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Motivation: spin polarization/spin 
hydrodynamics



Observation of  global spin polarization provided 
evidence of QGP vortical structure.

Λ(Λ̄)

Shows decreasing behavior with increase in .sNN
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132301

PRL 131, 202301 
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Spin polarization 
along the beam 
may result from 
the transverse 

plane flow 
structure.
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Beside the conservation of energy-momentum tensor, it has an additional 
conservation of total angular momentum

Conservation of total angular momentum gives

̂Jλμν = xμ ̂Tλν − xν ̂Tλμ + ̂Sλμν

∂λ
̂Jλμν = 0 ⟹ ∂λ

̂Sλμν = ̂Tνμ − ̂Tμν

∂αJα,βγ = 0

∂αNα = 0 , ∂αTαβ = 0

Due to the evidence of spin polarization, there has been huge interest in the 
formulation of rel. fluid dynamics with spin
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One obtains new pair of  and  using  
and  through pseudo-gauge transformation.

̂Tμν ̂Sλ,μν ̂Tμν
Can

̂Sλ,μν
Can

But the conserved charges 
do not change 

F. W. Hehl Rept.Math.Phys. 9 (1976) 55-82

σμν = (i/2)[γμ, γν]

Florkowski, Kumar, Ryblewski 

Prog.Part.Nucl.Phys. 108 (2019) 103709

̂Sλ,μν = ̂Sλ,μν
Can − Π̂λ,μν + ∂ρΥ̂μν,λρ

̂Tμν = ̂Tμν
Can +

1
2

∂λ(Π̂λ,μν + Π̂ν,μλ + Π̂μ,νλ)

Π̂λ,μν = − Π̂λ,νμ

Υ̂μν,λρ = − Υ̂νμ,λρ = − Υ̂μν,ρλ

Groot, Leeuwen, Weert, Relativistic Kinetic Theory. Principles and 
Applications. North Holland, 1, 1980

But definitions of  and  are not unique.̂Tμν ̂Sλ,μν

QFT, Itzykson and Zuber (Saclay 1980)

Speranza, Weickgenannt, Eur.Phys.J.A 57 
(2021) 5, 155

canonical currents using Noether theorem
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Hence, the dynamical meaning of the spin tensor/angular momentum is still not 
clear.

For a fluid in local thermodynamic equilibrium, the quantum state of a system is 
also not invariant under pseudogauge transformations

It seems that the physical measurements depend on pseudogauge

Becattini, Daher, Sheng, PLB 850 
(2024) 138533
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Based on the requirement of the positivity of local entropy production rate, there 
are many formulations that derive constitutive relations of spin hydrodynamics

where entropy current is obtained from an educated guess of the 
thermodynamic relations

dp = sdT + ndμ +
1
2

Sμνdωμν

Ts + μn = ρ + p −
1
2

ωμνSμν

Becattini, Daher, Sheng, PLB 850 
(2024) 138533
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Rather than assuming a form, can one derive the form of entropy current from 
first principle?

Becattini, Daher, Sheng, PLB 850 
(2024) 138533
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Rather than assuming a form, can one derive the form of entropy current from 
first principle?

Yes, using the quantum statistical method

Becattini, Daher, Sheng, PLB 850 
(2024) 138533
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One may also wonder, whether the relations are complete for the case of spin 
hydrodynamics?

Rather than assuming a form, can one derive the form of entropy current from 
first principle?

Yes, using the quantum statistical method

dp = sdT + ndμ +
1
2

Sμνdωμν

Ts + μn = ρ + p −
1
2

ωμνSμν

∂p
∂μ T,ω

= n

∂p
∂ωλν T,μ

= Sλν

∂p
∂T μ,ω

= s

Becattini, Daher, Sheng, PLB 850 
(2024) 138533
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One may also wonder, whether the relations are complete for the case of spin 
hydrodynamics?

Rather than assuming a form, can one derive the form of entropy current from 
first principle?

Yes, using the quantum statistical method

It seems no!

dp = sdT + ndμ +
1
2

Sμνdωμν

Ts + μn = ρ + p −
1
2

ωμνSμν

∂p
∂μ T,ω

= n

∂p
∂ωλν T,μ

= Sλν

∂p
∂T μ,ω

= s

Becattini, Daher, Sheng, PLB 850 
(2024) 138533



Methodology: local equilibrium 
density operator



Entropy and thermodynamic potential current
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In the quantum statistical description of a rel. fluid,  is obtained by 
maximizing entropy 

ρLE
(S) S = − Tr ( ̂ρ log ̂ρ)

̂ρLE =
1

ZLE
exp(−Υ̂)

=
1

ZLE
exp (−∫Σ

dΣμ ( ̂Tμνβν − ζ ̂jμ −
1
2

Ωλν
̂Sμλν))

dΣμ = dΣ nμ

βν = uν /T

ζ = μ/T

Ωμν = ωμν /T
where LE values are defined as: XLE ≡ Tr ( ̂ρLEX̂) − ⟨0 | X̂ |0⟩

Becattini, Daher, Sheng, PLB 850 
(2024) 138533

non-degenerate lowest lying state of Υ̂



Entropy and thermodynamic potential current
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In global equilibrium, these Lagrange multipliers become

βμ = bμ + ϖμν xν with b, ϖ, ζ being constants

Ω = ϖ
βν = uν /T

ζ = μ/T

Ωμν = ωμν /T

Becattini, Daher, Sheng, PLB 850 
(2024) 138533



Entropy and thermodynamic potential current
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If,  is bounded from below and lowest 

lying eigenstate  is non-degenerate

Υ̂ = ∫Σ
dΣμ ( ̂Tμνβν − ζ ̂jμ −

1
2

Ωλν𝒮̂μλν)
|0⟩

then,  can be proved to be extensive, i.e.log ZLE

Becattini, Rindori, PRD 99, 125011 
(2019)

log ZLE = ∫Σ
dΣμ ϕμ − ⟨0 | Υ̂ |0⟩

= ∫Σ
dΣμ [ϕμ − ⟨0 |( ̂Tμνβν − ζ ̂jμ −

1
2

Ωλν𝒮̂μλν) |0⟩]

Becattini, Daher, Sheng, PLB 850 
(2024) 138533

ϕμ = ∫
T(x)

0

dT′￼

T′￼2 (Tμν
LE(x)[T′￼, μ, ω]uν(x) − μ(x)jμ

LE(x)[T′￼, μ, ω] −
1
2

ωλν(x)𝒮μλν(x)[T′￼, μ, ω])



Entropy and thermodynamic potential current
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Once,  is knownϕμ

entropy current is: βν = uν /T

ζ = μ/T

Ωμν = ωμν /T

sμ = ϕμ + Tμν
LEβν − ζjμ

LE −
1
2

Ωλν𝒮μλν
LE

S = − Tr ( ̂ρLE log ̂ρLE) = log ZLE + ∫Σ
dΣμ (Tr ( ̂ρLE

̂Tμν) βν − ζTr ( ̂ρLE
̂jμ) −

1
2

ΩλνTr ( ̂ρLE𝒮μλν))
= ∫Σ

dΣμ (ϕμ + Tμν
LEβν − ζjμ

LE −
1
2

Ωλν𝒮μλν
LE )

Becattini, Daher, Sheng, PLB 850 
(2024) 138533



Entropy and thermodynamic potential current
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However, in global equilibrium,  is defined more generallysμ

where

sμ = ϕμ + Tμνβν − ζjμ −
1
2

Ωλν𝒮μλν

ϕμ = ∫
T

0

dT′￼

T′￼2 (Tμν[T′￼]uν − μjμ[T′￼] −
1
2

ωλν𝒮μλν[T′￼])

Becattini, Daher, Sheng, PLB 850 
(2024) 138533



Results: modified thermodynamic 
relations due to spin



Local thermodynamic relations
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Contracting  with  gives local thermodynamic relations sμ uμ

Defining: 

Ts + μn = ρ + p −
1
2

ωμνSμνwe get

 valid in global equilibrium←

βν = uν /T

ζ = μ/T

Ωμν = ωμν /T

s ≡ sμuμ = ϕ ⋅ u +
1
T

ρ − ζn −
1
2

Ωλνuμ𝒮μλν ≡ ϕ ⋅ u +
1
T

ρ −
μ
T

n −
1
2

ΩλνSλν

where ρ = uμuνTμν, n = uμ jμ

p ≡ T ϕ ⋅ u

Becattini, Daher, Sheng, PLB 850 
(2024) 138533



Local thermodynamic relations
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Using , one obtains ϕμ p

∂p
∂μ T,ω

= n
∂p

∂ωλν T,μ
= SλνBut do these relations hold in 

general?

p = T ϕ ⋅ u = T∫
T

0

dT′￼

T′￼2 (uμTμν[T′￼]uν − μuμ jμ[T′￼] −
1
2

ωλνuμ𝒮μλν[T′￼])

whence the following relation can be readily 
obtained

∂p
∂T μ,ω

= s

= T∫
T

0

dT′￼

T′￼2 (ρ[T′￼] − μn[T′￼] −
1
2

ωλνSλν[T′￼])



Local thermodynamic relations

21

We shall see that for a system of massless free fermions with rotation and 
acceleration at global equilibrium

∂p
∂μ T,ω

= n
∂p

∂ωλν T,μ
≠ Sλν



Local thermodynamic relations
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We have pressure defined as:

p = Tϕμuμ = T∫
T

0

dT′￼

T′￼
2 (Tμν

Can[T′￼]uνuμ − μuμ jμ[T′￼] −
1
2

uμωλνS
μλν
Can[T′￼])

where:

uμuνT
μν
Can =

7π4 + 30π2ζ2 + 15ζ4

60π2β4
−

α2(π2 + 3ζ2)
24π2β4

−
17α4

960π2β4
−

w2(π2 + 3ζ2)
8π2β4

+
23α2w2

1440π2β4
+

w4

64π2β4
+

11(α ⋅ w)2

720π2β4

μuμ jμ =
μζ

β2 ( π2 + ζ2

3π2β2
−

α2

4π2β2
+

w2

4π2β2 )
uμωλνS

μλν
Can = −

1
2

ϵμλνρuμωλνwρ
1

β2 β2 ( 1
6

+
ζ2

2π2
−

w2

24π2
−

α2

8π2 )

αμ =
ωμν

T
uν, wμ = −

1
2

ϵμνρσ
ωνρ

T
uσ

Andrea Palermo PHD thesis

Palermo, Buzzegoli, Becattini, 
JHEP 10 (2021) 077

w2 = ω2/T2, α2 = a2/T2

Becattini, Singh EPJC 85 (2025) 
1338



Local thermodynamic relations
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After removing vacuum terms 
(temperature independent)

p =
7π2T4

180
+

1
6

μ2T2 −
a2

24
T2 −

ω2

24
T2

∂p
∂μ T,ω

=
1
3

μT2 = n

Becattini, Singh EPJC 85 (2025) 
1338



Local thermodynamic relations
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p =
7π2T4

180
+

1
6

μ2T2 −
a2

24
T2 −

ω2

24
T2 a2 = ωαβωαγuβuγ, ω2 =

1
4

ϵμδρσϵμαβγωδρωαβuσuγ

∂p
∂ωλν T,μ

=
∂p
∂a2

∂a2

∂ωλν
+

∂p
∂ω2

∂ω2

∂ωλν

= −
T2

12 (a
∂a

∂ωλν
+ ω

∂ω
∂ωλν )

= −
T2

12 (aρuσδλν
ρσ + ωρ (−

1
2

ϵραβγuγ) δλν
αβ)

∂p
∂ωλν T,μ

=
T2

12 (aνuλ − aλuν + ϵλνργωρuγ) =
T2

12 (aνuλ − aλuν) + Sλν

Sλν = uμ𝒮μλν

Becattini, Singh EPJC 85 (2025) 
1338



Summary
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It seems that thermodynamic relations are not fully appropriate in 
deriving divergence of entropy current

dp = sdT + ndμ +
1
2

Sμνdωμν

Ts + μn = ρ + p −
1
2

ωμνSμν

For a system of massless free fermions with rotation and 
acceleration at global equilibrium

Employed a quantum-statistical approach to derive the entropy 
current without assuming the traditional local thermodynamic 

relations

Differential relations,  and  may not be true 

in general

∂p
∂μ T,ω

= n
∂p

∂ωλν T,μ
= Sλν

∂p
∂ωλν T,μ

=
T2

12 (aνuλ − aλuν) + Sλν

We also shown for 
massive free fermions, 

see 2506.20681 

https://arxiv.org/abs/2506.20681


Thank you for listening!
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