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QCD phase diagram

QCD phase diagram: known for µ ' 0 (lattice)

Low-T and large-µ ∼ ΛQCD: no lattice, no perturbation theory!

. . . and that’s where we most want to know!
neutron stars, heavy ion (e.g. CBM)

A possible tool . . .
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Large-Nc approach

Idea [’t Hooft; Witten, ’70s]: assume a confining limit

Nc →∞ , g → 0 s. t. g2Nc = λ (ΛQCD ∼ N0
c )

→ simpler calculations!

Focus on the Nc-scaling of quantities. . .

Mesons: → noninteracting.
Baryons: MB ∼ Nc , size ∼ Λ−1

QCD. Corrections ∝ 1/Nc . . .

µ

deconfined

(confined)

hadronic quarkyonic

T

T

m q

d

?
[McLerran, Pisarski ’07]
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Possible objections

Nc = 3 is not “large” . . .

Nc
3

Nc
3 Nc

*

∆

Discontinuity? If so, can we extrapolate Nc =∞→ 3 ?
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Clues to a hidden phase transition in Nc

Baryonic crystal at large Nc :

MB ∼ Nc
Ek ,F ∼ 1

}
⇒ kF ∼

√
Nc

Crystal binding energy ∼ Nc [. . . ]

⇒ Nc < N∗
c : the crystal melts into a liquid

Symmetry is changed: has a phase transition occurred?
[suggested by Klebanov already in 1985. . . ]

“Skyrme crystal” vs. nuclear liquid: example of “cannot extrapolate Nc =∞→ 3” !
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“Quarkyonic phase”

Below Fermi surface: quasi-free quarks.
Above Fermi surface: baryonic excitations.

⇒ Pressure and entropy density ∼ Nc

µ

deconfined

(confined)

hadronic quarkyonic

T

T

m q

d

?

[∼ “still confined, but already chirally restored”]
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This was just a primer. . .
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Van der Waals approach

Simple, universal description of liquid/gas phenomena

(ρ−1 − α)(P + βρ2 − γρ3) = T

(ΛQCD = 1 for brevity; a curvature term to fix P < 0 at low T )

α(Nc = 3) > 1, but α(∞)→ 1

α = 1 +O

(
NN

Nc

)
, NN ∼ 10

Interpretation: NN = f (d) number of neighbours (Pauli exclusion. . . )
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Interaction terms

“Classical” lore [Witten ’79]
(1) β, γ ∼ Nc

(compatible with a large-Nc solid high-density state)

BUT: a recent proposal [Hidaka, Kojo, McLerran, Pisarski, NPA 2011]
(2) β, γ ∼ N0

c or log Nc
(implying large-Nc stays a liquid like our world)

We keep β, γ ∼ Nν
c , ν = 0,1
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Phase transition line from VdW

ν = 0: good qualitative description for the liquid-gas transition!

From Nc = 3 to Nc =∞ (no γ here. . . )
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More on NN

Apparently, Nc ≷ NN is discriminant:
→ encodes Pauli exclusion, binds spatial arrangement and Nc

This smells like a percolation problem . . .
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c
p<p

∼2Λ
QCD

−1

∼2Λ
QCD

−1

QCD
ξ>>Λ

−1

QCD

−1

ξ∼Λ

y

p>p
c

. . . Let us try a simple approach to it (so far, at fixed density )
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Percolation model

Percolation is highly universal,

and has a second-order transition at a pc � 1 (in 3D)
⇒ we can have long-range correlation with few “active links”

“correlation”: some kind of colour-exchange between baryons in
dense, confined medium.

Two neighbours “exchange” with probability p

p < pc : ξ ∼ Λ−1
QCD (“cluster size” ∼ baryon size)

p > pc : ξ ∼ ∞, correlations over the whole system

Stefano Lottini (Goethe Uni, Frankfurt) Zimányi School 2011 13 / 24



p(Nc)

(1) Model the baryon as a hard-sphere with radius Λ−1
QCD

with Nc quarks inside: f (x) = Θ(1− xΛQCD)
(2) Model the (squared) quark propagator as

theta-function in coordinate space, F (y) ∼ λ
Nc

Θ(1− y/rT )

theta-function in momentum space, F (y) ∼ λ
Nc

sin2(y/rT )
y2

(other confining choices don’t change much→ universality)

Quark-quark exchange likelihood→ baryon-baryon p(Nc):

p = 1−q , q = (q1)N1,2
c︸ ︷︷ ︸

1 or 2? q or g?

, q1 =

∫
fA(xi)d xi

∫
fB(xj)d xj

[
1−F (|xi−xj |)

]

2Λ QCD

−1

x

xj

i

F(d)

A B
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1 or 2? q or g?

Exponent 1 vs. 2⇔ quark exchange vs. gluon exchange

With 2 we get an increasing p(Nc): more physically sound
(large Nc is more bound)

Also, makes more sense: gluon exchange should dominate. . .
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Choice of parameters

rT ' 1, confinement scale ' hadron radius
λ = O(1): it becomes “strong” at scale ΛQCD

For “reasonable” parameters: p(Nc)→ 1 rapidly, crossing pc at N∗
C
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What the model says

Consider the system at fixed µQ ∼ ΛQCD and vary Nc .

At some N∗
c we have p(N∗

c ) = pc : second-order transition
below: ordinary confined matter (∼ no correlations among baryons), [P, s ∝ N0

c ]

above: they are correlated at distance, but it is not deconfinement

Nc > N∗
c : small fraction of jumping (tunneling) “quasi-free” quarks

“baryon wavefunction” is still a well-defined concept
but the correlations are large

Exchanges carry energy/momentum: natural to expect P, s ∝ N1
c

→ Identify this Nc > N∗
c to quarkyonic phase?

. . . would imply no quarkyonic phase below N∗
c
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Value of N∗C
Nc typically in 6–30, depending on propagator and parameters

Cannot rule out Nc = 3, . . . but unlikely
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Holography

Clues from the gauge/string dictionary?

Connect quantum gravity⇔ large-Nc gauge theory

Put a black hole in a reflecting box (of size L) to avoid its decay
(→ AdS, negative cosmological constant)

Large box: unstable, BH evaporates
Small box: stable black hole

Between the two, Hawking-Page transition (usually first-order)

HP transition⇔ confinement [Witten]
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Holography↔ percolation?

Gauge-string dictionary:
Nf
Nc
∼ `Planck

Lmacroscopic

Smoothen the singularity: HP→ cross-over
[Torrieri, Nicolini 2011]

Lattice says:
Nf
Nc

= 2/3→ cross-over

Nf
Nc

= 0→ first-order

identify percolation ∼ quantum gravity transition ?
. . . a *conjecture* so far (e.g. this has µ = 0) . . . but:

(1) in 2d, `
L

∣∣
c ∼ 0.18 would mean Nf

Nc

∣∣
c ∼ 1/6, not unreasonable

(2) Nf
Nc

∣∣
c can be systematically studied (Lattice people!)
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Conclusions

Van der Waals, percolation model, holography:
tackling (we hope) the same problem from various viewpoints

Currently it’s mostly about conjectures, but we’re working on it!
→ percolation signature in holographic endpoint. . .
→ variable-density extension of percolation model. . .

Example:
the lattice can do(∗) low-T , high-µ experiments at variable Nf/Nc . . .
. . . “continuously” ⇒ look for percolation critical scaling?

(e.g. 2d: ν = 4
3 , 3d: ν ' 0.8765)
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End of presentation

Thank you!

Köszönöm!
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The “birthday problem”

Take a random group of n people. What is the probability P that at
least two of them share the same birthday?
Easier to calculate Q = 1− P:

Q(n) =

{
0 n > 365

1 · (1− 1
365) · (1− 2

365) · · · (1− n−1
365 ) =

n!(365
n )

365n n ≤ 365

Perhaps surprisingly, P ' 0.5 already for n = 23!
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Variable-density percolation: sketch

µ

Nc
c~

2
µconfN

ΛQCD

Nc
*

cN
perc
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