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introduction

• discovery is just the beginning - need to 
understand properties of any new resonance

• model-independent approach to extraction of resonance 
spin, parity, and couplings

• explore Higgs properties using decay kinematics 

• angular analysis of decay products

• complimentary approach to measurement of Higgs 
branching ratios

• MELA approach

• Matrix Element Likelihood Analysis - a flexible likelihood 
approach
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Mela (Sanskrit: !ला) is a Sanskrit word meaning 'gathering' or 'to meet' ...

References: 
Gao et al., PRD81,075022(2010); CMS PAS HIG-2011/027 (2l2q)



outline

• brief review of phenomenology and helicity 
amplitude formalism

• practical applications and tools

• MC generator details

• MELA analysis - a technical implementation 
of likelihood approach

• preliminary results: discovery significance and 
hypothesis separation

• outlook
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spin-0 resonance kinematics 

• amplitude X→VV is characterized by a1,a2,a3 couplings

• For X→ZZ,WW: 

• SM Higgs (JP = 0+): a1 ≠ 0, a2 = a3 = 0

• pseudoscalar Higgs (JP = 0-): a3 ≠ 0, a1 = a2 = 0

• general amplitude can be separated into various helicity 
amplitudes 

• helicity amplitudes are used to characterize event 
kinematics
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Where Does Higgs Kinematics Come From

• Discovery of SM Higgs (JP = 0+): H → γγ, ZZ(∗), W+W−,..

• Predict kinematics for SM Higgs and Beyond

– very different for background: qq̄ → ZZ and gg → ZZ

– very different for other signals 0− (non-SM Higgs), 2+ (graviton),..

A(HJ=0 → V1V2) = v−1ε∗µ1 ε∗ν2

(

a1gµνM
2
X + a2 qµqν + a3εµναβ qα

1 qβ
2

)

SM H → ZZ(∗), W+W− tree-level: a1 $= 0

SM H ↔ γγ, gg, (Zγ) loop-induced: a1 = −a2/2 $= 0

Beyond SM: any spin and couplings, e.g. a3 $= 0 for JP = 0−
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helicity amplitude formalism

• from a general amplitude, we can compute the helicity 

amplitude via polarization vectors, ∊(±,0)

• for generic X→VV decay, 9 possible amplitudes, Ajk 

where j,k = ±1, 0
• no longitudinal polarization for massless γ and g

• for spin-0, allowed amplitudes A++, A--, A00 

• helicity amplitudes used as parameters for angular 
distributions
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Helicity amplitudes
Helicity amplitudes: contributions to the total amplitude from the

different daughter helicities

Massive gauge bosons (W,Z) have Jz = 0,±1 possible helicity states;
9 total amplitudes, Akl

A00

A++

A--

A+0

A0-

A+-

Examples:

A++

A--

A00
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I. H ! Z(⇤)Z(⇤) ! 4l

The helicity amplitudes A�1�2 are good experimental observables in the case of the narrow-mass approximation.
This is a good approximation for a narrow resonance X with a mass above the ZZ mass threshold. However, below
the ZZ threshold, these amlitudes depend on the actual mass of the two daughters in the decay X ! ZZ. In the
example of the spin-zero X particle, it coupling to two Z bosons is generally described as

A(X ! V V ) = v�1✏⇤µ1 ✏⇤⌫2

⇣
a1gµ⌫m

2
X + a2 qµq⌫ + a3✏µ⌫↵� q

↵
1 q

�
2

⌘
, (1)

with the three coupling constants a1, a2, and a3 which are dimensionless and complex. The helicity amplitudes are
calculated as follows

A00 = �m2
X

v

�
a1�+ a2⌘(�

2 � 1)
�
, (2)

A±± =
m2

X

v

 
a1 ±

ia3⌘
p

�2 � 1

2

!
, (3)

where the parameters � and ⌘ depend on the masses of the particles, and in particular on the masses m1 and m2 of
the o↵-shell Zs.

� = (m2
X �m2

1 �m2
2)/(2m1m2)

⌘ = m1m2/m
2
X , (4)

The angular distribution would still be described by Eq. (??), but the values of f�1�2 are no longer good quantities
to fit for since they are not constant. Instead, f�1�2 should be substituted by |A�1�2 |2 expressed through coupling
constants and masses using Eq. (2). Therefore, the 5D angular distrubution becomes 7D mass-anagular distribution
where dependence on m1 and m2 enters in a correlated way.

We define the dimensionless coupling constants ai = a1, a2, a3 as ai = |ai|ei�i . We can see the dependence of the
angular distribution on the o↵-shell boson mass m⇤ through ⌘,� by writing down the free parameters:

|A00|2 =
M4

X

v2

⇢
|a1|2�2 + |a2|2⌘2(�2 � 1)2 + 2|a1||a2|�(�2 � 1)⌘ cos(�1 � �2)

�

|A±±|2 =
M4

X

v2

⇢
|a1|2 + |a3|2⌘2(�2 � 1)± 2|a1||a3|�⌘

p
�2 � 1 cos(�1 � �3)

�

�00 = arctan 2


|a1|� cos�1 + |a2|⌘(�2 � 1) cos�2, |a1|� sin�1 + |a2|⌘(�2 � 1) sin�2

�

�±± = arctan 2


|a1| cos�1 ⌥ |a3|⌘

p
�2 � 1 cos�3, |a1| sin�1 ± |a3|⌘

p
�2 � 1 sin�3

�
(5)

To write down the fully di↵erential mass-angle expression, we must add in the Z⇤ propagator terms, as in Eq. (23)
of Ref. [? ].

d�J=0

� dm1dm2d cos ✓1d cos ✓2d�
/ � ⇥ m3

1

(m2
1 �M2

Z)
2 +M2

Z�
2
Z

m3
2

(m2
2 �M2

Z)
2 +M2

Z�
2
Z

⇥


d�J=0

� d cos ✓1d cos ✓2d�
(m1,m2, cos ✓1, cos ✓2,�)

�
(6)

where we have defined:

�2 =


1� (m1 +m2)

2

m2
X

�
1� (m1 �m2)

2

m2
X

�
(7)

Now we can take Eq. 6 and try to extract the mass distributions. We do this by integrating out the angular
dependency of the di↵erential cross-section leaving just d�/dm1dm2 in Mathematica for the SM Higgs case. The
remaining 2D distribution is plotted in Fig. 1

We can now implement both the SM Higgs and the Pseudoscalar Higgs 2D o↵-shell distributions in RooFit to
compare with generator level simulation. First we consider the case where we do not require that m1 > m2 (the
symmetric case). In this case, the m1 and m2 distributions are expected to be the same. This is shown for the SM
Higgs case in Fig. 2.

Now we consider the more common case where m1 is constrained to be greater than m2 (the asymmetric case).
This is plotted in Fig. 3 for both the SM and Pseudoscalar Higgs cases.
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a model-independent approach

• generic resonances other than spin-0 possible as well

• examples include Z’, KK gluons, RS graviton, etc.

• e.g. can consider spin-1 and spin-2 as well

• play same game as spin-0 case

• write down general amplitude, extract helicity amplitude 
parameterized by dimensionless couplings
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see this, we rewrite Eq. (1) through polarization vectors

A(X → V V ) = v−1ε∗µ1 ε∗ν2

(

a1gµνm
2
X
+ a2 qµqν + a3εµναβ q

α
1 q

β
2

)

, (2)

and find the coefficients a1,2,3 to be

a1 = g(0)
1

m2
V

m2
X

+ g(0)
2

2s

m2
X

+ g(0)
3

κ
s

m2
X

, a2 = −2g(0)
2

− g(0)
3

κ , a3 = −2g(0)
4

. (3)

We have defined the parameters s = q1q2 = (m2
X
− 2m2

V
)/2 and κ = s/Λ2. The amplitude for X decay into two

massless gauge bosons is obtained from Eqs. (2) and (3) by setting mV to zero.

B. Spin-one X and two gauge bosons

We consider the case when the exotic particle X has spin one and arbitrary parity. As a consequence of the Landau-
Yang theorem, the spin-one particle X cannot interact with two massless identical gauge bosons. For this reason,
a spin-one color-singlet particle cannot be produced in gluon fusion, or decay to two photons. The phenomenology
of spin-one decays into two Z bosons was recently discussed in Ref. [9]. Following that reference, we consider the
amplitude for the decay to two identical massive gauge bosons X → ZZ. This amplitude depends on two independent
form factors

A(X → ZZ) = g(1)
1

[(ε∗1q)(ε
∗
2εX) + (ε∗2q)(ε

∗
1εX)] + g(1)

2
εαµνβε

α
Xε∗,µ1 ε∗,ν2 q̃β . (4)

Similar to the spin-zero case, g(1)1 and g(1)2 are dimensionless effective coupling constants. We note that these coupling
constants are, in general, complex with absorptive parts that may arise from quantum loop effects. This possibility
was not considered in Ref. [9] where the case of zero complex phase difference between the two coupling constants
was studied. In the case when X has positive parity (JP = 1+), the first term violates and the second term conserves
parity. Alternatively, the two terms correspond to parity-conserving and parity-violating interactions of the 1−

particle, respectively.

C. Spin-two X and two gauge bosons

We turn to the spin-two case and construct the most general amplitude for the decay of a spin-two particle X into
two identical vector gauge bosons. The X wave function is given by a symmetric traceless tensor tµν , transverse to its
momentum tµνqν = 0. Since we would like to apply the formula for the amplitude to describe interactions of X with
massive and massless gauge bosons, we consider the possible dependence of the amplitude on both the field strength
tensor and the polarization vectors

A(X → V V ) = Λ−1
[

2g(2)
1

tµνf
∗1,µαf∗2,να + 2g(2)

2
tµν

qαqβ
Λ2

f∗1,µαf∗2,ν,β

+g(2)
3

q̃β q̃α

Λ2
tβν(f

∗1,µνf∗2
µα + f∗2,µνf∗1

µα) + g(2)
4

q̃ν q̃µ

Λ2
tµνf

∗1,αβf∗(2)
αβ

+m2
V

(

2g(2)
5

tµνε
∗µ
1 ε∗ν2 + 2g(2)

6

q̃µqα
Λ2

tµν (ε
∗ν
1 ε∗α2 − ε∗α1 ε∗ν2 ) + g(2)

7

q̃µq̃ν

Λ2
tµνε

∗
1ε

∗
2

)

+g(2)
8

q̃µq̃ν
Λ2

tµνf
∗1,αβ f̃∗(2)

αβ + g(2)
9

tµαq̃
αεµνρσε

∗ν
1 ε∗ρ2 qσ +

g(2)10 tµαq̃α

Λ2
εµνρσq

ρq̃σ (ε∗ν1 (qε∗2) + ε∗ν2 (qε∗1))

]

. (5)

As in the spin-zero and spin-one cases, g(2)1,..,10 are dimensionless effective coupling constants which are, in general,

complex numbers. They are different for different gauge bosons V . The first seven constants g(2)1,..,7 correspond to the

JP = 2+ particle parity-conserving interaction, while the last three terms with g(2)8,9,10 correspond to its parity-violating
interaction. Alternatively, they correspond to parity-violating and parity-conserving interactions of the 2− particle,
respectively.
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We can now write the amplitude through polarization vectors

A(X → ZZ) = Λ−1e∗µ1 e∗ν2

[

c1 (q1q2)tµν + c2 gµνtαβ q̃
αq̃β + c3

q2µq1ν
m2

X

tαβ q̃
αq̃β + 2c4 (q1νq

α
2 tµα

+q2µq
α
1 tνα) + c5tαβ

q̃αq̃β

m2
X

εµνρσq
ρ
1q

σ
2 + c6t

αβ q̃βεµναρq
ρ +

c7tαβ q̃β
m2

X

(εαµρσq
ρq̃σqν + εανρσq

ρq̃σqµ)

]

. (6)

The coefficients c1−7 can be expressed through g(2)1,..,10

c1 = 2g(2)
1

+ 2g(2)
2

κ

(

1 +
m2

V

s

)2

+ 2g(2)
5

m2
V

s
,

c2 = −g(2)1

2
+ g(2)

3
κ

(

1− m2
V

s

)

+ 2g(2)
4

κ+ g(2)
7

κ
m2

V

s
,

c3 = −
(

g(2)2

2
+ g(2)

3
+ 2g(2)

4

)

κ
m2

X

s
,

c4 = −g(2)
1

− g(2)
2

κ− (g(2)
2

+ g(2)
3

+ g(2)
6

)κ
m2

V

s
,

c5 = 2g(2)
8

κ
m2

X

s
, c6 = g(2)

9
, c7 = g(2)

10
κ
m2

X

s
. (7)

To describe production of the particle X in hadron collisions, we need to know the X ’s coupling to gluons. The cor-
responding amplitude can be obtained from the case A(X → V V ) that we just considered by crossing transformation

and setting mV = 0, g(2)9 = 0. Also, because e1q2 = e2q1 = 0 in the massless case, we find that terms proportional to
c3 and c4 do not contribute when an analog of Eq. (6) is written for massless gauge bosons.

D. X and two fermions

For completeness, we also give here the general couplings of the particle X to two fermions. We denote fermion
masses as mq. We assume that the chiral symmetry is exact in the limit when fermion masses vanish. We obtain the
following amplitudes

A(XJ=0 → qq̄) =
mq

v
ūq1

(

ρ(0)
1

+ ρ(0)
2

γ5
)

vq2 , (8)

A(XJ=1 → qq̄) = εµūq1

(

γµ
(

ρ(1)
1

+ ρ(1)
2

γ5
)

+
mq q̃µ
Λ2

(

ρ(1)
3

+ ρ(1)
4

γ5
)

)

vq2 , (9)

A(XJ=2 → qq̄) =
1

Λ
tµν ūq1

(

γµq̃ν
(

ρ(2)
1

+ ρ(2)
2

γ5
)

+
mq q̃µq̃ν

Λ2

(

ρ(2)
3

+ ρ(2)
4

γ5
)

)

vq2 , (10)

where mq is the fermion mass and ū and v are the Dirac spinors. It follows that, in the case when fermions are
massless, the minimal couplings are also the most general ones and no new structures appear.

III. HELICITY AMPLITUDES

We are now in position to compute helicity amplitudes for the production and decay processes. Helicity amplitudes
are important because, as we will see in the following discussion, those amplitudes parameterize angular distributions
and, hence, can be directly extracted from data. By knowing how these amplitudes are expressed through effective
couplings introduced in the previous section, we can constrain those couplings through measurements of angular
distributions.
To compute the helicity amplitudes Aλ1λ2

for the decayX → V V , we calculate amplitudes presented in the previous
section for polarization vectors that correspond to λ1,λ2. We begin with the description of the polarization vectors
that we use in the analysis. Consider the decay X → V V in the rest frame of X . The momenta of the two V ’s are
parameterized as q1,2 = (mX/2, 0, 0,±βmX/2), where β = (1− 4m2

V
/m2

X
)1/2 is the velocity of gauge bosons in the X

rest frame. The polarization vectors for the two Z-bosons read

eµ1,2(0) = m−1
V

(±βmX/2, 0, 0,mX/2) , eµ1 (±) = eµ2 (∓) =
1√
2
(0,∓1,−i, 0). (11)

e.g. X(J=1) → ZZ

e.g. X(J=2) → ZZ



event kinematics
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full event kinematics described by:
{m4l, m1, m2, θ1, θ2, Φ, θ*, Φ1, YH, pTH}

** pTH from NLO effects, YH from parton distribution functions

θ*, Φ1 uncorrelated with spin 0 
kinematics (flat), used in separation 

from background 

θ1, θ2, Φ: helicity (decay) angles
θ*, Φ1: production angles

Let us consider the X→VV→4f final state 
- more information in four-body final state



angular distributions
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16 dΓ(XJ=2 → f f̄)

5Γd cos θ∗
= 2 (f+− + f−+)

{

(fz1 + fz2) + 3(2− 3fz1 − 2fz2) cos
2 θ∗ − (6− 10fz1 − 5fz2) cos

4 θ∗
}

+(1− f+− − f−+)
{

(2 − 2fz1 + fz2)− 6(2− 4fz1 − fz2) cos
2 θ∗ + 3(6− 10fz1 − 5fz2) cos

4 θ∗
}

−4 (f+− − f−+)∆fz1(cos θ
∗ − 2 cos3 θ∗) . (A4)

where for a massless fermion in the final state (f++ + f−−) = (1 − f+− − f−+) = 0, which would describe the decay
X → l+l−. It follows from this formula that there is a forward-backward asymmetry in this decay, as was pointed
out in Ref. [13] in the context of spin-one decays to a fermion pair. A dilution factor needs to be introduced in front
of the ∆fz1 terms, which depends on the ability to measure the sign of cos θ∗ in an experiment. The special case of
the minimal coupling in gluon fusion corresponds to fz1 + fz2 = 1.

Appendix B: Supporting material

Supporting material for this analysis may be found in Ref. [44], where we provide the Monte Carlo simulation
program and the most general angular distributions used in this analysis. For completeness, we present the general
angular distribution in the production and decay of a spin-J particle X in parton collisions ab → X → ZZ →
(f1f̄1)(f2f̄2). In order to simplify expressions, we redefine the fifth angle from Φ1 to Ψ = Φ1 + Φ/2, which can be
interpreted as the angle between the production plane and the average between the two decay planes shown in Fig. 1.
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+ 4
√

f−−f00 (R1 + cos θ1) sin θ1(R2 + cos θ2) sin θ2 cos(Φ− φ−−)
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2 θ2)− (f+0 − f0−)(R1 cos θ1 sin

2 θ2 +R2 sin
2 θ1 cos θ2)

+ 2
√

f+0f0− sin θ1 sin θ2(R1R2 − cos θ1 cos θ2) cos(Φ+ φ+0 − φ0−)
}
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26

16 dΓ(XJ=2 → f f̄)

5Γd cos θ∗
= 2 (f+− + f−+)

{

(fz1 + fz2) + 3(2− 3fz1 − 2fz2) cos
2 θ∗ − (6− 10fz1 − 5fz2) cos

4 θ∗
}

+(1− f+− − f−+)
{

(2 − 2fz1 + fz2)− 6(2− 4fz1 − fz2) cos
2 θ∗ + 3(6− 10fz1 − 5fz2) cos

4 θ∗
}

−4 (f+− − f−+)∆fz1(cos θ
∗ − 2 cos3 θ∗) . (A4)

where for a massless fermion in the final state (f++ + f−−) = (1 − f+− − f−+) = 0, which would describe the decay
X → l+l−. It follows from this formula that there is a forward-backward asymmetry in this decay, as was pointed
out in Ref. [13] in the context of spin-one decays to a fermion pair. A dilution factor needs to be introduced in front
of the ∆fz1 terms, which depends on the ability to measure the sign of cos θ∗ in an experiment. The special case of
the minimal coupling in gluon fusion corresponds to fz1 + fz2 = 1.

Appendix B: Supporting material

Supporting material for this analysis may be found in Ref. [44], where we provide the Monte Carlo simulation
program and the most general angular distributions used in this analysis. For completeness, we present the general
angular distribution in the production and decay of a spin-J particle X in parton collisions ab → X → ZZ →
(f1f̄1)(f2f̄2). In order to simplify expressions, we redefine the fifth angle from Φ1 to Ψ = Φ1 + Φ/2, which can be
interpreted as the angle between the production plane and the average between the two decay planes shown in Fig. 1.

NJ dΓJ

Γd cos θ∗dΨd cos θ1d cos θ2dΦ
=

F J
00(θ

∗)×
{

4 f00 sin2 θ1 sin
2 θ2 + (f++ + f−−)

(

(1 + cos2 θ1)(1 + cos2 θ2) + 4R1R2 cos θ1 cos θ2
)

− 2 (f++ − f−−)
(

R1 cos θ1(1 + cos2 θ2) +R2(1 + cos2 θ1) cos θ2
)

+ 4
√

f++f00 (R1 − cos θ1) sin θ1(R2 − cos θ2) sin θ2 cos(Φ+ φ++)

+ 4
√

f−−f00 (R1 + cos θ1) sin θ1(R2 + cos θ2) sin θ2 cos(Φ− φ−−)

+ 2
√

f++f−− sin2 θ1 sin
2 θ2 cos(2Φ+ φ++ − φ−−)

}

+4F J
11(θ

∗)×
{

(f+0 + f0−)(1 − cos2 θ1 cos
2 θ2)− (f+0 − f0−)(R1 cos θ1 sin

2 θ2 +R2 sin
2 θ1 cos θ2)

+ 2
√

f+0f0− sin θ1 sin θ2(R1R2 − cos θ1 cos θ2) cos(Φ+ φ+0 − φ0−)
}

+(−1)J × 4F J
−11(θ

∗)×
{

(f+0 + f0−)(R1R2 + cos θ1 cos θ2)− (f+0 − f0−)(R1 cos θ2 +R2 cos θ1)

+ 2
√

f+0f0− sin θ1 sin θ2 cos(Φ+ φ+0 − φ0−)
}

sin θ1 sin θ2 cos(2Ψ)

+2F J
22(θ

∗)× f+−

{

(1 + cos2 θ1)(1 + cos2 θ2)− 4R1R2 cos θ1 cos θ2
}

+(−1)J × 2F J
−22(θ

∗)× f+− sin2 θ1 sin
2 θ2 cos(4Ψ)

+2F J
02(θ

∗)×
{

2
√

f00f+− sin θ1 sin θ2 ×
[

(R1 − cos θ1)(R2 + cos θ2) cos(2Ψ− φ+−)

+ (R1 + cos θ1)(R2 − cos θ2) cos(2Ψ+ φ+−)
]

+
√

f++f+−

[

sin2 θ1(1− 2R2 cos θ2 + cos2 θ2) cos(2Ψ− Φ+ φ+− − φ++)

+ (1 − 2R1 cos θ1 + cos2 θ1) sin
2 θ2 cos(2Ψ+ Φ− φ+− + φ++)

]

+
√

f−−f+−

[

sin2 θ1(1 + 2R2 cos θ2 + cos2 θ2) cos(2Ψ− Φ− φ+− + φ−−)

+ (1 + 2R1 cos θ1 + cos2 θ1) sin
2 θ2 cos(2Ψ+ Φ+ φ+− − φ−−)

]}

−2
√
2 F J

01(θ
∗)×

{

2
√

f00f+0

[

sin θ1(R1 − cos θ1) sin
2 θ2 cos(Ψ − Φ/2− φ+0)

− sin2 θ1 sin θ2(R2 − cos θ2) cos(Ψ+ Φ/2 + φ+0)
]

+ 2
√

f00f0−
[

sin2 θ1 sin θ2(R2 + cos θ2) cos(Ψ + Φ/2− φ0−)

26

16 dΓ(XJ=2 → f f̄)

5Γd cos θ∗
= 2 (f+− + f−+)

{

(fz1 + fz2) + 3(2− 3fz1 − 2fz2) cos
2 θ∗ − (6− 10fz1 − 5fz2) cos

4 θ∗
}

+(1− f+− − f−+)
{

(2 − 2fz1 + fz2)− 6(2− 4fz1 − fz2) cos
2 θ∗ + 3(6− 10fz1 − 5fz2) cos

4 θ∗
}

−4 (f+− − f−+)∆fz1(cos θ
∗ − 2 cos3 θ∗) . (A4)

where for a massless fermion in the final state (f++ + f−−) = (1 − f+− − f−+) = 0, which would describe the decay
X → l+l−. It follows from this formula that there is a forward-backward asymmetry in this decay, as was pointed
out in Ref. [13] in the context of spin-one decays to a fermion pair. A dilution factor needs to be introduced in front
of the ∆fz1 terms, which depends on the ability to measure the sign of cos θ∗ in an experiment. The special case of
the minimal coupling in gluon fusion corresponds to fz1 + fz2 = 1.

Appendix B: Supporting material

Supporting material for this analysis may be found in Ref. [44], where we provide the Monte Carlo simulation
program and the most general angular distributions used in this analysis. For completeness, we present the general
angular distribution in the production and decay of a spin-J particle X in parton collisions ab → X → ZZ →
(f1f̄1)(f2f̄2). In order to simplify expressions, we redefine the fifth angle from Φ1 to Ψ = Φ1 + Φ/2, which can be
interpreted as the angle between the production plane and the average between the two decay planes shown in Fig. 1.

NJ dΓJ

Γd cos θ∗dΨd cos θ1d cos θ2dΦ
=

F J
00(θ

∗)×
{

4 f00 sin2 θ1 sin
2 θ2 + (f++ + f−−)

(

(1 + cos2 θ1)(1 + cos2 θ2) + 4R1R2 cos θ1 cos θ2
)

− 2 (f++ − f−−)
(

R1 cos θ1(1 + cos2 θ2) +R2(1 + cos2 θ1) cos θ2
)

+ 4
√

f++f00 (R1 − cos θ1) sin θ1(R2 − cos θ2) sin θ2 cos(Φ+ φ++)

+ 4
√

f−−f00 (R1 + cos θ1) sin θ1(R2 + cos θ2) sin θ2 cos(Φ− φ−−)

+ 2
√

f++f−− sin2 θ1 sin
2 θ2 cos(2Φ+ φ++ − φ−−)

}

+4F J
11(θ

∗)×
{

(f+0 + f0−)(1 − cos2 θ1 cos
2 θ2)− (f+0 − f0−)(R1 cos θ1 sin

2 θ2 +R2 sin
2 θ1 cos θ2)

+ 2
√

f+0f0− sin θ1 sin θ2(R1R2 − cos θ1 cos θ2) cos(Φ+ φ+0 − φ0−)
}

+(−1)J × 4F J
−11(θ

∗)×
{

(f+0 + f0−)(R1R2 + cos θ1 cos θ2)− (f+0 − f0−)(R1 cos θ2 +R2 cos θ1)

+ 2
√

f+0f0− sin θ1 sin θ2 cos(Φ+ φ+0 − φ0−)
}

sin θ1 sin θ2 cos(2Ψ)

+2F J
22(θ

∗)× f+−

{

(1 + cos2 θ1)(1 + cos2 θ2)− 4R1R2 cos θ1 cos θ2
}

+(−1)J × 2F J
−22(θ

∗)× f+− sin2 θ1 sin
2 θ2 cos(4Ψ)

+2F J
02(θ

∗)×
{

2
√

f00f+− sin θ1 sin θ2 ×
[

(R1 − cos θ1)(R2 + cos θ2) cos(2Ψ− φ+−)

+ (R1 + cos θ1)(R2 − cos θ2) cos(2Ψ+ φ+−)
]

+
√

f++f+−

[

sin2 θ1(1− 2R2 cos θ2 + cos2 θ2) cos(2Ψ− Φ+ φ+− − φ++)

+ (1 − 2R1 cos θ1 + cos2 θ1) sin
2 θ2 cos(2Ψ+ Φ− φ+− + φ++)

]

+
√

f−−f+−

[

sin2 θ1(1 + 2R2 cos θ2 + cos2 θ2) cos(2Ψ− Φ− φ+− + φ−−)

+ (1 + 2R1 cos θ1 + cos2 θ1) sin
2 θ2 cos(2Ψ+ Φ+ φ+− − φ−−)

]}

−2
√
2 F J

01(θ
∗)×

{

2
√

f00f+0

[

sin θ1(R1 − cos θ1) sin
2 θ2 cos(Ψ − Φ/2− φ+0)

− sin2 θ1 sin θ2(R2 − cos θ2) cos(Ψ+ Φ/2 + φ+0)
]

+ 2
√

f00f0−
[

sin2 θ1 sin θ2(R2 + cos θ2) cos(Ψ + Φ/2− φ0−)

+ interference terms

Jz = 0

Jz = ±1

Jz = ±2

angular distribution parameterized by helicity amplitudes



Combined exclusion limit

Zoom in:

Expected exclusion at 95% CL: 120-555 GeV

Observed exclusion at 95% CL: 110-117.5, 118.5-122.5, 129-539 GeV

Observed exclusion at 99% CL: 130-486 GeV

Introduction / High-mH search: ``⌫⌫, ``jj, `⌫jj / Low-mH search: 4`, �� • `⌫`⌫, bb, ⌧⌧ / Combination / End? 21/24

the region of interest

• Recent results put great focus on 
the low mass Higgs region,  
~120-130 GeV

• Consider off-shell vector boson 
masses, can also be used for 
signal or background discrimination
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FIG. 3: m1 and m2 distributions (asymmetric case) from JHU generator and corresponding 2D PDF for SM Higgs 24

For additional details see

− Tevatron: http://tevnphwg.fnal.gov/results/SM_Higgs_Winter_12/

− CDF:      http://www-cdf.fnal.gov/physics/new/hdg/Results.html

− D0:             http://www-d0.fnal.gov/Run2Physics/WWW/results/higgs.html

Conclusions

✗ Tevatron program now analyzing full 
data set in most analyses

✗ More search improvements to come 
in the near future

✗ The data appear to be incompatible 
with the background, with a global      
      p-value of  2.2 s.d. ( 2.7 local )

✗ H→bb only:  2.6 s.d. ( 2.8 local )
  

✗ Higgs mass range of 115 < M
H
 < 135 

continues to be very interesting

Z1 and Z2 masses for 125 GeV resonance



tools and multivariate analysis
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jhu generator

• A MC program developed to simulate production and decay 
of X with spin-zero, -one, or -two 

• Includes all spin correlations and all possible couplings 

• Inputs are general dimensionless couplings - calculates 
matrix elements

• Both gg and qq production 

• Output in LHE format; e.g. can interface to Pythia for 
hadronization

• All code publicly available: www.pha.jhu.edu/spin

11

validation: comparison of analytic p.d.f with MC for various spin-2 models

_

http://www.pha.jhu.edu/spin
http://www.pha.jhu.edu/spin


jhu generator - updates

• expansion of final states for spin-0,1,2 

• ZZ→ 4l, 2l2τ, 2l2ν, 2l2q

• WW → 2l2ν, lντν, lνqq

• on-going work...

• consider other final states such as γγ

• new features to be included into an updated version 
of generator

12

Generator Validation (SM Higgs JHUGen)
• Consistent with MCFM predictions 

5

W+ Mass W- Mass

relate to
ν angle in W+ frame

relate to
e- angle in W- frame

Δϕ between WW 
decay planes

Friday, March 23, 2012

validation of X → WW decay implementation



analysis implementation

• angular variables can be used to improve signal sensitivity 
over background and to distinguish between various signal 
hypotheses

• consider ZZ → 4l for the following tests though there are 
interesting possibilities for other final states such as WW, γγ, 
etc

• use the JHU generator as signal MC for tests; background with 
Powheg ZZ - include detector smearing and analysis cuts

• consider 2 epochs based on available statistics and channel 
resolution: hypothesis testing and parameter fitting

• hypothesis testing with lower statistics - nearer term - to 
distinguish between different models

• parameter fitting with more statistics - longer term - to extract 
couplings directly

• in both cases, a multivariate model for both signal and 
background are necessary

13



hypothesis testing

• direct approach: use 8-dimensional model and use 
likelihood ratios

• discriminant approach: condense N-d into discriminant

• given technical considerations, propose a 2-d model {m4l, D}

• conceptually an 8-d PDF {mZZ,mZ1,mZ2,θ1,θ2,Φ,θ*,Φ1} 
reduced to a 2-d PDF to handle issue computing N-d 
statistical tests requiring many toy experiments

• MELA discriminant, develop correlated 2-d {m4l,D} PDFs to 
discriminate between various hypotheses

• advantage - computational improvement given limit setting 
chains in experimental collaborations, cancellation in 
acceptance effects

• disadvantage - for signal separation,
background not optimally modeled

• other discriminants for comparison such as 
BDT, ME, BNN, etc

140 0.2 0.4 0.6 0.8 10

0.01

0.02

0.03
sig
bkg



signal model

• Signal model is fully correlated analytic 8-d model
{mZZ, m1, m2, θ1, θ2, Φ, θ*, Φ1}

• Model takes as inputs directly spin-0 couplings a1,a2,a3

• N.B. production angles θ*,Φ1 are uncorrelated and flat
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models  (continued)
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background model templated in bins of m4l

P(D, m4l) = P(mZ1,mZ2;m4l)×P(θ1;m4l) ×P(θ2;m4l) ×P(Φ;m4l)×P(θ*;m4l)×P(Φ1;m4l)
Background PDF: Angular Templates
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Background PDF: Angular Templates
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θ1 θ2

φ Φ1θ*

m1,m2

background template model shown; effort for analytic PDFs of background in 
literature, to be adapted for experimental techniques:

Low, Gainer, Kumar, Vega-Morales, arXiv:1108.2274
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Step A: Combine Information

• Matrix Element Likelihood Approach (MELA, a la 2!2q):

m4! & LD(m1,m2, "Ω | m4!) =





1 +
Pbkg(m1,m2, "Ω | m4!)

Psig(m1,m2, "Ω | m4!)
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• Alternative MVA: m4! & BDT(m1,m2, "Ω | m4!)

Andrei Gritsan, JHU IV February 8, 2012

Build a discriminant using signal and background models 

Statistically independent 
samples to build D (lines) and 

validate (points)

Realistic smeared samples 
with “CMS-like“analysis cuts

pT > 20,10,7,7
|η| < 2.4

cuts on mZ1/Z2 = [12/50, 120]
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signal = SM Higgs
mH = 125 GeV

condense 8-d model into 
2-d model {mZZ, LD} for 
discriminant approach



discriminant MELA, S0+ vs S0-
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To separate two hypotheses, we build a discriminant using two 
different signal models

Step A: Combine Information

• Matrix Element Likelihood Approach (MELA, a la 2!2q):

m4! & LD(m1,m2, "Ω | m4!) =





1 +
Pbkg(m1,m2, "Ω | m4!)

Psig(m1,m2, "Ω | m4!)
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• Alternative MVA: m4! & BDT(m1,m2, "Ω | m4!)

Andrei Gritsan, JHU IV February 8, 2012

PS Higgs
SM Higgs

Background, Signal 0+, Signal 0-

Compute background PDF in 
order to do hypothesis 

separation tests.

S0+ + B vs S0- + B

Loss of information from 
discriminant approach
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Higgs mass [GeV]
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over simple 1-d {mZZ only} approach

Yields for expected number of events at 20 fb-1 @ 8 TeV

Expect 15% improvement on UL and significance
N.B. systematics not included, evaluation of MELA shape systematics on-going

Higgs mass [GeV]
120 125 130 135 140

Ex
pe

ct
ed

 s
ig

ni
fic

an
ce

0

2

4

6

8

10
Expected 1D sig
Expected 2D sig

m 1 ±Expected 1D sig, 
m 2 ±Expected 1D sig, 



signal separation
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For 20 fb-1 of data, also use MELA discriminant to separate 
SM (0+) from pseudoscalar (0-) signal hypothesis

compute estimator S = 2 ln (L0/L1) as test statistic

125 GeV

Better separation at higher 
Higgs mass due to larger σ*BR

Neyman-Pearson hypothesis testing, 
effective separation of Gaussian peaks
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What we do in practice…
• To determine the helicity amplitudes, we need

• Data: our MC generator
• Angular distributions
• Detector: approximate model with acceptance and smearing
• Fit: multivariate likelihood method

• Fit used for
• “Hypothesis separation” study: lower statistics, how much

separation between different signal hypotheses achieved?
• “Parameter fitting” study: higher statistics, how well can we

determine the parameters of a certain hypothesis?

hypothesis separation of signal scenarios parameter fitting

expand more than just 0+ and 0-:
define many scenarios and create a 

“matrix” of how well we can separate 
different signal hypotheses

example for 250 GeV, 30 signal events
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projection of signal separation for 
0+ and 0- for  different 
luminosities @ 8 TeV

Previous studies include following motivated models:
JP = 1+ (pseudovector),  1- (vector)

JP = 2+m (RS graviton), 2+L (RSG, SM in bulk),  2- (pseudotensor)



parameter fitting

• most general approach to maximize likelihood w.r.t. 
angular parameters

• with more accumulated statistics, can directly fit for 
helicity amplitudes or couplings

• no discriminant, fit directly from 8-d distribution

• computationally advantageous, numerically would have to scan 
in a multi-dimensional parameter space

• example, for 150 signal events, mX = 250 GeV

• equivalent to ~200 fb-1 at 125 GeV

• fit for SM higgs helicity amplitudes and phases
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TABLE IV: Results of the fit for the free parameters of the spin-zero hypothesis with generated samples of SM Higgs-like X
corresponding to 0+ in Table II. Experiments have been generated with two X masses according to two models in each case,
with and without detector effects.

mX = 250 GeV mX = 1 TeV
generated fitted generated fitted

without detector with detector without detector with detector

nsig 150 150± 13 153 ± 15 150 150± 12 152± 12

(f++ + f−−) 0.208 0.21 ± 0.07 0.23 ± 0.08 0.000 0.00 ± 0.03 0.00 ± 0.03

(f++ − f−−) 0.000 0.01 ± 0.13 0.01 ± 0.14 0.000 0.00 ± 0.02 0.00 ± 0.02

(φ++ + φ−−) 2π 6.30 ± 1.46 6.39 ± 1.54 2π free free

(φ++ − φ−−) 0 0.00 ± 1.06 0.01 ± 1.09 0 free free

TABLE V: Results of the fit for the free parameters of the spin-zero hypothesis with generated samples of a pseudo-scalar X
corresponding to 0− as discussed in Table IV.

mX = 250 GeV mX = 1 TeV
generated fitted generated fitted

without detector with detector without detector with detector

nsig 150 150± 13 151 ± 15 150 151± 12 150± 13

(f++ + f−−) 1.000 1.00 ± 0.05 1.00 ± 0.06 1.000 1.00 ± 0.05 1.00 ± 0.06

(f++ − f−−) 0.000 0.00 ± 0.35 0.00 ± 0.40 0.000 0.00 ± 0.31 −0.01± 0.32

(φ++ + φ−−) N/A free free N/A free free

(φ++ − φ−−) π 3.15 ± 0.31 3.14 ± 0.41 π 3.15 ± 0.31 3.14 ± 0.33

TABLE VI: Results of the fit for the free parameters of the spin-one hypothesis with generated samples of an exotic pseudo-
vector X corresponding to 1+ as discussed in Table IV.

mX = 250 GeV mX = 1 TeV
generated fitted generated fitted

without detector with detector without detector with detector

nsig 150 150± 13 152± 15 150 151± 12 152± 13

f+0 0.250 0.26 ± 0.15 0.26 ± 0.17 0.250 0.25± 0.16 0.25± 0.15

(φ+0 − φ0−) 0 0.02 ± 0.73 0.01 ± 0.86 0 −0.03± 0.67 −0.03± 0.77

TABLE VII: Results of the fit for the free parameters of the spin-one hypothesis with generated samples of an exotic vector
X corresponding to 1− as discussed in Table IV.

mX = 250 GeV mX = 1 TeV
generated fitted generated fitted

without detector with detector without detector with detector

nsig 150 150± 13 152± 16 150 151± 12 152± 13

f+0 0.250 0.24 ± 0.15 0.24 ± 0.16 0.250 0.24± 0.17 0.25± 0.15

(φ+0 − φ0−) π 3.14 ± 0.72 3.18 ± 0.76 π 3.14± 0.71 3.14± 0.69

with the spin-two hypotheses for 2+m, 2+L , and 2−, respectively, where we also restrict the hypothesis to the definite
parity to reduce the number of free parameters. We used 1000 generated samples of 150 signal events each, Poisson
distributed, and the corresponding number of background events, per sample. In all cases the set of observables
includes mZZ, cos θ∗, cos θ1, cos θ2, and Φ. There are several cases where contribution of a certain helicity amplitude
is either exactly zero (e.g. A00 in the 0− case) or negligible (e.g. A++ in the 2+m case). Since measuring the phase of
that amplitude becomes impossible, we leave it as “free” in the tables.
Coming back to the question of separating SM-like and non-SM-like 0+ hypotheses, it is clear from Fig. 5 and

Table IV that the hypothesis a1 = 0 and a2 != 0 in Eq. (2), corresponding to f++ + f−− = 0, can be separated
with high confidence at 250 GeV, but no separation is possible at 1 TeV due to the absence of a sizable transverse
amplitude in both scenarios. As another example, the separation of the 1+ and 1− scenarios in Tables II and III is
related to the measurement of (φ+0−φ0−) in Tables VI and VII, although there is an additional free parameter in the
latter case. The signature of the minimal coupling model of a spin-two resonance decay is the dominance of the A+−
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FIG. 5: Top: distribution of the number of fitted signal events nsig (left) and the fraction of transverse component in the
decay amplitude (f++ + f−−) (right) in 1000 generated experiments with 0+ hypothesis corresponding to Table IV. Bottom:
distribution of the above parameters normalized by the fit errors.

considered any example with no separation from either production or helicity angles, but such situation is possible
when spin-zero and spin-two scenarios with fz1 = fz2 = 0.4 are considered, as we discussed earlier. A hint at this
situation is observed in the decreased S-value that characterizes the separation of 0+ and 2+L hypotheses when the
mass of the resonance increases from 250 GeV to 1 TeV. This is the consequence of the fact that at 1 TeV we allow
qq̄ production. This leads to fz1 = 0.25 and fz2 = 0.30, which is closer to the unpolarized case. As the result, the
S-value decreases dramatically.
Obviously, in the above studies we could not cover all possible scenarios. Just as an example, one could consider

a scenario of a non-SM Higgs-like scalar with quantum numbers 0+ with a1 = 0, a2 != 0 in Eq. (2). The separation
of this hypothesis from the SM Higgs-like scalar will depend strongly on the mass of the resonance. As it is evident
from Eq. (16), the single A00 amplitude dominates for m2

X
/m2

V
" 1 in both cases. Therefore, separation of the two

hypotheses is impossible at high mass. However, at lower mass, there is a sizable contribution of both A++ and A−−

in the SM Higgs-like case, but not in the other case. Therefore, the most optimal analysis strategy is to fit for all the
polarization parameters, and then interpret the result within a particular model of BSM physics. We describe the
feasibility of such fit in the remainder of this section.
The most general analysis of an observed resonance requires that the likelihood in Eq. (41) is maximized with

respect to the signal yield and all signal angular parameters, ζ
J
, as well as with respect to unconstrained background

parameters ξ. This requires a large number of free parameters even for signal alone. The fit delivers the most
probable values of these parameters and the covariance matrix which describes their uncertainties and correlations3.
In principle, it is possible to pursue this strategy within our approach, but for the fit to converge with high success
rate, one may need large enough event sample. Therefore, for the illustration of the fit technique, we consider a
limited procedure where only one spin hypothesis is considered at a time, but all other parameters relevant for that
particular spin hypothesis are allowed to float in the fit.
In Tables IV and V, this technique is illustrated with the spin-zero hypothesis with samples generated according to

the 0+ and 0− scenarios, respectively. We show the results of the fit with both “perfect” and realistic detectors. In
Fig. 5 we show distributions for two parameters in this analysis for a set of 1000 generated experiments. The means µ
and widths w of these distributions are shown in Table IV as µ±w. These values are the most probable central values
and errors of a measurement, but they are subject to statistical fluctuation in each given experiment. Normalized
distributions in Fig. 5 illustrate proper error estimates in the fit. In Tables VI and VII, the result of a similar study
with the spin-one hypotheses 1+ and 1− are presented. Finally, in Tables VII, VIII, and IX we illustrate the fit

3 Knowledge of the full dependence of −2 lnL on all the parameters is even more beneficial.



outlook & summary

• a program is presented for extracting spin, CP, and 
couplings of a new resonance using event kinematics

• MELA approach - a flexible likelihood approach 
including fully differential distributions for improved 
sensitivity over background, signal separation and 
fitting directly for couplings

• implementation for ZZ→4l in mH = 120-140 region

• MELA 2-d PDF gives boost of ~15% in UL and significance

• for a ~3σ significance, can distinguish between 0+ and 0- 
signal at ~2σ

• Preparations on-going including 
extensions in other modes such
as WW and γγ

• improved spin-0 vs spin-2 signal 
separation
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