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Talk outline

01 | Review: Magic and non-local magic
02 | Result: Non-local magic in bipartite systems of local dimension > 2

03 | Application: Non-local magic production in leptonic scattering



01 | Review
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Magic is hon-stabiliserness

e We adopt the Second Stabiliser Rényi Entropy as our default magic monotone
SSRE: Leone, Oliviero,Hamma 2106.12587 _
1 4 a a C C
M(j) = —In| = > | [(¢|Pasealt)] ] Pajea = (0" X"2°) @ (X2
abic,d a,bc,d € {0,..., N—1} w=¢*™/"¥

e Magicdepends on chosen stabiliser basis

e Conventient to expand density matrix on Pauli strings

1 1
p = ﬁ Z tabchabcd — M(|¢>) = —In [ﬁ Z tabcd4]
ab,e,d T~
tabcd =Tr [pPabcd]
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Non-local magic optimises over local bases

e Non-local magic: magic that remains after optimising over all local bases

. 1 4 Qiang, Wang
= MU U =—In|— t :
M ap(|¥aB)) Juin (Ua® Ul ap)) n |y fmax G;J abed | 2502.06393

e Should be expressible in terms of local-unitary invariants

pn =Trlpg|  en = det[pg]

e 8 T e GG s !:or tv.vo-qublt systems, there is only one indep. local-unitary
invariant e; = det pg

Robin, S
Map=—In(1=4F) J5i05ms _F = (pPR) = (pr)* =ps —ps = e — de;

Myup=—1In (1 — 4ey + 166%) / Anti-flatness of entanglement spectrum: variance of reduced

density matrix
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Schmidt-aligned bases maximise quartic objective
for qubits

e Fortwo qubits, Weyl operators are just the Pauli operators

-ab yarzb 1 a'T 1
i X"Z° ~ oy tabed ~ Ry ~ b p=70u®0y Ry

e Canreplace the SU(2) optimisation by an SO(3) optimisation

a— Oza, b— Ogb, T — OgTO, O €SO (3) ]

e  State can be written in Schmidt-decomposed form Quartic objective is maximised when

115) = A0|00) + A1]|11) = sin#|00) + cos € |11)

1.  Vectorsa,b aligned with coordinate
0 axes
a=>b= 0 T = diag (sin 260, — sin 26, 1) 2. Matrix T diagonal
cos 20



02 | Extension to higher
dimensional systems
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Qudits are harder

e Reduced spectrum has N-1 independent 1. Construct local unitary invariants
invariants N-1
2N
_ . pn = Tr[pf] = Z Aj
e The generalised Pauli operators are no longer i=0

Hermitian = expansion coeffs are complex

N—
eny = det = A2
e For N>2, lose SU(2) — SO(3) property N [pR] U v

2. Evaluate quartic sum in Schmidt basis

Schmidt attainment hypothesis FN Z |tabc d|
N2

a,b,c,d
The local unitary minimum in the magic is

b+d
attained by Schmidt-aligned states tabed = Z A )‘J+aw( P80

[13) = Zw ZV

3.  Account for mequwalent Schmidt-basis perms

(N) _ 3 Fy(X
MAB n[)\//cgrélzilcxsmfts N( )]
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| Numerical evidence supports Schmidt attainment at
prime local dimension

N=4 [ v=s5 [Y4
10,000 random Schmidt states drawn for 0.8
each N € {3,4,5} o6
E
NLM from derived analytic formula _— 5 047
assuming Schmidt attainment 0.2
NLM from full numerical optimisation —— 99 T T T I T T T
0.00 0.25 0.50 0.75 0.00 0.25 0.50 0.75
over U A ® UB Numerical
10000 — : : :
. 1 1 1
Residual = Mformula - Mnumerical 8000 — i i i
1 1 1
. + ] 1 ]
values: incomplete convergence g S0 = : ; |
1 [}
of numerical optimisation © 4000 i i |
2000 — E i E
. . | i |
values: better minimum found 0 , , - ; , , I , —
-2 -1 0 0.00 0.05 0.10 —0.04 —0.02 0.00

than provided by Schmidt-aligned basis

x10~6 Residuals
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Qutrit formula contains new structure

e Assuming Schmidt attainment, the non-local magicin a
bipartite qutrit systemis M®) = —In Fy (A

Fs(A\) =1-—2ps + Zpg + 4638%

Purity-like New qutrit invariant
_ T i e3 = det pp = AIA2A3
Tr =
(pR) 4 81 = Ao+ A1+ A2 _
B 638% >0 Suppresses NLM ininterior

Giorgio Busoni

0.00

e Use Schmidt probabilities as simplex coordinates
2 v2 2 2
(A5 A1, A2), Z)" =1 (1,0,0)
Vanishes for product states
_ 2, 1 2 f 2
(z,y) = (A\] + )‘ D) 5) and maximally entangled

state A; = 1/v/3

(0,1,0)

Maximum at rank-2 equal
spectra: A ~ (1, 1, 0) and
permutations

10
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Ququint results show same qualitative picture

e Ququint expression contains many new
Fixed slice through (0,0,1,0,0) structures

2 y2 y2
(>‘07 >‘1a )‘2’ O’ 0) F5 ()\) = 3p% - 2104 + 246;)/28111

0.840
- +24c¢9999 + 12¢949 + 12¢9904
27 ' +8 8
5 C1331 1+ 8C3113
OSM()ﬁﬁ 0.630 &
= N
0.525 § a;
3 Say--ay = Z H)‘w(j)
0.420 3 oS G2
0.315 g N
8 _ a;
R 91 Eeh
0.210 7eCy j=1

0.105

0.000 e Same qualitative pattern of extrema seen

(1,0,0,0,0) (0,1,0,0,0)
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| Formula still provides a good approximation at

composite dimensions

e Representative points along fourth
Schmidt-probability direction shown

e Largestresiduals occur near simplex
boundaries

e Farfrom boundaries, % error generally
very small

° in
10,000 random Schmidt states

e Initial investigations at N=6 suggest
exact agreement so far &

A2 =0.0

02 04 06 038

A2 =0.4

A2 =0.2
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Residual
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03 | Sneak peek: Application to
leptonic scattering
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Lepton flavour as a qutrit

e Wantto study how good the SM is at generating or suppressing NLM in 2—2 leptonic scattering processes,
where flavour is treated as a qutrit. Focus on tree-level elastic processes

k1 kl ok <l kL prslyrk
vie; — ve') = 00 S UrU" . .
;:?llr?c:’poulos A( v ) (ANC)” 95" (ACC)Zh’J\ Amplitude pieces depend on
_i k_ ik ok of ik i flavour through spinors,
241023343 A (v;ed — vPe)) = (Anc)y 6%6°, + (Acc) U U

flavour-free in high-energy limit

e Define Alice and Bob'’s subsystems by particle type. At fixed \/5, 0 scattering maps within H 4 ® Hp

3 X 2 3 X 2 = 36
e Many choices for spin and kinematics subspaces, focus on

o  Benchmark scenario: Fixed CoM energy and maximally mixed state for spin; trace out spin and
integrate solid angle after scattering Initial flavour state
Tracing introduces mixed states,

S
pr=Try {/dﬂ Tr, [AT (|§> <§| ® Z14 A] } formula serves as a proxy

Max. mixed state: indep. of spin basis

14
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Analysis plan

e Work with non-local magic power as measure of ability of scattering operator to generate non-local
non-stabiliserness
Even in the high-energy limit,

1 M <—pR (1€)) ) £) € {Product qutrit stabilisers}  stabiliser basis encodes PMNS
144 7 Tr [pr (€))] dependence

e Draw 10,000 Haar-random PMNS matrices, keeping all other parameters fixed

o  How well does the SM PMNS matrix do at generating or suppressing non-local magic with respect
to this cohort of theories?

2410.05380
sin? 015 ~ Unif (0,1) sin? 6,3 ~ Unif (0, 1) First pass: Take central values
sin? @3 ~ Unif (0,1) & ~ Unif (0, 2) 015 = 33.68° 613 = 8.52°
a1 =y =0 oy — 285 517 T

15
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Is the PMNS matrix special? SM lies in the top 0.37% of
models at the top mass
/ SM good at generating NLM /

mw Mz Mmp My U

—_

O

-
|

N = 104 SMin top 8% of models at W mass ﬁ PRELIMINARY
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10! 1(\ 10°
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SM good at suppressing NLM
& PP & models at the Z mass

S
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‘ How robust is this result to different scenarios?

For example, average over solid angle after calculating NLM instead of integrating density matrix

pn=Tea {Trs |41 (10 (e g1 )4] | 75

SM percentile

N =104

mw mz mp my

v

/ (cos) M (T:’g;;'fﬁg)])

100 -

-3
t
|

ut
S
|

[\)
ot
|

o
]

viej — Vi€

Channel average

[ Exceptional at high energies,
new qutrit invariant close to
O here

S

Maximum at top mass still
visible in crossed channel

L// :  PRELIMINARY

10!

Vs [GeV]

T
103

Minimum at Z mass still present, driven by new

qutrit invariant
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04 | Conclusions
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Summary and outlook

e  We present new formulae for non-local magic in bipartite qutrit and ququint systems
e Non-local magic shows new invariant structures at higher dimensions
e Flavour can be modeled as a qutrit, and non-local magic serves as an interesting diagnostic

e Wefind thatthe non-local magicin
certain regimes, more serious statistical treatment coming

e Want to think about extensions to mixed states, exact formula for composite dimensions, more flavour
studies, applications to QCD...

19
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Pure-state example: SM percentile

Running over only pure states: vye; — vrer, VLErR — VLER, = 7r/2

1 pr (1€),0 = %)
pr="Tra [AT[6)(€[A] 1 - M (Tr [or (16,6 = 5)] )

100 - : —_—
® m ( \\ Exceptional at high
-E energies, new qutrit
% rve — ve / invariant closeto 0
S 504 VE — VE here
5}
= === channel gvarage ™~ Maximum near
= .. top mass not
w2 \\\ visible in this

0 - e ™ / L PRELIMINARY scenario
1 T T T 1 1 T I 1 1 1 T 1 § 1 LI I 1 1 1 1 T LI I
10! 109 10°

Minimum at Z mass still present, driven by

\/g [GGV] new qutrit invariant



Quantum observables for collider physics April 23 2026

| Pure-state example: Non-local magic

Running over only pure states: vye; — vrer, VLErR — VLER, — 7r/2

1 pr (1€),0 = %)
pr="Tra [AT[6)(€[A] 1 - M (Tr [or (16,6 = 5)] )

—
D)
| PRELIMINARY
% 0.6 ve — ve
@ _ _
s ve — re
o p—{ _ ‘
e 0.4 1 === channel average
E \ e —————
N [-
o S Vf
8 029 —~—— _--‘L§ 4
| ;
!
O —
S:: OO T T T T LR
101 102 103
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| status report on qugquad case

e  Onour numerical data, we find (0,2) and (1,3) Hadamard rotations on the Schmidt-aligned states fix a new
basis that seems to manifest the non-local magic |¥pair) = (Upair ® Upair) %) = Ci; |1) @ |4)

C = Upairdiag()‘()a )‘17 >\2a )‘3)UI;I;mir \

1 0 -1 0
Ao+ A2 0 Ao — Ag 0 1 01 0 -1
1[0 X4z 0 Ag— g Uoair = 7511 0 1
2| Ao — A2 0 Ao + Az 0 0 1

0
0 1
0 X—As 0 Ao+ ‘\\\\\\\\

Coefficient matrix
e Formuladerived from this ansatz

Fy = Tp3 — 6py + 168ey PRELIMINARY

e  Full proofstill in progress!
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Non-local magic power in benchmark scenario

Max NLM power reached at 0.64, recall upper limit at In(2) = 0.69

—

B}

% 0.6 YT PRELIMINARY

@F _ _
2 ve — ve

o0 0.4 ——-channel average A

% 0.2+
=

1

o

O —

S 0.0 — — ————

10! 10 10°
CC contribution is s-channel \/g [GGV] NLM power very small (~1e-3)
_i _ ik j ik j at W mass for crossed channel
A(vig — Vkel) = (Anc)j, 5ki5jl + (Aco)j) Uz'*JUkl
.. - ip 2
For NC — 0O, out state norm is independent of stabiliser set o e’
and maximally entangled = NLM =0 Pout) = V3 U®1) z:@ [m, m)
m=
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| N=6 spin-flavour pure-state example: SM percentile

Calculate full six-dimensional non-local magic power using Schmidt-based formula

— Tra [Al A _ 1 1/1 (M)
PR I‘A[ 1€) (¢ } 144><36%2 71d(c050)./\/l Tr ipn (€]
100
= 75-
=
D)
= 50 -
(@F
= 254
04 , PRELIMINARY
LI | ' LI L L | ! oo bR
10! 102 103

25



Quantum observables for collider physics

power

April 23 2026

Giorgio Busoni

| N=6 spin-flavour pure-state example: Non-local
magic power

PRELIMINARY
. viej — Vel
0.10 -
T T T
10! 102 103
1,20 regions Vs [GeV] =
Z
" [@F
044 [ PRELIMINARY
# . SM V€
S : ~ fle
= T T B s /
2029 | ™ /
i N AL
\\1' l\’/
T L T
10! 102 103

144 x 36 Z / (cosE)M (Trp[};gf@»] )

r=Tra[AT[€) (¢ A4]

037 PRELIMINARY
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ot 12 e
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