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➔  Standard matter by Standard Model
• Electromagnetic + Weak + Strong 

➔  Grand Unified Theory... 
• GR and QFT not fit into the same picture
• GR locally valid; curved space-time
• QFT globally valid; Minkowski

➔  Possible way:
• Geometrization of elementary forces 
• Introducing new dimensions
• Let's see the simplest case: dc=1 → 

Kaluza – Klein space-time & dofs!

Motivation to introduce extra dimensions 
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Kaluza-Klein spacetime
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spacetime
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Usual 4D metric describing gravity

5D metric

Scalar field

Vector potential of electromagnetism



Kaluza-Klein spacetime & symmetries

time        space extra dimension

spacetime

5-dimensional spacetime

Theodor Kaluza (1885-1954) Oskar Klein (1894-1977)

➔ Spherical symmetry → O(3) symmetry
➔ Static picture →  gμ0=0 & gμν,0=0 
➔ 4D gμν is X5 independent
➔ Killing transformations →  g01=0 & g51=0



time        space extra dimension

spacetime

5-dimensional spacetime

Theodor Kaluza (1885-1954) Oskar Klein (1894-1977)

Kaluza-Klein spacetime & symmetries



Effective mass from movement in 5th dimension

Particles moving in the extra dimension 
possess a modified effective mass from a 3-
dimensional point of view.   

Here the ground state of the Kaluza–
Klein ladder is the neutron.



Pro & contra of the Kaluza-Klein model



Pro & contra of the Kaluza-Klein model



Modeling a compact stars (NS or pulsar)

Microscopic properties of spacetime and nuclear matter 
are connected to the mass-radius relation via  the 
Tolman–Oppenheimer–Volkoff (TOV) equation

● Boundary conditions: 
central energy density εc, surface pressure p(R)

● and the equation of state (EoS)
 Connects pressure (p) and energy density (ε)
 Encodes microscopic properties of the theory



Thermodynamical potential for 3+d dimensional fermion gas

Equal-sized extra dimensions  and same Nexc  

One extra dimension (d=3): 

The EoS of the model



Zero-temperature approximation:

State-variables

Interaction, with simple repulsive potential: 

The EoS of the model



The EoS of the model
EoS parameters

● Compactification radius: larger rc makes more stiff EoS

● Excitation state number, Nexc: broaden the regions given by the rc 

● Interaction coupling: by increasing → more stiff EoS

Increasing Nexc



Setting EoS parameters for the Kaluza–Klein star   

→ Pulsar & GW data can constrain the interaction coupling. 

Constrains by maximal mass compact stars 
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Allowed regime for Kaluza–Klein stars  
Maximal-mass pulsar data constrained  EoS parameters can fix rc value.

→ One large extra dimension with  rc > 0.2 fm is allowed in pulsars.



Maximal-mass pulsar data may also fix the number of extra dimensions.

→ More large extra dimensions are allowed 
in pulsars, if rc > 0.4 fm.

What if we have multiple dimensions



Speed of sound can be calculated 
from the EoS:

This simple model has tiny effect, 
but present, that the conformal limit 
is dependinng on the 

→ The conformal limit is sensitive to 
the number of extra dimensions. 

If allowed can one see a signature?



Summary – outlook

● Kaluza-Klein Compact star model
— Consistent model to test the possible unification and the extra dimensional 

compact star EoS parameters can be fixed by maximam mass pulsar or GW data.
— Kaluza–Klein compact star can exist with rc>0.2 fm
— Multiple dimensions allows rc>0.4 fm compactification radius.
— Speed of sound is sensitive to the number of extra dimensions.

● Outlook
— More sophisticated EoS model and rotation can be included → better pulsar and 

speed of sound model. 
— Bayesian fixing of the EoS data parameters →  provide more precise constrains.
— Measurement of the pulsar by oscillations or cosmic particles → more insight.
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