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1960’s experiment by Raymond 
Davies at the Homestake mine in 
South Dakota revealed the “Solar 
neutrino problem”:

1. Why do neutrinos have masses?

νe → νµ

νe → ντ

Reason for this:

Neutrinos,      produced in the 
sun “vanished” before reaching 
the earth!

νe

 Neutrino oscillations       neutrino mixing       neutrino masses!
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Shock! Standard Model wrong?

Can’t be! Many discoveries from it!

Need “New physics” to explain neutrino masses

Invent a new model. Modify the standard 
model as little as possible.

3/6
Thursday, August 30, 2012



Majorana: 
Neutrinos own antiparticles          
       Non-renormalizable 
dimension 5 operator:

Effective field theory:  
       large cut-off scales                
       naturally small masses.  

(φτ2ψL)C(φτ2ψL)

2. How do neutrinos get masses?
Dirac or Majorana neutrinos?

Dirac: 
Yukawa type coupling with right-
handed neutrino(s) and Higgs:

Not favorable: Can not explain 
the small neutrino masses. 
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N̄RφψL + h.c.
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Majorana neutrinos:
See-saw mechanism, Type I, canonical:

Chapter 5

The see-saw mechanism

The see-saw mechanism assumes that there is some unknown physics beyond the cutoff scale

Λ generating higher dimensional operators at scales much below Λ. The operator needed in

the see-saw mechanism, and the lowest dimensional operator beyond the Standard Model, is

the dimension 5 operator,

O5 = 1
M

(φτ2ψ)TC(φτ2ψ), (5.1)

where M is the cutoff scale of the effective field theory.

In the minimal standard electroweak model there exists three types of see-saw models, leading

to this effective operator at tree-level, using only renormalizable interactions. The standard

model lepton doublet ψ = (νL, lL)T and the Higgs doublet φ = (φ+,φ0)T are used in all three

models, and interact in the following ways:

The type I see-saw mechanism, also known as the canonical see-saw mechanism, introduces

two or more right-handed neutrinos, NRa. In this type, the lepton doublet and the Higgs

doublet couple to form a fermion singlet as can be seen in figure 5.1[51].

Figure 5.1: Type I see-saw mechanism [51].

In the type II see-saw mechanism, a heavy Higgs triplet is introduced, ξ = (ξ++, ξ+, ξ0). Two

lepton doublets form in this case the scalar triplet as can be seen in figure 5.2.

Finally, in the type III see-saw mechanism, a heavy Majorana fermion triplet Σ is introduced.
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Chapter 6

Radiative loop corrections

6.1 The Zee Model

The dimension 5 operator can also originate from radiative loop corrections. In the Zee model,

the electroweak sector of the Standard Model is extended with an extra charged scalar field,

which transforms as a singlet under SU(2) and couples to the lepton and Higgs doublets [61].

To preserve gauge invariance, h+
can not acquire a vacuum expectation value, only Higgs

doublets φ break symmetry spontaneously. The Majorana neutrinos can thus couple to this

newly introduced scalar field and generate the dimension 5 operator. The new charged scalar

field has lepton number 2. Lepton number is therefore broken in the coupling with the Higgs

doublets.

A radiative contribution as seen in figure 6.1, generates the neutrino mass matrix.

Figure 6.1: Zee model

The coupling between two left handed doublets and the charged Higgs singlet gives the fol-

lowing contribution to the Lagrangian:

fac(ψiaLCψjcL)�ijh+ h.c, (6.1)
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Zee model, radiative loop correction:
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3. What are the masses?
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Nature comes in 3!

νe, νµ, ντ
My research: Frobenius group! 

Convenient Irreducible Representations:

4.1. The Frobenius group T13 = Z13 � Z3

The Higgs doublets ξ1 and ξ2 may or may not be identical and there can be as many as needed

to carry out the model building [49].

4.1 The Frobenius group T13 = Z13 � Z3

4.1.1 The family group

The Frobenius group T13 is a subgroup of SU(3) generated by two elements a and b, such

that a13 = I, b3 = I and ba = a3b. All elements g of T13 can be written as g = ambn with

0 ≤ m ≤ 12 and 0 ≤ n ≤ 2. Thus, the group has 13 · 3 = 39 elements and 7 conjugacy classes

given by

C1 : {e},

C(1)
13 : {b, ba, ba2, ... , ba11, ba12},

C(2)
13 : {b2, b2a, b2a2, ... b2a11, b2a12},

C31 : {a, a3, a9},

C3̄1 : {a4, a10, a12},

C32 : {a2, a5, a6},

C3̄2 : {a7, a8, a11}. (4.9)

From Σid2i = 39, where di are the dimensions of the 7 irreducible representations and from

Σimi = 7, where mi is the number of IR with dimension di, we see that the group consists of

three 1 dimensional irreducible representations 1,1� and 1̄� and four 3 dimensional irreducible

representations, 31, 3̄1,32 and 3̄2, since

m1 + 4m2 + 9m3 + ... = 39, (4.10)

m1 +m2 +m3 + ... = 7, (4.11)

⇒ (m1,m2,m3) = (3, 0, 4). (4.12)

Explicitly, for 1� and 1̄�, b is represented respectively by ω and ω2
and a by 1, where ω = e 2πi

3

is the cube root of the identity.

Another way of defining the group T13 = Z13 � Z3 is to demand that for any element b of Z3
on any element a of Z13 [50], we have

bab−1 = ar, (4.13)

r3 = 1 + 13n⇒ r = 3, (4.14)
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Fits exactly with tribimaximal mixing describing neutrino mixing at close approximation.

C. Hartmann and A. Zee, Nucl. Phys. B 853, 105 (2011) [arXiv:1106.0333[hep-ph]]

C. Hartmann, Phys. Rev. D 85, 013012 (2012) [arXiv:1109.5143[hep-ph]]
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The Frobenius group 

Semi-direct product:

Subgroup of SU(3)

Presentation:

Irreducible Representations:
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4.1. The Frobenius group T13 = Z13 � Z3

so that

bab−1 = a3, (4.15)

(r �= 1 is indeed what the symbol � means). The Frobenius group T13 thereby has the

presentation

�a, b | a13 = b3 = I, bab−1 = a3�. (4.16)

Also

bab−1 = a3 ⇒ a = b−1a3b⇒

a9 = a8b−1ab = b−1a27b = b−1ab, (4.18)

ab2 = b3ab2 = b3ab−1 = b2bab−1 = b2a3. (4.19)

The representation of the Z3 generator in 3 dimensions is given by

b =




0 1 0
0 0 1
1 0 0



 , (4.20)

We can construct the representations of the Z13 generators by inducing them from the rep-

resentations of the subgroups Z13 and Z3 [50]. In 1 dimension, the generator of Z13 has the

representation a = ρk = e2πik/13
where ρ13 = 1, which acts on the 1 dimensional Hilbert space

spanned by the complex numbers z. So, for every element of Z13, these numbers transform as

a : z → az = ρkz. (4.21)

We can then define a set of elements (g, z) with g ∈ T13 and z ∈ Hilbert space of Z13. The

coset is made from the elements of T13, which are not in Z13, namely the elements of Z3,

(e, z), (b, z), (b2, z).

Letting the generators of T13 act on this coset, the representations of these generators can be

found. Using the relations in (4.18) and (4.19), the representations of a follow from

a(e, z) = ρk(e, z), (4.22)

a(b, z) = (ab, z) = (ba9, z) = ρ9k(b, z), (4.23)

a(b2, z) = (ab2, z) = (b2a3, z) = ρ3kb2, z, (4.24)

giving the 3 dimensional representations

a =




ρk 0 0
0 ρ3k 0
0 0 ρ9k



 . (4.25)

The group T13 has two such generators with k = 1, 2 corresponding to 31 and 32,

a1 =




ρ 0 0
0 ρ3 0
0 0 ρ9



 , (4.26)
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ρ 0 0
0 ρ3 0
0 0 ρ9



 , (4.26)
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and

a2 =




ρ2 0 0
0 ρ6 0
0 0 ρ5



 , (4.27)

with corresponding complex conjugates,

a∗1 =




ρ12 0 0
0 ρ10 0
0 0 ρ4



 , (4.28)

and

a∗2 =




ρ11 0 0
0 ρ7 0
0 0 ρ8



 . (4.29)

To find the Kronecker products and the Clebsch-Gordan decompositions of the irreducible
representations, it is convenient to use the fact, that the Frobenius group is a subgroup of
SU(3), and exploit the well-known properties of SU(3). Denote the 3-component vector of the
defining representation 3 by ψµ, with µ = 1, 2, 3, and the vector of the conjugate representation
3̄ by ψµ = (ψµ)∗. In SU(3), we have

3⊗ 3 = 3̄⊕ 6, (4.30)
as indicated by

ψµψν ∼ ψµν ∼ ψµν�µνλ + ψ{µν} ≡ ψ[µν] + ψ{µν}. (4.31)
Under the action of a generator c, ψµν transforms as follows:

ψ�µν = cµσcνρψσρ. (4.32)

To find the decomposition of 31⊗ 31, we use the generators a1 and b to determine how ψ{µν}
decomposes.

Consider the diagonal elements ψ{11},ψ{22},ψ{33}. Under b, they transform as

ψ{11} → ψ{22} → ψ{33} → ψ{11}, (4.33)
while under a1, they transform as

ψ{11} → ρ2ψ{11}, ψ{22} → ρ6ψ{22}, ψ{33} → ρ5ψ{33}. (4.34)

Thus they form a 32 representation according to (4.27):




ψ{11}

ψ{22}

ψ{33}





32

. (4.35)

Next, consider the off-diagonal elements of the symmetric representation ψ{µν}. Under b they
transform as

ψ{12} → ψ{23} → ψ{31} → ψ{12}. (4.36)
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4.1. The Frobenius group T13 = Z13 � Z3

The Higgs doublets ξ1 and ξ2 may or may not be identical and there can be as many as needed

to carry out the model building [49].

4.1 The Frobenius group T13 = Z13 � Z3

4.1.1 The family group

The Frobenius group T13 is a subgroup of SU(3) generated by two elements a and b, such

that a13 = I, b3 = I and ba = a3b. All elements g of T13 can be written as g = ambn with

0 ≤ m ≤ 12 and 0 ≤ n ≤ 2. Thus, the group has 13 · 3 = 39 elements and 7 conjugacy classes

given by

C1 : {e},

C(1)
13 : {b, ba, ba2, ... , ba11, ba12},

C(2)
13 : {b2, b2a, b2a2, ... b2a11, b2a12},

C31 : {a, a3, a9},

C3̄1 : {a4, a10, a12},

C32 : {a2, a5, a6},

C3̄2 : {a7, a8, a11}. (4.9)

From Σid2i = 39, where di are the dimensions of the 7 irreducible representations and from

Σimi = 7, where mi is the number of IR with dimension di, we see that the group consists of

three 1 dimensional irreducible representations 1,1� and 1̄� and four 3 dimensional irreducible

representations, 31, 3̄1,32 and 3̄2, since

m1 + 4m2 + 9m3 + ... = 39, (4.10)

m1 +m2 +m3 + ... = 7, (4.11)

⇒ (m1,m2,m3) = (3, 0, 4). (4.12)

Explicitly, for 1� and 1̄�, b is represented respectively by ω and ω2
and a by 1, where ω = e 2πi

3

is the cube root of the identity.

Another way of defining the group T13 = Z13 � Z3 is to demand that for any element b of Z3
on any element a of Z13 [50], we have

bab−1 = ar, (4.13)

r3 = 1 + 13n⇒ r = 3, (4.14)
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5

a∗
1 =




ρ12

0 0

0 ρ10
0

0 0 ρ4



 , (17)

a∗
2 =




ρ11

0 0

0 ρ7
0

0 0 ρ8



 , (18)

and b by

b =




0 1 0

0 0 1

1 0 0



 , (19)

where ρ = e
2πi
13 is the 13

th
root of the identity.

To find the Kronecker products and the Clebsch-Gordan decompositions of the irreducible

representations, denote the 3-component vector of the defining representation 3 by ψµ
, with

µ = 1, 2, 3, and the vector of the conjugate representation 3̄ by ψµ = (ψµ
)
∗
. In SU(3), we have

3⊗ 3 = 3̄⊕ 6, (20)

as indicated by

ψµψν ∼ ψµν ∼ ψµν�µνλ + ψ{µν}. (21)

Under the action of a generator c, ψµν
transforms as follows:

ψ�µν
= cµ

σcν
ρψ

σρ. (22)

The Kronecker products are listed in table 2 and the Clebsch-Gordan decompositions in table

3.

1� ⊗ 1�
= 1̄�

1̄� ⊗ 1̄�
= 1�

1� ⊗ 1̄�
= 1

31 ⊗ 31 = 3̄1 ⊕ 3̄1 ⊕ 32

32 ⊗ 32 = 3̄2 ⊕ 3̄1 ⊕ 3̄2

31 ⊗ 3̄1 = 1⊕ 1� ⊕ 1̄� ⊕ 32 ⊕ 3̄2

32 ⊗ 3̄2 = 1⊕ 1� ⊕ 1̄� ⊕ 31 ⊕ 3̄1

31 ⊗ 32 = 3̄2 ⊕ 31 ⊕ 32

31 ⊗ 3̄2 = 3̄2 ⊕ 31 ⊕ 3̄1

32 ⊗ 3̄1 = 32 ⊕ 31 ⊕ 3̄1

Table 2: T13 = Z13 � Z3 Kronecker products

2.4 The mixing matrix

The charged lepton masses are generated by the dimension-4 operator :

O4 = ψ̄LφlR, (23)

with φ the Higgs doublet, ψ the lepton doublet and lR the charge conjugated lepton. The mass

terms for the neutrinos ν and charged leptons l in the Lagrangian can be written as:

Lmass = −l̄Lα(Ml)αβlRβ −
1

2
νT

Lα(Mν)αβνLβ + h.c, (24)

where α,β denote the flavour indices e, µ, τ . The masses are then obtained by finding the

eigenvalues of the mass matrices through diagonalization:

8
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Mν ∼ �φ�2



0 1 0
0 0 1
1 0 0



M−1
R




0 0 1
1 0 0
0 1 0



 . (5.39)

The form of MνA can be obtained by choosing the following vacuum expectation values for

the neutral component of the two scalar singlets and the Higgs doublet in the diagonal case,

�φ� = v




1
1
1



 , �χ� = u1




0
1
0



 , �ξ� = u2




1
1
1



 , (5.40)

and in the off-diagonal case,

�φ� = v




1
1
1



 , �χ� = u1




0
0
1



 , �ξ� = u2




1
1
1



 . (5.41)

After symmetry breaking with these vacuum alignments, the neutrino mass matrix will in

both cases be given by

Mν = −MTDM−1
R MD = 1

x3u3
2 − xy2u2u2

1




x2u2

2 0 −xyu1u2
0 −y2u2

1 + x2u2
2 0

−xyu1u2 0 x2u2
2



 , (5.42)

which has the desired shape of (5.36). Note, however, the constraint γ = α− β2

α , so that the

form of the mass matrix is now more constrained:

MνA ∼




α 0 β

0 α− β
2

α 0
β 0 α



 . (5.43)

The possible choices for assigning representations to the various fields have now been exhausted

leading to only a single possible neutrino mass matrix. The result can now be explored.

5.5.1 Predictions

The result of this paper is that the neutrino mass matrix can have a single shape that is highly

constrained, and depends on only two parameters:

MνA ∼




α 0 β

0 α− β
2

α 0
β 0 α



 . (5.44)

Taking into account the experimental knowledge about neutrino masses, the model allows

some predictions. The eigenvalues of the mass matrix are given by

m1 = α+ β, m2 = α− β
2

α
, m3 = α− β. (5.45)
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parameters!

∆m2
ij = m2

i −m2
j

Experimental data:
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The mass squared differences can be found in terms of α and β:

∆m2
12 = |m2|2 − |m1|2 = |α− β

2

α
|2 − |α+ β|2, (5.46)

∆m2
23 = |m3|2 − |m2|2 = |α− β|2 − |α− β

2

α
|2. (5.47)

At best fit, the experimental values are

∆m2
12 = 7.59± 0.23 · 10−5eV 2, (5.48)

|∆m2
32| = 2.40± 0.12 · 10−3eV 2. (5.49)

The two equations (5.46) and (5.47) can be solved for α and β. In the normal hierarchy,

m3 >> m1 � m2. In the inverted hierarchy, m3 << m1 ∼ m2.

Since this paper assumes no CP violation, using tribimaximal mixing as a first order approxi-

mation, α and β must also be real to first order. The solution for these as well as the neutrino

mass eigenvalues can be seen in table 5.4.
3

Hierarchy Normal Inverted

α [10−2eV ] -2.80 ±0.07 -2.28 ±0.06 1.70 ±0.05
β [10−2eV ] 2.21 ±0.06 2.72 ±0.07 3.42±0.08
m1 [10−2eV ] -0.59 ±0.01 0.45 ±0.01 5.12 ±0.13
m2 [10−2eV ] -1.05 ±0.02 0.98 ±0.01 -5.19 ±0.13
m3 [10−2eV ] -5.01 ±0.13 -5.00±0.13 -1.72 ±0.05

Table 5.4: Predictions for neutrino mass eigenvalues

From these values, the possible regime for neutrinoless double β decay can be explored. The

rate of this decay is proportional to the modulus of the first entry of the effective neutrino

mass matrix, given by

|mee| = |m1U
2
11 +m2U

2
12 +m3U

2
13|. (5.50)

The (ee) entry of the neutrino mass matrix with tribimaximal mixing and CP conservation is

then given by

|mee| =
1
3 |2m1 +m2|. (5.51)

The absolute value corresponding to the 3 possible values of the neutrino masses can be seen in

table 5.5. The upper limit for this entry is today given by 0.38eV . These predictions are well

below this limit. Furthermore, this model can be tested in the near future, since upcoming

neutrinoless double β decay experiments will have sensitivities down to the order of 10−2eV
[59, 60]. Therefore, this model could soon be confronted with experiment.

3In order to acquire positive masses for these Majorana neutrinos, it is possible to redefine the Majorana
fields χn = Σa(UnaνLa + ηnUnaνcRa), where ηn = ±1 are CP eigenvalues, Una is the orthogonal matrix that
diagonalizes the real neutrino mass matrix and we have (CP )νLa(CP )−1 = νcRa. Therefore, UMνUT = ηnmn,
and the masses mn are positive [36]. The solutions that differ only by a sign can therefore be omitted.
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neutrinoless double β decay experiments will have sensitivities down to the order of 10−2eV
[59, 60]. Therefore, this model could soon be confronted with experiment.

3In order to acquire positive masses for these Majorana neutrinos, it is possible to redefine the Majorana
fields χn = Σa(UnaνLa + ηnUnaνcRa), where ηn = ±1 are CP eigenvalues, Una is the orthogonal matrix that
diagonalizes the real neutrino mass matrix and we have (CP )νLa(CP )−1 = νcRa. Therefore, UMνUT = ηnmn,
and the masses mn are positive [36]. The solutions that differ only by a sign can therefore be omitted.
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Hierarchy |mee|[10−2eV ]

Normal
0.74 ±0.01
0.62 ±0.01

Inverted 1.68 ±0.05

Table 5.5: Predictions for the modulus of the (ee) entry of the neutrino mass matrix.

If these results survive future experiments, e.g. neutrinoless double β decay, the model of

combining the Frobenius group T13 with the canonical see-saw mechanism can be seen as a

good candidate to predict neutrino masses.
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∆m2
12 = |m2|2 − |m1|2 = |α− β
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α
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2

α
|2. (5.47)
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Neutrinoless double beta decay

1.3. Experimental results

From the endpoints of tritium single β decay, the following upper limit on the neutrino mass
associated with the β decay has been obtained [21, 22]:

mβ = (|Uei|2m2
i )1/2 ≤ 2eV. (1.35)

1.3.1 Neutrinoless double β decay

Since Majorana neutrinos are their own antiparticles, which will be justified later this requires
total lepton number violation. Therefore, in order to test wether neutrinos are Dirac or
Majorana fermions, a process is needed where the total lepton number is violated. This is
the purpose of neutrinoless double β decay, 0νββ. It consists of two subsequent β-decays. A
neutrino is created in the first β-decay, which acts as an antineutrino and participates in a
new β-decay, as seen in figure 1.3, given by

Figure 1.3: The double β-decay. A neutrino is introduced in the first β decay, which acts as an
antineutrino in the second β decay.

(A,Z)→ (A,Z + 2) + e− + e−. (1.36)

Since the neutrino mass eigenstates are mixtures of the flavor eigenstates, the neutrino prop-
agator can be shown to be [23]

�

i

U2
ei

�
1− γ5

2

�
γ · p+mi
p2 −m2

i

�
1− γ5

2

�

C � mee
1
p2

�
1− γ5

2

�

C, (1.37)

with |mee|, the effective neutrino mass:

|mee| = |
�

i

U2
eimie

iΦ(i)| = m1U
2
e1 +m2U

2
e2e
i2Φ1 +m3U

2
e3e
i2Φ2 . (1.38)

The allowed regions for |mee| from double β decay as a function of the lightest neutrino mass
can be seen in figure 1.4 [17]. The upper limit on the effective neutrino mass from neutrinoless
double β decay is given by [20, 24]

|mee| ≤ 0.38eV (1.39)
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where

U =




c12c13 s12c13 s13e−iδ

−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13



 . (1.18)

which is called the Pontecorvo-Maki-Nakagawa-Sakata mixing matrix, UPMNS , can be found
from combining three rotation matrices mixing the neutrinos pairwise. The three κ phases
can be absorbed by rephasing the neutrino fields [12]. Therefore, the first matrix can be set
equal to 1. Majorana neutrinos are their own antiparticles. This means, that they do not
have invariant mass terms under rephasing of the neutrino fields, thus creating three Majorana
phases whereof one can be rephased. Therefore, besides the Dirac phase δ, there exists two
extra Majorana phases, Φ1 and Φ2 that can not be eliminated. These are relative phases
among the Majorana masses,

m1,2 = |m1,2|eiΦ1,2 . (1.19)

The Majorana phases are only associated with the Majorana nature of neutrinos and can
therefore only be observed in lepton-number violating processes. They are not observable
in neutrino oscillations, so to carry out model building, only the mixing matrix U is to be
considered.

The idea is the same when finding the probabilities for the transformations between the
three neutrinos. The flavor eigenstates are again given by a linear combination of the mass
eigenstates,

|να� =
�

i

Uαi|νi�, (1.20)

|νi� =
�

α

U∗αi|να�. (1.21)

A neutrino να at t = 0, becomes after a time evolution,

|να(t)� =
�

i

Uαi|νi�e−iEit. (1.22)

The probability to have να after a time t is given by [13]

|�να|να(t)�|2 = |
�

i

UαiU
∗
αie
−iEit|2. (1.23)

The probability to have any neutrino νβ at time t, rewriting the energy difference, is given by

Pνα→νβ = |
�

i

Uβie
−i

∆m2
ijL

2E U∗αi|2 =
�

i,j

U∗βjUαjUβiU
∗
αie
−i

∆m2
ijL

2E , (1.24)

which can be written as

Pνα→νβ = δα,β − 4
�

j<i=1
Re[U∗βjUαjUβiU∗αi] sin2

�
∆m2

ijL

4E

�
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±2
�

j<i=1
Im[U∗βjUαjUβiU∗αi] sin2

�
∆m2

ijL

2E

�

, (1.26)

where the ± corresponds to neutrinos and antineutrinos respectively. Charge and parity (CP)

conservation requires that ν = ν̄, so that

P (ν̄µ → ν̄e) = P (νµ → νe). (1.27)

The probability must then be given by

Pνα→νβ = δα,β − 4
�

j<i=1
UβjUαjUβiUαi sin2

�
∆m2

ijL

4E

�

. (1.28)

This means that the term responsible for CP violation is given by Im[U∗βjUαjUβiU∗αi]. This is

known as the Jarlskog factor. The Dirac phase δ is the phase that induces CP violation.

In order for the probability to be nonzero for all β �= α, at least two of the three neutrinos

must have nonzero masses.

Explicitly, neutrino observations are observed if

|Ei − Ej |t ≥ 1, (i �= j). (1.29)

This inequality is called the Mandelstam-Tamm time-energy uncertainty relation. It states,

that the propagation time interval required for a change of the flavor neutrino state is given

by

t ∼ 1
|Ei − Ej |

. (1.30)

In the ultrarelativistic case, we have t ∼ L, where L is the propagation length. The length

a neutrino needs to travel in order to oscillate is therefore inverse proportional to the mass

difference squared, see (1.28), or the energy difference between this neutrino and the neutrino

it oscillates into. We know from experiments that these are very small, and thus experiments

are performed with oscillation over large distances, more precisely,

Losc[km] = 2π E[GeV ]
1.27∆m2[eV 2] . (1.31)

1.2 Experiments

Since the experiments carried out by R. Davies, many have been set up around the world

to establish the nature and values of neutrino masses. In the following I will mention a few

important events.

The Kamiokande detector at the Kamioka-Cho experiment in Japan was situated 1000 m

underground and consisted of 3000 tons of pure water. It detected neutrinos in 1985. The

direction and energy of the neutrinos was measured for the first time [14].

The Super-Kamiokande and the Sudbury Neutrino Oscillation experiments followed up in

1998 and 2001, confirming the solar neutrino deficit. They showed that neutrinos came from
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ν2(t) = ν2(0)e−iE2t/�, (1.7)
so the mass eigenstates can be found at a later time,

ν1(t) = cos θe−iE1t/�, ν2(t) = sin θe−iE2t/�. (1.8)
The flavor eigenstate νµ at time t is therefore given by

νµ(t) = − sin θν1(t) + cos θν2(t) = 1
2 sin(2θ)(−e−iE1t/� + e−iE2t/�). (1.9)

The probability to have a muon neutrino at time t after having an electron neutrino at time
0, is the squared norm of this result:

Pνe→νµ = |νµ(t)|2 = 1
4 sin2(2θ)(e−iE2t/�− e−iE1t/�)(eiE2t/�− eiE1t/�)

= 1
4 sin2(2θ)(2− 2 cos

�(E2 − E1)t
� )

�
= sin2(2θ) sin2

�(E2 − E1)t
2�

�
. (1.11)

The energy of the relativistic neutrino is given by

E2 = |p̄|2c2 +m2c4 = |p̄|2c2
�

1 + m
2c2

|p̄|2

�

⇔

E � |p̄|c
�

1 + 1
2
m2c2

|p̄|2

�

= |p̄|c+ m
2c3

2|p̄ | . (1.13)

The difference in energy is then

E2 − E1 �
(m2

2 −m2
1)c3

2 | p̄ | � m
2
2 −m2

1
2E c4, (1.14)

giving the probability

Pνe→νµ = sin2(2θ) sin2
�

∆m2
21

4E� c
4t

�

= sin2(2θ) sin2
�

∆m2
21L

4E� c
3
�

, (1.15)

where L is the distance the neutrinos travel. In order for this probability to be nonzero, it
is therefore necessary that ∆m2

12 is nonzero. That is, in the case of having two neutrinos, at
least one of these must be massive. In the following we will set � = c = 1.

The reality is that there exists three flavor neutrinos. In this case, the mixing matrix trans-
forms the mass eigenstates into flavor eigenstates as follows:




νe
νµ
ντ



 = V




ν1
ν2
ν3



 . (1.16)

This mixing matrix is given by

V =




eiκ1 0 0
0 eiκ2 0
0 0 eiκ3



U




eiΦ1 0 0

0 eiΦ2 0
0 0 1



 , (1.17)
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from combining three rotation matrices mixing the neutrinos pairwise. The three κ phases
can be absorbed by rephasing the neutrino fields [12]. Therefore, the first matrix can be set
equal to 1. Majorana neutrinos are their own antiparticles. This means, that they do not
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The Majorana phases are only associated with the Majorana nature of neutrinos and can
therefore only be observed in lepton-number violating processes. They are not observable
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A neutrino να at t = 0, becomes after a time evolution,
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The probability to have να after a time t is given by [13]

|�να|να(t)�|2 = |
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The probability to have any neutrino νβ at time t, rewriting the energy difference, is given by

Pνα→νβ = |
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which can be written as
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Mass limits from experiments

1.3. Experimental results

From the endpoints of tritium single β decay, the following upper limit on the neutrino mass
associated with the β decay has been obtained [21, 22]:

mβ = (|Uei|2m2
i )1/2 ≤ 2eV. (1.35)

1.3.1 Neutrinoless double β decay

Since Majorana neutrinos are their own antiparticles, which will be justified later this requires
total lepton number violation. Therefore, in order to test wether neutrinos are Dirac or
Majorana fermions, a process is needed where the total lepton number is violated. This is
the purpose of neutrinoless double β decay, 0νββ. It consists of two subsequent β-decays. A
neutrino is created in the first β-decay, which acts as an antineutrino and participates in a
new β-decay, as seen in figure 1.3, given by

Figure 1.3: The double β-decay. A neutrino is introduced in the first β decay, which acts as an
antineutrino in the second β decay.

(A,Z)→ (A,Z + 2) + e− + e−. (1.36)

Since the neutrino mass eigenstates are mixtures of the flavor eigenstates, the neutrino prop-
agator can be shown to be [23]

�

i

U2
ei

�
1− γ5

2

�
γ · p+mi
p2 −m2

i

�
1− γ5

2

�

C � mee
1
p2

�
1− γ5

2

�

C, (1.37)

with |mee|, the effective neutrino mass:

|mee| = |
�

i

U2
eimie

iΦ(i)| = m1U
2
e1 +m2U

2
e2e
i2Φ1 +m3U

2
e3e
i2Φ2 . (1.38)

The allowed regions for |mee| from double β decay as a function of the lightest neutrino mass
can be seen in figure 1.4 [17]. The upper limit on the effective neutrino mass from neutrinoless
double β decay is given by [20, 24]

|mee| ≤ 0.38eV (1.39)
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5.5. The see-saw mechanism and the Frobenius group T13

The mass squared differences can be found in terms of α and β:

∆m2
12 = |m2|2 − |m1|2 = |α− β

2

α
|2 − |α+ β|2, (5.46)

∆m2
23 = |m3|2 − |m2|2 = |α− β|2 − |α− β

2

α
|2. (5.47)

At best fit, the experimental values are

∆m2
12 = 7.59± 0.23 · 10−5eV 2, (5.48)

|∆m2
32| = 2.40± 0.12 · 10−3eV 2. (5.49)

The two equations (5.46) and (5.47) can be solved for α and β. In the normal hierarchy,

m3 >> m1 � m2. In the inverted hierarchy, m3 << m1 ∼ m2.

Since this paper assumes no CP violation, using tribimaximal mixing as a first order approxi-

mation, α and β must also be real to first order. The solution for these as well as the neutrino

mass eigenvalues can be seen in table 5.4.
3

Hierarchy Normal Inverted

α [10−2eV ] -2.80 ±0.07 -2.28 ±0.06 1.70 ±0.05
β [10−2eV ] 2.21 ±0.06 2.72 ±0.07 3.42±0.08
m1 [10−2eV ] -0.59 ±0.01 0.45 ±0.01 5.12 ±0.13
m2 [10−2eV ] -1.05 ±0.02 0.98 ±0.01 -5.19 ±0.13
m3 [10−2eV ] -5.01 ±0.13 -5.00±0.13 -1.72 ±0.05

Table 5.4: Predictions for neutrino mass eigenvalues

From these values, the possible regime for neutrinoless double β decay can be explored. The

rate of this decay is proportional to the modulus of the first entry of the effective neutrino

mass matrix, given by

|mee| = |m1U
2
11 +m2U

2
12 +m3U

2
13|. (5.50)

The (ee) entry of the neutrino mass matrix with tribimaximal mixing and CP conservation is

then given by

|mee| =
1
3 |2m1 +m2|. (5.51)

The absolute value corresponding to the 3 possible values of the neutrino masses can be seen in

table 5.5. The upper limit for this entry is today given by 0.38eV . These predictions are well

below this limit. Furthermore, this model can be tested in the near future, since upcoming

neutrinoless double β decay experiments will have sensitivities down to the order of 10−2eV
[59, 60]. Therefore, this model could soon be confronted with experiment.

3In order to acquire positive masses for these Majorana neutrinos, it is possible to redefine the Majorana
fields χn = Σa(UnaνLa + ηnUnaνcRa), where ηn = ±1 are CP eigenvalues, Una is the orthogonal matrix that
diagonalizes the real neutrino mass matrix and we have (CP )νLa(CP )−1 = νcRa. Therefore, UMνUT = ηnmn,
and the masses mn are positive [36]. The solutions that differ only by a sign can therefore be omitted.
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Neutrinoless double 
beta decay

-Majorana neutrinos

Tritium beta decay - 
electron spectrum near 

endpoint

In order to complete our overview, we also report further current constraints on neutrino
masses: from cosmology we have [?]

!

i

|mi| < 0.24 eV (2.6)

at 1! level. The search of neutrinoless double-" decays imposes instead a limit on the upper-
left mass matrix element [?]

|mee| ! 0.38 eV. (2.7)

Finally, from the endpoints of tritium single " decay [?]:

m! =

"

!

i

|Uei|2m2
i < 2.1÷ 2.3 eV. (2.8)

parameter best fit ±! 3!

!m2
12[10

!5 eV2] 7.59 +0.20
!0.18 7.09 - 8.19

!m2
13[10

!3 eV2] (NH) 2.50 +0.09
!0.16 2.14 - 2.76

(IH) "
#

2.40 +0.08
!0.09

$

"(2.13 - 2.67)

sin2 #12 0.312 +0.017
!0.015 0.27 - 0.36

sin2 #23 (NH) 0.52 +0.06
!0.07 0.39 - 0.64

(IH) 0.52 ±0.06 0.39 - 0.64

sin2 2#13 Daya Bay 0.092 ±0.017 0.041 - 0.143

RENO 0.103 ±0.017 0.052 - 0.154

Table 1: Current measures for the neutrino oscillations parameters [?, ?, ?]. NH and IH stand for
Normal and Inverted hierarchy.

3 The Frobenius group T13

The employment of discrete groups for generating neutrino masses with a defined mixing
pattern was proposed long ago [?]: every Standard Model field comes in three copies of
di"erent flavour, that transform as a multiplet under the new family symmetry. This enables
to constrain the structure of couplings among di"erent generations, which translates, upon
symmetry breaking, into a particular pattern for masses and mixings. Non abelian discrete
groups have been used for this purpose and, among these, the simplest tetrahedral group A4

has been given the most attention [?]. However, other groups are able to provide interesting
results and are suitable to reproduce the tribimaximal mixing, e.g. the Frobenius groups:
in [?] T7 = Z7 ! Z3 has been discussed, while the T13 Frobenius group has been considered
in [?], where the properties of the group have been listed and the various possibilities to
achieve TB mixing was studied exaustively. Here we choose to focus on the latter, and just
review its essential characteristics.

T13 = Z13 ! Z3 is a subgroup of SU(3) generated by 2 elements a and b, such that
a13 = e, b3 = e, with e being the neutral element. Any of its elements g can be written as

3
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associated with the β decay has been obtained [21, 22]:
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total lepton number violation. Therefore, in order to test wether neutrinos are Dirac or
Majorana fermions, a process is needed where the total lepton number is violated. This is
the purpose of neutrinoless double β decay, 0νββ. It consists of two subsequent β-decays. A
neutrino is created in the first β-decay, which acts as an antineutrino and participates in a
new β-decay, as seen in figure 1.3, given by

Figure 1.3: The double β-decay. A neutrino is introduced in the first β decay, which acts as an
antineutrino in the second β decay.

(A, Z) → (A, Z + 2) + e− + e−. (1.36)

Since the neutrino mass eigenstates are mixtures of the flavor eigenstates, the neutrino prop-
agator can be shown to be [23]

�

i

U2
ei

�
1 − γ5

2

�
γ · p + mi

p2 − m2
i

�
1 − γ5

2

�

C � mee
1
p2

�
1 − γ5

2

�

C, (1.37)

with |mee|, the effective neutrino mass:

|mee| = |
�

i

U2
eimie

iΦ(i)| = m1U2
e1 + m2U2

e2ei2Φ1 + m3U2
e3ei2Φ2 . (1.38)

The allowed regions for |mee| from double β decay as a function of the lightest neutrino mass
can be seen in figure 1.4 [17]. The upper limit on the effective neutrino mass from neutrinoless
double β decay is given by [20, 24]

|mee| ≤ 0.38eV (1.39)
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Chapter 4

Group theory and neutrino mixing

To find the mass and mixing matrices of neutrinos, group theory has been used as a common
approach. The existence of a family symmetry was proposed long ago [41]. Under a family
symmetry group F , the 3 quark and lepton generations transform into each other. A finite
group is needed to avoid the appearance of Goldstone particles. The fields are placed in
particular irreducible representations, whereafter the mass and mixing matrices for the charged
leptons and neutrinos are found. The Higgs bosons, where there might be more than one, break
the symmetry spontaneously. To match the triplication of chiral families in nature, it seems
appropriate to choose groups with 2 or 3 dimensional irreducible representations. These are
only found amongst subgroups of SU(2), SU(3) or SO(3).

When a family symmetry group is added to the gauge groups of the Standard Model, this
symmetry is assumed to be realized at a very high scale, Λ, the so-called cut-off scale. The
symmetry breaking then occurs at a much lower scale than this cut-off and an effective field
theory can therefore be assumed. In the following, a minimalist framework, assuming only
SU(2) × U(1) as in [42] will be applied to carry out model building.

The tetrahedral group has been popular in the literature as an appropriate symmetry to
describe neutrino mixing [11, 42–46]. So far, this group seems to present the best fit to
describe neutrino oscillations. The group T13 has not been addressed much, but we will show
here, that it produces very interesting results. The results obtained in [47] will be the main
focus of this thesis. The group will then be applied with other models to carry out the search
for neutrino masses.

The charged lepton masses are generated by the dimension 4 operator,

O4 = l̄Rφψ, (4.1)

with φ the Higgs doublet, ψ the left-handed lepton doublet and lR the right-handed lepton. In
the following, the neutrino masses will be assumed to be generated by the mentioned dimension
5 operator, whose source to begin with, will be left unknown [48],

O5 = (ξ1τ2ψ)C(ξ2τ2ψ). (4.2)
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4.1. The Frobenius group T13 = Z13 � Z3

This is a circulant matrix, that can be diagonalized by the following unitary matrix:

U †L = 1√
3




1 1 1
ω 1 ω2

ω2 1 ω



 . (4.55)

We now look at the dimension 5 operator and ask what Higgs field vacuum expectation values

will lead to tribimaximal mixing,

O5 = (ξ1τ2ψ)C(ξ2τ2ψ). (4.56)

The Higgs fields ξ1 and ξ2 can each be any of the following five different Higgs in the repre-

sentations:

χ ∼ 1, η ∼ 31, ρ ∼ 32, κ ∼ 3̄1, ζ ∼ 3̄2. (4.57)

We have a priori 5 + 4 + 3 + 2 + 1 = 15 combinations of these in the dimension 5 operator. In

Case 1, we have the ψ in the 31 representation. From Table 4.1, we can already exclude the

combinations (χψ)2
, (ηψ)2

, (χψ)(κψ) and (χψ)(ρψ). The possible invariants from combining

two lepton doublets with two Higgs in the above mentioned representations and contracting

the indices properly, can now be cataloged.
1

a) (ρψ)2
:

f1(ρ3ψ2ρ1ψ2 + ρ1ψ3ρ2ψ3 + ρ2ψ1ρ3ψ1). (4.58)

b) (κψ)2
:

f2(κ1ψ1κ1ψ1 + κ2ψ2κ2ψ2 + κ3ψ3κ3ψ3),

+f3(κ1ψ1κ2ψ2 + κ3ψ3κ1ψ1 + κ2ψ2κ3ψ3),

+f4(κ1ψ2κ2ψ1 + κ2ψ3κ3ψ2 + κ3ψ1κ1ψ3). (4.61)

c) (ζψ)2
:

f5(ζ1ψ1ζ1ψ2 + ζ2ψ2ζ2ψ3 + ζ3ψ3ζ3ψ1). (4.62)

d) (χψ)(ηψ):
f6χ(ψ1η2ψ3 + ψ2η3ψ1 + ψ3η1ψ2),

+f7χ(ψ1η3ψ2 + ψ2η1ψ3 + ψ3η2ψ1). (4.64)

e) (χψ)(ζψ):
f8χ(ψ1ζ1ψ1 + ψ2ζ2ψ2 + ψ3ζ3ψ3). (4.65)

f) (ηψ)(ρψ):
f9(η2ψ3ρ3ψ3 + η3ψ1ρ1ψ1 + η1ψ2ρ2ψ2),

f10(η3ψ2ρ3ψ3 + η1ψ3ρ1ψ1 + η2ψ1ρ2ψ2),

1In order to find the different invariant terms that enter the Lagrangian through this operator, it is necessary
to keep in mind, that since the neutrinos are Majorana, we have here used the 2 component spinor notation,
so that each lepton and scalar carries the Lorentz spinor indices a = 1, 2. For example, ψψ = ψaψa = �abψaψb
[35]. We also have to take into account that the leptons are Grassman numbers, and thereby anticommute.
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Charged lepton masses generated 
from dimension 4 operator:

Neutrino masses generated 
from dimension 5 operator:

3.1. Physics beyond the Standard Model Neutrino physics

describe neutrino mixing, the opposite seems to be needed. At higher dimensions, more factors
of the cut-off scale are introduced in the denominator, leading to naturally small masses.

A third option, is to have both right-handed neutrinos and lepton number violation. This
happens in the see-saw mechanism, where the low masses arise from a relation between the
Majorana and Dirac masses [11]. We will come back to this in chapter 5.

In the Majorana case, the mass terms for the leptons, with l being the charged leptons, are
given by

Lmass = −l̄Lα(Ml)αβlRβ −
1
2ν
T
Lα(Mν)αβCνLβ + h.c, (3.2)

where α,β denote the flavour indices e, µ, τ .1 The Fermi-Dirac statistics of the neutrino
requires

νTLα(Mν)αβCνLβ = −νTLα(Mν)TαβCT νLβ = νTLα(Mν)TαβCνLβ, (3.3)

since
CT = −C. (3.4)

This means that Mν must be symmetric. The masses are then obtained by finding the eigen-
values of Ml and Mν through diagonalization:

U †LMlUR ≡ Dl =




me 0 0
0 mµ 0
0 0 mτ



 (3.5)

UTν MνUν ≡ Dν =




m1 0 0
0 m2 0
0 0 m3



 . (3.6)

If the neutrino mass matrix is real, the diagonalizing matrix must be orthogonal and CP
conserved.2

The left handed charged lepton mass basis is given by

lLα ≡ (UL)αilLi, (3.7)

and the neutrino mass basis by

νLα ≡ (Uν)αiνLi, (3.8)

with i = 1, 2, 3 as in (1.16). As opposed to the Standard Model, the neutrinos and the charged
leptons in the SU(2) doublet no longer transform in the same way. A lepton mixing matrix
has come into the picture:

1
We have here used the two component spinor notation, so that each lepton and scalar carries the Lorentz

spinor indices a = 1, 2. For example, ψψ = ψaψa = �abψaψb [35].
2
The neutrinos, being CP eigenstates, (CP )νLa(CP )−1 = νcRa, can have CP eigenvalues ηn = ±1 with

opposite signs. This is corrected for by redefining the Majorana fields χn = Σa(UnaνLa + ηnUnaνcRa), where

Una is the orthogonal matrix. Therefore, UMνU
T = ηnmn, and the masses mn are positive [36]. However,

when interactions are added the phase factors become physical, as in neutrinoless double beta decay.
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3.2. Symmetries of the neutrino mixing matrix

V =




X 1√

3 0
X X 1√

2
X X X



 . (3.14)

The values of the rest of the components, based on the columns being orthogonal and or-
thonormal vectors are then found. The result is the following:

UTB =





− 2√
6

1√
3 0

1√
6

1√
3

1√
2

1√
6

1√
3 −

1√
2



 , (3.15)

which reveals an interesting rotational symmetry:

ν1 = − 2√
6
νe + 1√

6
(νµ + ντ ) = − 2√

6
νe + 1√

3
νx,

ν2 = 1√
3

(νe + νµ + ντ ) = 1√
3
νe +

�
2
3νx,

ν3 = 1√
2

(νµ − ντ ) = νy, (3.18)

as the basis {ν1, ν2} is rotated from{νe, νx} through arcsin
�

1
3 � 35◦ [39]. The third neutrino

is given by an even mixture of the two flavor neutrinos νµ and ντ . The second neutrino can
be seen to mix equally in all three flavor neutrinos. These properties has given this mixing
matrix the name "tribimaximal".

The symmetry of this matrix can also be seen when factorizing it so that UTB = U23U12 [39]
where

U23 =




1 0 0
0 1√

2
1√
2

0 1√
2 −

1√
2



 , (3.19)

and

U12 =




− 2√

6
1√
3 0

1√
3

2√
6 0

0 0 1



 . (3.20)

That UTB can be factorized like this is reminiscent of the Cabibbo-Kobayashi-Maskawa matrix
for quarks.

When working in the weak basis, where the charged leptons are diagonalized, the neutrino
mass matrix is in the tribimaximal case given by

Mν =




α β β
β γ δ
β δ γ



 ,

where α = 2
3m1 + 1

3m2,β = 1
3(m2−m1), γ = 1

6m1 + 1
3m2 + 1

2m3 and δ = α+β−γ is required.
It is therefore common to look for a mass matrix of this form to agree the tribimaximal mixing
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3.2. Symmetries of the neutrino mixing matrix

�
νLα
lLα

�

=
�
UννLi
ULlLi

�

= UL
�
U−1
L UννLi
lLi

�

, (3.9)

from which the lepton mixing matrix can be found to be U = U †LUν . It mixes the leptons in
the charged current interaction with the W boson:

Lcc = − g√
2
l̄Lγ
µUνLW

†
µ. (3.10)

Neutrino oscillations open up of new possibilities in the form of new interactions at tree level
through the dimension-5 operator. This can be seen using the two neutrino model as an
example once again. The coupling of neutrinos to gauge bosons in the electroweak theory is
in the mass basis of the neutrinos given by

L = − g√
2
ν̄LiγµlLiW

†
µ + h.c+ g

2 cos θW
ν̄LiγµνLiZµ −miν̄LiνLi. (3.11)

In the flavor basis, this Lagrangian gets modified as stated above, so that in the case of two
neutrinos, the electron and muon neutrino, we have

L = − g√
2

�

(ν̄e, ν̄µ)L
�

cos θ sin θ
− sin θ cos θ

��
e
µ

�

L

�

W †µ + g

2 cos θW
{ν̄LeγµνLeZµ + ν̄LµγµνLµZµ}

−{meeν̄LeνLe +mµµν̄LµνLµ −meµ(ν̄LeνLµ + ν̄LµνLe)}+ hc, (3.13)

where mee = cos2 θm1 +sin2 θm2, mµµ = cos2 θm2 +sin2 θm1 and meµ = (m2−m1) cos θ sin θ.
We now have a modified theory, in which extra Feynman diagrams arise from the terms
ν̄e sin θµ and −ν̄µ sin θe [37]. New lepton number violating terms are therefore allowed at tree
level when neutrino oscillations occur, see figure 3.1.

Figure 3.1: The new allowed Feynman diagrams in a modified theory with neutrino oscillations [37].

3.2 Symmetries of the neutrino mixing matrix

A matrix can be found that fits data, is orthogonal and can be used for further model building.

Ue3, being very small, can be set to zero, so that c13 � 1 and Ue2 � sin θ12 � 1/
√

3. At-
mospheric neutrino data have found that Uµ3 � 1/

√
2, so the mixing matrix can be found

starting with three known values [38]:
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The symmetry of this matrix can also be seen when factorizing it so that UT B = U23U12 [38]
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where

U =




c12c13 s12c13 s13e−iδ

−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13



 . (1.18)

which is called the Pontecorvo-Maki-Nakagawa-Sakata mixing matrix, UP MNS , can be found
from combining three rotation matrices mixing the neutrinos pairwise. The three κ phases
can be absorbed by rephasing the neutrino fields [12]. Therefore, the first matrix can be set
equal to 1. Majorana neutrinos are their own antiparticles. This means, that they do not
have invariant mass terms under rephasing of the neutrino fields, thus creating three Majorana
phases whereof one can be rephased. Therefore, besides the Dirac phase δ, there exists two
extra Majorana phases, Φ1 and Φ2 that can not be eliminated. These are relative phases
among the Majorana masses,

m1,2 = |m1,2|eiΦ1,2 . (1.19)
The Majorana phases are only associated with the Majorana nature of neutrinos and can
therefore only be observed in lepton-number violating processes. They are not observable
in neutrino oscillations, so to carry out model building, only the mixing matrix U is to be
considered.

The idea is the same when finding the probabilities for the transformations between the
three neutrinos. The flavor eigenstates are again given by a linear combination of the mass
eigenstates,

|να� =
�

i

Uαi|νi�, (1.20)

|νi� =
�

α

U∗
αi|να�, (1.21)

where α is the flavor index and i the mass index. A neutrino να at t = 0, becomes after a
time evolution,

|να(t)� =
�

i

Uαi|νi�e−iEit. (1.22)

The probability to have να after a time t is given by [13]

|�να|να(t)�|2 = |
�

i

UαiU
∗
αie

−iEit|2. (1.23)

The probability to have any neutrino νβ at time t, rewriting the energy difference, is given by

Pνα→νβ = |
�

i

Uβie
−i

∆m2
ij L

2E U∗
αi|2 =

�

i,j

U∗
βjUαjUβiU

∗
αie

−i
∆m2

ij L

2E , (1.24)

where the approximation |p| � E has been made. This can be written as

Pνα→νβ = δα,β − 4
�

j<i=1
Re[U∗

βjUαjUβiU
∗
αi] sin2

�
∆m2

ijL

4E

�
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neutrinos, the electron and muon neutrino, we have

L = − g√
2

�

(ν̄e, ν̄µ)L
�

cos θ sin θ
− sin θ cos θ

��
e
µ

�

L

�

W †µ + g

2 cos θW
{ν̄LeγµνLeZµ + ν̄LµγµνLµZµ}

−{meeν̄LeνLe +mµµν̄LµνLµ −meµ(ν̄LeνLµ + ν̄LµνLe)}+ hc, (3.13)

where mee = cos2 θm1 +sin2 θm2, mµµ = cos2 θm2 +sin2 θm1 and meµ = (m2−m1) cos θ sin θ.
We now have a modified theory, in which extra Feynman diagrams arise from the terms
ν̄e sin θµ and −ν̄µ sin θe [37]. New lepton number violating terms are therefore allowed at tree
level when neutrino oscillations occur, see figure 3.1.

Figure 3.1: The new allowed Feynman diagrams in a modified theory with neutrino oscillations [37].

3.2 Symmetries of the neutrino mixing matrix

A matrix can be found that fits data, is orthogonal and can be used for further model building.

Ue3, being very small, can be set to zero, so that c13 � 1 and Ue2 � sin θ12 � 1/
√

3. At-
mospheric neutrino data have found that Uµ3 � 1/

√
2, so the mixing matrix can be found

starting with three known values [38]:

49/121

The lepton mixing matrix

Thursday, August 30, 2012



Kronecker products and possible representations

Charged lepton masses generated 
from dimension 4 operator:

Neutrino masses generated 
from dimension 5 operator:

4.1. The Frobenius group T13 = Z13 � Z3




ψ2

1
ψ3

2
ψ1

3





32

. (4.48)

The rest of the decompositions can be found in the same way using the appropriate representa-

tions of the generators. The products between the 1 dimensional irreducible representations are

found from seeing that under b, φ→ ωφ and φ̄→ ω2φ̄, so that for example φφ̄→ ωφω2φ̄ = φφ̄
transforms as a 1. The Kronecker products are listed in table 4.1 and the Clebsch-Gordan

decompositions in table 4.2, where we have dropped the {..} on ψ.

1� ⊗ 1� = 1̄�
1̄� ⊗ 1̄� = 1�
1� ⊗ 1̄� = 1
31 ⊗ 31 = 3̄1 ⊕ 3̄1 ⊕ 32
32 ⊗ 32 = 3̄2 ⊕ 3̄1 ⊕ 3̄2
31 ⊗ 3̄1 = 1⊕ 1� ⊕ 1̄� ⊕ 32 ⊕ 3̄2
32 ⊗ 3̄2 = 1⊕ 1� ⊕ 1̄� ⊕ 31 ⊕ 3̄1
31 ⊗ 32 = 3̄2 ⊕ 31 ⊕ 32
31 ⊗ 3̄2 = 3̄2 ⊕ 31 ⊕ 3̄1
32 ⊗ 3̄1 = 32 ⊕ 31 ⊕ 3̄1

Table 4.1: Z13 � Z3 Kronecker products

4.1.2 Model building

We are now ready to build a model for neutrino mixing based on the family symmetry group

F = Z13�Z3. As in the standard procedure, we assign the lepton doublet fields ψa (a = 1, 2, 3),

the right handed lepton singlet fields lRa, and the Higgs fields to various representations of

T13, and write down the various allowed forms of the operators O4 and O5. After the Higgs

fields are allowed to acquire their vacuum expectation value, the resulting charged lepton

mass matrix Ml and neutrino mass matrix Mν are diagonalized, whereby the mixing matrix

is obtained as outlined earlier.

In the charged lepton sector, the operator O4 = φl̄Rψ gives a priori 53 = 125 ways of placing

the three fields in different representations, but some of these are not allowed by the group

theory. Also, two cases, where the representations are the conjugate of each other, will give

the same result, so the number of different forms O4 can acquire, is down to 27, see Table 4.3.

For each of these cases, we then consider the various possibilities for O5 assigning ξ1 and ξ2 to

various representations of F . We then use tribimaximal mixing as a constraint when choosing

the vacuum alignments of the Higgs fields. It turns out that the cases 1, 11, 22 and 25 will

lead to the same neutrino mass matrix. Another mass matrix can be found from the cases

23 and 24. Furthermore, the rest of the cases turn out to create degenerate charged lepton

mass matrices, which are therefore not of phenomenological importance. Therefore, we can

cover all possible results obtained from this group, by considering only four of the mentioned

cases, where the lepton doublet is in two different representations. This leads to only two

possible neutrino mass matrices. These cases will now be studied. In the following, we will

not distinguish between upper and lower indices.
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Case ψ φ l̄R
1 31 31 31
2 32 3̄1 3̄1
3 31 31 3̄2
4 31 3̄2 31
5 32 3̄1 31
6 31 3̄1 32
7 32 31 3̄1
8 31 3̄1 3̄2
9 31 32 3̄1
10 31 3̄2 3̄1
11 32 32 32
12 31 32 32
13 32 32 31
14 32 31 32
15 31 32 3̄2
16 32 3̄2 3̄1
17 32 3̄1 3̄2
18 32 31 3̄2
19 32 3̄2 31
20 31 3̄2 32
21 1,1�, 1̄� 31 3̄1
22 31 3̄1 1,1�, 1̄�
23 31 1,1�, 1̄� 3̄1
24 32 1,1�, 1̄� 3̄2
25 32 3̄2 1,1�, 1̄�
26 1,1�, 1̄� 32 3̄2
27 1,1�, 1̄� 1,1�, 1̄� 1,1�, 1̄�

Table 4.3: Possible representations for the 3 fields.

h1(φ1 l̄R2ψ3 + φ2 l̄R3ψ1 + φ3 l̄R1ψ2) + h2(φ1 l̄R3ψ2 + φ2 l̄R1ψ3 + φ3 l̄R2ψ1) (4.51)

= (l̄R1, l̄R2, l̄R3)




0 h1φ3 h2φ2
h2φ3 0 h1φ1
h1φ2 h2φ1 0








ψ1
ψ2
ψ3



 .

Upon spontaneous symmetry breaking, we let the Higgs field acquire a vacuum expectation

value in the (1, 1, 1) direction, and the mass matrix becomes

Ml = v




0 h1 h2
h2 0 h1
h1 h2 0



 . (4.53)

To diagonalize Ml, we multiply by its hermitian conjugate,

MlM
†
l =M †lMl =




| h1 |2 + | h2 |2 h∗1h2 h1h∗2
h1h∗2 | h1 |2 + | h2 |2 h∗1h2
h∗1h2 h1h∗2 | h1 |2 + | h2 |2



 . (4.54)
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Chapter 4

Group theory and neutrino mixing

To find the mass and mixing matrices of neutrinos, group theory has been used as a common
approach. The existence of a family symmetry was proposed long ago [41]. Under a family
symmetry group F , the 3 quark and lepton generations transform into each other. A finite
group is needed to avoid the appearance of Goldstone particles. The fields are placed in
particular irreducible representations, whereafter the mass and mixing matrices for the charged
leptons and neutrinos are found. The Higgs bosons, where there might be more than one, break
the symmetry spontaneously. To match the triplication of chiral families in nature, it seems
appropriate to choose groups with 2 or 3 dimensional irreducible representations. These are
only found amongst subgroups of SU(2), SU(3) or SO(3).

When a family symmetry group is added to the gauge groups of the Standard Model, this
symmetry is assumed to be realized at a very high scale, Λ, the so-called cut-off scale. The
symmetry breaking then occurs at a much lower scale than this cut-off and an effective field
theory can therefore be assumed. In the following, a minimalist framework, assuming only
SU(2) × U(1) as in [42] will be applied to carry out model building.

The tetrahedral group has been popular in the literature as an appropriate symmetry to
describe neutrino mixing [11, 42–46]. So far, this group seems to present the best fit to
describe neutrino oscillations. The group T13 has not been addressed much, but we will show
here, that it produces very interesting results. The results obtained in [47] will be the main
focus of this thesis. The group will then be applied with other models to carry out the search
for neutrino masses.

The charged lepton masses are generated by the dimension 4 operator,

O4 = l̄Rφψ, (4.1)

with φ the Higgs doublet, ψ the left-handed lepton doublet and lR the right-handed lepton. In
the following, the neutrino masses will be assumed to be generated by the mentioned dimension
5 operator, whose source to begin with, will be left unknown [48],

O5 = (ξ1τ2ψ)C(ξ2τ2ψ). (4.2)
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This is a circulant matrix, that can be diagonalized by the following unitary matrix:

U †L = 1√
3




1 1 1
ω 1 ω2

ω2 1 ω



 . (4.55)

We now look at the dimension 5 operator and ask what Higgs field vacuum expectation values

will lead to tribimaximal mixing,

O5 = (ξ1τ2ψ)C(ξ2τ2ψ). (4.56)

The Higgs fields ξ1 and ξ2 can each be any of the following five different Higgs in the repre-

sentations:

χ ∼ 1, η ∼ 31, ρ ∼ 32, κ ∼ 3̄1, ζ ∼ 3̄2. (4.57)

We have a priori 5 + 4 + 3 + 2 + 1 = 15 combinations of these in the dimension 5 operator. In

Case 1, we have the ψ in the 31 representation. From Table 4.1, we can already exclude the

combinations (χψ)2
, (ηψ)2

, (χψ)(κψ) and (χψ)(ρψ). The possible invariants from combining

two lepton doublets with two Higgs in the above mentioned representations and contracting

the indices properly, can now be cataloged.
1

a) (ρψ)2
:

f1(ρ3ψ2ρ1ψ2 + ρ1ψ3ρ2ψ3 + ρ2ψ1ρ3ψ1). (4.58)

b) (κψ)2
:

f2(κ1ψ1κ1ψ1 + κ2ψ2κ2ψ2 + κ3ψ3κ3ψ3),

+f3(κ1ψ1κ2ψ2 + κ3ψ3κ1ψ1 + κ2ψ2κ3ψ3),

+f4(κ1ψ2κ2ψ1 + κ2ψ3κ3ψ2 + κ3ψ1κ1ψ3). (4.61)

c) (ζψ)2
:

f5(ζ1ψ1ζ1ψ2 + ζ2ψ2ζ2ψ3 + ζ3ψ3ζ3ψ1). (4.62)

d) (χψ)(ηψ):
f6χ(ψ1η2ψ3 + ψ2η3ψ1 + ψ3η1ψ2),

+f7χ(ψ1η3ψ2 + ψ2η1ψ3 + ψ3η2ψ1). (4.64)

e) (χψ)(ζψ):
f8χ(ψ1ζ1ψ1 + ψ2ζ2ψ2 + ψ3ζ3ψ3). (4.65)

f) (ηψ)(ρψ):
f9(η2ψ3ρ3ψ3 + η3ψ1ρ1ψ1 + η1ψ2ρ2ψ2),

f10(η3ψ2ρ3ψ3 + η1ψ3ρ1ψ1 + η2ψ1ρ2ψ2),

1In order to find the different invariant terms that enter the Lagrangian through this operator, it is necessary
to keep in mind, that since the neutrinos are Majorana, we have here used the 2 component spinor notation,
so that each lepton and scalar carries the Lorentz spinor indices a = 1, 2. For example, ψψ = ψaψa = �abψaψb
[35]. We also have to take into account that the leptons are Grassman numbers, and thereby anticommute.

61/121

8

4.1. The Frobenius group T13 = Z13 � Z3

Case ψ φ l̄R
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Table 4.3: Possible representations for the 3 fields.

h1(φ1 l̄R2ψ3 + φ2 l̄R3ψ1 + φ3 l̄R1ψ2) + h2(φ1 l̄R3ψ2 + φ2 l̄R1ψ3 + φ3 l̄R2ψ1) (4.51)

= (l̄R1, l̄R2, l̄R3)




0 h1φ3 h2φ2
h2φ3 0 h1φ1
h1φ2 h2φ1 0








ψ1
ψ2
ψ3



 .

Upon spontaneous symmetry breaking, we let the Higgs field acquire a vacuum expectation

value in the (1, 1, 1) direction, and the mass matrix becomes

Ml = v




0 h1 h2
h2 0 h1
h1 h2 0



 . (4.53)

To diagonalize Ml, we multiply by its hermitian conjugate,

MlM
†
l =M †lMl =




| h1 |2 + | h2 |2 h∗1h2 h1h∗2
h1h∗2 | h1 |2 + | h2 |2 h∗1h2
h∗1h2 h1h∗2 | h1 |2 + | h2 |2
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Chapter 5

The see-saw mechanism

The see-saw mechanism assumes that there is some unknown physics beyond the cutoff scale

Λ generating higher dimensional operators at scales much below Λ. The operator needed in

the see-saw mechanism, and the lowest dimensional operator beyond the Standard Model, is

the dimension 5 operator,

O5 = 1
M

(φτ2ψ)TC(φτ2ψ), (5.1)

where M is the cutoff scale of the effective field theory.

In the minimal standard electroweak model there exists three types of see-saw models, leading

to this effective operator at tree-level, using only renormalizable interactions. The standard

model lepton doublet ψ = (νL, lL)T and the Higgs doublet φ = (φ+,φ0)T are used in all three

models, and interact in the following ways:

The type I see-saw mechanism, also known as the canonical see-saw mechanism, introduces

two or more right-handed neutrinos, NRa. In this type, the lepton doublet and the Higgs

doublet couple to form a fermion singlet as can be seen in figure 5.1[51].

Figure 5.1: Type I see-saw mechanism [51].

In the type II see-saw mechanism, a heavy Higgs triplet is introduced, ξ = (ξ++, ξ+, ξ0). Two

lepton doublets form in this case the scalar triplet as can be seen in figure 5.2.

Finally, in the type III see-saw mechanism, a heavy Majorana fermion triplet Σ is introduced.
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Type I: 

Type II: 5.1. Type I see-saw model

Figure 5.2: Type II see-saw mechanism [51].

This is formed by coupling the lepton doublet and the Higgs doublet, where the figure is the

same as figure 5.1 with N replaced by Σ0
.

These three models all explain the smallness of neutrinos in a natural way. However, the

heavy fields introduced are of the order of the cutoff scale. This means that it will be difficult

to detect them in future experiments. In the following, the models will be investigated in

greater detail. The type I model will furthermore be used in the study of neutrino mixing,

implementing the Frobenius group T13.

5.1 Type I see-saw model

The canonical see-saw mechanism is currently the most investigated mechanism for under-

standing neutrino masses [52–56]. The effective dimension 5 operator is, as mentioned, intro-

duced to give masses to the neutrinos,

O5 = 1
M

(φτ2ψ)TC(φτ2ψ), (5.2)

withM the cutoff scale. This operator is produced, for example, when integrating out the very

heavy right-handed neutrinos, NRa, which are singlets under SU(2)×U(1). The Lagrangian

from which this operator is extracted consists of a coupling between these, the left-handed

neutrinos and the Standard Model Higgs doublet, as well as a Majorana mass term for the

right-handed neutrinos,

L
ν = ψ̄λφφNR + 1

2N
T
RCMRNR + h.c. (5.3)

When the Higgs doublet φ acquires a vacuum expectation value, v, under spontaneous sym-

metry breaking, this leads to a Dirac neutrino mass, MD = λφv. The mass matrix MD could

therefore be expected to be at the same order of magnitude as Mq and Ml, the masses of

quarks and charged leptons.

A Yukawa coupling term is allowed between right-handed neutrinos and a singlet scalar field,

χ. The mass matrix of the right-handed neutrinos, MR, therefore consists of a bare mass

term M and a mass term from the Yukawa coupling, λχ�χ� when the scalar singlet acquires

a vacuum expectation value. The Majorana term is more explicitly given by
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1
2N
T
RCMRNR = 1

2N
T
RCMNR + 1

2λχN
T
RCNRχ. (5.4)

One way of understanding the type I see-saw mechanism is to use the fact that the masses

of the right-handed neutrinos are assumed to be very large. These Majorana masses are not

related to the electroweak symmetry breaking and there is no symmetry protecting them, so

they are naturally of the order of the cut-off scale [11]. Therefore, it is appropriate to integrate

the massive right-handed neutrinos out at zero momentum,

∂Lν

∂NR
= λφ(φψ) +MRNR = 0↔ NR = −M−1

R λφ(φψ). (5.5)

The Lagrangian becomes

L
ν = −(M−1

R λφφψ)Tλφ(φψ) + 1
2(M−1

R λφφψ)TMRM−1
R λφ(φψ)

= −1
2(φψ)TλTφM−1

R λφ(φψ), (5.7)

and using
2λ
M ≡ −λ

T
φM

−1
R λφ,

L
ν = (φψ)T λ

M
(φψ) = O5. (5.8)

Thus, the result is a dimension 5 operator, leading to Majorana masses for neutrinos. The

M in the denominator of the dimension 5 operator is now the mass matrix of the very heavy

right-handed neutrinos, NRa. At least two of these are needed to explain the mass squared

differences found experimentally.

We see that the neutrino mass matrix is given by

Mν = −v2λTφM−1
R λφ = −MTDM−1

R MD. (5.9)

This is the type I see-saw result for the light neutrino masses.

A different way of understanding the see-saw mechanism is by diagonalizing the mass matrix.

The Lagrangian (5.3) can be written in the form,

L
ν → 1

2(νTLCλφvNR +NTRCλTφvνL +NTRCMRNR) (5.10)

= 1
2
�
νTL N

T
R

�
C

�
0 λφv
λTφv MR

��
νL
NR

�

. (5.11)

Diagonalizing the mass matrix

Mν =
�

0 λφv
λTφv MR

�

=
�

0 MD
MTD MR

�

, (5.12)

the eigenvalues can be found

λ± =
MR ±

�
M2
R + 4M2

D

2 . (5.13)
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