Review of Electromagnetism

This review is not meant to teach the subject,
but to repeat and to refresh, at least partially,
what you have learnt at university.
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Maxwell's equations (in integral form)

=|[J(7, dA+ ffD

E(7,1)d3 =—d—ffé<7,t)-dA

, H electric and magnetic field
, B electric displacement and magnetic induction

electric current density
electric charge density
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ﬂ J(7,t)-d A stands for all currents going through
the area A. It may consist of 3 parts

- - -

JF 0=J (F,0)+J . (F,0)+J.(F, 1)

l

_}C (7,1)=k E (7, 1) conduction current
J_;V(? t)=p(7,t)v(7,t) convection current
J (7, 1) impressed current

fﬂ p(7,t)dV stands for all charges in the
volume V
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Time-harmonic fields can be written as complex quantity

~/
-

E(7) is called phasor.

Advantages are:
0

Ot
phasors are vectors in a coordinate system
rotating with w,

A

e cancels out in the equations.

> 10,
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Fields in matter

The effect of electric fields on matter can be described by a
polarization P and the effect of magnetic fields by a
magnetization M. Then, for linear materials

EZEOE+Z’:€OE+EOX€EZEE

B=pH+p,M=p,H uomezu[_{f

P and M result from averaging over atomic / molecular
electric and magnetic dipoles induced by the fields, e.g.

IE pe:qx — P:npeZEOXeE
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microwaves

infrared ultraviolet

| S T s T T
polarization \/-
—
w
|
A —
W
JUAS 2012: Review Electromagnetism 6

H. Henke



In dielectric material with losses the total current
density is in the time-harmonic case

J+iweE=KE+iw€E=iw( —ZE)E

=¢'—jc''=¢'(1—itan(d,))

6. electric loss angle

In most dielectrics is tan(d)«1.
In good conductors is tan(d)»1, e=k/iw.
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Boundary / continuity conditions

At interfaces between different media we use the first two
Maxwell equations

¢ H(7,0)ds =][J(7, dA+ - || D(7.
¢ E(7,1)d3 :——ffﬁ(?,t)-dA
medium 1, 2

As
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and the 3% and 4" equation
Sﬂs 13 , ;12 f p 7, t
4b B y

7t
?, d A=

medium 1

Bn]:Bn2’ Dn]_Dn2:
B =0, D =p, Iif2ispec
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With Gauss' and Stokes' theorem we transform Maxwell's

equations from integral in differential form

fFEaa=[[[V-Eav, $E-dsi=[[(VXE)d4

VX H =7 oD
Ot
Wxﬁz—é—B
Ot
Vb=
V-B=0
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Electrostatic fields

(e=const.)

* IR £
A Iy
Vel n 4 TN
., -

—
]
1
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Stationary currents

Il
!

v
vV

< E=0
(VxH)=0=V-T=V-(k

(k=const.)
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Magnetostatic fields @ (u=const.)

—

v.
Vx

—
—

FI

) ® ) @1 | ® ) )
m ; e .=
A
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Quasi-stationary fields (€, 4, k=const.)

Viazo — Ezﬁxﬁ
Onie 0B o e 04
Ot ot
good conductors : p=0

noimpressed voltages : ® =0
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Aluminum: k=17 10° Q"'m™’, a=1cm

=50 Hz f=5 kHz
a \\ a w
| | w
0 0
0 T i a 0 r—-eQ
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Poynting's theorem (& M, k=const., p=0, J=kE,
full set of Maxwell's equations)

Work done by the fields on charges p

a2 7.5 _ 08 (ELisxB)av=F-Edv
51 5t P51

using Maxwell ' s equations

E-J=—V(ExH)-2 |

JIf B3 av+2-[ff (;—E-BJr;—EI-E)dV:
= §p(ExF)d

radiation

em
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Poynting vector (radiation flux) 8 —EXH

Dissipated power density pdzl_*f-j

1 —_ =
Electric energy density We=> E-D
Magnetic energy density Wm:;_ H-B

Poynting's theorem for time-harmonic fields

Example
decompose E=NR [Eeiwt]zi—[ﬁ e' '+

*

C

eo !

—iwt]
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Conservation of energy flow

b S da=||| pyav+izo |[[ ow,—w,)dv

active power (time-averaged Joulean heat)

-

P,.=P,=pS-d A=—4p R[S ]-d 4

reactive power

P, =—63[S]dA=2wn(w, —w,)dV

react
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In good conductors is W _»W_ (IEl«IHI)

and obtain the resistance and internal inductance

CzéUTzé‘ﬂ(R—l—imLi):Pd—l—iZw W
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Electromagnetic waves (g, p=const., p, J, k=0)

The simplest electromagnetic wave is a plane wave.
It depends only on one space variable (propagation direction)
and on the time variable.

E=E(z,t), H=H(z,1):

0H, OE, 0E,  0H,
:E p— u

0z ot 0z ot

0H, OE,  OE,  0H,
:E p— l‘l

0z ot 0z ot
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Wave equation
O'E, 1 0OE, 1

0, C
Oz’ ¢ Ot \/E

Alembert's solution
E =f(z—ct)+g(z+ct) —

S _ B
H =Ll (emet)-glzren)], 7=
E|A
FE(z — ctg) FE(z — cl[to + At)])
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velocity of light . c=

wave impedance : /= \/S:
~377C) in free space

-

ELH, EXH—direction of propagation
E,H 1 directionof propagation
E'/H'=—E |H =Z
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Time-harmonic plane wave

0'E,

622 X C
. i(wt—kz) i(wt+kz)
E =Ae +Be
1 i(wi—kz) i(0+kz)
Hy_Z<A C — Be )

. K

lossy material . € ,=¢ €,(1—1i

C r

WE, €,

k=w\pe,=f—ix

2
Er, EI’" EI"” 0(

N‘|'®

K E =0, =L = ype=2"

Je,
2
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A A A ' E-field

_-"“f .
OO ® ® ® 6 0 o— H-ield
—-
A
oXoXo, ?T? oXoXO,
- | -
E., ‘
™ exp
S
‘Zm COS
/‘\( 7 N
\_/—*" - <
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Phase velocity

b=wit—PBz=const. — W Bjjzw—ﬁvphzo
_dw
Ty

Group velocity  (wave packet with Aw)

W, =w,+ow, W,=W,—0 W

BIZBO+6B! 62260_66

R P p e = 2008 (w,t—Bz)cos(Swi—5B z)
ow dw

— VYV =

© 5B “dp

V
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Energy velocity

WAAAz Az S
=S A A S L
At - - Ve At W
for plane waves
S T /7 IS TVORU U T
S =—(EXH ) = =—E-D+—H-B=—¢|E
z 2( )Z ZZ ] w 4 4 2E‘ O‘
11
V — — —C
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Low-loss dielectrics: £"«¢g'

/7’ Z . /7’
qu/ErrkO, 1€, kO’ ZNLU L €, )

ayeto P e e

Example: Polyamide (nylon), k=10° Q'm™, £ =3, f=10MHz
11% attenuation in 100km, arc Z=10*°

Very good conductors (metallic): €"=-ik/w » €'

BNO{N\/zquK , Z~(1+i)g, arc £/ =45°

Skin depth: S = \/2
W MUK
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Cylindrical, ideal conducting waveguides

V,['_’[:O HTM:VXATM

L R v > =~ OF
substituting e.g. E=V XA into VXH:EGT
yields ﬁzﬁcb | ng
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Next using ?xﬁz OH

U Py gives
— = 2 — 822
Vx(Vx4)=V (V-2)-V A——uV<b—ue8t2
Because A,® arenot fully determined , use Lorenz ' gauge

V-A=—ud

yielding a vectorial wave equation

vii-l 4
¢’ ot
Similarily , we proceed forthe TM — case and obtain

the same equation.
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Since only two independent functions are needed , we choose

- -

TE _ TE - ™ _ TM -
A =A"e A =4 ¢

AR z

which for time— harmonic fields results ina
scalar Helmholtz equation

VA +k* A" =0, kzgzw\/ue, p=<TE :
C ™

y‘ — ~)

Rectangular waveguide

W,

/ a €T
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0° 4 GA 6/1

> > Fk* A=0
0 X Gy s

Bernoulli ansatz: A(x,y,z)=X(x)Y(y)Z(z)

1 d’X 1d°Y 1d°Z
Xa® Yd' Zd’

g N— — N— —
N N

Fk*=0

K K K

Dispersion relation : kzzki—l-ki+k§
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e.g. for X(x)
d’ X
dx’

(

cos(k x)
Lsin(kxx)

N

J

forY (y),Z(z) correspondingly.

General solution
Alx,y.z)= cos(k x)
Lsin(kxx)

\

> 3

rcos(kyy)\

J

. O <

S <

.

LSin(kyy) J c

\

ik x )
C

—ik _x

J

ik_z
- C

—ik z
VA

k°X=0 — X=Acos(k _x)+Bsin(k_ x)

It

H. Henke
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( \ (

_ oA _ I <cos(kxx) i —sin(k, y) leiikzz
) 0y yksin(kxx) +cos(k,y)
. \ [ )
g - 04 _ kx<(+sm(kxx) | c.os(kyy) ik
0x k—cos(kxx)J Ls1n(kyy)
7 1 90°4 ikxkz —sin(k_x) (COS<kyy)\eiik
X < S >
iwp 0xdz wH —I—cos(kxx) ksm(kyy)
g L 24 _Fhik cos(kxx)‘ —sin(k, ) |
" iwp dydz wp Lsm(kxx) k+cos(kyy)J
E 2 2 0 r )
H = ].€x+ky S /.€x+ky | cos(kxx)\>< cos(k,y) otk
LW twpsin(k,x) ||sin(k, )
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Boundary conditions:

E (y=0,b)=0, E (x=0,a)=0

sin(k_a)=0 — k_=mm/a, m=(0),1,2,3,....

sin(k,b)=0 — k,=nm/b, n=(0),1,2,3,
+ik_z

Fields E.=-k,C,,cos(k,,x)sin(k,,y)e

E =+k,,C,,sin(k,,x)cos(k,x)e ", E.=0

k k tik_z
—— Cmnsin(kxmx)cos(kyny)e‘kz

ik_z

k .
H =+—-C,,cos(k,,x)sin(k,,y)e

ko 4k .
H =———" Cmncos(kxx)cos(kyy)e‘lkzz
i
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-

I'M —waves: XAe,
_ 04 _ I :cos(kxx)lf—sin(kyy)1611-1@2
x 0y yksin(kxx)J L+cos(kyy)J
H,= _2_14: kforsin(kxx) WH cps(kyy) =X
X L—cos(kxx)J Lsm(kyy)J
r— 1 0°4 :ikxkz f—sin(kxx) 1<rCOS(kyy)1eiikZz
T Iwedx0z Wwe L+cos(kxx)J ksin(kyy)J
E,= 1 6°4 _*k k. <rcos(kxx)1<r—sin(kyy)1611-1@2
iwe dydz we Lsin(kxx)J k+cos(kyy)J
- ki+ki _ ki"'ki :cos(kxx)lfcos(kyy)leiikzz
) Lwe twe Isin(k,x) ||sin(k,p)

H. Henke
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Boundary conditions:
E_(x=0,a;y=0,b)=0
sin(k_a)=0 — k_=mm/a, m=12,3,...
sin(k,b)=0 — k,=nm/b, n=123,...

+ik_ z

Fields H .=k ,D,,sin(k,,x)cos(k,,y)e |
Hyz—kmemncos(kxmx)sin(kxx)eilkzz, H_=0
kxmkz
T

D,,cos(k,,x)sin(k ,y) e

k k tiKk_z
E =+—= ZDmnsin(kxmx)cos(kyny)e‘kz

k2 +k2n . : +ik_z
E.=- D,,sin(k, x)sin(k, y)e™"
iwe
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Wave impedance

Dispersion relation

f \
Z”:Ex:_Ey:w“
" H H, k.
ZF_< 4 >
ZTM_Ex __E_y_kz
" H, H. we
\ Y )
K=k, +k) 4k,

kzmn:\/k2_<kim+kin):\/kz_kimn
B,,, real fork>k,,,
—i,,, imaginary fork<k,, J

~—
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., 2 2
critical wavenumber: k. = \/ Kowt ko,

cutoff frequency : f. =ck, 2T
cutoff wavelength : A, =2mlk,

guide wavelength: A, =2mlk_, A
" I—(MN )
energy fluxdensity :
R P
SCZ:5<E><H >Z:52an[men _l_‘Hymn
r \
imaginary k<k,
=<0 for  k=k_|
real k>k,
\ J
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Each mn defines a certain (eigen-) mode. The general solution
is the linear combination of all modes

E=) (E,*E,), H=) (H,+H,)

Modes are normally sorted referring to their cutoff frequency.
Example: S-band 2.68 — 3.95 GHz, a=7.214cm, b=3.404cm

TE, TM
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) x|x|x‘I @ e

x1|| xlxlxlx ol o

xlxlxlxlx .lt

xr || % |I>< -: 'I'
Il

s wmixlx N . e|e
[ =

I * XX -
—_— = . x| %
-r- . x ¥x x .
I * x | %1% x .
- — . x| x

.
L ] L]
x b4
=l

x

* b4
L] L]

]
X
X
]

[ ] .;'.’r:::ﬁ*;j:\‘,}_ PSY _L—L—é:/; AL
: : i : | ollo 5--—2 %, % &—-—-( -J- l—(r;/__L_r_)r_)&r\,r of o % \x( x “ e e

I\

3 2 3 9
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Circular waveguide

Helmholtz equation :

" 0°A4 0" A

1 2
pop Op ' p’op’ 0z

Bernoulli ansatz :

A=R(p)®(9)Z(s)

A:<COS<U(P) JH(KP) P KZ\/kz—kz
sin(pe) || N, (Kp) ’ )

> <
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1. Because of rotational symmetry we choose the coordinate
system such that only cos-function is needed.

2. Because of the 21r-periodicity it is y=m.

3. Neumann fuction is infinite at p=0, so only Bessel function
IS needed.

A=Ccos(mp)J (K p)e ™

TE —waves : EzvXAé’Z
0 A
E,=—%2~J (K
P ar m ( p)

Ecp<p:a):() — Kmna:j’mn
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E,=—"-C, sin(m®)J, ;. E)e ™
P a
E,= S C cos(mep)J' (j Bye™  E =0
a a
k ' ik -
Hy=—Tm e cos(mp) (', L)e™
WU a a
k. m 0\ ik
H =—-—= C sin J (7' EB)e
].,2 la® k
H =->"—C, cos(mp)J,(j . 2)e "
[ WU a

H. Henke



2 Z
=,K A~J (Kp), E.(p=a)=0 - K _ a=j,
I WE
H,=—"-D, sin(m®)J,(j,.&)e ™
P a
H L ]mnD / . p —ik_ z _
=" _cos(mp)J m(]mna—)e , H_.=0
k . —ik_z
E,=——Tmp cos(m) ", (j,,L)e™
WE a a
EF = z D ‘ J . P ik, z
P W € p mnSIH(m(P) m(]mna )e
2 2
]mn/a —ik_z

E.=* D,,cos(m@)J, (), E)e
d
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ITE—waves: K, a=j'
IM —waves: K,k a=],

VK=K = k=2 =K =) ]
¢ Jml @

TE/TM 0/1 2/1
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e — ——

ttttt o ——— -

p
ojololojo *lalee
— e e —— —— ——— ————
slole I, o 1 ololololo - p -_..__..._._4 0
- — — L_._n_._.__ﬂ _/__.u___.. —_—— - .._-‘l__.-_

||||||||||||| = W e

—————— — ——————

3.41a

c —
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0.07

0.06

o O
- -
= h

S
-
s}

Attenuation, dB/m

0.02

0.01

15

T Mo,
pd
TEg—
TE1: >
3 S 7 9 11 13
Frequency, GHz
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Losses in very good conductors

Fields on metallic surfaces: E=perp, H=parallel

E=E+Ee, H=f+He, V=V+2
Z

- L . - 0H
VXH=kE Etz—l—e*sztHZqu—e:x t
K K 0z

JUAS 2012: Review Electromagnetism 49
H. Henke




order of magnitude approximation . ‘V |~ L

?\O
E |~ \H\ (s Z o|H |
O
1

zowxwuok £,

| 6 2 1 6 2o
EeZXVfH NK}\O‘HZZ ?\o 0) ¢
l -~ U\ ] 1 1,8,
(‘DquZXVtEZquO?\O EZ_2T(ZO 2<?\0) Ht‘
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—»Na - — - N -
KEywaZng[L% zunmfﬂmwngazt

0E, L L
KaZtNgZ2<ez><Ht>leuOK(ez><Ht)
G%ﬁg - o o —(14D)zls
5,2 IwpkH =0 —» H,=H ,e

z

impedance boundary condition .
_ 1+
KO,

-

Ey~Zy (X H,), Ly
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Attenuation in waveguides | (power-loss method)

P(2) T Pyhz P(z+Az)~P(z)+(dP(z)/dz)Az
conservation of power : ZP(Z) =—2aP(z)=—P,’
Z
dissipation per surface area:
2P i (§)=— L RFE(EXH ) =% (Z ) H o
A F C 2 2 w tan
1 ‘ > 2
2 K 6S tan(
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dissipation per length :

1 -
Pd’:2K6 @‘HtanO

2ds

transported power .

P(@:ﬂ&)&(i)-dﬁ:é—m(zgﬂ A dF
:;—ZFH | dF

:1 Pd'
2 P(z)

attenuation : X
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Resonant cavities

Rectangular cavity (TM-modes)

forward and backward traveling wave in the waveguide

k_k . N
E =—" ZDmncos(kxmx)sin(kyny)[e’kzz—rmne 2]
we

boundary conditions
E (z=0)=0 - r =1, E _~sin(k_z)
E (z=1)=0 - k_, l=pm, p=0,1,2,..
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H =2k, D,,sin(k,, x)cos(k,,y)cos(k_,z)
H =-2k, D,,cos(k,,x)sin(k,,x)cos(k_z), H.=0

z

k_ k
E =i2—=D,, cos(k,,x)sin(k ,y)sin(k_, z)
we

k  k
Ey:iZwyz +D,,sin(k,,x)cos(k ,y)sin(k_,z)
2

kcmn . .
E_ =2- D,,sin(k,, x)sin(k,,y)cos(k_,z)
iwe

2
km=m1l, kyn=n1l, kzp=p;—t, k =\/(m—) —I—(nz—()

X a b cmn
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Example: TM_ -resonator (m=1, n=1, p=0)

szzT—(DmnSin<Tl'£>COS(L)
b a b
Hy=—21lencos(1T£)sin(1TL), H_=0
a a b
2
E =21 D sin(n=)sin(nL), E.=E =0
IWE a b g

o ‘og
|
—
=
ST
\_/l\)

resonance frequency k., =
stored energy

V=W W =2 =L ([ E-D av=C :
V=W +W,=2W == ||| E-D'av==||[|Efav
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dissipation per unit area

=, 1 N > 2
Pa’ _5m<ZW)‘JS‘ _2K(3S ‘Htan
_ ab‘DH‘z [ . 1. [ 1
P, = 1 +2— H(1+2

~P 2D @) 2 )
Quality factor (Q—value)

Q _(D()W _1 l(d2+b2)
> P, 5 l /

a b

S(142=)b°+(14+2=)a’
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For a=b:

L _ V.V

Q=11 210 %s s

Q, gives the decay rate of the stored energy
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Resonance behaviour of a cavity mode

Instead of lossy walls assume lossy dielectric filling. That
preserves the ideal mode but allows for studying losses.

The cavity is driven by a current J passing through. J splits
iInto a conduction current JC=KE, responsible for the losses in

the dielectric, and in an enforced current J as driving term.

VX(VXE)=V(V-E)-V E=—u -V xfi =
8 ,+ = OF
map GE 82E 0J,
E_ p— 1
VETHEG, "o Vo ()
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We expand E in modes

E=) a,t)é(x,y,z)
where V& +k.& =0
V-€ =0 involume,

Substituting (2) in (1)

2.

n

0’a, «0a, Kk,

S

ot

€0t pe "N

nxe =0 onwalls

1 0J,

€ 0t
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Multiplying (3) with e and integrating over V

o’a, «0a, Kk 1 JlJod, .
> | | amz ‘e dV_
Ot € 0t Me € Ot
k2
—w’ it wt+—"]a =iw [,
c U €
_QOm fm
am_w W
Om . W Om
1_I_ZQOm[(Dom 0N ]

with  w, =ck , O, =€w, /K

m m

0 J

Ot
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.................. . /2 ]
arc(a ) |
|am | _ ]
- :
0
—1t/2
Om
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Well seperated modes can be represented by a resonator

I(t)
i — C L R
V
1 Wy
(DO_\/L—C) QO:P :(DORC
d
WaFOW)—(wW,—0 W
Bandwidth B=< L )~ (w, >:26—00
(DO (DO
Filling time T ,= %
0
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Accelerating voltage for a particle passing the cavity on-axis

m

g
- - w0 1
V zfamEm-eZe’“0 dz|, z=wt
0

Shunt impedance (amplitude independent)

R-upon-Q (accelerating voltage for a given stored energy)

Rshm Via 2

QOm wOm Wm wOmCm
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Coupling to a cavity

-

Loop / magnetic coupling

Probe / electric coupling

Electromagnetic coupling

f/: N A A * f/ ﬁ\\
N ‘ X/
) \ -
f-)\'//’ ‘\X/
|
an A -
NG | X/
|
TN N
) | X/
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& ‘ X/

N ‘ ()
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