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Fluid Dynamics / Hydrodynamics — what, where, why

@ Kinetic/Transport Theory: Microscopic theory.

@ Fluid Dynamics: Effective theory that describes the slow,
long-wavelength motion of a fluid close to equilibrium.
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dissipative fluxes. In addition: transport coefficients & relaxation

times also occur.

Rajeev Bhalerao New Relativistic ... Slide 2 of 26



Fluid Dynamics / Hydrodynamics — what, where, why

@ Kinetic/Transport Theory: Microscopic theory.

@ Fluid Dynamics: Effective theory that describes the slow,
long-wavelength motion of a fluid close to equilibrium.

@ A set of coupled partial differential equations for n, ¢, P, u”,
dissipative fluxes. In addition: transport coefficients & relaxation

times also occur.

@ Powerful technique: Given initial conditions & EoS, hydro predicts
evolution of the matter.

Rajeev Bhalerao New Relativistic ... Slide 2 of 26



Fluid Dynamics / Hydrodynamics — what, where, why

)

Kinetic/Transport Theory: Microscopic theory.

Fluid Dynamics: Effective theory that describes the slow,
long-wavelength motion of a fluid close to equilibrium.

A set of coupled partial differential equations for n, ¢, P, u*,
dissipative fluxes. In addition: transport coefficients & relaxation
times also occur.

Powerful technique: Given initial conditions & EoS, hydro predicts
evolution of the matter.

Limitation: applicable at or near (local) thermodynamic equilibrium
only.
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Fluid Dynamics / Hydrodynamics — what, where, why

@ Kinetic/Transport Theory: Microscopic theory.

@ Fluid Dynamics: Effective theory that describes the slow,
long-wavelength motion of a fluid close to equilibrium.

@ A set of coupled partial differential equations for n, ¢, P, u”,
dissipative fluxes. In addition: transport coefficients & relaxation
times also occur.

@ Powerful technique: Given initial conditions & EoS, hydro predicts
evolution of the matter.

@ Limitation: applicable at or near (local) thermodynamic equilibrium
only.

@ Applications in cosmology, astrophysics, physics of high-energy
heavy-ion collisions, ...
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Hydrodynamics in HE Heavy-lon Collisions

o Calc. of pt spectra of hadrons & anisotropic flows v,,.
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Hydrodynamics in HE Heavy-lon Collisions

o Calc. of pt spectra of hadrons & anisotropic flows v,,.

@ Also calc. of jet quenching, J/1 melting, thermal v, £2, etc.
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Hydrodynamics in HE Heavy-lon Collisions

o Calc. of pt spectra of hadrons & anisotropic flows v,,.
@ Also calc. of jet quenching, J/1 melting, thermal v, £2, etc.

@ Thus hydro plays a central role in modeling rhics.
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Boltzmann Equation

(Coarse| Graining)

Hydrodynamics
| | |
Nonrelativistic Relativistic
| | | | | |
|dedl Nonideal |dedl Nonideal
Perfect Imperfect ‘ |

Nondissipative Dissipative

2: Currently under intense investigation
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Zeroth-, First-, Second-Order Hydrodynamics

@ The theory is formulated as an order-by-order expansion in gradients
of hydrodynamic velocity u*.
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Zeroth-, First-, Second-Order Hydrodynamics

@ The theory is formulated as an order-by-order expansion in gradients
of hydrodynamic velocity u*.

@ Zeroth order: Ideal hydrodynamics.
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Zeroth-, First-, Second-Order Hydrodynamics

@ The theory is formulated as an order-by-order expansion in gradients
of hydrodynamic velocity u*.

@ Zeroth order: Ideal hydrodynamics.

@ First order: Relativistic Navier-Stokes theory — parabolic equation —
acausal behaviour — rectified in second-order Israel-Stewart theory.
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Zeroth-, First-, Second-Order Hydrodynamics

@ The theory is formulated as an order-by-order expansion in gradients
of hydrodynamic velocity u*.

@ Zeroth order: ldeal hydrodynamics.

@ First order: Relativistic Navier-Stokes theory — parabolic equation —
acausal behaviour — rectified in second-order Israel-Stewart theory.

@ Second order: Two different approaches
@ Entropy considerations : Captures some of the allowed terms in
evolution equations of dissipative quantities

o Kinetic Theory : Captures some more terms but not all
Israel-Stewart (1979); Baier-Romatschke-Wiedemann (2006);
Denicol-Koide-Rischke (2010)
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Motivation

@ Why do the traditional approaches not generate all the allowed
terms?
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in heavy-ion collisions. However, in the 1-D Bjorken case
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Motivation

@ Why do the traditional approaches not generate all the allowed
terms?

@ The second-order viscous hydrodynamics is quite successful in
explaining the spectra and azimuthal anisotropy of particles produced
in heavy-ion collisions. However, in the 1-D Bjorken case

@ IS theory can lead to unphysical effects such as reheating of the
expanding medium and to a negative pressure at large viscosity
[Muronga (2004); Martinez-Strickland (2009)].
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@ IS theory can lead to unphysical effects such as reheating of the

expanding medium and to a negative pressure at large viscosity
[Muronga (2004); Martinez-Strickland (2009)].

o IS results disagree significantly with transport results for
n/s 2 1.5/(4m) [Huovinen-Molnar (2009)]
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Motivation

@ Why do the traditional approaches not generate all the allowed
terms?

@ The second-order viscous hydrodynamics is quite successful in
explaining the spectra and azimuthal anisotropy of particles produced
in heavy-ion collisions. However, in the 1-D Bjorken case

@ IS theory can lead to unphysical effects such as reheating of the

expanding medium and to a negative pressure at large viscosity
[Muronga (2004); Martinez-Strickland (2009)].

o IS results disagree significantly with transport results for
n/s 2 1.5/(4m) [Huovinen-Molnar (2009)]

@ Some numerical evidence that the third-order hydro agrees better
with transport [El-Xu-Greiner (2010)].
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Ideal and Dissipative Hydrodynamics

‘ Ideal

Dissipative

T = eutu” — PAM
NH = nu*

Unknowns: ¢, P, n, u* =6
————

TH = eutu” — (P + M) A" 4 7t
N* = nu* + nt

e, P, n, vt N, 7o nt =15

1414 14 3 1414 1 + 3+ 145+ 3
Equations: 0, 7" =0, 9J,N*=0, EOS =6
4 + 1 + 1

Closed set of equations

9 more equations required

o AW = gl — yty” is orthogonal to u* (u, A" =0; utu, =1)

Rajeev Bhalerao

New Relativistic ... Slide 7 of 26



Question:

How to derive the extra nine equations which
would give us a closed set of equations?

Boltzmann equation provides a way.
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Boltzmann Equation

@ Boltzmann equation:

pr9,f (x. p) = CIf].
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Boltzmann Equation

@ Boltzmann equation:
plouf(x, p) = C[f].
@ The collision term C[f] for 2 <+ 2 elastic collisions:

Clfl = /dp dk dk' Wop (fkfk’ — fpfy fkfk,>

where Wy, transition matrix element, f, = f(x, k), f=1-rf,
r=0 (MB), +1 (FD/BE).
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Boltzmann Equation

@ Boltzmann equation:
p'o.f(x, p) = CI[f].

@ The collision term C[f] for 2 <+ 2 elastic collisions:
1
clfl = 2 /dp’dk dk’ Wop - kk' (fkfk’ o — fpfy fkfk/>

where Wy, transition matrix element, f, = f(x, k), f=1-rf,
r=0 (MB), +1 (FD/BE).

@ Probability of the process (kk’ — pp’) o< fifi ?p?p/
Probability of the process (pp’ — kk') o< f,fyy Fifir
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Properties of the Collision Term

@ Should be consistent with the second law of thermodynamics
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Properties of the Collision Term

@ Should be consistent with the second law of thermodynamics

@ Zeroth moment of the Boltzmann equation: current conservation

Nt =0 = 8u/dpp“f:/de[f]:0
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Properties of the Collision Term

@ Should be consistent with the second law of thermodynamics

@ Zeroth moment of the Boltzmann equation: current conservation

N =0 = 8u/dpp“f:/de[f]—0

@ First moment of the Boltzmann equation: energy-momentum
conservation

T =0 = 8M/dp php'f = /dp p’Cl[f]=0
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Properties of the Collision Term

@ Should be consistent with the second law of thermodynamics

@ Zeroth moment of the Boltzmann equation: current conservation
Nt =0 = 8u/dpp“f: /dp C[f]=0

@ First moment of the Boltzmann equation: energy-momentum
conservation

T =0 = 8M/dp php'f = /dp p’Cl[f]=0

@ Second moment of the Boltzmann equation contains information
about non-ideal quantities

/dp p*p’pHOuf = /dp p*p’CIf].

Suitable projections give evolution equations for dissipative quantities.

Rajeev Bhalerao New Relativistic ... Slide 10 of 26



Local Collision Term

@ Boltzmann equation:
plo.f(x, p) = CIf].
@ The collision term C[f] for 2 <+ 2 elastic collisions:

. » ..
Clfl =3 / dp'dk dk' Wi sk (fkfk/fpfp/ ~ ol fkfk/) ’

where Wy, transition matrix element, f, = f(x, k), f=1—f,
r=0 (MB), +1 (FD/BE).

@ Probability of the process (kk' — pp’) o< fify ?p?p/ <+ occurs at x

Probability of the process (pp’ — kk') fpfp/?k?k/ < also occurs at x
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Local Collision Term

@ Boltzmann equation:
plo.f(x, p) = CIf].

@ The collision term C[f] for 2 <+ 2 elastic collisions:
1 L .
clfl =3 / dp'dk dk' Wy i (fkfk/ Ffy — fofy fkfk/) ,

where Wy, transition matrix element, f, = f(x, k), f=1—f,
r=0 (MB), +1 (FD/BE).

@ Probability of the process (kk' — pp’) o< fify ?p?px <+ occurs at x

Probability of the process (pp’ — kk') fpfp/?k?k/ < also occurs at x
@ Thus C[f] is a purely local functional of f.
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Despite the long history of the Boltzmann

equation, a non-local collision term, to our

knowledge, has never been used to derive
hydrodynamic equations.
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From Israel-Stewart’s classic paper [1979]

copic transport equations. We require only the following general properties:

(i) € is a purely local function or functional of N, independent of 9, N.

(ii) The form of € is consistent with conservation of 4-momentum and number of
particles at collisions [see (3.6)].

(iii) ¥ yields a non-negative expression for the entropy production [see (3.12)] and
does not vanish unless N has the form of a local equilibrium distribution (see beginning
of Sec. 4).

These requirements are of course met by Boltzmann’s ansatz for 2-particle collisions,
and, indeed, one may hope that they hold somewhat more generally, although the
locality assumption (i) is a powerful restriction.

e Note the words hope and assumption.
e The assumption of the local collision term is questionable.
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Infinitesimal Volume Element in a Fluid

Landau-Lifshitz, Fluid Mechanics, page 1, §1, para 1:

“Any small volume element in the fluid is always supposed so large
that it still contains a very great number of molecules. Accordingly,
when we speak of infinitely small elements of volume, we shall always
mean those which are ‘physically’ infinitely small, i.e. very small
compared with the volume of the body under consideration, but large
compared with the distances between the molecules”.

Rajeev Bhalerao New Relativistic ... Slide 14 of 26



INFINITESIMAL VOLUME ELEMENT IN A FLUID

&

Syst
size

interparticle << dR <<

Average
spacing

Assumption that the processes (kk’ — pp') and (pp’ — kk') occur at the
same space-time point has been relaxed to include a separation &.
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Generalization of the Collision Term

o If gradients of f(x, p) are allowed in the collision term, then
Clflgen = C[f] + O (A*F) + 0,0, (B"F) + -

where A* and B* are tensor coefficients in the non-local terms.
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Generalization of the Collision Term

o If gradients of f(x, p) are allowed in the collision term, then
Clflgen = Clf] + 0y (A*F) + 0,0, (B F) + -+,
where A* and B* are tensor coefficients in the non-local terms.

@ This form can also be derived explicitly for 2 <+ 2 elastic collisions:
Recall

Clfl = /dp dk dk' Wop e (fkfk’ — fpfy fkfk,>

where both the terms are evaluated at x.
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Generalization of the Collision Term

o If gradients of f(x, p) are allowed in the collision term, then
Clflgen = Clf] + 0y (A*F) + 0,0, (B F) + -+,
where A* and B* are tensor coefficients in the non-local terms.

@ This form can also be derived explicitly for 2 <+ 2 elastic collisions:
Recall

Clfl = /dp dk dk' Wop e (fkfk’ — fpfy fkfk,>
where both the terms are evaluated at x.

@ If the process kk’ — pp’ occurs at (x) then realistically the reverse
process pp’ — kk’ should occur at some other point (x — &).
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Generalization of the Collision Term (contd.)

@ Collision term with non-local effects

1 " "
Clflgen = 5 / dp'dk dk' Wy (fkfk/ bl — fofy fkfk/\x_g) .
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Generalization of the Collision Term (contd.)

@ Collision term with non-local effects

1 " "
Clflgen = 5 / dp'dk dk' Wy (fkr’k/ bl — fofy fkfk/\x_g) .

@ Taylor expansion of the second term around x gives
Clflgen = C[f] + 0, (A¥f) + 0,0, (B"f),
where 1
Al =2 / dp'dk dk' €" Wi ke o FicFir

1 ~ ~
B'U'V = _Z / dp,dk dk/ gufy pr/—>kk’ fp/ fkfkl'
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Tensor Decomposition and Constraints on Collision Term

@ A" and B* are tensor-decomposed into available tensor degrees of
freedom p* and g"* as

At =apt ;. B" = big" + byp"p”
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Tensor Decomposition and Constraints on Collision Term

@ A" and B* are tensor-decomposed into available tensor degrees of
freedom p* and g"* as

At =apt ;. B" = big" + byp"p”

@ a, by, by constrained by current and energy-momentum conservation,
and positive entropy divergence.
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Tensor Decomposition and Constraints on Collision Term

@ A" and B* are tensor-decomposed into available tensor degrees of

freedom p* and g"* as

At = apt BN = big"" + bypt'p”

@ a, by, by constrained by current and energy-momentum conservation,

and positive entropy divergence.

@ &M is arbitrary: Conservation equations must be satisfied
order-by-order in £. The constraints on a, by, by are

0ua=0; 9 (braco) + 0,0, (b2!") = 0;

Ua 0,0, (b2 1) + U, 02 (binu®)=0; |a| <1

Where agop = fdpfo and /ulﬂQ"'ﬂn — fdp pulp:UQ .. .ptu‘"fb_
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Deriving Evolution Equations for Dissipative Quantities

@ Evolution equations for dissipative quantities are obtained from the
second moment of the improved Boltzmann equation:

/dp pp’pro,f :/dp p®p? [C[f] + p?0,(af) + 9?(bifo) + (p - 9)(b2to)]

@ For system close to equilibrium: f = fy 4+ &f, and to second order in
gradients

1
C[f]gen = C[f] + au (Auf) + auau (Bwfo) ;o fo=

exp(Bu-p—a)+r

@ To proceed further, Grad's 14-moment method is used:
f=f+ ﬁ)?O ()\I_II_I + Apnap® + )\wﬂaﬁpap/8>

@ Introduce first-order shear tensor o, = V,u,, vorticity
wu = (Vpuy, — Vyu,)/2 and expansion scalar § = 0 - u.
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Evolution equations (Note the New Terms)

M= alyg — ,Bl;lTnﬁ +7apn - U — Inp0 - n —o6nnMé + Appn - Vo
+ e o + Anyir - o4+ Apgwpw”™ + (8 terms),

= ankg — BiTah™ 4 Apnnyw* — 8,nn"0 + 1o VAT — lye AP0, 70)
— 1o — T iy, + Apen, ™ 4+ XpnMn? 4+ Ay 0™ iy,

+ A ALO w4 (9 terms),

Y — 57Tf\?é _ 57%7-7r7-7<w> + Tm,,wi,w + ,ﬂnvw,,w + /\ﬂﬂ_ﬂéﬂw’/)P
— AtV o — TMW/()“U”W — SO+ Ny i M)
+ AP + x1bom + X2 UV by + Y3V VY by,

o where 3 = (1 — a), X = u*9,X and “8 terms” ("9 terms") involve
second-order, scalar (vector) combinations of derivatives of by, b,.
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Bjorken flow (1. b. Bjorken, PRD, 27, 140 (1983)]

@ Boost invariance: v? = z/t. Transverse dynamics neglected:
v¥=0=v".
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Bjorken flow (1. b. Bjorken, PRD, 27, 140 (1983)]

@ Boost invariance: v? = z/t. Transverse dynamics neglected:
vi=0=v".

@ Milne coordinates: proper time 7 = \/t2 — z2, spacetime rapidity
n = tanh~(z/t). Metric g, = diag(1, -1, -1, —72).

Rajeev Bhalerao New Relativistic ... Slide 21 of 26



Bjorken flow (1. b. Bjorken, PRD, 27, 140 (1983)]

@ Boost invariance: v? = z/t. Transverse dynamics neglected:
vi=0=v".

@ Milne coordinates: proper time 7 = \/t2 — z2, spacetime rapidity
n = tanh~(z/t). Metric g, = diag(1, -1, -1, —72).

@ Boost invariance for hydro translates into

z sinh 7 cosh 7
== ; J'=-u + v =
T T T

0

Hence u* = (1,0,0,0) and as a consequence €, P, a, by, by, u* and
" are all independent of 7.
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Bjorken flow (1. b. Bjorken, PRD, 27, 140 (1983)]

@ Boost invariance: v? = z/t. Transverse dynamics neglected:
vi=0=v".

@ Milne coordinates: proper time 7 = \/t2 — z2, spacetime rapidity
n = tanh~(z/t). Metric g, = diag(1, -1, -1, —72).

@ Boost invariance for hydro translates into

z sinh 7 cosh 7
== ; J'=-u + v =
T T T

0

Hence u* = (1,0,0,0) and as a consequence €, P, a, by, by, u* and
" are all independent of 7.

@ Stress energy tensor: TH” = diag(e, Pr, Pr, PL)
Pr=P+®/2 ; P.=P—9.
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Evolution Equations in Bjorken Model

@ With 7 = ® = —727™, the shear evolution equation is
T dm 4 T db,
£ . = B— — A — T —2
7'7(+/B dr /637' T wﬂdr
where b p 5
fo=ar 2OLR) g Zap
agn 3
11(eo + Po) . big%? —20b,
=—— 7 =25 ——+—= Py).
v 630n ? 630n (€0 + o)

Rajeev Bhalerao New Relativistic ... Slide 22 of 26



Evolution Equations in Bjorken Model

@ With 7 = ® = —727™, the shear evolution equation is
T dm 4 T db,
£ . = B— — A — T —2
7'7(+/B dr /637' T wﬂdr
where b p 5
fo=ar 2OLR) g Zap
agn 3
11(eo + Po) . big%? —20b,
=—— 7 =25 ——+—= Py).
v 630n ? 630n (€0 + o)

@ Above equation for 7 along with 9, T#” = 0 and the constraint
equations for a, by, by are solved simultaneously.
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Evolution Equations in Bjorken Model

@ With 7 = ® = —727™, the shear evolution equation is
s drw 4 s dby
£ . = B— — A — T —2
7'7(+/B dr /637' T wﬂdr
where b p 5
gi—zs 2OER) g 2ap
agn 3
11(eo + Po) . big%? —20b,
=—— . A=23— ——= Py).
v 630n ? 630n (€0 + o)

@ Above equation for 7 along with 9, T#” = 0 and the constraint
equations for a, by, by are solved simultaneously.

@ Initial conditions: T = 360 MeV (RHIC) or 500 MeV (LHC), shear
pressure ™ = 0 (isotropic) or m = s = 4n/(379) (anisotropic).
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Evolution of various quantities and P, /Pt

10

0.8

0.0

by, by

\I T I Trrr I Trrr I L] ] _l T I T T T I T T T I T T T ] 0.9
1 (@ 1 (b)
. Initial values | +
[\ a=-02 1 08
Ly —h = 4T T
A b=b=01 {[ |
[ Tk 07
g 1 ] o
| b 1 o~
. N1 10 B —
TN ] Initial values ] %®
r N (RIRL ] — Israel-Stewart -
L \'\ b,/byg \‘;'(~"'3@)--._. —b,=b,=00 1
[ DN —-b=b=01 7|05
Tos. " b= ]
O S ] ~-b=b=-01 4
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behave in a regular fashion
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Non-local effects are important
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Hydro with non-local effects can match transport

T T I T T T I T T T I T T T I
1 T, =500 MeV, t,=0.4fm/c ~
B ra®es®a -
B Sundas n/s=0.05
0.8 —
0.6 P -
&I— : ______________________
a— 04
02 = N T TTteeeeee =
R e BAMPS n/s=3.0 _
o [ —-- Israel-Stewart ]
B — Present work a
- [ L L I L L L I L L L I L L L I-
O'20 3 4
T (fm/c)
Rajeev Bhalerao New Relativistic ... Slide 24 of 26



Summary

C[f] in Boltzmann equation generalized to include non-local effects.
@ Non-locality parameterized and constrained from underlying physics.

@ Formulated complete second-order dissipative hydrodynamics from
Boltzmann equation with the generalized collision term.

@ The formulation captures all the second-order terms that are allowed
and the coefficients of the existing terms are also modified.

@ Evolution of non-local parameters shows regular behaviour and
non-local effects are important.

@ Even the (first-order) Navier-Stokes equation receives a small
correction.
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THANK YOU
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