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1. ABSTRACT

This study has explored the analytical wave solutions of the Kudryashov-Sinelshchikov equation with variable coefficients,

aiming to capture the dynamic nature of real-world phenomena. The relevance of this equation in fields such as fluid
dynamics, nonlinear optics, and plasma physics has made it a focal point for recent research. By examining the wave
solutions supported by stability analysis, time-variable coefficient functions and parameters that enable the formation of
shock wave profiles under different conditions have been determined using specialized artificial neural network models. The
generated shock wave profiles have been compared from the perspective of mathematical physics within the context of the
physical phenomena presented by the equation. Additionally, by studying various wave solutions of the Kudryashov-
Sinelshchikov equation, significant insights into the dynamics of wave propagation under different conditions (linear,
parabolic and trigonometric) have been provided. The results of this research have not only improved our understanding of
nonlinear wave systems but also hold promise for more realism and optimization in mathematical modeling. Consequently, it
is anticipated that this research may enable new approaches and methods for examining and modeling various physical

phenomena.

Keyswords: The Kudryashov-Sinelshchikov equation with variable coefficients, Expansion Method, Solitary wave solution,

Nonlinear wave propagation.
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2. INTRODUCTION
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The Need for Realism
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We rely on mathematical models to interpret physical
universe phenomena—from fluid dynamics to
nonlinear optics and plasma physics. However,
traditional models rely on constant coefficients,
severely limiting their ability to reflect real-world,

highly dynamic environments. /
7

/

By injecting time-variable coefficient functions into
the Kudryashov-Sinelshchikov equation, we unlock
new dimensions of realism. Supported by artificial
neural networks, we can accurately profile dynamic
shock waves under shifting linear, parabolic, and

trigonometric conditions.
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2. INTRODUCTION

The Evolution of Wave Theory

Y

Physical Observation
Ancient Greece | Archimedes

The initial observations of water
waves. The raw, pre-mathematical

understanding of wave propagation.

A

|/ . ,
a Mathematical Foundation
18th Century | Leonhard Euler

Mathematically describing wave
propagation in various media
(acoustics, elasticity,
electromagnetism).

/A

VModern Complexity

Present Day | Nonlinear Evolutionary Models

Addressing the internal structure of
waves and complex interactions,
setting the stage for the
Kudryashov-Sinelshchikov equation.
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2. INTRODUCTION

The Standard Model & Physical Reality

Nonlinear Interactions:
Represents nonlinear interactions
associated with wave amplitude.
Dictates how amplitude affects
propagation speed.
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Wave Dispersion: Represents the
dispersion of the wave—how
propagation varies with

a4 frequency.

Internal Structure Dynamics: These terms
collectively reflect complex internal changes
to the wave structure, specifically modified by
the chaotic presence of gas bubbles in a liquid.
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2. INTRODUCTION

The Living Equation: Introducing Time Variability

Advection Dispersion Nonlinear Effects

Variable
Coefficient
Kudryashov-
Sinelshchikov
Equation

The time dependence of these coefficients
exponentially increases the equation’s ability to model
dynamic and changing environments.
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2. INTRODUCTION

Breaking the Constraints of the Standard Model

Constant Coefficient KS Equation

Assumes static, unchanging physical
parameters over time.,

Adapts to highly dynamic and changing
physical environments.

Models complex soliton interactions
influenced by shifting temporal factors.

Analyzes isolated waves under
restricted, fixed conditions.

High-fidelity realism, mapping closer to

Theoretical baseline for bubbly liquids. observed real-world macro-physics.

Overcomes constraints using Expansion
Methods and specialized Artificial
Neural Networks.

Faces rigid limitation difficulties.

At
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. 3. Analysis of the method

In general, the nonlinear evolution equation that the expansion technique is intended to solve

can be thought of as follows.

H(H,uf,I.fux,m.fj,,...) =0. (2.1)

where u = H(.T:, v, r) is a real-value function of the two space variables x and v and the time

variable ¢. It is expected that the solution of Eq. (2.1) will be in the form of

M 1 !
u(x,y.t) :ZHE(Y)[—}] : (2.2)
= G
where M is a positive integer that is determined by balancing the strongest linear term in Eq.
(2.1) with the nonlinear term. where «,(Y),(i=1,2,....M) is the variable coefficient to be

calculated. In addition, G = G(g,” ) & = p(t)+ kx provides the following second-order linear

equation.




3. Analysis of the method

G"+AG +u =0, (2.3)
where A and g are arbitrary constants. In addition, & is a physical parameter denoting the
number of waves, and p(t) i1s a time-dependent real-valued function. Considering Eq. (2.3),

the solution to be produced is as follows:

1 A
G'  —u+ AA(Cosh(ER) — Sinh(EQ)) 24)

where A 1s arbitrary constant. The methodology of the method can be summed in a few steps

after some basic definitions.
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9 3 Analysis of the method

Stepl:

The value of M inEq. (2.2) is calculated by taking into account the balancing principle between
the highest linear derivative term of Eq. (2.1) and the highest order nonlinear term. The
calculated value 1s written into Eq. (2.2) and the solution of Eq. (2.1) is constructed.

Step2:

The necessary derivatives of each term in Eq. (2.1) are calculated taking into account the
generated solution. A system of equations is created because of some mathematical operations
that set the polynomial coefficients associated with (1/G’) to zero.

Step3:

The system of equations constructed to calculate the a,(Y), (i=12.....M) coefficients in Eq.

(2.2) is solved. The coefficients calculated by taking Eq. (2.4) into account are substituted in
Eq. (2.2) and the desired solution is produced.
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4. Application

Case 1:
i1~ A= a2 -0 T~ ZHAp T
akAb[t] - .
En[t|A°b[t]-3ak’r[t]A°b[t]+ b [t]+ Ab[t]p [t] - _
s[t]= n o
ak” A" b[t]

Adjusting the m(z) and s(t) coefficients in the Kudryashov-Sinelshchikov equation as in Eq.
(3.4) can be considered as the constraining conditions for the solution to be produced.

Considering Eq. (2.4) and substituting the information from Eq. (3.4) into Eq. (3.1), the
following solution is obtained:

bl7]
hCoshl A(kx+ p[t])]— hSinh[ A(kx + p[t])]

u(x,t)=a+

ef'l(ix—p[f]}b[r]

u(x,t)=a+




. Application
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Simulation Dashboard
| Resulting 3D Shock Wave Profile

Travelling Wave
Solution Parameters

a=1,1=0.5,k=0.05h=0.2

Time Functions
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4. Application

b(t) =t +1 b(t) =t? +1 b(t) = sin(t)
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5. Conclusion

The approach proposed in this paper offers a different perspective for the study of nonlinear evolution
equations with variable coefficients. Firstly, by adding terms with time-dependent coefficients to the
Kudryashov-Sinelshchikov equation, the model is brought closer to real problems and physical phenomena
can be handled more easily. For this purpose, the method we applied to equations with variable coefficients
allowed a better understanding of the physical behaviour of equations with variable coefficients. In addition,
more realistic results have been produced and shed light on the analysis of the interaction of gas bubbles in a
liquid, which has various applications especially in fluid dynamics. Moreover, the analyses in time coincide
with the constant coefficient Kudryashov-Sinelshchikov equation and the limitation difficulty arising in the
constant coefficient version is overcome. Furthermore, the effects of time-dependent coefficients on solitons

and their interactions are discussed under certain restrictive conditions.
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5. Conclusion

From Micro-Interactions to Macro-Physics

Micro-Interactions
The Cause

Macro-Physics
The Effect

The Conference Synthesis:

The variable K'S equation accurately
captures internal structural
changes—specifically the chaotic,
nonlinear interaction of gas bubbles
within a liquid medium.

Testing Fundamental Physics with Seismology

By overcoming the limitation of constant coefficients, this mathematical
framework provides a more realistic, optimized tool for modeling highly
complex, disruptive physical phenomena like seismic wave
propagation and massive shock waves.

These microscopic interactions
scale up to govern massive
macroscopic fluid dynamics, plasma
physics behavior, and nonlinear
optics.
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