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11.) The Ideal World:
Particle Trajectories & Beams

Bunch in a storage ring
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Reminder of Part I

Equation of Motion: Solution of Trajectory Equations
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Transformation through a system of lattice elements

combine the single el t solutions by multiplication of the matrices
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5.) Orbit & Tune:

Tune: number of oscillations per turn

64.31
59.32

Relevant for beam stability:
non integer part

LHC revolution frequency: 11.3 kHz
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Question: what will happen, if the particle performs a second turn 2

19th century:
... or a third one or ... 10"’ turns
N Ludwig van Beethoven: ,,Mondschein Sonate*
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Astronomer Hill:

differential equation for motions with periodic focusing properties
o Hill‘s equation*

Example: particle motion with
periodic coefficient

equation of motion: x"(s)=k(s)x(s)=0

restoring force # const,
k(s) = depending on the position s
k(s+L) = k(s), periodic function

we expect a kind of quasi harmonic
oscillation: amplitude & phase will depend
on the position s in the ring.

7.) The Beta Function

General solution of Hill's equation:
@ x(s)=e[B(s) cos( (s)+9)

& @ =integration constants determined by initial conditions

P(s) periodic function given by focusing properties of the lattice <> quadrupoles

B(s+L)=p(s)

Inserting (i) into the equation of motion ...
s ds

Y($) = [——

'{ B(s)

Y(s) =, phase advance* of the oscillation between point ,,0“ and ,,s* in the lattice.
For one complete revolution: number of oscillations per turn ,, Tune*

1 ds
D)




8.) Beam Emittance and Phase Space Ellipse:

general solution of M) x(s)= e+ VB(s) *cos@ (s) +¢)
Hill equation \/;

@) x(s)=- M*{a(s)*cos<w<s>+¢)+sin(zp(s)+¢>}

from (1) we get

-1,
_x(s) 0‘(5)=7ﬁ(5)
cos(yy (s) +¢) NN N . L as)
Insert into (2) and solve for ¢ Bs)

£ =7(5)*x () + 2a(s)x()x'(s) + B(5)x'(s)*

* & is a constant of the motion ... it is independent of ,,s“
* parametric representation of an ellipse in the x x‘ space
* shape and orientation of ellipse are given by a, f3, y

Beam Emittance and Phase Space Ellipse

£ =7(s) X’ (s) +2a(s)x(5)X'(s) + B(5) x"*(s)

x
VEY
A =rm*e=const

Liouville: in reasonable storage rings
area in phase space is constant.

x(s)t =

& beam emittance = woozilycity of the particle ensemble, intrinsic beam parameter,

cannot be changed by the foc. properties.
Scientifiquely speaking: area covered in transverse x, x" phase space ... and it is constant !!!




.. and now the ellipse:

note for each turn x, x’at a given position ,s;" and plot in the
phase space diagram

Particle Tracking in a Storage Ring
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Emittance & The Phase Space Ellipse

particel trajectory: ~ ¥(8) = ‘/;\/ B(s) cos {w (8)+ ¢}

max. Amplitude: i(s)=+g8 ~—— X atthatposition ...?

...put X(s)into €= y(s)*x%(5) + 2a(s)x()x'(s) + B(s)x'(s)* and solve for x”

e=y-ef+2a4eff - x' + px"?

— X'=-a-.Je/B

< A high /)'.-functmn means a large beam size and a small beam divergence. !
... etviceversall!

% In the middle of a quadrupole f} is maximum,

a=zero } x'=0
... and the ellipse is flat

Phase Space Ellipse

£ =y(s) x*(s) + 20(s)x(s)x'(s) + B(s) x'*(s)

+2a-xx' + B-x"?

. —orxxqef-X°

... solve forx” x,, = 5

.. and determine ¥’ via: ——=0

dx

al)= 5 B

7(s)

Jor
//

_ 1+a(s)?

B(s)

shape and orientation of the phase space ellipse
depend on the Twiss parameters ff a y




Emittance of the Particle Ensemble:

#(s) = e JB(s)

x(5) = e JB(s) -cos(W(s) +¢)

single particle trajectories, N= 10 "! per bunch

vertical: ov gy =24.376 -um

s
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LHC: o =,Je*B =/5%10""m*180m = 0.3 mm

particle bunch

1y’
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Particle Distribution: p(x)= e e

particle at distance 1 ¢ from centre < 68.3 % of all beam particles

aperture requirements: r ;> 10 * o

Emittance of the Particle Ensemble:
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Example: LHC 0.02 -
beam parameters in the arc
’ 0
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9.) Transfer Matrix M

general solution
of Hill's equation

r ber the trig ical gy

. yes we had the topic already

x(s) =N B(s) cos{y(s)+ ¢}

e

x(s) = W [a(s) cos {1,0 (s)+ ¢}+ sin {q; (s)+ ¢}]

tics: sin(a+b) =... etc

x(s) = \/;\/E (cosws cos¢ —siny sin(p)

X'(s)= i[ax cosy, cos¢ — ot siny sing +siny  cos¢ +cosy sin¢]

starting at point s(0) =s,, where we put ¥(0) = 0

Xo

Veby

1 Qayx,

sing = = B+ o)
0

cos¢p =

inserting above ...

x(s) = \/%{COS% + 0t siny }xo + {/ﬁsﬁo siny }xl')

. 1 : By : ,
x'(s)= ay —o Jeosy —(1+aya, )siny rxy + [—=cosy —a siny px;
T {e-a,) o F ﬁs{ I

X X
which can be expressed ... for convenience ... in matrix form ( ,) =M ( ,)
X X
s 0

\/ZES(COSWS + 0o siny ) BBy siny
0

(&g =) cosy, — (1+ g )siny,

W % (COSI/JS —o siny )
sPo

M

* we can calculate the single particle trajectories between two locations in the ring,
if we know the a [} y at these positions.
* and nothing but the a [ y at these positions.

*._’ *

. o Aquivalenz der Matrizen




10.) Periodic Lattices 7
\/%(cosw\ +agsiny )

transfer matrix for particle trajectories M
as a function of the lattice parameters

Setcherring ;
\ synctrontcn
\ " Eeperments

Delta Electron Storage Ring

COSWturn + as Slnwrum ﬂs Sln’lpfurn

M(s) = . .
-y sy, COSY ypy = O SINY

Tune: Phase advance per turn in units of 2

BBy siny

(0 -, )cosy, ~ (1 +aya, )siny, \/giz(cosw\ —asing,)

VBB

1 This rather formidable looking
matrix simplifies considerably if
we consider one complete turn ...“

s+L
Yo = f ds Y urn = Phase advance
) B(s)  per period

1* ds
0= F50

Stability Criterion:

Question: what will happen, if we do not make too
many mistakes and your particle performs
one complete turn ?

Matrix for 1 turn:

3 o[V YWy S0 S i e
=5 SIY,y COSY = O SINY 01 -y
;v_/ H_/
1 J
Matrix for N turns:

M"Y =(Icosy +Jsiny )¥ = Icos Ny +J sin Ny

The motion for N turns remains bounded, if the elements of M" remain bounded

Y =real - ‘COSW‘ <1 < |Trace(M)|<2
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stability criterion .... proof for the disbelieving collegues !!

i i 10
Matrix for 1 turn:  )f = €O +la5 SO b Smw”‘f” costy + siny p
=1 SINY COSY = QL SINY 01 roa
—— ——
Matrix for 2 turns: I J
M= (I*cos1,0I +J *siny, )* (I"‘coszp2 +J*sin1pz)
= I’ *cosy, cosy, + IJ*cosy, siny, + JI*siny, cosy, +J 7 siny, siny,
now ...
r-=1
I*J=10*a ﬁ=a B
0 1) \-y -a -y -a
I1*J=J*1

L A

(@ B\ B\_[@-1B ap-pa) (-]
-y -a) \-y -a) (~ya+ay a’-yp ) \ 0

M? = I*cos@p, +y,)+J *sin@y, +,)

M? = I'*cos(2) +J *sin(2y)

0
-1
i

11.) Transformation of a, p, y

consider two positions in the storage ring: s, , s

X X
( ,) =M'( ,) where ...
X s X S0

M=My- My, My My, My ..

c S
M=
e 5]

370 Gev /275 Gev.

= B7e% _aViE. MOZB. Stondord Lumi-Gotw

since ¢ = const (Liouville): [

£=px?+2axx +yx°

2 , 2
€= Poxg” +20%0%0 + V%o
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Beta function in a storage ring
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express x,, X'y as a function of x, x".

X X
= M- q
X X
s N
remember W= CSSC” = 1

(),

(S-S
|- ¢

L 2 2
inserting into & £ =px"" +2axx' +yx

£ = By(Cx' = C'x)* + 20, (S'x = SX')(CX' = C'x) + 7, (Sx = Sx')*

sort via x, x ‘and compare the coefficients to get ....

B(s)=C*By -25Ca, + Sy,
a(s)=-CC'By +(SC' + S'C)a, - SS'y,
y(s)=C"B, -28'C'ey + 8"y,

in matrix notation:

B Cc? -25¢ S\ (B,
a| =|-cc’ sc'+cs' -SS'|-| .’
14 c?  22sc 87 )\

1.) this expression is important

2.) given the twiss parameters a, f§, y at any point in the lattice we can transform them and
calculate their values at any other point in the ring.

3.) the transfer matrix is given by the focusing properties of the lattice elements,
the elements of M are just those that we used to calculate single particle trajectories.

4.) go back to point 1.)
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Résumé:
equation of motion:

general solution of Hill's eq

phase advance & tune:

emittance:

transfer matrix from s; > s,:

matrix for 1 turn:

stability criterion:

x"(s)+ K(s) x(s)=0 , K=1/p* -k

x(s) = e JB(s) -cos@ (s) +9)

52 1 1 1
w”(s)=-!l‘4ﬁ(s)ds > Q(S)=§fmd5

£ =y (s) X*(s) + 2a(s)x(s)x'(s) + B (s) X"*(5)

%«osw +asing,,) BB, siny,

= (a, —a,)cosy,, — (1+ aya,)siny,, \]E(cosw —a,siny,,)
[32 21 2 21

VBB,

1->2

M) - (w sy, sy, )

—V sy, COSY , = A SINY

‘Trace(M)‘ <2
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