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Introduction

• In recent years, there has been a lot of activity applying ideas 
from Quantum Information Theory to collider experiments.

• Main tool: Spin-density matrix / spin correlations between final-
state particles (e.g., from a pair of decaying tops)

We assume that the widths of the fermions are small enough so that they can be identified as sharp
resonances, which motivates to consider their on-shell production. Prime examples for such processes are
the production and the decays of top or ω pairs. In the following we focus on the correlations associated
with the first two final state particles, respectively, f±,1.

Our goal is to relate the spin correlation matrix

Cij = →si+ s
j
→↑ , i, j ↓ {1, 2, 3} , (5)

where s± = (s1±, s
2
±, s

3
±) are the directions of the spins of F± in their respective rest frames, to the

correlation matrix
Qij = →qi+ q

j
→↑ , (6)

where q± is the direction of the momentum of f±,1 in the rest frame of F±. Note that we assume
|s±| = |q±| = 1. The combination of spin correlations that enters the CHSH inequality can be cast in a
form involving the spin correlation matrix C. More precisely, eq. (3) is equivalent to

∣∣(a↔ a
↑)TCb+ (a+ a

↑)TCb
↑∣∣ ↗ 2 . (7)

2.1 Relating spin and angular correlations in QFT

The relationship between spin and angular correlations in QFT is well known, and has been extensively
studied in particular in the context of top pair production [82]–[95]. We will therefore be brief with the
derivations and only focus on the main aspects.

In QFT the di!erential probability for the production of the fermion pair F+F→ and its subsequent
decay is proportional to the matrix element squared of the process. In the narrow width approximation,
this matrix element squared factorizes into the spin-correlated matrix element for the production of an
on-shell F+F→ pair, connected by the spin density matrix, ”F±

ωω̄
,

|M(F+F→ +X ↘ {f+,i}, {f→,i}+X)|2 ≃ M(F+F→ +X)ωω̄ ”
F+

ωω→ ”
F↑
ω̄ω̄→ M(F+F→ +X)↓ω→ω̄→ , (8)

where X denotes additional radiation (which may need to be taken into account at higher orders in
perturbation theory), and ε

(↑) and ε̄
(↑) are the spin eigenvalues of the F+ and F→ along some quantization

axis. We assume that we are inclusive over all final-state momenta except for the directions q+ and q→ of
the decay products f+,1 and f→,1. The spin density matrices are hermitian 2 ⇐ 2 matrices, and may thus
be expanded into the basis (1,ϑϖ) of Pauli matrices. By rotational invariance, the most general form is

”F+ ⇒ 1+ ϱ1 q+ ·ϑϖ . (9)

The constant of proportionality is related to the total decay rate of F+, and its precise form is irrelevant
here. The constant ϱ1 is called the spin-analyzing power of F+. Inserting eq. (9) into eq. (8), one arrives at
the following expression for the normalized di!erential cross section as a function of the directions q± [94],

1

ϖ

dϖ

d#+d#→
=

1 + ϱ1 B+ ·q+ + ϱ̄1 B→ ·q→ + ϱ1ϱ̄1 q
T
+Cq→

16ς2
, (10)

where d#± are the infinitesimal solid angles in the respective F± rest frames, attached to the directions
q±, and ϱ̄1 is the spin-analyzing power of F→. The vectors B± are related to the net polarizations of F+

and F→, and C is the spin correlation matrix from eq. (5). From eq. (10) we can easily read o! the relation
between the spin and angular correlations (see appendix B),

Qij = →qi+ q
j
→↑ =

∫

S2↔S2

d#+ d#→
1

ϖ

dϖ

d#+d#→
q
i
+ q

j
→ =

ϱ1ϱ̄1

9
Cij . (11)
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• One of the most intriguing features of Quantum Mechanics 
(QM) is entanglement, which leads to predictions incompatible 
with local theories.

• Spin-correlations are also the fundamental tool to test Quantum 
Mechanics (QM) vs. Local Hidden Variable Theories (LHVTs)  
in Quantum Optics experiments. 



COLOR 
MEETS  

FLAVOR
Search for new 

phenomena in strong 
and weak interactions

EXC 3107

Proposal  
for a Cluster  

of Excellence

Introduction

• Aim of this talk:

• If we want to test QM vs. locality, we need to be really critical 
about our assumptions, to make sure that we do not secretly 
assume QM in our reasoning.

➡ Discuss what are the limitations at current collider 
experiments when we want to test for locality.

➡ Spell out assumptions as clearly as possible, and distill 
what can be stated without assumption of QM vs. locality, 
and what cannot.

➡ This is important also to avoid misunderstanding about is 
being done, and which conclusions we can draw from it!
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We can then define the expectation value of the product in the usual way

→A1(a1)A2(a2)↑ =
!

!
dn !

!

S1

ds1

!

S2

ds2 s1 s2 pa1 ,a2 (s1, s2|! )P (! ) =
!

!
dn ! A1(a1, ! )A2(a2, ! )P (! ) ,

(53)
where in the last step we used Bell locality in eq. (52) to define

Ai (ai , ! ) ↓
!

Si

dsi si p
i
ai
(si |! ) . (54)

We recover in this way eq. (2) with A1 = A, A2 = B. Alternatively, we can also integrate over the local
hidden variables to obtain

→A1(a1)A2(a2)↑ =
!

S1

ds1

!

S2

ds2 s1 s2 Pa1 ,a2 (s1, s2) , (55)

where we defined the joint PDF

Pa1 ,a2 (s1, s2) =

!

!
dn ! pa1 ,a2 (s1, s2|! )P (! ) . (56)

This justifies eq. (16).

B Some useful Integrals in rewriting P(q|s)

The following angular integrals can be used to arrive at eq. (11):
!

S2
d! ± q

i
± = 0 ,

!

S2
d! ± q

i
± q

j
± =

4"
3

#ij .

(57)

We now show that if P (q|s) has the form in eq. (29), then necessarily
!

S2
d! q P (q|s) =

$1

3
s . (58)

Note that this implies eq. (30). Let R be the 3↔ 3 rotation matrix such that s = R ẑ, where ẑ = (0, 0, 1)
is the unit vector pointing along the z-axis. Then, using rotational invariance

!

S2
d! q P (q|s) =

!

S2
d! Rq P (Rq |R ẑ) = R

!

S2
d! q P (q|ẑ) . (59)

We now choose standard spherical coordinates on S
2,

q = (cos%sin&, sin%sin&, cos&) , q áẑ = cos&, d! = dcos&d%. (60)

If we use the orthogonality of the Legendre polynomials,
! 1

! 1
dxP! (x)P! ! (x) =

2

2' + 1
#!! ! , (61)

it is easy to show that !

S2
d! q P (q|ẑ) =

$1

3
ẑ . (62)

The result immediately follows.
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Definition of LHVTs
<latexit sha1_base64="bro2XrIEbcjq9RtJCgKuADIyprM="></latexit>si• 2 experiments       (           ) with settings     may deliver values     

according to a probability distribution                         .             

<latexit sha1_base64="YAGGa+jr6ce2Iz6nN9uqLqIrkXM="></latexit>

A i
<latexit sha1_base64="WVOnTGhUi50HdaFKs84KAZ7Xig4="></latexit>ai

<latexit sha1_base64="16UWvPQzfZrYfo1JOZvxF7GLck8="></latexit>

i = 1 , 2

that there are only three ways of proving any absolute truth:

¥ a circular argument, where a step in a proof presupposes the statement one wants to prove,

¥ an inÞnite regression, where every step in a proof requires another proof asserting its validity,

¥ dogmatism, which consists in accepting certain statements as true without requiring an independent
proof.

Indeed, we have argued at length how Þxing the spin-analyzing power to its SM value presupposes QM,
thereby leading to a circular argument. The possibility of measuring the spin-analyzing power indepen-
dently led us to study how polarizations of decaying particles can be measured, which requires one to
understand how polarizations of initial states are determined without presupposing QM in general or the
SM in particular, thereby leading to a regression. This only leaves dogmatism, which would consist in
simply accepting that the spin-analyzing power or the polarization are known by some means without
questioning its origin. We consider each of these possibilities equally unsatisfactory, rea! rming the no-go
theorem of ref. [80] that it is not possible to test locality and entanglement versus non-entanglement at
colliders using spin correlations without already presupposing the SM.
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A Local Hidden Variable Theories

In this appendix we give a short review of LHVTs, because they feature prominently in the context of
BellÕs inequalities, but they are typically not introduced in detail in textbooks on quantum physics. The
discussion in this appendix closely follows the exposition in ref. [96].

LHVTs postulate the existence of an ensemble of pairs of systems, labeled 1 and 2. Each pair is
characterized by a set of local hidden variables! ! " , but otherwise the two systems are distinct. We also
assume that " is equipped with a PDF P(! ). We can perform experiments on each system. Assume that
we perform an experimentAi with setting ai on the systemi ! { 1, 2} , and assume that each experiment
may deliver a result si ! Si " R. We assumemeasurement independence, by which we mean that the
experiment settings ai are independent of the local hidden variables! and of the way the original system
was prepared.

We postulate that there is a joint PDF Ð calledresponse probabilityÐpa1 ,a2 (s1, s2|! ) that the experiment
Ai with setting "ai returns the value si . We also assumeBell locality, by which we mean that the joint PDF
factorizes as

pa1 ,a2 (s1, s2|! ) = p1
a1

(s1|! )p2
a2

(s2|! ) . (52)

Note that in this setting, experiments in an LHVT itself only deliver the result si with a given probability,
even for Þxed! . We could impose in addition outer determinism (sometimes also calledrealism), by
requiring that pa1 ,a2 (s1, s2|! ) takes values in{ 0, 1} . For our purposes, this is not required.
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•           is the (vector of) hidden variables. 
<latexit sha1_base64="qWKEerWwHvcJ2EVVU+IXaLsmaGQ="></latexit>

! ! !

➡ Not directly measurable, but distributed according to          .
<latexit sha1_base64="LEH04npLSQ+D4K0fD/MW6emY3jA="></latexit>

P (! )

• Measurement independence:      are independent of    and of the 
way the system was prepared. 

<latexit sha1_base64="WVOnTGhUi50HdaFKs84KAZ7Xig4="></latexit>ai
<latexit sha1_base64="p1qcsPBAzjva0kcSR7zyQPznA88="></latexit>

!

• Bell locality: 
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We can then define the expectation value of the product in the usual way

→A1(a1)A2(a2)↑ =
!

!
dn !

!

S1

ds1

!

S2

ds2 s1 s2 pa1 ,a2 (s1, s2|! )P (! ) =
!

!
dn ! A1(a1, ! )A2(a2, ! )P (! ) ,

(53)
where in the last step we used Bell locality in eq. (52) to define

Ai (ai , ! ) ↓
!

Si

dsi si p
i
ai
(si |! ) . (54)

We recover in this way eq. (2) with A1 = A, A2 = B. Alternatively, we can also integrate over the local
hidden variables to obtain

→A1(a1)A2(a2)↑ =
!

S1

ds1

!

S2

ds2 s1 s2 Pa1 ,a2 (s1, s2) , (55)

where we defined the joint PDF

Pa1 ,a2 (s1, s2) =

!

!
dn ! pa1 ,a2 (s1, s2|! )P (! ) . (56)

This justifies eq. (16).

B Some useful Integrals in rewriting P(q|s)

The following angular integrals can be used to arrive at eq. (11):
!

S2
d! ± q

i
± = 0 ,

!

S2
d! ± q

i
± q

j
± =

4"
3

#ij .

(57)

We now show that if P (q|s) has the form in eq. (29), then necessarily
!

S2
d! q P (q|s) =

$1

3
s . (58)

Note that this implies eq. (30). Let R be the 3↔ 3 rotation matrix such that s = R ẑ, where ẑ = (0, 0, 1)
is the unit vector pointing along the z-axis. Then, using rotational invariance

!

S2
d! q P (q|s) =

!

S2
d! Rq P (Rq |R ẑ) = R

!

S2
d! q P (q|ẑ) . (59)

We now choose standard spherical coordinates on S
2,

q = (cos%sin&, sin%sin&, cos&) , q áẑ = cos&, d! = dcos&d%. (60)

If we use the orthogonality of the Legendre polynomials,
! 1

! 1
dxP! (x)P! ! (x) =

2

2' + 1
#!! ! , (61)

it is easy to show that !

S2
d! q P (q|ẑ) =

$1

3
ẑ . (62)

The result immediately follows.
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We can then deÞne the expectation value of the product in the usual way

!A1(a1) A2(a2)" =
!

!
dn !

!

S1

ds1

!

S2

ds2 s1 s2 pa1 ,a2 (s1, s2|! ) P(! ) =
!

!
dn ! A1(a1, ! ) A2(a2, ! ) P(! ) ,

(53)
where in the last step we used Bell locality in eq. (52) to deÞne

Ai (ai , ! ) #
!

Si

dsi si pi
ai

(si |! ) . (54)

We recover in this way eq. (2) with A1 = A, A 2 = B . Alternatively, we can also integrate over the local
hidden variables to obtain

!A1(a1) A2(a2)" =
!

S1

ds1

!

S2

ds2 s1 s2 Pa1 ,a2 (s1, s2) , (55)
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Pa1 ,a2 (s1, s2) =
!
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dn ! pa1 ,a2 (s1, s2|! ) P(! ) . (56)
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B Some useful Integrals in rewriting P(q|s)

The following angular integrals can be used to arrive at eq. (11):
!

S2
d! ± qi

± = 0 ,
!

S2
d! ± qi

± qj
± =

4"
3

#ij .
(57)

We now show that if P(q|s) has the form in eq. (29), then necessarily
!

S2
d! q P(q|s) =

$1

3
s . (58)

Note that this implies eq. (30). Let R be the 3$ 3 rotation matrix such that s = R öz, where öz = (0 , 0, 1)
is the unit vector pointing along the z-axis. Then, using rotational invariance

!

S2
d! q P(q|s) =

!

S2
d! Rq P(Rq |R öz) = R

!

S2
d! q P(q|öz) . (59)

We now choose standard spherical coordinates onS2,

q = (cos %sin&, sin%sin&, cos&) , q áöz = cos &, d! = dcos &d%. (60)

If we use the orthogonality of the Legendre polynomials,
! 1

! 1
dx P! (x) P! ! (x) =

2
2' + 1

#!! ! , (61)

it is easy to show that !

S2
d! q P(q|öz) =

$1

3
öz . (62)

The result immediately follows.
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• Correlations:We can then define the expectation value of the product in the usual way
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!

!
dn !

!

S1

ds1

!

S2

ds2 s1 s2 pa1 ,a2 (s1, s2|! )P (! ) =
!

!
dn ! A1(a1, ! )A2(a2, ! )P (! ) ,

(53)
where in the last step we used Bell locality in eq. (52) to define

Ai (ai , ! ) ↓
!

Si

dsi si p
i
ai
(si |! ) . (54)

We recover in this way eq. (2) with A1 = A, A2 = B. Alternatively, we can also integrate over the local
hidden variables to obtain

→A1(a1)A2(a2)↑ =
!

S1

ds1

!

S2

ds2 s1 s2 Pa1 ,a2 (s1, s2) , (55)

where we defined the joint PDF

Pa1 ,a2 (s1, s2) =

!

!
dn ! pa1 ,a2 (s1, s2|! )P (! ) . (56)

This justifies eq. (16).
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!
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!

S2
d! ± q
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± q
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3

#ij .
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!
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3
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!
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!
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!

S2
d! q P (q|ẑ) . (59)
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dxP! (x)P! ! (x) =

2
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3
ẑ . (62)
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ẑ . (62)

The result immediately follows.

17

We can then deÞne the expectation value of the product in the usual way

!A1(a1) A2(a2)" =
!

!
dn !

!

S1

ds1

!

S2

ds2 s1 s2 pa1 ,a2 (s1, s2|! ) P(! ) =
!

!
dn ! A1(a1, ! ) A2(a2, ! ) P(! ) ,

(53)
where in the last step we used Bell locality in eq. (52) to deÞne

Ai (ai , ! ) #
!

Si
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The result immediately follows.
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We can then define the expectation value of the product in the usual way

→A1(a1)A2(a2)↑ =
!

!
dn !

!

S1

ds1

!

S2

ds2 s1 s2 pa1 ,a2 (s1, s2|! )P (! ) =
!

!
dn ! A1(a1, ! )A2(a2, ! )P (! ) ,

(53)
where in the last step we used Bell locality in eq. (52) to define

Ai (ai , ! ) ↓
!

Si

dsi si p
i
ai
(si |! ) . (54)

We recover in this way eq. (2) with A1 = A, A2 = B. Alternatively, we can also integrate over the local
hidden variables to obtain

→A1(a1)A2(a2)↑ =
!

S1

ds1

!

S2

ds2 s1 s2 Pa1 ,a2 (s1, s2) , (55)

where we defined the joint PDF

Pa1 ,a2 (s1, s2) =

!

!
dn ! pa1 ,a2 (s1, s2|! )P (! ) . (56)

This justifies eq. (16).

B Some useful Integrals in rewriting P(q|s)

The following angular integrals can be used to arrive at eq. (11):
!

S2
d! ± q

i
± = 0 ,

!

S2
d! ± q

i
± q

j
± =

4"
3

#ij .

(57)

We now show that if P (q|s) has the form in eq. (29), then necessarily
!

S2
d! q P (q|s) =

$1

3
s . (58)

Note that this implies eq. (30). Let R be the 3↔ 3 rotation matrix such that s = R ẑ, where ẑ = (0, 0, 1)
is the unit vector pointing along the z-axis. Then, using rotational invariance
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Testing locality

• Clauser-Horne-Shimony-Holt (CHSH): In an LHVT:

3 Testing locality at colliders

Comparing eqs. (11) and (27), we remarkably Þnd exactly the same relation between spin and angular
correlations in QFT and LHVTs, namely we have in both cases

Q =
! 1 ø! 1

9
C . (33)

Let us make some comments about this relation. In fact, the Þnal form in eq. (33) has already appeared
in the literature before, cf., e.g., refs. [42], [80], [97]. We believe, however, that this is the Þrst time
that a derivation has been performed that consistently only uses assumptions belonging to either QFT or
LHVTs. For example, previous derivations rely on the restricted form in eq. (15), or they assume that the
joint distribution P(s+ , s! ) is always a normalized PDF. The latter assumption is not valid in QM, where
P(s+ , s! ) is not a PDF, but rather has to be interpreted as the SudarshanP-function [98], which may be
negative, or even singular.

Having established eq. (33) as the relation between spin and angular correlations in both QM and
LHVTs, we may ask for the implications. The left-hand side of eq. (33) only involves the matrix Q of
angular correlations, which are directly measurable at colliders. We can then use eq. (33) to extract (and
thus indirectly measure) the spin correlation matrix C, however only if the spin-analyzing powers! 1 and
ø! 1 are known. Any test of locality or study of entanglement via spin correlations at colliders will have to
face this fact.

Let us illustrate this on the example of the CHSH inequality. We assume that we have measured the
matrix of angular correlations in a collider experiment. From this we can compute the quantity (cf. eq. (7))

RQ ! max
a,b ,a! ,b !

!
!(a " a")T Qb + ( a + a")T Qb "!! . (34)

Since angular correlations do not lead to a violation of the CHSH inequality (see ref. [99] for concrete
examples), we have

RQ # 2. (35)

Analogously, we deÞne (cf. eq. (7))

RC ! max
a,b ,a! ,b !

!
!(a " a")T Cb + ( a + a")T Cb "!! . (36)

Note that, unlike RQ , RC cannot be directly measured at colliders, but, sinceRQ and RC are linear in Q
and C, respectively, we can use eq. (33) to relateRC to RQ ,

RC =
9

|! 1 ø! 1|
RQ . (37)

From eq. (31) we see that we always have
RQ # RC . (38)

Hence, even thoughRQ always satisÞes the CHSH bound in eq. (35),RC may violate it. Whether or not it
is violated of course depends on the speciÞc process studied, but it also depends on the model-dependent
values of ! 1 and ø! 1, which are unknown at this point.

We then have two possibilities how to obtain values for the spin-analyzing powers:

1. Theory input: The spin-analyzing powers are computable within the SM (or an appropriate ex-
tension of it), and we use these theoretical values as input. This is what has typically been done in

8

• Can we do something similar at colliders?

• It was experimentally established in Quantum Optics 
experiments that the CHSH inequality is violated.

<latexit sha1_base64="Tje6qCeIdBwElmoaYNM1Q3uYy/I="></latexit>

! 2

• Correlations in an LHVT are strongly constrained. [Bell (1964); …]

where      is the spin correlation matrix and   ,   ,   ,    are the 
measurement axes.
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Spin vs. Angles
• At a collider experiment, we do not measure spin correlations 

directly.
➡ We measure angles (and energies).

• Example: Angular correlations between momenta of decay 
products:
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We assume that the widths of the fermions are small enough so that they can be identiÞed as sharp
resonances, which motivates to consider their on-shell production. Prime examples for such processes are
the production and the decays of top or! pairs. In the following we focus on the correlations associated
with the Þrst two Þnal state particles, respectively, f ± ,1.

Our goal is to relate the spin correlation matrix

Cij = !si
+ sj

! " , i, j # { 1, 2, 3} , (5)

where s± = ( s1
± , s2

± , s3
± ) are the directions of the spins of F± in their respective rest frames, to the

correlation matrix
Qij = !qi

+ qj
! " , (6)

where q± is the direction of the momentum of f ± ,1 in the rest frame of F± . Note that we assume
|s± | = |q± | = 1. The combination of spin correlations that enters the CHSH inequality can be cast in a
form involving the spin correlation matrix C. More precisely, eq. (3) is equivalent to

!
!(a $ a")T Cb + ( a + a")T Cb "!! % 2. (7)

2.1 Relating spin and angular correlations in QFT

The relationship between spin and angular correlations in QFT is well known, and has been extensively
studied in particular in the context of top pair production [82]Ð[95]. We will therefore be brief with the
derivations and only focus on the main aspects.

In QFT the di ! erential probability for the production of the fermion pair F+ F! and its subsequent
decay is proportional to the matrix element squared of the process. In the narrow width approximation,
this matrix element squared factorizes into the spin-correlated matrix element for the production of an
on-shell F+ F! pair, connected by the spin density matrix, " F±

! ø! ,

|M (F+ F! + X & { f + ,i } , { f ! ,i } + X )|2 ' M (F+ F! + X )! ø! " F+

!! ! " F "
ø! ø! ! M (F+ F! + X )#

! ! ø! ! , (8)

where X denotes additional radiation (which may need to be taken into account at higher orders in
perturbation theory), and " (") and ø" (") are the spin eigenvalues of theF+ and F! along some quantization
axis. We assume that we are inclusive over all Þnal-state momenta except for the directionsq+ and q! of
the decay productsf + ,1 and f ! ,1. The spin density matrices are hermitian 2( 2 matrices, and may thus
be expanded into the basis (1, #$) of Pauli matrices. By rotational invariance, the most general form is

" F+ ) 1 + %1 q+ á#$ . (9)

The constant of proportionality is related to the total decay rate of F+ , and its precise form is irrelevant
here. The constant%1 is called thespin-analyzing powerof F+ . Inserting eq. (9) into eq. (8), one arrives at
the following expression for the normalized di! erential cross section as a function of the directionsq± [94],

1
$

d$
d# + d# !

=
1 + %1 B + áq+ + ø%1 B ! áq! + %1 ø%1 qT

+ Cq !

16&2 , (10)

where d# ± are the inÞnitesimal solid angles in the respectiveF± rest frames, attached to the directions
q± , and ø%1 is the spin-analyzing power ofF! . The vectors B ± are related to the net polarizations of F+

and F! , and C is the spin correlation matrix from eq. (5). From eq. (10) we can easily read o! the relation
between the spin and angular correlations (see appendix B),

Qij = !qi
+ qj

! " =
"

S2 $ S2
d# + d# !

1
$

d$
d# + d# !

qi
+ qj

! =
%1 ø%1

9
Cij . (11)
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➡ Angular correlation matrix

We assume that the widths of the fermions are small enough so that they can be identiÞed as sharp
resonances, which motivates to consider their on-shell production. Prime examples for such processes are
the production and the decays of top or! pairs. In the following we focus on the correlations associated
with the Þrst two Þnal state particles, respectively, f ± ,1.

Our goal is to relate the spin correlation matrix

Cij = !si
+ sj

! " , i, j # { 1, 2, 3} , (5)

where s± = ( s1
± , s2

± , s3
± ) are the directions of the spins of F± in their respective rest frames, to the
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Qij = !qi

+ qj
! " , (6)

where q± is the direction of the momentum of f ± ,1 in the rest frame of F± . Note that we assume
|s± | = |q± | = 1. The combination of spin correlations that enters the CHSH inequality can be cast in a
form involving the spin correlation matrix C. More precisely, eq. (3) is equivalent to
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2.1 Relating spin and angular correlations in QFT

The relationship between spin and angular correlations in QFT is well known, and has been extensively
studied in particular in the context of top pair production [82]Ð[95]. We will therefore be brief with the
derivations and only focus on the main aspects.

In QFT the di ! erential probability for the production of the fermion pair F+ F! and its subsequent
decay is proportional to the matrix element squared of the process. In the narrow width approximation,
this matrix element squared factorizes into the spin-correlated matrix element for the production of an
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where X denotes additional radiation (which may need to be taken into account at higher orders in
perturbation theory), and " (") and ø" (") are the spin eigenvalues of theF+ and F! along some quantization
axis. We assume that we are inclusive over all Þnal-state momenta except for the directionsq+ and q! of
the decay productsf + ,1 and f ! ,1. The spin density matrices are hermitian 2( 2 matrices, and may thus
be expanded into the basis (1, #$) of Pauli matrices. By rotational invariance, the most general form is

" F+ ) 1 + %1 q+ á#$ . (9)

The constant of proportionality is related to the total decay rate of F+ , and its precise form is irrelevant
here. The constant%1 is called thespin-analyzing powerof F+ . Inserting eq. (9) into eq. (8), one arrives at
the following expression for the normalized di! erential cross section as a function of the directionsq± [94],
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=
1 + R + áq+ + R ! áq! + qT

+ Qq !
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Spin vs. Angles
• It is always possible to construct an LHVT that predicts exactly 

the same differential distribution as a collider measurement of 
momenta. [Kasday (1971); Abel, Dittmar, Dreiner (1992); 

Abel, Dreiner, Sengupta, Ubaldi (2025)]

➡ Consequence: Angular correlations always satisfy all Bell- 
and CHSH-type inequalities.

• Question: Can we use collider experiments to test locality at 
colliders?
➡ No, if we only have access to momenta and angles.

• But wait, we do measure spin-correlations..?
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Spin vs. Angles
• In QFT, spin- and angular correlations are always related!

We assume that the widths of the fermions are small enough so that they can be identified as sharp
resonances, which motivates to consider their on-shell production. Prime examples for such processes are
the production and the decays of top or ω pairs. In the following we focus on the correlations associated
with the first two final state particles, respectively, f±,1.

Our goal is to relate the spin correlation matrix

Cij = →si+ s
j
→↑ , i, j ↓ {1, 2, 3} , (5)

where s± = (s1±, s
2
±, s

3
±) are the directions of the spins of F± in their respective rest frames, to the

correlation matrix
Qij = →qi+ q

j
→↑ , (6)

where q± is the direction of the momentum of f±,1 in the rest frame of F±. Note that we assume
|s±| = |q±| = 1. The combination of spin correlations that enters the CHSH inequality can be cast in a
form involving the spin correlation matrix C. More precisely, eq. (3) is equivalent to

∣∣(a↔ a
↑)TCb+ (a+ a

↑)TCb
↑∣∣ ↗ 2 . (7)

2.1 Relating spin and angular correlations in QFT

The relationship between spin and angular correlations in QFT is well known, and has been extensively
studied in particular in the context of top pair production [82]–[95]. We will therefore be brief with the
derivations and only focus on the main aspects.

In QFT the di!erential probability for the production of the fermion pair F+F→ and its subsequent
decay is proportional to the matrix element squared of the process. In the narrow width approximation,
this matrix element squared factorizes into the spin-correlated matrix element for the production of an
on-shell F+F→ pair, connected by the spin density matrix, ”F±

ωω̄
,

|M(F+F→ +X ↘ {f+,i}, {f→,i}+X)|2 ≃ M(F+F→ +X)ωω̄ ”
F+

ωω→ ”
F↑
ω̄ω̄→ M(F+F→ +X)↓ω→ω̄→ , (8)

where X denotes additional radiation (which may need to be taken into account at higher orders in
perturbation theory), and ε

(↑) and ε̄
(↑) are the spin eigenvalues of the F+ and F→ along some quantization

axis. We assume that we are inclusive over all final-state momenta except for the directions q+ and q→ of
the decay products f+,1 and f→,1. The spin density matrices are hermitian 2 ⇐ 2 matrices, and may thus
be expanded into the basis (1,ϑϖ) of Pauli matrices. By rotational invariance, the most general form is

”F+ ⇒ 1+ ϱ1 q+ ·ϑϖ . (9)

The constant of proportionality is related to the total decay rate of F+, and its precise form is irrelevant
here. The constant ϱ1 is called the spin-analyzing power of F+. Inserting eq. (9) into eq. (8), one arrives at
the following expression for the normalized di!erential cross section as a function of the directions q± [94],

1

ϖ

dϖ

d#+d#→
=

1 + ϱ1 B+ ·q+ + ϱ̄1 B→ ·q→ + ϱ1ϱ̄1 q
T
+Cq→

16ς2
, (10)

where d#± are the infinitesimal solid angles in the respective F± rest frames, attached to the directions
q±, and ϱ̄1 is the spin-analyzing power of F→. The vectors B± are related to the net polarizations of F+

and F→, and C is the spin correlation matrix from eq. (5). From eq. (10) we can easily read o! the relation
between the spin and angular correlations (see appendix B),

Qij = →qi+ q
j
→↑ =

∫

S2↔S2

d#+ d#→
1

ϖ

dϖ

d#+d#→
q
i
+ q

j
→ =

ϱ1ϱ̄1
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We assume that the widths of the fermions are small enough so that they can be identiÞed as sharp
resonances, which motivates to consider their on-shell production. Prime examples for such processes are
the production and the decays of top or! pairs. In the following we focus on the correlations associated
with the Þrst two Þnal state particles, respectively, f ± ,1.

Our goal is to relate the spin correlation matrix

Cij = !si
+ sj

! " , i, j # { 1, 2, 3} , (5)

where s± = ( s1
± , s2

± , s3
± ) are the directions of the spins of F± in their respective rest frames, to the

correlation matrix
Qij = !qi

+ qj
! " , (6)

where q± is the direction of the momentum of f ± ,1 in the rest frame of F± . Note that we assume
|s± | = |q± | = 1. The combination of spin correlations that enters the CHSH inequality can be cast in a
form involving the spin correlation matrix C. More precisely, eq. (3) is equivalent to

!
!(a $ a")T Cb + ( a + a")T Cb "!! % 2. (7)

2.1 Relating spin and angular correlations in QFT

The relationship between spin and angular correlations in QFT is well known, and has been extensively
studied in particular in the context of top pair production [82]Ð[95]. We will therefore be brief with the
derivations and only focus on the main aspects.

In QFT the di ! erential probability for the production of the fermion pair F+ F! and its subsequent
decay is proportional to the matrix element squared of the process. In the narrow width approximation,
this matrix element squared factorizes into the spin-correlated matrix element for the production of an
on-shell F+ F! pair, connected by the spin density matrix, " F±

! ø! ,

|M (F+ F! + X & { f + ,i } , { f ! ,i } + X )|2 ' M (F+ F! + X )! ø! " F+

!! ! " F "
ø! ø! ! M (F+ F! + X )#

! ! ø! ! , (8)

where X denotes additional radiation (which may need to be taken into account at higher orders in
perturbation theory), and " (") and ø" (") are the spin eigenvalues of theF+ and F! along some quantization
axis. We assume that we are inclusive over all Þnal-state momenta except for the directionsq+ and q! of
the decay productsf + ,1 and f ! ,1. The spin density matrices are hermitian 2( 2 matrices, and may thus
be expanded into the basis (1, #$) of Pauli matrices. By rotational invariance, the most general form is

" F+ ) 1 + %1 q+ á#$ . (9)

The constant of proportionality is related to the total decay rate of F+ , and its precise form is irrelevant
here. The constant%1 is called thespin-analyzing powerof F+ . Inserting eq. (9) into eq. (8), one arrives at
the following expression for the normalized di! erential cross section as a function of the directionsq± [94],

1
$

d$
d# + d# !

=
1 + %1 B + áq+ + ø%1 B ! áq! + %1 ø%1 qT

+ Cq !

16&2 , (10)

where d# ± are the inÞnitesimal solid angles in the respectiveF± rest frames, attached to the directions
q± , and ø%1 is the spin-analyzing power ofF! . The vectors B ± are related to the net polarizations of F+

and F! , and C is the spin correlation matrix from eq. (5). From eq. (10) we can easily read o! the relation
between the spin and angular correlations (see appendix B),

Qij = !qi
+ qj

! " =
"

S2 $ S2
d# + d# !

1
$

d$
d# + d# !

qi
+ qj

! =
%1 ø%1
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Spin correlationsAngular correlations

3 Testing locality at colliders

Comparing eqs. (11) and (27), we remarkably Þnd exactly the same relation between spin and angular
correlations in QFT and LHVTs, namely we have in both cases

Q =
! 1 ø! 1

9
C . (33)

Let us make some comments about this relation. In fact, the Þnal form in eq. (33) has already appeared
in the literature before, cf., e.g., refs. [42], [80], [97]. We believe, however, that this is the Þrst time
that a derivation has been performed that consistently only uses assumptions belonging to either QFT or
LHVTs. For example, previous derivations rely on the restricted form in eq. (15), or they assume that the
joint distribution P(s+ , s! ) is always a normalized PDF. The latter assumption is not valid in QM, where
P(s+ , s! ) is not a PDF, but rather has to be interpreted as the SudarshanP-function [98], which may be
negative, or even singular.

Having established eq. (33) as the relation between spin and angular correlations in both QM and
LHVTs, we may ask for the implications. The left-hand side of eq. (33) only involves the matrix Q of
angular correlations, which are directly measurable at colliders. We can then use eq. (33) to extract (and
thus indirectly measure) the spin correlation matrix C, however only if the spin-analyzing powers! 1 and
ø! 1 are known. Any test of locality or study of entanglement via spin correlations at colliders will have to
face this fact.

Let us illustrate this on the example of the CHSH inequality. We assume that we have measured the
matrix of angular correlations in a collider experiment. From this we can compute the quantity (cf. eq. (7))

RQ ! max
a,b ,a! ,b !

!
!(a " a")T Qb + ( a + a")T Qb "!! . (34)

Since angular correlations do not lead to a violation of the CHSH inequality (see ref. [99] for concrete
examples), we have

RQ # 2. (35)

Analogously, we deÞne (cf. eq. (7))

RC ! max
a,b ,a! ,b !

!
!(a " a")T Cb + ( a + a")T Cb "!! . (36)

Note that, unlike RQ , RC cannot be directly measured at colliders, but, sinceRQ and RC are linear in Q
and C, respectively, we can use eq. (33) to relateRC to RQ ,

RC =
9

|! 1 ø! 1|
RQ . (37)

From eq. (31) we see that we always have
RQ # RC . (38)

Hence, even thoughRQ always satisÞes the CHSH bound in eq. (35),RC may violate it. Whether or not it
is violated of course depends on the speciÞc process studied, but it also depends on the model-dependent
values of ! 1 and ø! 1, which are unknown at this point.

We then have two possibilities how to obtain values for the spin-analyzing powers:

1. Theory input: The spin-analyzing powers are computable within the SM (or an appropriate ex-
tension of it), and we use these theoretical values as input. This is what has typically been done in
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3. + some assumptions, like that spin is 
defined, and the momenta of the daughters 
are determined by the spin of the parent.
[See talk by Aguilar-Saavedra]
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Here P(q+ , q! ) is the joint PDF to produce the Þnal-state decay products, where the momentum off ± ,1

points in the direction q± in the rest frame of F± . Let us make a comment: at Þrst glance, the integral in
eq. (16) does not match the structure of an expectation value in a LHVT as given in eqs. (1) and (2). In
particular, eq. (16) does not involve any integration over the hidden variables! . In appendix A we show
that both representations are valid and follow from the axioms of a LHVT, cf. ref. [96].

We now use BayesÕ law to write

P(q+ , q! ) =
!

S2 " S2
d! s

+ d! s
! P(q+ , q! |s+ , s! ) P(s+ , s! ) , (17)

wheres± is the direction of the spin ofF± in the particleÕs rest frame (|s± | = 1), and d ! s
± is the inÞnitesimal

spherical solid angle associated with the directions± . Here P(s+ , s! ) is the joint PDF to produce the
Þnal state F+ F! with the spins in their respective rest frames pointing in the directions s+ and s! , and
P(q+ , q! |s+ , s! ) is the conditional probability that F+ and F! with these polarizations decay into the
Þnal states with the given directionsq± for f + ,1 and f ! ,1. We may now use the assumption that the decays
of the two fermions are independent, and that they do not depend on the properties of the respective other
fermion. This implies

P(q+ , q! |s+ , s! ) = P(q+ |s+ )P(q! |s! ) . (18)

Hence,

!qi
+ qj

! " =
!

S2 " S2
d! s

+ d! s
! P(s+ , s! ) Si

+ (s+ ) Sj
! (s! ) , (19)

where we deÞned

S± (s± ) #
!

S2
d! ± q± P(q± |s± ) . (20)

It seems that we need an explicit expression forP(q|s) to proceed. In QFT, it is given by eq. (15).
Here, however, we cannot rely on QFT, and we are limited to using the assumptions spelled out at the
beginning of this section. As we now show, the explicit functional dependence ofP(q|s) is to a large extent
irrelevant.

By rotational invariance, we know that P(q|s) can only depend on

cos" # q ás . (21)

Rotational invariance also implies that

P(Rq |Rs) = P(q|s) , (22)

for every rotation R $ SO(3). This in turn implies that the functions S± deÞned in eq. (20) have the
property

S± (Rs± ) = RS± (s± ) . (23)

Indeed, changing integration variables fromq± to Rq ± and using the fact that the integration measure is
invariant under rotations, we Þnd

S± (Rs± ) =
!

S2
d! ± q± P(q± |Rs± ) =

!

S2
d! ± Rq ± P(Rq ± |Rs± ) = RS± (s± ) . (24)

It is easy to see that eq. (23) forces the most general form ofS± (s± ) to be

S± (s± ) = g± (s2
± ) s± , (25)
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Equation (11) is the desired relation between the spin and angular correlations in QFT. This relation is
well known, and is the basis for many spin correlation studies at colliders, e.g., in the context of top or!
physics. We stress that the derivation of this relation deeply relies on the use of QFT, in particular on the
squared matrix element in the narrow-width approximation, which is a quantity intrinsic to QFT. Before
we discuss what this relation becomes in a LHVT, let us make a comment about the spin-analyzing powers
" 1 and ø" 1. It follows from CPT-invariance (which is a very general property of a local relativistic QFT)
that the spin-analyzing powers ofF+ and F! are related by

ø" 1 = ! " 1 . (12)

Second, the spin-analyzing power is closely related to the di! erential decay rate ofF+ in the direction of
f + ,1,

1
"

d"
d# +

=
1 + " 1 P+ cos#

4$
, (13)

where cos# = q+ ád is the angle betweenq+ and some reference directiond, with |d| = 1, and P+ is the
polarization of F+ in the direction d. We have

P+ " P(s+ ád > 0) ! P(s+ ád < 0) # B + ád , (14)

whereP(s+ ád > 0) is the probability that the spin s+ of F+ in the latterÕs rest frame points in the direction
d. For a sample perfectly polarized in the directiond, i.e. P+ = 1, we infer the probability for the particle
f + ,1 to be emitted in the direction q+ , if the spin of F+ points in the direction s+ as

P(q+ |s+ ) =
1 + " 1q+ ás+

4$
. (15)

2.2 Relating spin and angular correlations in LHVTs

We now discuss how the analysis of the previous section changes in the context of a LHVT. Since our goal
is to test QM against LHVTs, we pay particular attention not to assume any concepts from QFT. Our
analysis only relies on the following assumptions:

1. We assume a LHVT, with hidden variables%$ $ .

2. Special relativity holds, in particular Poincar«e-invariance.

3. The particle speciesF+ and its anti-particle F! have spin 1
2 . In particular, the spinÕs projection

along any axis can only take the values± 1
2 .

4. F+ and F! decay independently, and the decays of one fermion do not depend on the measurement
process of the other. While this property is harder to check and may depend on the measurement
setup, it is essential in order to perform local Bell-type experiments.

Let us make a comment on CPT-invariance. If we assume CPT-invariance, then the anti-particleF! has
the same decay channels, lifetime and branching ratios as the particleF+ . CPT-invariance is automatically
satisÞed in the context of local, relativistic QFTs. Since our goal is to investigate if we can test QM, and
thus QFT, against LHVTs, we cannot logically take CPT-invariance for granted anymore. We therefore
do not assume CPT-invariance in our discussion, but we comment on it at the end.

We start from the representation of the matrix of angular correlations, cf. eq. (6),

Qij = %qi
+ qj

! &=
!

S2 " S2
d# + d# ! qi

+ qj
! P(q+ , q! ) . (16)
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Here P(q+ , q! ) is the joint PDF to produce the Þnal-state decay products, where the momentum off ± ,1

points in the direction q± in the rest frame of F± . Let us make a comment: at Þrst glance, the integral in
eq. (16) does not match the structure of an expectation value in a LHVT as given in eqs. (1) and (2). In
particular, eq. (16) does not involve any integration over the hidden variables! . In appendix A we show
that both representations are valid and follow from the axioms of a LHVT, cf. ref. [96].
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P(q+ , q! |s+ , s! ) is the conditional probability that F+ and F! with these polarizations decay into the
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where we deÞned

S± (s± ) #
!

S2
d! ± q± P(q± |s± ) . (20)

It seems that we need an explicit expression forP(q|s) to proceed. In QFT, it is given by eq. (15).
Here, however, we cannot rely on QFT, and we are limited to using the assumptions spelled out at the
beginning of this section. As we now show, the explicit functional dependence ofP(q|s) is to a large extent
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cos" # q ás . (21)

Rotational invariance also implies that
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➡ Expansion into Legendre polynomials:

for some scalar functionsg± . Moreover, sinces2
± = 1, we see that

S+ (s+ ) = A s+ and S! (s! ) = øA s! , (26)

for some real constantsA ! g+ (1) and øA ! g! (1).

Inserting eq. (26) into eq. (19), we Þnd

Qij = "qi
+ qj

! #= A øA
!

S2 " S2
d! s

+ d! s
! P(s+ , s! ) si

+ sj
! = A øA "si

+ sj
! #= A øA Cij . (27)

We see that, very generally, the matrices of angular and spin correlations are proportional to each other.
We stress that this feature is generic, and does not rely at all on the detailed features of the underlying
LHVT. Indeed, the only assumptions that went into the derivation of eq. (26) are rotational invariance and
the independence of the two measurements, expressed through eqs. (22) and (18), respectively.

Let us conclude by connecting the constantsA and øA to the spin-analysing powers! 1 and ø! 1 known
from QFT. In order to see the connection, let us assume that the PDFP(á|s) is a continuous function of
cos" (which is also the case in QFT). Since the unit sphere is compact, this immediately implies thatP(á|s)
is bounded everywhere on the unit sphere,|P(á|s)| $ M < %, for some positive real numberM (that may
depend ons). Then we have !

S2
d! |P(q|s)|2 $ 4#M 2 < % . (28)

Hence, P(q|s) is a square-integrable function on the sphereS2. Thus it can be expanded into the basis
of spherical harmonics. SinceP(q|s) only depends on cos" , this expansion reduces to an expansion in
Legendre polynomials. We then have

P(q|s) =
#"

! =0

! !

4#
P! (cos" ) , (29)

where the ! ! are real numbers. The normalization condition
#

S2 d! P(q|s) = 1 implies ! 0 = 1. The
other coe" cients are left unconstrained by the normalization condition. In appendix B we show that the
constants A and øA are related to the coe" cient of the Legendre polynomial with $= 1,

A =
! 1

3
and øA =

ø! 1

3
, (30)

where ø! 1 is the coe" cient of 1
4" q! ás! in P(q! |s! ), i.e., for $= 1. Note in particular that the result of the

integral in eq. (20) is entirely determined by the $= 1 polynomial, and it is independent of the coe" cients
of the Legendre polynomials with $ > 1. In analogy with the QFT case in eq. (15), we also refer to the
coe" cients ! 1 and ø! 1 as the spin-analyzing powers.

Let us make some Þnal comments. In principle,! ! and ø! ! are free parameters for$> 0. However, they
are naturally bounded. For example, we have

|! 1| = 3 |"cos" #| $ 3"| cos" |#= 3
!

S2
d! + | cos" | P(q+ |s+ ) $ 3. (31)

Similar relations hold for $ > 1. Note that the same bound (with exactly the same derivation) holds in
QFT. 3 Moreover, we have not assumed CPT- invariance, so that a priori! 1 and ø! 1 are distinct. If we
impose CPT-invariance, we Þnd

ø! ! = ( &1)! ! ! , (32)

in agreement with the corresponding result in QFT, cf. eq. (12).

3In QFT we have the even stricter bound |! 1 | ! 1.
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Spin vs. Angles
• The integrals over the momenta can now be done in closed form.

• After some calculation, we find that:

3 Testing locality at colliders

Comparing eqs. (11) and (27), we remarkably Þnd exactly the same relation between spin and angular
correlations in QFT and LHVTs, namely we have in both cases

Q =
! 1 ø! 1

9
C . (33)

Let us make some comments about this relation. In fact, the Þnal form in eq. (33) has already appeared
in the literature before, cf., e.g., refs. [42], [80], [97]. We believe, however, that this is the Þrst time
that a derivation has been performed that consistently only uses assumptions belonging to either QFT or
LHVTs. For example, previous derivations rely on the restricted form in eq. (15), or they assume that the
joint distribution P(s+ , s! ) is always a normalized PDF. The latter assumption is not valid in QM, where
P(s+ , s! ) is not a PDF, but rather has to be interpreted as the SudarshanP-function [98], which may be
negative, or even singular.

Having established eq. (33) as the relation between spin and angular correlations in both QM and
LHVTs, we may ask for the implications. The left-hand side of eq. (33) only involves the matrix Q of
angular correlations, which are directly measurable at colliders. We can then use eq. (33) to extract (and
thus indirectly measure) the spin correlation matrix C, however only if the spin-analyzing powers! 1 and
ø! 1 are known. Any test of locality or study of entanglement via spin correlations at colliders will have to
face this fact.

Let us illustrate this on the example of the CHSH inequality. We assume that we have measured the
matrix of angular correlations in a collider experiment. From this we can compute the quantity (cf. eq. (7))

RQ ! max
a,b ,a! ,b !

!
!(a " a")T Qb + ( a + a")T Qb "!! . (34)

Since angular correlations do not lead to a violation of the CHSH inequality (see ref. [99] for concrete
examples), we have

RQ # 2. (35)

Analogously, we deÞne (cf. eq. (7))

RC ! max
a,b ,a! ,b !

!
!(a " a")T Cb + ( a + a")T Cb "!! . (36)

Note that, unlike RQ , RC cannot be directly measured at colliders, but, sinceRQ and RC are linear in Q
and C, respectively, we can use eq. (33) to relateRC to RQ ,

RC =
9

|! 1 ø! 1|
RQ . (37)

From eq. (31) we see that we always have
RQ # RC . (38)

Hence, even thoughRQ always satisÞes the CHSH bound in eq. (35),RC may violate it. Whether or not it
is violated of course depends on the speciÞc process studied, but it also depends on the model-dependent
values of ! 1 and ø! 1, which are unknown at this point.

We then have two possibilities how to obtain values for the spin-analyzing powers:

1. Theory input: The spin-analyzing powers are computable within the SM (or an appropriate ex-
tension of it), and we use these theoretical values as input. This is what has typically been done in
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where ø! 1 is the coe" cient of 1
4" q! ás! in P(q! |s! ), i.e., for $= 1. Note in particular that the result of the

integral in eq. (20) is entirely determined by the $= 1 polynomial, and it is independent of the coe" cients
of the Legendre polynomials with $ > 1. In analogy with the QFT case in eq. (15), we also refer to the
coe" cients ! 1 and ø! 1 as the spin-analyzing powers.
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QFT. 3 Moreover, we have not assumed CPT- invariance, so that a priori! 1 and ø! 1 are distinct. If we
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We stress that this feature is generic, and does not rely at all on the detailed features of the underlying
LHVT. Indeed, the only assumptions that went into the derivation of eq. (26) are rotational invariance and
the independence of the two measurements, expressed through eqs. (22) and (18), respectively.

Let us conclude by connecting the constantsA and øA to the spin-analysing powers! 1 and ø! 1 known
from QFT. In order to see the connection, let us assume that the PDFP(á|s) is a continuous function of
cos" (which is also the case in QFT). Since the unit sphere is compact, this immediately implies thatP(á|s)
is bounded everywhere on the unit sphere,|P(á|s)| $ M < %, for some positive real numberM (that may
depend ons). Then we have !

S2
d! |P(q|s)|2 $ 4#M 2 < % . (28)

Hence, P(q|s) is a square-integrable function on the sphereS2. Thus it can be expanded into the basis
of spherical harmonics. SinceP(q|s) only depends on cos" , this expansion reduces to an expansion in
Legendre polynomials. We then have

P(q|s) =
#"

! =0

! !

4#
P! (cos" ) , (29)

where the ! ! are real numbers. The normalization condition
#

S2 d! P(q|s) = 1 implies ! 0 = 1. The
other coe" cients are left unconstrained by the normalization condition. In appendix B we show that the
constants A and øA are related to the coe" cient of the Legendre polynomial with $= 1,

A =
! 1

3
and øA =

ø! 1

3
, (30)

where ø! 1 is the coe" cient of 1
4" q! ás! in P(q! |s! ), i.e., for $= 1. Note in particular that the result of the

integral in eq. (20) is entirely determined by the $= 1 polynomial, and it is independent of the coe" cients
of the Legendre polynomials with $ > 1. In analogy with the QFT case in eq. (15), we also refer to the
coe" cients ! 1 and ø! 1 as the spin-analyzing powers.

Let us make some Þnal comments. In principle,! ! and ø! ! are free parameters for$> 0. However, they
are naturally bounded. For example, we have

|! 1| = 3 |"cos" #| $ 3"| cos" |#= 3
!

S2
d! + | cos" | P(q+ |s+ ) $ 3. (31)

Similar relations hold for $ > 1. Note that the same bound (with exactly the same derivation) holds in
QFT. 3 Moreover, we have not assumed CPT- invariance, so that a priori! 1 and ø! 1 are distinct. If we
impose CPT-invariance, we Þnd

ø! ! = ( &1)! ! ! , (32)

in agreement with the corresponding result in QFT, cf. eq. (12).

3In QFT we have the even stricter bound |! 1 | ! 1.
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in QM and LHVTs (under the aforementioned assumptions).

• In both cases, need       to convert spin to angular correlations.<latexit sha1_base64="4N57lbPwieVaETl001lyHmTShH4="></latexit>! 1
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➡ Question: Were do we get it from?

[Abel, Dittmar, Dreiner (1992); Altakach, 
Lambda, Maltoni, Mawatari, Sakurai 

(2022); Chen 92014); Bechtle, Breuning, 
Dreiner, CD (2025); …]

3 Testing locality at colliders

Comparing eqs. (11) and (27), we remarkably Þnd exactly the same relation between spin and angular
correlations in QFT and LHVTs, namely we have in both cases

Q =
! 1 ø! 1

9
C . (33)

Let us make some comments about this relation. In fact, the Þnal form in eq. (33) has already appeared
in the literature before, cf., e.g., refs. [42], [80], [97]. We believe, however, that this is the Þrst time
that a derivation has been performed that consistently only uses assumptions belonging to either QFT or
LHVTs. For example, previous derivations rely on the restricted form in eq. (15), or they assume that the
joint distribution P(s+ , s! ) is always a normalized PDF. The latter assumption is not valid in QM, where
P(s+ , s! ) is not a PDF, but rather has to be interpreted as the SudarshanP-function [98], which may be
negative, or even singular.

Having established eq. (33) as the relation between spin and angular correlations in both QM and
LHVTs, we may ask for the implications. The left-hand side of eq. (33) only involves the matrix Q of
angular correlations, which are directly measurable at colliders. We can then use eq. (33) to extract (and
thus indirectly measure) the spin correlation matrix C, however only if the spin-analyzing powers! 1 and
ø! 1 are known. Any test of locality or study of entanglement via spin correlations at colliders will have to
face this fact.

Let us illustrate this on the example of the CHSH inequality. We assume that we have measured the
matrix of angular correlations in a collider experiment. From this we can compute the quantity (cf. eq. (7))

RQ ! max
a,b ,a! ,b !

!
!(a " a")T Qb + ( a + a")T Qb "!! . (34)

Since angular correlations do not lead to a violation of the CHSH inequality (see ref. [99] for concrete
examples), we have

RQ # 2. (35)

Analogously, we deÞne (cf. eq. (7))

RC ! max
a,b ,a! ,b !

!
!(a " a")T Cb + ( a + a")T Cb "!! . (36)

Note that, unlike RQ , RC cannot be directly measured at colliders, but, sinceRQ and RC are linear in Q
and C, respectively, we can use eq. (33) to relateRC to RQ ,

RC =
9

|! 1 ø! 1|
RQ . (37)

From eq. (31) we see that we always have
RQ # RC . (38)

Hence, even thoughRQ always satisÞes the CHSH bound in eq. (35),RC may violate it. Whether or not it
is violated of course depends on the speciÞc process studied, but it also depends on the model-dependent
values of ! 1 and ø! 1, which are unknown at this point.

We then have two possibilities how to obtain values for the spin-analyzing powers:

1. Theory input: The spin-analyzing powers are computable within the SM (or an appropriate ex-
tension of it), and we use these theoretical values as input. This is what has typically been done in

8

➡ But the bounds on      may be different in QM and LHVTs!
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➡ Use value from TH computation.

➡ This is what has been done so far in (most) LHC studies.

<latexit sha1_base64="4N57lbPwieVaETl001lyHmTShH4="></latexit>! 1

• This computation was done in a QM framework, so we always 
assume QM and the SM from here on.

• We can however exclude subsets of LHVTs that predict certain 
ranges of      .
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➡ Example: from some decay distribution

Equation (11) is the desired relation between the spin and angular correlations in QFT. This relation is
well known, and is the basis for many spin correlation studies at colliders, e.g., in the context of top or!
physics. We stress that the derivation of this relation deeply relies on the use of QFT, in particular on the
squared matrix element in the narrow-width approximation, which is a quantity intrinsic to QFT. Before
we discuss what this relation becomes in a LHVT, let us make a comment about the spin-analyzing powers
" 1 and ø" 1. It follows from CPT-invariance (which is a very general property of a local relativistic QFT)
that the spin-analyzing powers ofF+ and F! are related by

ø" 1 = ! " 1 . (12)

Second, the spin-analyzing power is closely related to the di! erential decay rate ofF+ in the direction of
f + ,1,

1
"

d"
d# +

=
1 + " 1 P+ cos#

4$
, (13)

where cos# = q+ ád is the angle betweenq+ and some reference directiond, with |d| = 1, and P+ is the
polarization of F+ in the direction d. We have

P+ " P(s+ ád > 0) ! P(s+ ád < 0) # B + ád , (14)

whereP(s+ ád > 0) is the probability that the spin s+ of F+ in the latterÕs rest frame points in the direction
d. For a sample perfectly polarized in the directiond, i.e. P+ = 1, we infer the probability for the particle
f + ,1 to be emitted in the direction q+ , if the spin of F+ points in the direction s+ as

P(q+ |s+ ) =
1 + " 1q+ ás+

4$
. (15)

2.2 Relating spin and angular correlations in LHVTs

We now discuss how the analysis of the previous section changes in the context of a LHVT. Since our goal
is to test QM against LHVTs, we pay particular attention not to assume any concepts from QFT. Our
analysis only relies on the following assumptions:

1. We assume a LHVT, with hidden variables%$ $ .

2. Special relativity holds, in particular Poincar«e-invariance.

3. The particle speciesF+ and its anti-particle F! have spin 1
2 . In particular, the spinÕs projection

along any axis can only take the values± 1
2 .

4. F+ and F! decay independently, and the decays of one fermion do not depend on the measurement
process of the other. While this property is harder to check and may depend on the measurement
setup, it is essential in order to perform local Bell-type experiments.

Let us make a comment on CPT-invariance. If we assume CPT-invariance, then the anti-particleF! has
the same decay channels, lifetime and branching ratios as the particleF+ . CPT-invariance is automatically
satisÞed in the context of local, relativistic QFTs. Since our goal is to investigate if we can test QM, and
thus QFT, against LHVTs, we cannot logically take CPT-invariance for granted anymore. We therefore
do not assume CPT-invariance in our discussion, but we comment on it at the end.

We start from the representation of the matrix of angular correlations, cf. eq. (6),

Qij = %qi
+ qj

! &=
!

S2 " S2
d# + d# ! qi

+ qj
! P(q+ , q! ) . (16)

5

➡ This typically assumes the SM form of the distribution, so 
QM is assumed.
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!

➡ Can we again be model independent?

for some scalar functionsg± . Moreover, sinces2
± = 1, we see that

S+ (s+ ) = A s+ and S! (s! ) = øA s! , (26)

for some real constantsA ! g+ (1) and øA ! g! (1).

Inserting eq. (26) into eq. (19), we Þnd

Qij = "qi
+ qj

! #= A øA
!

S2 " S2
d! s

+ d! s
! P(s+ , s! ) si

+ sj
! = A øA "si

+ sj
! #= A øA Cij . (27)

We see that, very generally, the matrices of angular and spin correlations are proportional to each other.
We stress that this feature is generic, and does not rely at all on the detailed features of the underlying
LHVT. Indeed, the only assumptions that went into the derivation of eq. (26) are rotational invariance and
the independence of the two measurements, expressed through eqs. (22) and (18), respectively.

Let us conclude by connecting the constantsA and øA to the spin-analysing powers! 1 and ø! 1 known
from QFT. In order to see the connection, let us assume that the PDFP(á|s) is a continuous function of
cos" (which is also the case in QFT). Since the unit sphere is compact, this immediately implies thatP(á|s)
is bounded everywhere on the unit sphere,|P(á|s)| $ M < %, for some positive real numberM (that may
depend ons). Then we have !

S2
d! |P(q|s)|2 $ 4#M 2 < % . (28)

Hence, P(q|s) is a square-integrable function on the sphereS2. Thus it can be expanded into the basis
of spherical harmonics. SinceP(q|s) only depends on cos" , this expansion reduces to an expansion in
Legendre polynomials. We then have

P(q|s) =
#"

! =0

! !

4#
P! (cos" ) , (29)

where the ! ! are real numbers. The normalization condition
#

S2 d! P(q|s) = 1 implies ! 0 = 1. The
other coe" cients are left unconstrained by the normalization condition. In appendix B we show that the
constants A and øA are related to the coe" cient of the Legendre polynomial with $= 1,

A =
! 1

3
and øA =

ø! 1

3
, (30)

where ø! 1 is the coe" cient of 1
4" q! ás! in P(q! |s! ), i.e., for $= 1. Note in particular that the result of the

integral in eq. (20) is entirely determined by the $= 1 polynomial, and it is independent of the coe" cients
of the Legendre polynomials with $ > 1. In analogy with the QFT case in eq. (15), we also refer to the
coe" cients ! 1 and ø! 1 as the spin-analyzing powers.

Let us make some Þnal comments. In principle,! ! and ø! ! are free parameters for$> 0. However, they
are naturally bounded. For example, we have

|! 1| = 3 |"cos" #| $ 3"| cos" |#= 3
!

S2
d! + | cos" | P(q+ |s+ ) $ 3. (31)

Similar relations hold for $ > 1. Note that the same bound (with exactly the same derivation) holds in
QFT. 3 Moreover, we have not assumed CPT- invariance, so that a priori! 1 and ø! 1 are distinct. If we
impose CPT-invariance, we Þnd

ø! ! = ( &1)! ! ! , (32)

in agreement with the corresponding result in QFT, cf. eq. (12).

3In QFT we have the even stricter bound |! 1 | ! 1.
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➡ Yes, but we can only extract the product of        and the 
polarisation.
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P+ = polarisation
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➡ Can we measure the polarisation of the parent 
independently?

➡ Currently, the polarisation of the beams is determined by 
comparing to a SM prediction, so QM is assumed in the 
determination of the beam polarisation.

➡ Yes, for example at a lepton collider, with polarized 
beams, if we know the polarisation of the beams.

➡ See also talk by Aguilar-Saavedra.
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Conclusion
• Can we use collider experiments to test locality at colliders using 

spin-correlations?
No, not directly because we only measure momenta.

• We can relate spin and angular correlations in a way that is 
independent of QM vs. LHVTs.

(There are other reasons as well, see [Low (2025)])

➡ Needs value of       as ‘conversion factor’.<latexit sha1_base64="4N57lbPwieVaETl001lyHmTShH4="></latexit>! 1

• Can we measure       independently?<latexit sha1_base64="4N57lbPwieVaETl001lyHmTShH4="></latexit>! 1

➡ Need to disentangle it from polarisation in a way that does 
not assume QM.

➡ Not possible with purely collider setups.

➡ See also talk by Aguilar-Saavedra.


