Introduction to Transverse Beam Optics

Bernhard Holzer

IV.) Errors in Field and Gradient

The ,, idberhaupt nicht ideal world "

Dispersion:
Ap 1
P P

x,(s)+ K(s) x,(s)=0
x/(s)+ K(s) x,(s) = 1%
P p
Normalise with respect to Ap/p: /

x;(s)
Y

X"+ x(% -k)=
0

general solution:

D(s) =

Dispersion function D(s)
*is that special orbit, an ideal particle would have for Ap/p = 1
*the orbit of any particle is the sum of the well known x; and the dispersion

*as D(s) is just another orbit it will be subject to the focusing properties of the lattice




Dispersion
Example: homogeneou

it for Ap/p > 0

=D(s)-A—p
p

Matrix formalism:

x(s) =xg(s)+D(s) Ly
p

x(s) =C(s) xy + S(s)" xg +D(s)-A—p
p
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or expressed as 3x3 matrix e "
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Example g TAYAYAYAYAYAYA YA
xg =1..2mm
D(s)=1..2m Amplitude of Orbit oscillation
A 5 contribution due to Dispersion = beam size
% =1-10" = Dispersion must vanish at the collision point ,
[ ]

Calculate D, D": ... takes a couple of sunny Sunday evenings !

sl s1

D(s) = S(s) f:)%‘(f)d& —C(s) I%S(i)ﬁ
s0 50




Example: Drift
v 1/
Drif =l 4

170
Mp,={0 1 0
00 1

Example: Dispersion in a Sector Dipole Magnet

Remember: Matrix of a
magnetic element

1
in general: K =k -—
0

... butin adipole,as k=0 ...

sl s1
D(s) = S(s) f;%‘(g)dg - C(s) f%m)dg
50 50

1
cos(KI)  ——sin(,/[K]))
M,,.= VIK]

- JIK|sin({|K|))  cos(y/|K|))

calculate the ,,D*“ elements for the marix a Sector Dipole Magnet

sl sl
D(s) = S(s) fl%‘(i)di ~C(s) flS(g)d:v
50 p 50 o
D(s) = (psini)*i*(psini)—cosi*i*p'(—cosi+1)* P
o p P P p o
D(s) = psin® L+ pcosi*(cosi—l)
P o p
l 0 .
D(s)=p-(1-cos ;) s D'(s)=sin » Dispersion elements in a sector dipole magnet

cosi psini p*(l—cosl)

1 1
cos—  psin— D x 0 P P .
P P , 1.1 I 1 ,
M = _lsinl COSL D/ P = —;Sln; COS; Sln; | x
dipole )
P Vi) 0 0 1 var

Nota bene: even an ideal particle with x = x = 0 will start to oscillate if it passes a dipole
magnet and has a momentum error Ap/p
A dispersion trajectory will obey the same focusing forces (i.e. will be transferred by the
same matrices) as a normal betatron oscillation




Example: Dispersion, calculated by an optics code for a real machine

x,=D(s)* P
P

* D(s) is created by the dipole magnets
.. and afterwards focused by the quadrupole fields

VB —-3

DISPERSION x/2

Mini Beta Section,
2 no dipoles !!!
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Dispersion is visible
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HERA Standard Orbit

HERA Dispersion Orbit

dedicated energy change of the stored beam

2 closed orbit is moved to a

dispersions trajectory '

X, =D(s)*A—p
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Periodic Dispersion:
wSawtooth Effect“ at LEP (CERN)

19.) Momentum Compaction Factor:

The dispersion function relates the momentum error of a particle to the horizontal

orbit coordinate.
—_ — T 7T
E 5
= inhomogeneous differential equation
8 q
—
q-
1 0 N 1 A
C X+ K(s)*x=—L2
N Electron course PP
-5+
EPETETEE BTN BT PR BT .
general solution
0 100 200 400
A
BPM Nupnber x(s)=xﬁ(s)+D(s)—p
P
In the straight sections they are accelerated by the rf
cavities so much that they ,,overshoot* and
reach nearly the outer side of the vacuum chamber.
. But it does much more:
In the arc the electron beam loses so much energy in each . .y
octant that the particle are running it changes the length of the off - energy - orbit !!

more and more on a dispersion trajectory.




particle with a displacement x to the design orbit
2 path length dl ...

particle trajectory

ﬂ_p+x R Dl W 4t
ds e :

design orbit

- dl=(l+ d )ds
p(s)

circumference of an off-energy closed orbit

_ _ XAE remember:
lug = el f(1 . 2 ) ds

Xy (s) = D(s) 2L
Po

Sl= 1, —1I, - gf( D(s)) ds * The lengthening of the orbit for off-momentum
Po

o(s) particles is given by the dispersion function
and the bending radius.

Definition: 2 _q 22

1
For first estimates assume: ; = const

dipole

fD(S) ds=% (l,ﬁ,w/es) * <D>

dipoles

D
=l P) - = L2p (D)L~ a2 Zp) - 2
L, o L o L, R
Assume: V=C
ST 61 Ap a, combines via the dispersion function
= = =a,— the momentum spread with the longitudinal
I, L Do

motion of the particle.




Introduction to Transverse Beam Optics
IV.) Errors in Field and Gradient

burned quadrupole coil in
a mini beta magnet

20.) Errors in Field and Gradient
Reminder: Linear Beam Dynamics

The derivation of the equation of motion is based on the presumption that

... in our accerlator there are only linear magnetic fields ....

B _ 1 + k*x +NE mx® N nx® +...
ple P { !

dipole  quadrupole

Multipole expansion of magnetic field:

B,(r,0) = Bmmi(f) (b, cos(n6) + a, sin(n6))
n=1 0

magnet structure of LEAR (CERN)

o n-1
B.(r.0)=B,,, E(i) (~a, cos(n) + b, sin(n6))
a=1\"To




Example: HERA multipole coefficients of sc. dipole magnets

o
‘= Orpol N ol Di = * (L)n_] ( i )
s b B,(r,0)=B,., 3 b,cosn6 +a,sinnf
10 =10 =i
2 2
«
N -4
ferpphreessnsatty o J]} e s s b,.a,=1..2*10
i IS col := 0.0000 ;
© Italian o Halion col :=0.0000;  gystematic
7 ® German g ® German col = 0.8900 ; uncertainty
(S e PR TS P k([ L1144y g | col:= 064005 random
O e T e BT an in gbllision

Multipole order n —=

b6M_MQXCD_col := 0.0000; b6U_MQXCD_col := 1.7700; b6R_M alM_MQXCD_col := 0.0000 ; alU_MQXCD_ol :=
b7M_MQXCD_col := 0.0000; b7U_MQXCD_col := 0.2100 ; b7R_M a2M_MQXCD_col := 0.0000 ; a2U_MQXCD_col :=
b8M_MQXCD_col := 0.0000; bSU_MQXCD_col := 0.1600 ; b8R_M a3M_MQXCD_col := 0.0000 ; a3U_MQXCD_col :=

b9M_MQXCD_col == 0.0000; b9U_MQXCD_col = 0.0800; b9R_M a4M_MQXCD_col
b10M_MQXCD _col := 0.0000; b10U_MQXCD _col := 0.2000 ; b10R_ aSM_MQXCD_col :
b11M_MQXCD

b12M_MQXCE_

b15M_MQXCD_col := 0.0000; b15U_MQXCD_col := 0.0000 ; bISR_ alOM_MQXCD col :
allM_MQXCD_col :=
al2M_MQXCD_col ==
al3M_MQXCD_col :=
al4M_MQXCD_col ==
al5M_MQXCD_col -

general rule: multipole errors
should be in the range
of y,some 10 4%

0000 ; a4U_MQXCD_col
.0000 ; a5U_MQXCD_col =

Example: LHC multipole coefficients of sc. triplet quadrupoles

00000 ; al0U_MQXCD_col =
0.0000; al lU_MQXCD _col :=
00000 ; a12U_MQXCD_col =
0.0000 ; al3U_MQXCD_col :=
0.0000 ; a14U_MQXCD_col :=
0.0000 ; al SU_MQXCD_col =

0.0000 ; alR_MQXCD _fol := 0.0000 ;
0.0000 ; a2R_MQXCDY col := 0.0000 ;

0.8900 ; a3R_MQXCD_col
6400 ; a4R_MQXCD_col
14600 ; aSR_MQXCD_col
QXCD_col =

0.0300 ; al IR_MQXCD_col :=

0.0200 ; al2R_MQXCD_col :=

0.0100; al3R_MQXCD_col =

00300 ; al4R_MQXCD _col :=

00000 ; al SR_MQXCD_col

= 0.8900;

13300 ;

QXCD_col = 02100 ;
bI13M_MQXCD_col := 0.0000 ; b13U_MQXCD_col := 0.0200 ; bI3R_ a8M_MQXCD_col := 0.0000 ; a8U_MQXCD_col := 0.1600 ; a8R_MQXCD_col
b14M_MQXCD_col := 0.0000; b14U_MQXCD_col := 0.0400 ; b14R_ a9M_MQXCD_col := 0.0000 ; 29U_MQXCD_col := 0.0800 ; a9R_MQXCD_col

= 0.1600;
= 0.0800;
0.1400 ; alOR_MQXCD _col :=

00600 ;
0.0300;
0.0200;
0.0100;
00100
00000 ;

Sources of field errors

1) power supply errors:

dipole error:

Error in dipole strength: the gap

Yoke production: laminations, made by stamping
out of steel sheet.
variations of gap ,,h* by wear out
of die or use of multiple dies

Tolerance:
h=5cm
AB _|Ah|_ 25um —5*%10™*
Ah =25 um B h Sem ———

remember from lecture N° 1:




Sources of field errors

power supply stability:

16 bit digital electronic for current control and stabilisation
survey of power supply electronics: bit stability

.
2' 265536 % = 15%10°

require % <5%107°

QP34 SR 338. Hsk 200/7

Yrange = [0 v| [~ Freeze scale

Al =12 bit
£r==1..42"‘10’4
1 I~ Freezescale | QP63 WL 217, BI 120/04

Y range = [50 -

21) Dipole Magnet errors: closed orbit distortion

The sum of all dipole magnets in a ring defines a curve that we call closed orbit.
perfect situation «— design orbit
f Bdl L, _ a =27

Bp p

normalised effect on the beam:

Bds 1
effect of single dipole magnet error: f (Bip) = f ; ds

A dipole error will cause a distortion of the closed orbit, that will ,,run around* the storage
ring, being observable everywhere ... but — if small enough — still will lead to a closed orbit !!

Assume one single diple error (s

in a linac,
x N 0
xr = M lattice Axr
s s0

Overall amplitude of a single particle trajectory:

x=x,(s)+x;(s)+x5(5)




Calculation of Orbit Distortion in a circular machine:

co dipole kick 1/p*As

periodicity condition still has to be fulfilled: we still get (!) a closed orbit
in any case: distorted orbit will be a betatron oscillation.
x,(8)=a\B(s)*cos(s)-¢) a = orbit amplitude, ¢ = initial phase

put starting conditions: s=0 , Y(s)=0

boundary condition (1): X, (s+L)= x,,(s) periodic closed orbit

, As
boundary condition (2): X;(s+L)+ ? =x,(s) at the place of the distortion, s =0, y = 0

VB [y fBcoslya .| -m0)ds
2sinQ

x,,(8) =

Nota bene:

* orbit distortion is visible at any position ,,s“ in the ring,
... even if the dipole error is located at one single point ,,s1*.

* the f function describes the sensitivity of the beam to external fields

*the f function acts as amplification factor for the orbit amplitude at
the given observation point

*in any case we (clearly ... ) will obtain a cosine-like orbit travelling around
the ring ... but being closed !!! after one turn.

* there is a resonance denominator

VB * [ By * cos(w, — v,

\ ~ Q) ds
P
X,(8) = - -
2sinzQ
closed orbit after quad offset
:
o
0e I | m
T S T R O O
£ * P A A A A
A AN O VA ATV AR A R VAN ADATARAN PETRAIII Light Source:
b i i , f . )
08 i closed orbit error after
e A AScbfbEEiRBSGERBRECREEGE| ofcof0.3mmin2quadupole
T fEREaE magnets

10



By Titud,

Example: ,,bad orbit*, i.e. closed orbit that c ins large osc ]

eats up available magnet aperture

x(8) = x5 (5) +xp(8) + X, (5)

> particle trajectories pass nonlinear field regions
> detector components suffer from beam halo particles & light

unch

Intatdie AN

Spacal Display @ 9/11/1_15:02

~ Spacal_Display @ _ 10/11/1_11:39

o (RS o (D)

srow R ol > overey (2ER—%)

H1 drift chamber during
a good run ... or a ,bad“ one

Jest-FO00 Ring ur Zevthen o zesthen, zevthencel, ka-0.541/me02

Orbit distortions in a periodic lattice_

field error of a dipole/distorted quadrupole

(225508 == ->
2

Bds

— d(mrad) L
o

ple o
[ s S e S TR S TR

the particle will follow a new closed trajector

of tife kick is large
ecfors should be

indicates the sensitivity of the beam
placed in the lattice

* the orbit amplitude will be large at places where in the lattice B(s)
is large - here beam position monitors should be installed

11



22.) Finally: .... Resonances

closed orbit distortion:

JBG)* [ B *eos(p, | -Q) ds
X, () = Lo

2sinzQ

remember from lecture 1: p = phase advance per revolution

in general measured and expressed in 0= u
units of 2x ... and called ,,Tune“ Q

27w
... and it depends on the focusing strength of the lattice cells.

Tune: number of oscillations per turn

31.292
32.297

permanent tune measurement ...and control
in both planes
Relevant for beam stability:

non integer part

HERA revolution frequency: 47.3 kHz

0.292*%473 kHz=13.81 kH:

~
1
i
E
£
=

VB [ B *eostw, —, ~7@)ds
Xa(5) = g

2sinmQ

Assume: Tune = integer o=1 — 25in§ =2sint =0
Integer tunes lead to a resonant increase of the closed orbit amplitude in presence of the
smallest dipole field error.

Qualitatively spoken:

Tellchenbohnen und Enveloppe

12



Tune & Resonances

The particles — oscillating under the influence of the external magnetic fields — can be excited in
case of resonant tunes to infinite high amplitudes.
- particle loss within a short number of turns.

> avoid large magnet errors
2 avoid forbidden tune values in both planes

n,m,p = integer numbers

m*Q +n*Q, =p

|) HEHA LEPIUN: U-Diagram [x]
FEile Chait Settings  Indizzter Settings

Tune Indicats Tune Cantmller
Herzortal | Vortical Horizones) Yestives
Locked | [ Locked OFF DFF

Tune | Tune: Setpoint : Setpoint :
[T0384kHz | [3984khz | [0 i

OValue . | 0 Value. == =1=
021045 | [ 0.20470 e S

[xc.Amp: | [xc. Amp.: How Setiond
Indi- | Indi-

catoe _ON || capor _ON
HorYest ON | tor, Vert 0T | Hov¥ert 0N

Zoom Zoom [ Auto Trackiny
IN. Eﬂ out g
M -~

e KNG e
oudor: [4° E etk SAIELLIE
CHaR™ [Indicalor | Q-Phase Stages|

o1, Yert DIT

23.) Quadrupole Errors: - - s s i

go back to Lecture 1, page 1

single particle trajectory

P G
Solution of equation of motion X = x, *cos(Vk*1) + x, *WSIH(W‘ *1)

(x’J =MQF*(x) u cos(Wk *1) ﬁsin(«/?*l)
2 1 —«/Zsin(«/z*l) cos(\/z*l)

x(9 Yol herbehnan 1md Fervwbumre

Definition: phase advance
of the particle oscillation
per revolution in units of 2n i

is called tune

0- AY .y *r

2 2w - T e -

13



Quadrupole Error in the Lattice

optic perturbation described by thin lens quadrupole

COSY,,, + O, SINY,,,, B,siny,,,,
M(s) = . .
-y, siny, COSY 4, — @, SINY
cosy, +asiny, Bsiny,

dist =

Akds(cosy, +asiny)—ysiny, Akdsfsiny, +cosy, —osiny,

rule for getting the tune

Trace(M) =2cosy =2cosy, + Akdsf siny

Quadrupole Error in the Lattice

optic perturbation described by thin lens quadrupole

M M M 1 0 COSIPmm + a Sinwﬂlﬂt ﬂ Sinwilﬂn
a0 Akds 1 -ysing,,  cosy,, -asiny,,,
\ ) — —

quad error ideal storage ring

cosy, +asiny, Bsiny,
Akds(cosy, +oasiny ) -y siny, Akds fsiny, +cosy, —asiny,

dist =

rule for getting the tune

Trace(M) = 2cosy =2cosy, + Akdsf siny

|

14



Quadrupole error > Tune Shift

Akds f siny,

Y=y, +AY  _— cos(y,+Ay)=cosy, + 5

remember the old fashioned trigonometric stuff and assume that the error is small !!!

cosy,, cos Ay —siny, sin Ay =cosy, +M5mw°
D — H_/
=] =~ Al/}
Ay = kd;ﬁ

and referring to Q instead of y: / the tune shift is proportional to the p-function

Y =270 at the quadrupole

I field quality, power supply tolerances etc are
much tighter at places where p is large

AQ - S}tl Ak(s)B(s)ds M mini beta quads: p » 1900 m

arc quads: p # 80 m
I 4 [4 4

M P is a measure for the sensitivity of the beam

Example: deliberate change of quadrupole strength in a synchrotron:

AQ ~

tune spectrum ...

«.. for heaven's sake:

why do we get three peaks

‘}’ AK(s) B(5) 4 MK * s * B
JT

0.3050

0.3000

0.2950
<3

X
< 0.2900

0.2850

0.2800

0.01250

GIl0oé NR

y=-6.7863x + 0.3883

0.01350 0.01400 0.01450
k'L

tune shift as a function of a gadient change




Clearly there is another problem:
a focussing error at any location in the machine
<. Will shift the tune
... and distort the optics
... at any place in the ring

Example GA quadrupole:

burned quadrupole coil

Quadrupole error > Beta Beat

M) = =5 P [ MkcosC., ~y.0) - 270 )s

2sin

orbit is not affected to
first order !

16



24.) Chromaticity:
A Quadrupole Error for Ap/p # 0

Influence of external fields on the beam: prop. to magn. field & prop. zu 1/p

B dl Ap
dipole magnet a= X, (8)=D(s)—
ple p
£

focusing lens k=

cell length . i
Figure 26: FODO cell particle having ...
to high energy
to low energy
ideal energy

Chromaticity: Q'

? p=p,+Ap
e

in case of a momentum spread:

k=——8 € PPy ek vk
py+Ap  p, Dy

Ak = —A—‘Dk0
Po

... which acts like a quadrupole error in the machine and leads to a tune spread:

AQ = —Lgkoﬁ(s)ds
47 p,
definition of chromaticity:
AQ =0 S 0'= —Lfk(s)ﬁ(s)ds
p 4

17



Where is the Problem ?

. what is wrong about Chromaticity:

Problem: chromaticity is generated by the lattice itself !!

Q'is a number indicating the size of the tune spot in the working diagram,
Q' is always created if the beam is focussed
2 it is determined by the focusing strength k of all quadrupoles

Q- - fk(s)B(s)ds

k = quadrupole strength
p = betafunction indicates the beam size ... and even more the sensitivity of
the beam to external fields

Example: LHC

>Some particles get very close to

|
Q'=250 resonances and are lost

Aplp=+-0.2 %103

40=0.256 ... 0.36 in other words: the tune is not a point

it is a pancake

18



Ideal situation: cromaticity well corrected,

(QRI~1)

Tune signal for a nearly
uncompensated cromaticity

(Q'~20)

Tune and Resonances

m*Q +n*Q +*Q = integer

RA e Tune diagram up to 3rd order

... and up to 7th order

Homework for the operateurs:
find a nice place for the tune
where against all probability
the beam will survive

19



Correction of Q':

Need: additional quadrupole strength for each momentum deviation Ap/p

A
1.) sort the particles acording to their momentum Xp(s) =D(s) 717

... using the dispersion function

e T T g

2.) apply a magnetic field that rises quadratically with x (sextupole field)

B, = gxz
0B 0B ~

X =——Z = gx

B. =%§(x2_22) 0z ox

R S B K R R R e

linear rising
wgradient“:

Correction of Q':

Sextupole Magnets:

1z

Spulen

Eisenjoch

Eisenjoch

corrected chromaticity

considering a single cell:

-1 1
' - % i F FpopF _
Qx 4]_[ fkl(s)ﬁ(s) dS + 4” k2 lsext Dx ﬁx

sext

k; normalised quadrupole strength

k, normalised sextupole strength

kl(sext)=£=k2*x
ple

k (sext) =k, * D* P
P

1

— N kP1,, DPBP

2 Tsext ~x
sext

20



Correction of Q':

k, normalised sextupole strength

Sextupole Magnets: k, (sext) = gx _ ko *x
1 - )
ple

Eisenjoch Spulen

Eisenjoch

K (sext) =k, * D* 2P
p

more in detail: we have to correct the chromaticity in the two planes ...
.. and in each plane the sextu[pole fields will contribute with different signs to the Q*

2 k2 sext ﬁ - E k2 xe)t

F sext Dsexr

Q‘cyll_y = _ﬁ{ - kqfﬁquf + kqdﬁqud} E kz vexl - E kz vext

F sext D sext

Q| Kbl =kl o

k; normalised quadrupole strength

Resume’:

quadrupole error:

s04! Ak(s)ﬁ(s) dom AK()*1,,..* B

tune shift AQ =~ f .

ﬁ s+l
el A =7n Ak 2 2
beta beat B0 = 5 g J POV cosQ@, ~w.,) ~ 210 s

chromaticity AQ=0Q'* A
p

o
Q'= - fk(©)B(s)ds

1
in a FoDo Q' y=——tan £
b4 2
corrected chromaticty
-1 1
L =—*Fk (s)B(s) ds+— 34
QL= fhIP O ds+ S KL DIFT - S KL,

D D
DB

21



Appendix: Closed Orbit Distortion

Calculation of Orbit Distortion in a circular machine:

X cop dipole kick 1/p*As)

periodicity condition still has to be fulfilled: we still get (!) a closed orbit
in any case: distorted orbit will be a betatron oscillation.

x,(s) =a./B(s)*cos@(s)-¢) a = orbit amplitude, ¢ = initial phase

put starting conditions: s=0, y(s)=0

boundary condition (1): x,(s+L)=x,(s) periodic closed orbit

BT L) *cos(y (5)+ 270 - 9) = ) *cos(y (9)-)

c0s(27Q ~ p) = cos(~p) = cos(¢)
@ =nQ

22



Calculation of Orbit Distortion:

anglex’:  x,(s) =a+B(s) *cos@ (s)- @)
X, (5) = —a\[B *sin@ (s) - @) *p'(s) + 25? a*cos@(s)-¢)

L
B
—-a

x,(s) = ﬁsinwm -p)+ 25? a*cos@y(s)- @)

remember:p W'(s) =

'

- / As _ R
boundary condition (2): X, (s+L)+ ? =x,(s) at the place of the distortion, s =0, y = 0

B \/% sin(-@) + 2/57/%11 *cos(-@)

periodicity’d B(s)=p(s+L), ¢=m0

' '
—-a

\/E sin(7Q) + 2“;\/?” *cos(mQ) + % = %sin(—nQ) + 25’? a*cos(-mQ)

remember:p sin(-x)=-sin(x) , cos(-x)=cos(x)

Ay By A _a B s
s s )+ @Sl“(”Q“zM

As 2a . Ay\/ﬁ
— =—F=sin(7Q) —p a= /P
o B 2sin(10)
put into orbit equation:
where O = Asp
8 *VB(s)B denotes the orbit kick
x,(8) = ay/ B(5) *cos@ (s) - Q) = —————"*cos( (s) - 10)
2sin(7Q)
closed orbit after quad offset
1
08
06 1 | I
ol e T TR T iy T PO I O T
£ °2 P A
£ o5 Ty AT A A A AV VAN ATSYAFAVAYEVAYE VEYAVANEVE VYN PETRA III Light Source:
PSP LA L L P L VI A R Y LY
05YIVT!{“‘"V‘V‘VYV'UV\\VVY"VVUWVVVW
o8 I L ! closed orbit error after
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calculation in full detail - i.e. for arbitrary initial phase w(s1) - yields)

VB [ B, *cos(p, ~,| - m0)ds
X, (9) = Pa
2 sin 1Q
Nota bene:

* orbit distortion os visible at any position ”’s” in the ring
... even if the dipole error is located at one single point “s,”

* the beta function describes the sensitivity of the beam to external fields

* the beta function acts as amplifcation factor for the orbit amplitude at
the given observation point

*in any case ... we clearly will obtain a cosine-like orbit travelling around
the ring ... but being closed !!! after one turn.

* there is a resonance denominator

Appendix: Quadrupole Errors and Beta Function

a quadrupole error will not only influence the oscillation frequency ... ,tune“
... but also the amplitude ... , beta function*

z

turn

M =B*A A=(”11 alz)

m,  m,, 1 0
distorted matrix M, , = ( ! 12 ) = B( ) ) A

M. —-B a, 4y
it - Akdsa, +a,, -Akdsa, +a,,

M, =(N bya,, + b, (-Akdsa, +a22))
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the beta function is usually obtained via the matrix element ,,m12“, which is in Twiss form
for the undistorted case

my, = B, sin 270
and including the error:

ml*z =byay, +byay, —ba,Akds
S —
my, = f3, sin 2710

A my, = B, sin 220 — a,,b,,Akds
As M* is still a matrix for one complete turn we still can express the element m ,in twiss form:
(2) my, = (B, +dB)*sin 2w (Q +dQ)
Equalising (1) and (2) and assuming a small error
B, sin 2720 — a,,b,,Akds = (B, + df3) *sin 2w (Q + dQ)
B, sin 220 — a,,b,Akds = (B, + df) * sin 20 cos 2ad Q + cos 20 sin 2wd O
— —

~ 1 =2rdQ

W —ay,b,, Akds = W B, 27dQcos 270 + df, sin 270 + dm 2720

ignoring second order terms

—ay,b,Akds = B,2dQcos 270 + d 3, sin 2mQ

Akp,ds
remember: tune shift dQ due to quadrupole error: dQ = Akp,ds
(index ,,1“ refers to location of the error) 4

—ay,b,Akds = Wcos 270 + dp, sin 270

solve for df
-1

- m{zaubm + By 3, c0s 2710 YAk

dp,

express the matrix elements a,,, b,,in Twiss form

%(costpi +otsiny, ) [B.B, sinw,

0

| @ -a)cosy, ~(1+ aa)sing,

BBy

L (cosy, —a, siny, )
Bs
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-1

- m{za,zbl2 + By B, cos 210 J\kds

dp,

ay =~/ BoBy sinAy,_,
by =+ BoBy sin(2nQ - Ay, )

dp, = =B Lsin Ay, sin(21Q — Ay,,) + cos 20 JAkds
25sin 270

~—
... after some TLC transformations ... = cos(2Ay , —2wQ)

AB(s,) = ﬁ(soAkcos(zwﬂ —p.0) ~ 270 )i

Nota bene:

!!!! there is a resonance denominator

p/e+ . q02¢8, ht02_8, Lumi-Upgrade Version ll-4 820 Gev /27.5 GeV. neue Version, QR14 reduziert, q0zz

ideal i.e. unperturbed beam
optics for luminosity operation

perturbed bam optics due to broken
quadrupole winding

b/e+ . arz Stoncara Lumi~Opik Opik, korigleie Versiaton 2004, ni02.8, 920 Gev /27.5 Cev.
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Appendix: Dispersion

Solution of the inhomogenious equation of motion

sl s1

Ansatz: D(s)= S(s)fl%’(f)dg - C(s)flS(E)di
s0 p s0 p

D’(s)=s'*ficm+s ! c-c’*fls(;/z—c s
P o o o

C S
D'(s)=S"*[—dt - C'*[—d
) fg ! fp !

D”(s)=S"*f£d§+S’£ - C”*fédi o3
o o o P

=S"*f%d5- c"*f%ds”+%(CS' -5C)

| —
=detM =1

fffff | .

remember: for Cs) and S(s) to be independent
solutions the Wronski determinant
has to meet the condition

c S

=0
C' S

and as it is independent dl - i(cs’ -SC")=CS"-5C"=-K(CS-8C)=0
of the variable ,,s ds ds

we get for the initital G=1 Ci’ =0 W= C/ S’ =1
conditions that we had chosen ... S, =0, S;= (S

D"=s"*f%ds~_ c"*f%dm%

remember: S & C are solutions of the h 8. equation of moti ST+ K*S§=0
C"+K*C=0
D"=—K*S*f£d§+ K*C*f£d5+i
P P P
D"=-K* Sf£d§+Cf§d§ +l
P P P
|
=D(s)
" 1 " 1
D"=-K*D+— ...or D'"+K*D=—
I P
qed
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