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Summary

# Particles produced in scattering and decay can become entangled in spin states

#@ similarly, isospin in flavor space can also become entangled

# pions carry isospin /=1and TT" TT nt’ are members of an Isospin triplet

# Main idea: analogy with the case of spin-1 particles but for internal isospin SU(2)

# study the quantum properties of pion iso-triplet from two- and three-pion final
states from CP conserving decays of Ks and K.

# quantum states reconstructed by using quantum state tomography in flavor space
# we will analyze: entanglement, Bell non-locality, and contextuality

# New proposal: use of trace distance of density matrices (in flavor space) to
test direct CP violations in Kaon, D- and B-mesons decays




‘Two-pion states

M. Fabbrichesi, R. Floreanini, E. Gabrielli, and
L. Marzola, Quantum-entangled pions, Phys. Rev. D
112 (2025), no. 9 L091301, [arXiv:2506.05464].

» Quantum state ‘\Ij> of two pions emerging from the Kaon decay in its rest frame :

K = 7

®» Configuration of the state determined by the condition > Q — [3 =0

Charge Isospin (3 component)
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®» Neglecting CP violation (good approximation) — set CP phases to zero

» we determine the parameter Y from isospin /=0,2 amplitudes Ar = <7T7T(]) ‘KO)
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" Entanglegment and Bell non-locality

®» Pions are in pure states so entanglement can be quantified by Entropy of entanglement

&lpl = —Trlpalogpa| = —Tr|pplogpp|

&lpl =

72 +2 ik

» Bell |0Ca|ity criteria for two qutrits IS < 2 Collins, Gisin, Linden, Massar, Popescu, PRL 88 (2002)
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» Two pions from K° decays are both entangled and non-locals!
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- Contextuality

,/

® impossibility of assigning a value to the result of a measurement of a physical property
independently of the measurement context or assigning simultaneous values to all

observables of QM system

» Bell-Kochen-Specker theorem: context-independent classical description of the predictions

of QM is indeed impossible

®» Smallest Hilbert space in which contextuality can be manifest is 3 — one quitrit
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B.C| # 0 ‘ i
A,C| =0
ACH
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| 3-level systems (qutrits)

Oi, ] = ]., 2, 3: 4,}, D »  dichotomic observables
taking values +1, -1

Oi commutes with O’i—l-l but in general not with remaining ones

These observables have to be measured in pairs {(1,2), (2,3), (3,4), (4,5), (5,1)}

0109 + 0203 + 0304 + 0405 + 0501 > —3

(01 02) + (0203) + (0O304) + (0405) + (O501) > -3

Can be represented by introducing projectors Hz — "Uz> <Uz‘ ¢ \
vectors |v;), 1 =1,...,5, with (v;|v;11) = 0 Q//  <
: \
O;=1-21I1; > ()<
- i=1




3-level systems (qutrits)

Contextuality can be tested also with 9 and 13 vectors

although with 13 vectors the test becomes independent of the state

J. Ahrens, E. Amselem, A. Cabello, and
M. Bourennane, Two fundamental experimental tests
of nonclassicality with qutrits, Scientific Reports 3

5.vectors (2013), no. 1 2170.

47 Ai\T . cos /5
v;) = ( cos ¢, sin @ cos ——, sin ¢ sin —— with cos® ¢ =

[v3) ( DB 5 ¢ 5 ) i L+cosm/5 |

P. Kurzynski and D. Kaszlikowski, Contextuality of
almost all qutrit states can be revealed with nine

g_vectors observables, Phys. Rev. A 86 (Oct, 2012) 042125.
’Ul> — (17070)T7 vQ) — (07 170)T7 US) — (O:O: 1)T7 |
’U4> — 1/\/5(09 ]-a _]-)T: U5> - 1/\/5(19 0: _\/i)Ta U6> — 1/\/5(1: \/59 O)T
| ’U7> — 1/2(\/59171)T7 Ug) — 1/2(\/59_17_1)T3 U9> — 1/2(\/57_171)1-‘ |
N N N
CNTXTy =) (L) =Y Tr(pll;) < cn,
=) =1

ee =12 g = 3 and ey3 = 4
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M. Fabbrichesi, R. Floreanini, E. Gabrielli, and

reduced density matrix for one pion state L Mol T o o ot g
[arXiv:2504.12382].
] 1 0 O
01 = 0 |’Y|2 0 ——» obtained by tracing over the
2
v|? + 2 a0 1 degrees of freedom of the other

Describe incoherent mixture of the three physical states ’ﬂ'_l_, 7V and 7~

eigenvalues of 10/3 00
2 —II=| 0 3 0
0 0 8/3

CNTXTg = » A Al <3

=1\,

eigenvalues 01

(8 |,},|2 119 5 non-contextuality violated with significance well above 56
5 if |v|” <1, @
3" +6
CNTXTg = ¢ CNTXTg = 3.014 £ 0.001
10|v|* + 17
L 3]y +6
10




: \\[

Three-pion states

coming from the decay of K

9) = ———[ |07 + |t ata) + e a®)
\/6+|F|2

.+ I ‘TTOTT07T0> -+ ‘ﬂ'oﬂ‘_’ﬂ'+> -+ ‘W_WOTT+> — ‘W_’IT+7TO>}

:density matrix 7 = \CI))(Q[)\ satisfies n? = 7

reduced density matrix on each pion state

2 0 0 | |
_ _ - 9 obtained from tracing over
M =1N- ="y = T2 +6 0 |[T[*+2 0 | — the remaining DOF of
0 0 2 two pion states
10 |I‘|2 + 54 | taken from experimental measurements

CNTXTy =

]__‘ . of the relative amplitudes and it depends
3 (6 =L |1"|2) | ~on the kinematics of final states (see next slides)
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/\ 3-level systems: entanglement

‘}gﬂi(jk) — \/2 [1 — 1T (77(23'143))] genuine multipartite entanglement
N

4 reduced density matrix

€ [n] = min {61 (23), Ca(13) C3012) }

4¢EP+3\
I'|?2 4+ 6

C1(23) = C3(12) = C2(31) =

: S. Xie and J. H. Eberly, Triangle measure of tripartite

‘ | entanglement, Phys. Rev. Lett. 127 (Jul, 2021) 040403.

Concu rrence trlangle Z.-X. Jin, Y:-H. Tao, Y.-T. GUI,. S.-M..Fel, . L1—Jqst,
and C.-F. Qiao, Concurrence triangle induced genuine

) multipartite entanglement measure, Results Phys. 44

\ (2023) 106155, [arXiv:2212.07067].

Q(Q — F103) (Q — Faps) (@ — Baany) /T +3
F34\/ 3 : Q §) |F|2—|—6

T|” + 3
(IT|? + 6)2 0 < F3 <1

F3 = 16 Q= ) (%12(23) + E0”22(13) + %32(12))
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/ 3-level systems: Bell non-locality (3 qutrits)

B = Ay @By Cy+ Ag®@ By ®Cy + Ag @ By ® C
+ A1 By RCyg— A1 R BL®C] — Ay ® B ® C
— A1 ®ByR(C, — A1 ® B ® Cy,

G. Svetlichny, Distinguishing three-body from two-body

Wlth COndItIOH nonseparability by a bell-type inequality, Phys. Rev. D
35 (May, 1987) 3066—3069.

A2 — B2 — O’% — :l]_ M. Seevinck and G. Svetlichny, Bell-type inequalities for

3 partial separability in n-particle systems and quantum
mechanical violations, Phys. Rev. Lett. 89 (Jul, 2002)
060401.

Bell mequallty for a tripartite system
— Ir [77 @’] < 4 Svetlichny inequality

maximization matrices within 1% ™ Max value of Ql\/l = 4\/5

8 4 1

Ap = —B1 = —Cp = % —gg —9% I' = 1.372—— give the maximum
1 _4 8 value
9 9 9 ﬂ
8 £ 2 Max value

Ay =By=-C1=| -3 -1 3 '/

kil U A T} = 4.569

9 9 9 )




How to determine the value of relative amplitude weight T°

Using Chiral Perturbation Theory

A(KL = 70°) = 3(an + a) + 3G — 260 (42 + 52°)

3
1
AK, = 7°n7m) = (on+as) = (B + Ba)y + (G — 2Gs) (92 T 3332)
1
o628 (92 _ 3932)
- )
v jni+1 7 S?n?:o si = (pj +pr)°

Values and relative uncertainties of O¢; , Cia 5@ and 63

taken from best fit of J. Bijnens, P. Dhonte, and F. Borg, K —> 3 pi decays
in chiral perturbation theory, Nucl. Phys. B 648 (2003)

317-344, [hep-ph/0205341].
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I' = 2.600 & 0.008- ——» Inside allowed region of Dalitz plot

benchmark value

9 Entanglement is quantified and it is well above 50

M. Fabbrichesi, R. Floreanini, E. Gabrielli, and
L. Marzola, Quantum-entangled ptons, Phys. Rev. D
112 (2025), no. 9 L091301, [arXiv:2506.05464].

evel

€[n] = 0.979 + 0.001 Fy = 0.959 + 0.002

™

/

9 Non-contextuality and Bell locality are all violated well above 5G level

’/'

N

CNTXTg = 3.177 + 0.001 5 = 4.257 £ 0.003
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Measuring CP violations
using Quantum state Tomography

M. Fabbrichesi, R. Floreanini, E. Gabrielli, and
L. Marzola, Measuring CP violation using quantum
state tomography, arXiv:2512.07939.

|m0n0) | k)

bar — CP-conjugated states

=l

| |
[mta) J | |h-)

J

D difference between a state and its CP-conjugated partner can be measured by

Trace distance

P (p. ) = 5T/ (p— P)i(p— p)

16



D Analyze direct CP violations in the KL decay using the density matrices Trace distance

O Start with the quantum pion states coming from the decays of

|K0> : W) = & :|¢7r+ (D) Y= (—D)) + |Vr— (D) Yrt (—D))

R (W) =& [lee D e () + i () s ()

\

+ &3 |10 (B) Yo (—F))
+ & [0 (7) oo (=)

/
/

corresponding density matrices 5 = |\Ij3><qj3| and ps
SENEY

using the basis: 7+ = (1,0,0)?, 7 = (0,1,0)" and 7= = (0,0,1)*

W) (W3]

(3|U3)

/00 0 0 0 0 0

o0 0 O 0 0 0

0 0 &> 0 && 0 |&af

i 00 0 0 0 0 0
PEEPER | o o e g e
0 0 [&?> 0 && 0 &

o0 0O 0 0 0 0

\0 0 0 0 0 0 O

s v o i i e (s e

ol o Y e (Y e [ s U o s (s Y |

\
\.
N\
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‘Quantum entangled pions redux

p including CP-violations effects

0 Uﬁ K
From the decay of /X g ﬁw = ||(ZT+77;—||£WV;||K1>)|| = 0.9349 £ 0.0011

A0 4

CNTXT, = al 2+ 1 3,015+ 0.001 T3 = Tr |[%Bp| = 2.894 £+ 0.001
3" +6
1 WP+2>
Elp) = ?1 +21 > +2) | =1.097 & 0.001
1= g P1oe (D) + 210 (1 +2)|

| 00| Loy | K
From the decay of K 1 ﬁ Y| = ||<<,:+§_|| £”;J| K?)" — 0.930 £ 0.002

\ } %

CNTXTo = 3.016 £ 0.001 T3 = 2.895 + 0.001 &[p] = 1.096 = 0.001

- ’/’

U also the two pions state from the KL decay exibits comparable quantum entanglement, as well as
non-contextuality and Bell non-locality violations. 18



s
(7| Ly | K L) (mt | Lo | K1) Moo = [1700]¢°°

< 07[0|£W|KS> (7‘ ’71_|£W|K3> M- = [n4—|et?+-
= (14 ! |€|2 T | Lw K ! |€|2 T | Lw|K
(1 4 100) Lt Jef (m°7°| Lw | Ks) &=l ) Lt |el (7| Lw | Ks)
— — p— - T
52 100 Va(lte | Lw|Kg), 9 100 Vo (l_9) ™ | Lw|Kg

- Ak v = (0.9357 £+ 0.0010) + 4 (0.0670 + 0.0010)

e = (2.280 4 0.013) x 1073 !™/* — Indirect CP violation parameter

M. Fabbrichesi, R. Floreanini, E. Gabrielli, and parameter Value
L. Marzola, Measuring CP violation using quantum
state tomography, arXiv:2512.07939. |’I’]00| (2220 + 0011) X 10_3
74| (2.232+0.011) x 10~3
. L . Poo (43.52 + 0.05)°
Direct CP violation tested at a significance of about 7.20 by (43.51 + 0.05)°

[m00/14— | 0.9950 =+ 0.0007
7" (ps, ps)| = (1L10£0.14) x 1077 =

19



CP violation with SU(3) octet pions

B wA KN
m=| = /v2  n/V6-=°/v2 K°/V2
K~ /V2 K°/V2  —=V2/3n)

Two pions states

108 = € [0 () Y (=) + o () o ()] + 2 15007 () + [ 70 i (— )
+ & [laer (B) Vi (D)) + i ) e (=B)) | + &s | [0 (B) Yo (—B)) + o (B) @ oo (=)
+ & |[0rcs () Y (<)) + [n- () s (=0 | + & |- (B) s (=9)) + [+ (B) - (=)
+ s |[9k0 (B) Yro (=B)) + ltoro (B) Yo (7)) | + 0 |Ik0 (B) woro (7)) + e (B) Yo (—5)
+ €10 |[n0(B) Y (—B)) + [9(B) Yo (=B)}| + 11 | [0 (B) (=) + [0on (@) W0 (~ 5|
Density matrices: P8 = |(lI:I!88>|<lIf\I;8)| and  pg = k%i%j

20



: From B meson decays

M. Fabbrichesi, R. Floreanini, E. Gabrielli, and

Decay BR ( X 10_5) Asymmetry \ Marzola, Measuring CP wviolation using quantum
| state tomography, arXiv:2512.07939.
B — 7979 0.155 + 0.017 C.o.0 =—0.254+0.20
BY > gtq— 0.537 + 0.020 C +.—- =—0.314 + 0.030*
BY — K2K2  0.121 £0.016 Crogo =0.0£0.4
S S
B - KtK— 0.0078 4+ 0.0015 -
BY — 7K} 1.01 + 0.04 Croxg = 0.00 +0.08
B 5 1~ K+ 2.00 + 0.04 Acp(K—7T) = —0.0831 &+ 0.0031*
BY — 7% 0.041 4+ 0.017 -
B — Kln 0.123 + 0.027 -
B — < 0.1 -

/éa[pg} = 1.670 == 0.008 , &'|ps) = 1.667 = 0.008

748 2 — 0.11 + 0.02
(108& p8) Cp

Trace distance does not vanish with at a significance of about 5.50 .



From C

 meson decay

M. Fabbrichesi, R. Floreanini, E. Gabrielli, and

state tomography, ar¥iv:2512.07939.

L. Marzola, Measuring CP violation using quantum

Decay BR (x1072) Asymmetry
DO — 7970 0.0826 & 0.0025 Acp(n79) = 0.000 & 0.006
D — ntn 0.1453 +£0.0024 Agp(ntm~) = 0.0013 £ 0.0014
DY — KSKY%  0.0141 £0.0005 Acp(KZK2) = —0.011+0.019
D’ — KtK~ 04084+ 0.006 Acp(KTK)=(4£5)x10"*
DY — K¢ 1.2404+0.022  Acp(r°KY) = —0.0020 & 0.0017
DO — gt K- 3.945 £+ 0.03 Acp(rtK~) = 0.002 £ 0.005
DY —» =K+ 0.0150£0.0007 Acp(r~KT)=—0.009 % 0.014
DY — K2n 0.434 £+ 0.016 Acp(KZn) = 0.005 £ 0.005
DY — nn 0.211 % 0.019 —
T _ —3
9 (pg, pg) op — (3.31 1.02) x 10 :

Trace distance does not vanish with at a significance of about 3.30

22




Conclusions

As for the spin, also the Flavor ( SU(2) or SU(3) ) can be entangled

we considered bi- and tri-partite systems of pions from the neutral Kaon decays
quantum state tomography (QST) used to reconstruct the Flavor quantum state
we found that these states are entangled, non-contextual and Bell non-locals

QST used also to test CP violations in Kaon and B meson decays in two pions

The trace distance for the density matrices of quantum states and their CP-
conjugated ones offers alternative powerful method to test direct CP violations.

We show that direct CP violation in two pions systems can be tested with
7.2 ¢ significance from neutral Kaon decays

We have also explored D and B meson decays in two pions states from SU(3)
pions octect, and tested direct CP violations, although with much less significance

than in the Kaon sector.
23
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