y ) j� � i, � y
k =

 
0 1
0 0

!

, � z;k =

 
1 0
0 �1

!

.

The CCR is satis�ed, since the l.h.s. is just the square norm of the general
pure bipartite state j�i: (jaj 2 + jbj 2 + jcj 2 + jdj 2)2 = 1.
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Examples

� Bell states (maximally entangled states)

� � =
1

p
2

(j00i � j11i) ; 	 � =
1

p
2

(j01i � j10i)

We have C = 1; V1 = V 2 = P 1 = P 2 = 0:

� Separable state

j� 1 i =
1

p
2

(j00i + j01i) =
1

p
2

j0i (j0i + j1i)

In this case C = 0; V1 = P 2 = 0; V 2 = P 1 = 1:

� Unbalanced state with all four terms

j� 4 i =
1
2

j00i +
1
2

j01i +
1

2
p

2
j10i +

p
3

2
p

2
j11i:

In this case we have C =
p

3�1
2

p
2

; V1 =
p

3+1
2

p
2

; V2 =
p

3+2
4 ; P1 = 0; P 2 = 1

4 :
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CCR for multipartite pure states

Alternative form of CCR for multipartite states * .

Consider a bipartite pure state in the Hilbert space HA 
 H B :

� A;B =
dA �1X

i;k=0

dB �1X

j;l=0

� ij;kl ji; ji hk; lj :

If the state of subsystem A is mixed:

Phs (� A ) + C hs (� A ) <
dA � 1

dA
:

where Phs (� A ) and Chs (� A ) are the predictability and the
Hilbert-Schmidt quantum coherence (generalization of the visibility„ ).

* M.L.W.Basso and J.Maziero, J. Phys. A (2020)
„ T. Qureshi, Quanta (2019).
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CCR for pure states

� The missing information about subsystem A is being shared via
correlations with the subsystem B:

Phs (� A ) + C hs (� A ) + C nl
hs (� AjB ) =

dA � 1
dA

{ Predictability

Phs (� A ) �
dA �1X

i=0

(� A
ii )2 �

1
dA

;

{ Quantum coherence (visibility)

Chs (� A ) �
dA �1X

i6=k

j� A
ik j2

{ Non-local quantum coherence (entanglement)

Cnl
hs (� AjB ) =

X

i6=k;j6=l

j� ij;kl j2 � 2
X

i6=k;j<l

<(� ij;kj � �
il;kl )

Cnl
hs (� AjB ) is equivalent to the linear entropy of subsystem A.
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CCR for pure states - entropic formulation

� Another form of CCR can be obtained by de�ning the predictability
and the coherence measures in terms of the von Neumann entropy:

Cre(� A ) + P vn (� A ) + S vn (� A ) = log 2 dA

where

Cre(� A ) = S vn (� Adiag ) � S vn (� A )

Pvn (� A ) � log 2 dA � S vn (� Adiag )

For pure states Svn (� A ) = �Tr (� A log2 � A ) is a measure of
entanglement between A and B.
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CCR for mixed states *

� For mixed states, Svn (� A ) does not quantify entanglement, but it is
just a measure of mixedness of A. CCR have to be modi�ed:

Pvn (� A ) + C re (� A ) + I A:B (� AB ) + S AjB (� AB ) = log 2 dA ;

where:

{ P vn (� A ) � ln d A � S vn (� Adiag ) is the predictability;

{ C re (� A ) = S vn (� Adiag ) � S vn (� A ) is the relative entropy of
coherence;

{ I A:B (� AB ) = S vn (� A ) + S vn (� B ) � S vn (� AB ) is the mutual
information of A and B;

{ S AjB (� AB ) = S vn (� AB ) � S vn (� B ) is the conditional entropy:
It tells how much it is convenient knowing about subsystem A with
respect to the whole system.
* M.L.W.Basso and J.Maziero, EPL (2021)
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CCR for neutrino oscillations „ - KamLAND

(a) KamLAND (L = 180 Km)

�m 2
12 = 7:49 � 10 �5 eV2 , tan2 2� 12 = 0:47, E = 2MeV

„ V.Bittencourt, M.B., S.De Siena and C.Matrella, Eur. Phys. J. C. (2022)
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CCR for Bhabha scattering: initial states

We analyzed C, P , V before and after the
QED interaction for three di�erent states:

jii I = jRi A jLi B

jii II =
�

cos � jRi A + e i� sin � jLi A

�



�
cos � jRi B + e i� sin � jLi B

�

jii III = cos � jRi A jRi B + e i� sin � cos � jRi A jLi B

+e i� sin � sin � cos � jLi A jRi B + e i� sin � sin � sin � jLi A jLi B

„ M.B., S.De Siena, G.Lambiase, C.Matrella and B.Micciola, Phys.Rev. D (2025).
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Initial factorized state jii I : Pi 6= 1, Vi 6= 0, C = 0.

C2 P2
i V 2

i
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Initial factorized state jii II : Pi 6= 0, Vi 6= 0, C = 0.

C2 P2
i V 2

i
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Initial entangled states jii III : Entanglophilus regime

C2 P2
i V 2

i
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Initial entangled states jii III : Entanglophobous regime

C2 P2
i V 2

i
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Entanglophilus, Entanglophobous and Mixed regimes

Entanglophilus, Entanglophobous states from Bell states

�C � (C f �C i )=Ci � �
� = cos � jRRi�sin � jLLi � � =

1
p

2
(jRRi�jLLi)
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Mixed regime

Mixed regime from Bell states

	 �
� = cos � jRLi � sin � jLRi 	 � =

1
p

2
(jRLi � jLRi)
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Maximal entanglement conservation

Pi = 0 V i = 0 C = 1

Processes preserving maximal
entanglement:

� e � e+ ! e � e+

� e � e� ! e � e�

� e � e+ ! � � � +

� e � � � ! e � � �

Example: Bhabha scattering

� + ! � +

� � ! cos s 1� � + sin s1	 +

	 + ! cos s 2� � + sin s2	 +

	 � ! 	 �
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QED scattering with photons

� e � e+ ! 2
 : maximal entanglement is not conserved for all the
initial maximally entangled states

� e � 
 ! e � 
 : maximal entanglement is never achieved
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Entanglement saturation



Quantum maps and invariant sets

We consider the matrices

M =

0

B
B
B
@

M(RR; RR) M(RL; RR) M(LR; RR) M(LL; RR)
M(RR; RL) M(RL; RL) M(LR; RL) M(LL; RL)
M(RR; LR) M(RL; LR) M(LR; LR) M(LR; LL)
M(RR; LL) M(RL; LL) M(LR; LL) M(LL; LL)

1

C
C
C
A

~� f =
M� in M T

Tr[M� in M T ]
;

The quantum map � in ! ~� f is non-unitary and non-linear.

In Ref.… the invariant sets of the map, which include the set of the
maximally entangled states for fermion-fermion processes, have been
obtained.

…M. B., S. De Siena, G. Lambiase, C. Matrella and B. Micciola, Chaos, Solitons
& Fractals (2025)
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Spectral properties of M matrix §

For QED 2 ! 2 scattering processes involving only fermions, the
matrices M have the following properties:

� The set of maximally entangled states is invariant under the
map;

� The eigenvectors of M are maximally entangled states, or
special linear combinations of Bell states;

� For any n, the power M n has the same form as M .

These properties are related to invariance under parity.

§M. B., S. De Siena, G. Lambiase, B. Micciola and K.Simonov, [arXiv:2604.10136
[quant-ph]].

Entanglement generation and distribution in QED processes Complete complementarity relations in QED scattering processes Entanglement saturation Electroweak processes (preliminary results)



Entanglement saturation

By iterating this map, i.e. applying M n to a general initial state
(pure or mixed), we �nd that:

� Under in�nite iteration of the map the process is driven by the
largest eigenvalue, and always converges to an asymptotic state;

� Except for an extremely small set of degenerate cases, entanglement
saturation is achieved both for pure and mixed initial states;

� The asymptotic rate of convergence is controlled by the spectral
gap, which plays the role of an e�ective Lyapunov exponent for the
induced dynamics.
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Entanglement saturation in Bhabha scattering

The Bhabha process is described by the map

M =

0

B
B
B
@

A �B �B D
B E F �B
B F E �B
D B B A

1

C
C
C
A

:

with A = M(RR; RR); B = M(RR; RL); D = M(RR; LL); E = M(RL; RL); F =
M(RL; LR).

After iteration, we obtain

M n =

0

B
B
B
@

An �B n �B n Dn

Bn En Fn �B n

Bn Fn En �B n

Dn Bn Bn An

1

C
C
C
A

;

where any element in this matrix is expressed in terms of those of M.
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Entanglement saturation mechanism (Bhabha scattering)

� The Bhabha matrix has four eigenvectors j� i i and eigenvalues � i .

{ In a particular case, one obtains:

j� 1 i = � + ; j� 2 i = 	 � ; j� 3 i = cos � 3 � � +sin � 3 	 + ; j� 4 i = cos � 4 � � +sin � 4 	 + ;

� 3 ; � 4 functions of the matrix elements A; :::; F .

{ Any initial state can be written in terms of the j� i i. For example:

jRLi =
1

p
2

(	 + + 	 � ) =
1

p
2

[	 � + c 0
3 j� 3 i + c 0

4 j� 4 i];

with c 0
3 cos �3 + c 0

4 cos �4 = 0 and c0
3 sin � 3 + c 0

4 sin � 4 = 1:

{ The action of M n gives

N �1
n M n jRLi =

1
p

2
N �1

n

h
cos � � n

1 � + + sin � � n
2 	 �

+(cos � c 3 + sin � c 0
3)� n

3 j� 3 i + (cos � c 4 + sin � c 0
4)� n

4 j� 4 i
i

with N n a normalization factor.

� For n ! 1, the eigenvector with dominant eigenvalue will survive.
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Entanglement saturation
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Entanglement saturation: Bhabha scattering

Entanglement saturation in Bhabha scattering at � = �=4 with initial
states jRRi and jLLi
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Entanglement saturation: M�ller scattering

Entanglement saturation in M�ller scattering at � = �=4 with initial
statesv jRRi and jLLi
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Entanglement saturation: Bhabha scattering in low energy
regime
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Entanglement saturation: Bhabha scattering in high en-
ergy regime
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Conclusions

� CCR give a complete characterization of entanglement
generation in QED scattering processes at tree level;

� We found regimes in which entanglement increases/decreases
with respect to its initial value;

� Remarkably, maximal entanglement (Bell states) is totally
preserved for processes that involve massive fermions;

� QED scattering processes are described by quantum maps
whose iterations produces, for 2 ! 2 fermions, a saturation of
entanglement.

� Spectral properties of the maps characterizes entanglement
saturation;
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Outlook

� Extension of the analysis to other interactions;

� 1-loop corrections;

� Analysis of the same processes in other reference frames;

� Relation between conservation/saturation of entanglement and
symmetries;

� Relevance for quantum information protocols;

� Possible identi�cation of new physics BSM.
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Electroweak processes
(preliminary results)



QEDtool

� QEDtool: object-oriented Python package for numerical QED
calculations, with focus on entanglement quanti�cation

Package Modules

� relativity

� qed

� qinfo

� standard scattering

� By means of QED tools, previous results were con�rmed; new
modules added (partial trace, CCR, etc.)¶

¶ J.Battich, Entanglement Dynamics in Electroweak Scattering Processes, Tesi di
Laurea Magistrale in Fisica, Universit�a di Salerno (2026).
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Entanglement generation in electroweak processes †

We consider the process:

e� e+ ! � � � +

Initial states:

fjii T ; jii I ; jii II ; jii III g

†J.Battich, M.B., S.De Siena, G.Lambiase and B.Micciola, work in progress.
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Entanglement generation for EW process e � e+ ! � � � +
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Maximal entanglement (non)-conservation
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