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Fundamental Constants and Planck Units

Quantity Definition SI Value

Gravitational constant G 6.67430 × 10−11 m3 kg−1 s−2

Speed of light c 2.99792458 × 108 m s−1

Planck constant h 6.62607015 × 10−34 J s

Reduced Planck constant ℏ =
h

2π
1.054571817 × 10−34 J s

Boltzmann constant kB 1.380649 × 10−23 J K−1

Planck length ℓP =

√
ℏG
c3 1.616255 × 10−35 m

Planck mass mP =

√
ℏc
G

2.176434 × 10−8 kg

Planck temperature TP =
mPc2

kB
=
ℏc

kBℓP
1.416784 × 1032 K

Relativistic (R) Quantum (Q) Thermodynamic (T)
Base Planck units (R+Q) Derived Planck units (R+Q+T)
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Schwarzschild metric

ds2 = c2dτ2 =
(
1 −

rS

r

)
c2dt2

−

(
1 −

rS

r

)−1
dr2
− r2(dθ2 + sin2 θ dϕ2)

Spacetime line element ds

Proper time τ

Schwarzschild time coordinate t

Spherical spatial coordinates (t = const) (r , ϕ,Θ)

Event horizon r = rS

Schwarzschild radius rS =
2GM

c2 = 2ℓP
M
mP

Black hole mass M

Black hole area A = 4πr2
S = 16πℓ2P

( M
mP

)2

[Schwarzschild, 1916, 1999] (translated in (in English)
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Schwarzschild black hole thermodynamics

▶ Black hole (Bekenstein-Hawking) entropy

SBH = kB
η

8π
A
ℓ2P

= 2ηkB

( M
mP

)2

▶ Black hole temperature (Hawking temperature)

TH = c2
(
∂SBH

∂M

)−1

=
m2

Pc2

4ηkBM
=

1
4η

mP

M
TP

▶ An observer located at an infinite distance from the horizon
records the Hawking radiation with a blackbody spectrum whose
absolute temperature is TH
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Uncertainty principle and quantum gravity
▶ Heisenberg uncertainty principle (minimal uncertainty):

∆x∆v =
ℏ

2m

▶ Uncertainty in the velocity measurement:

∆v = µc (µ ∼ 1)

▶ Uncertainty in the position measurement:

∆x =
η

µ
rS =

2η
µ

M
mP
ℓP (η ∼ 1)

▶ Particle (Hawking) mass:

m =
1
4η

m2
P

M

[Pinochet, 2018]
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Uncertainty principle and quantum gravity

▶ Mass–energy equivalence (Einstein):

E = mc2

▶ Radiation carries away thermal energy:

E = kBT

▶ Radiation temperature = Hawking temperature:

T =
mc2

kB
=

1
4η

mP

M
TP = TH

[Pinochet, 2018]
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Generalized uncertainty principle and quantum gravity
▶ Generalized uncertainty principle (minimal uncertainty):

m∆x∆v =
1
2

ℏ+ αl2pℏ m2∆v2


▶ Uncertainty in the velocity measurement:

∆v = µc (µ ∼ 1)

▶ Uncertainty in the position measurement:

∆x =
η

µ
rS =

2η
µ

M
mP
ℓP (η ∼ 1)

▶ Two solutions for m:

m± =
M η
αµ2

1 ±
√

1 −
αµ2

2 η2

m2
P

M2


[Adler and Santiago, 1999; Adler et al., 2001; Ong, 2025, 2023]
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Second-order asymptotic expansions for m

”+” (classical) branch

m+ =
2 ηM
αµ2 −

m2
P

4 ηM
−
αµ2 m4

P

32 η3 M3 + O

m6
P

M5


▶ survives as ℏ→ 0
▶ tends to the infinity when α→ 0
▶ leading term is purely classical

”-” (quantum) branch

m− =
m2

P

4 ηM
+
αµ2 m4

P

32 η3 M3 + O

m6
P

M5


▶ vanishes in the classical limit
▶ tends to the Hawking mass when α→ 0
▶ entirely quantum-induced
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Correction to Hawking temperature

1. ”-” (quantum) branch

m− =
4η2

αµ2

M2

m2
P

1 −
√

1 −
αµ2

2 η2

m2
P

M2

 mH

mH =
1
4η

m2
P

M
(Hawking mass)

2. The mass-energy equivalence holds and radiation is thermal:

T̂H =
m−c2

kB
=

4η2

αµ2

M2

m2
P

1 −
√

1 −
αµ2

2 η2

m2
P

M2

 TH;

TH =
mHc2

kB
(Hawking temperature)

Special case for η = 2π and µ =
√

2π considered in [Ong, 2025, 2023]
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√
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2 η2

m2
P

M2
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mHc2

kB
(Hawking temperature)

Next question:
Theoretical derivation of the Hawking temperature correction?
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1. Relativistic correction
(mass)

2. Thermodynamic correction
(entropy)
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Relativistic correction (mass)

ds2 = c2dτ2 =

(
1 −

r̂S

r

)
c2dt2

−

(
1 −

r̂S

r

)−1

dr2
− r2(dθ2 + sin2 θ dϕ2)

Event horizon r = r̂S

Corrected radius r̂S =
2GM̂

c2

Corrected mass M̂ =
ηM

kB αµ2

1 −
√

1 −
αµ2

2 η2

m2
P

M2


Corrected temperture T̂H =

1
4η

mP

M̂
TP

Corrected entropy ŜBH = 4πr̂2
S

First law T̂H = c2
(
∂ŜBH

∂M̂

)−1

[Anacleto et al., 2020, 2021]
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Thermodynamic correction (entropy)

▶ Corrected temperature:

T̂H =
M η c2

kB αµ2

1 −
√

1 −
αµ2

2 η2

m2
P

M2


▶ Corrected entropy (from the first law of thermodynamics):

ŜBH(M) =

∫
c2dM

T̂H(M)
= f(SBH)

where SBH = 2ηkB(M/mP)
2 is the Bekenstein-Hawking entropy

▶
+ O(1);

Special case for η = 2π and µ =
√

2π considered in [Ong, 2025, 2023]
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▶ First order asymptotic expansion for large M:

ŜBH(M) = SBH(M) −
αµ2kB

4η
ln

SBH(M)

ηkB
+ O(1);
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ŜBH(M) =

∫
c2dM

T̂H(M)
= f(SBH)

where SBH = 2ηkB(M/mP)
2 is the Bekenstein-Hawking entropy

▶ Logarithmic correction to Bekenstein-Hawking entropy

ŜBH(M) = SBH(M) −
αµ2kB

4η
ln

SBH(M)

ηkB
+ O(1);

Special case for η = 2π and µ =
√

2π considered in [Ong, 2025, 2023]
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Open question: negative temperature (α > 0)

0 0.1 0.2 0.3 0.4 0.5

M

-4

-2

0

2

4

Ŝ
;T̂

W0 W!1

Ŝ

T̂

▶ Justification of negative black hole temperature is still an open
question. Similar behavior can be found in classical system,
breaking the 3th law of thermodynamics
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Final remarks
▶ GUP characterization of alternative corrections, such as the

exponential correction

SE = SBH + exp
(SBH

α

)
; α , 0

▶ Generalized corrections inspired by information theory and
statistical mechanics (Rényi, Sharma-Mittal, Kaniadakis,
Modified Kaniadakis, Nojiri-Odintsov-Faraoni entropies etc):

SG = h(SBH)

▶ Rotating black holes, charged black holes vs GUP corrections,
etc.

▶ Physical meaning of the GUP parameters/different corrections
(testing the theory)

[Czinner and Iguchi 2016, Ghaffari et al. 2019, Abreu and Neto 2021, Nojiri et al.
2022, Ilić and Stanković 2014]
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Thank you
for your attention!
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