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Differentiable Programming

Methods leveraging the end-to-end differentiability of computer programs

Enabled by:
« Advances in automated differentiation (forward, backward, Taylor
mode).

Built upon familiar techniques:

« Taylor methods.

* Feed forward neural networks.

« Variational & adjoint equations.

« Algebra of truncated Taylor polynomials.

« Optimization (e.g. stochastic gradient descent, etc..).
« Uncertainty propagation.

And leveraging less familiar ones:

« Efficient and seamless computer implementations.

* Periodic activation functions (SIREN networks).

« Implicit neural representations (NERFs, PINNS).

« MGFs (moment Generating Functions) for non gaussian
uncertainties.

* Polynomial map inversion techniques.

3

— W 4= 11 = D 11 11

— - e Bl EE 2= E — B WL » THE EUROPEAN SPACE AGENCY



Differentiable Programming Tools

O PyTorch
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Gradient Based

Acciarini, G., Baydin, A. G., I1zzo, D.: Closing the Gap Between SGP4 and High-Precision Propagation via Differentiable
Programming. To appear in: Acta Astronautica, 2025. https://doi.org/10.1016/j.actaastro.2024.10.063

Acciarini, G., Izzo, D., and Biscani, F.: EclipseNETs: Learning irregular small celestial body silhouettes. Acta Astronautica,
2025. https://doi.org/10.1016/j.actaastro.2025.06.002

Izzo, D., Acciarini, G. and Biscani, F.: NeuralODEs for VLEO simulations: Introducing thermoNETs for Thermosphere
Modeling. Submitted to the 9th International Symposium on Space Flight Dynamics (ISSFD), April 2024
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https://doi.org/10.1016/j.actaastro.2024.10.063
https://doi.org/10.1016/j.actaastro.2025.06.002

Propagating Satellite Orbits esa

H
Sun
u >,
H
Photons ﬁ
—_—

Earth's Gravity Fleld Anomales |miligals)

50-40 30 20 -10 O 10 20 30 40 0

Impacted surface

Orbital Drag

- =W 4 1= Dl O I e B e Il B 2= KB — B L » THE EUROPEAN SPACE AGENCY



Dynamical Systems and Differentiable Programming esa

- The 2018 NeurIPS paper introduced the concept of NeuralODEs - track

gradients through ODE+NN on the right hand-side

Eé\\ M
) AON \\

Chen, R. T., Rubanova, Y., Bettencourt, J., & Duvenaud, D. K. (2018). Neural ordinary
e} Unmodeled forces (e .g. thermos p heric dra g ) differential equations. Advances in neural information processing systems, 31.

- These are ubiquitous in space:

o Events (e.g. eclipses)

H = Hopspp + No(z,y, 2)

ONy(x)
o6

o Controllers (guidance and control networks)

dy
7 ij\fg(x) @+

- The overall idea is that after having done expensive training on ground, NeuralODEs

can be used to perform onboard corrections Learn continually

New
Data

o Continuous learning

o Onboard refinements

o Robustness Deploy continually
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Atmospheric drag
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A Differentiable Atmosphere

esa

geodetic lat. and lon.

local solar time

geomagnetic index

solar flux
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Trained Models: Density Predictions

thermoNET

Ground Truth

thermoNET

Ground Truth
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Continuous Learning via NeuralODE
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Solar radiation forces:
eclipse modelling
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Modelling Small Body Irregular Silhouettes esa

Acciarini, G., Izzo, D., and Biscani, F.: EclipseNETs: Learning irregular small celestial body silhouettes. Acta Astronautica,
2025. https://doi.org/10.1016/j.actaastro.2025.06.002

Biscani, F. and Izzo, D., 2022. Reliable event detection for Taylor methods in astrodynamics. Monthly Notices of the Royal Astronomical Society, 513(4),
pp.4833-4844.
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https://doi.org/10.1016/j.actaastro.2025.06.002

eclipseNETs esa

Learning the distance from the shadow cone of an irregular body --> signed distance function (SDF)
can be used:

e o L Decision
__ bourdary
e of implicit
¢ surface
SR | d(x,y,09Q)
cspi>o | FBl%98) -{ ~d(x,9,9Q%)
@ SDF<0 '

14

1
I
i
[
|
.I.
Il
I
I
il

— - s Bl R == — B WL » THE EUROPEAN SPACE AGENCY



Training Neural Models for Irregular Bodies esa
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Differentiable Event Detection

esa

N .
- Replacing complex ray tracing algorithms with neural networks 9 ZI’"_JP(,_,.J.)_ZQ,XV_“,xwxr_,lg(t)
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Differentiable propagation
end-to-end
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dSGP4

9SGP4

Acciarini, G., Baydin, A. G., Izzo, D.: Closing the Gap Between SGP4 and High-Precision Propagation via Differentiable
Programming. To appear in: Acta Astronautica, 2025. https://doi.org/10.1016/j.actaastro.2024.10.063
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https://doi.org/10.1016/j.actaastro.2024.10.063

dSGP4 esa

1t derivative of Mean Drag term or
MNarne of Batellite Motion or Eallistic Coefficient  radiation pressure
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- So far we discussed force models to be used in numerical integrators..
However, simplified integrators (semi-analytical) also exist

- SGP4 is a popular simplified propagator that is used with TLE data (very commonly used)

- We rewrote SGP4:

https://qgithub.com/esa/dSGP4

o Differentiable SGP4 (via torch autodiff engine)
o Compatible with modern ML software & hardware (TPUs, GPUs, CPUs..)

o Open source
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https://github.com/esa/dSGP4

ML & dSGP4 esa

Stochastic gradient descent can be applied to learn the NN & dSGP4 parameters to bridge the gap

between SGP4 and observed/simulated data

P

JdSGP4

eS(EiP4

‘ | l Backpropagation
Observed or simulated
target data

01,?;_+_1 = 91,?; - ‘171V91 J / Torch autodiff

given:
P : 4 find: 01,0sGp4,0- Oscpait1 = Oscra,i — NscPaVesepsd
| s-t. min: J(x(xo,t,01,0sap4,02)) = ||x — xupop||? 02,?;_+_1 = 92’3- — 12V, J .
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High Order

Acciarini, G., Baresi, N., Lloyd, D., and Izzo, D.: Nonlinear Propoagation of Non-Gaussian Uncertainties. Journal of Guidance,
Control and Dynamics, 2025. https://arc.aiaa.org/doi/10.2514/1.G008717

1zzo, D., Origer, S., Acciarini, G., Biscani, F.: High-Order Expansion of Neural Ordinary Differential Equation flows. Science
Advances, 2025. https://www.science.org/doi/10.1126/sciadv.ady1348
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Uncertainty Propagation

« Objective is to propagate statistical moments of a distribution

« We leverage high-order Taylor expansion of the flow to do this

1(x)

« The resulting technique can quickly and accurately map uncertainties at - . :
future times or events

nominal optimal solution

[ —
R robust optimal solution
"
! |
| |
|

transmitted variation

« The state and parameters of the dynamical system are considered as
uncertain and described by any pdf (uniform, Gaussian, etc.)

variation variation
control factor, noise factor

Acciarini, G., Baresi, N., Lloyd, D., Izzo, D., 2024. Nonlinear Propagation of Non-Gaussian Uncertainties. In: Journal of Guidance, Control and Dynamics
22
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Mathematical Framework esa

k
. . | L
X =f(x,q)ox', =Pl (ox0,69) + O(k)— oxp ~ Pi(62) = ) —(9%x))

|ar|=1

6z¢
(EO aa)

E[&x;] o

Similarly, higher moments canalso be derived

State Transition Tensors (STT): partial of the final state components
w.r.t. the initial state. If there is an event - map inversion?, substitution

and the polynomial of the state at the event can be found - Event
Transition Tensors (ETT) High order moments of the initial

e(xr(t";x0,9),q) =0 distributions

1Berz, Martin. Modern map methods in particle beam physics. Academic Press, 1999. 23
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Computing STT or ETT esa

k
E[cix}] ~ B[P} (672)] = Z

« Multiple techniques can be used for this (mathematically equivalent):

Algebraic techniques
(COSY, DACE, pyaudi)

Integrating the variational
or adjoint equations

ML differentiable programs
(leveraging forward/backward

autodiff & Taylor-mode autodiff) (heyoka)
. 1|I o dacelib | dace O darioizzo | audi @
O PyTorCh TensorFlow 7 ;
COSY INFINITY Version 9 )

Kyoko Makino 2 B, Martin Berz &

Jet Transport

Heyola

« We use heyoka - leveraging recent advancements in it to automatically & efficiently write the VE

24
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Moment Maps via MGF Approach

esa

k

> @]

la|=1 (%o,

E[6x%] ~ E[Pf(62)] =

* Via moment generating functions (MGF), for any pdf that admits
an MGF we can write:

g o | Heyosa

g

* These can be computed offline, only once

* Moreover, they can be computed symbolically w.r.t. pdf parameters,

which means they can be re-used for different parameters of the pdf

Distribution
Degenerate d,

Bemnouli P(X =1)=p

Geometric (1 — p)* 1 p
Binomial B(m, p)
Negative binomial NB(r, p)

Poisson Pois(A)

Uniform (continuous) U(a, b)
Uniform (discrete) DU(a, b)

Laplace L(u, b)

Normal N (g, o)
Chi-squared Xi

Noncentral chi-squared x2 ()
Gamma I'(k, )

Exponential Exp(A)

Beta

Multivariate normal N (g, 32)

Moment-generating function Mx (¢)

ole

1—p+ pe'
pe'

1-(1-p)e’

(1-p+pe')”

T
p
() t<ma-n)

e)‘(et—l)

t< —1In(1-p)

eat _ e(b+1)t

(b—a+1)(1—¢)

ett
1opa 1S
et;H»%chtz
k
(1-2t)2,t<1/2
M/(1-20) (1 _ 2t)*§
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Example Application

esa

Landing on a small body in a binary asteroid environment (e.g. the one of the recent ESA’'s Hera mission)

Self-Stabilized

Terminator \

Orbit

Propagated

Uncertainties 3
ESSE e

Event
Manifold

Dimorphos

Landing

Trajectory

/

| Center|

R

|
|
|
!

Landing Probability

Note that the discussed techniques are also applicable for cases in which there is a neural network in the right-
hand side of the ODEs (since they only require differentiability)
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Coming soon.... robust control
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Thanks for listening!
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