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Introduction
Pair production from vacuum in an extreme external field

Without external field:

positive energy states

With external field:

positive energy states
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Motivation

@ QED Pair production from vacuum was predicted half a century
ago, but has not yet observed.

@ Rapid development of laser technology may lead to controlled pair
production from crossed laser beams.

@ QED pair production near massive astrophysical objects (black
holes, magnetars)

@ Pair production in strong QCD fields
(string fragmentation models for Heavy lon collisions)

Similarities between QED and QCD pair production
(solutions, spectra, etc.)
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Description of QED pair production

@ Many different theoretical frameworks have been developed.

@ Analytical calculations are very difficult and limited: numerical
methods are necessary

@ We chose the Dirac-Heisenberg-Wigner formalism: it formulates
the pair production as an initial value problem, thus giving not just
the particle yield, but also the time evolution of the system.

@ With specific time dependence, in limit of homogenous &, there
exist an analytical solution, so the numerical methods can be
verified.
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Dirac-Heisenberg-Wigner formalism for QED

@ We define the following density operator:

R /2 Do 2o I _ Py
B(%,§, 1) = e o2 AFHASHI [\u()? + g ), U(x — g Hl ()

@ The Wigner function describes the state of the system:
1 BE Ay =
/ =P80/ 8(%, 8, 1)|0)d®s

W(%.B.1) = —
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Dirac-Heisenberg-Wigner formalism for QED

@ The time derivative of the Wigner function gives us the evolution of
the system:

1 = o . s —
DiW = —5Dz[°7, W] — im[y®, W] - iP{+°3, W} (3)

@ Theoretical approximation: external field is classical (quantum
fluctuations are neglected).
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Dirac-Heisenberg-Wigner formalism for QED

1= . . B 0
DtW = _ED)?[VOV? W] - Im[’yoa W] - IP{’YO"% W} (4)
The equation has the following non-local differential operators:

eh? -

D; = 0y + (X, )V — ﬁ(6;%)25()?, HVs+ ... (5)
B, = s+ @B(F, 1) T — O (99285, 1) x ©

D; =Vz+eB(X,t) x Vi — ﬁ(V;Vﬁ) B(X,t) x Vﬁ + ...
- > 7
P=p+ ﬁ(VﬁVﬁ)B(X, f) XVﬁ—i-... (7)

Solution is expanded by irreducible 4x4 matrices:
1 . y

W(x.p,t) = 7 [Is + ivsp + 7w + 7" s2, + 0" 8] (8)
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Dirac-Heisenberg-Wigner formalism for QED

We arrive to a system for 16 unknown real functions, the DHW

functions:

Dys - 2P-t; =0 9)
Dip + 2Pty  =2mag (10)
Divg + Dy ¥ =0 (11)
Do + Dy -a =2mp (12)
D+  Dyvg + 2Pxa =-2mt; (13)
Dia  +  Dgag + 2Pxv% =0 (14)
Dty + Dyxty + 2Ps =2mv (15)
Dits — Dyxty — 2Pp =0 (16)
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The Quantum Kinetic limit

@ A special case iswhen B=10,and £(x,y,z,t) = £(1)
@ This leads to the Quantum Kinetic equation on f, u, v:

df . efe |

T v (17)

dv . 1efe

du

where:

WP t) = £ +pf (20)
¢ = m+p (21)
P = (4L, q)— eA(t) (22)
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Non-Abelian case

SU(2) evolution equation for the Wigner function (homogeneous limit):

DiW =
— &g (4{W, Foi + 2 {Fi, [W.19]} = [Fiv, {W,7%7"}])
+ip; {’yofyi7 W} —im[4°, W] + ig [A;, [vofyi, wi]
(23)

A, 4-potential of color field,

F..- color field tensor
Decomposition of W in SU(N) possible.

Special limiting case is the same as the quantum kinetic case!
(except some constant factors)
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Physical Properties of QED Pair Production

Critical parameters of pair production:

. _ . . 203
e Critical Electric field amplitude: £ = L& ~ 1.3 108X

@ Critical frequency: we = €€ ~ 8- 102°Hz (at £ = &)

mc

Natural length scale, inhomogenity scale: A\¢ = = ~2.4-107"2m
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QED Example: Gaussian Packet field

The Quantum Kinetic equations already give interesting physics.
Consider a wave-packet like electric field:

£(t) = &ge () cos (¢ + wi)

Electric field [Ec]
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Gaussian Packet field results

0.01 -

Particle Yield [A 31
o
g
T

1 10
Frequency [wux]

The peaks mark the position of multi photon resonances.
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lllustration of complex spectra at low momenta

E(t) = E¢r - sin(0.7 - t) harmonic field after 2 periods:

It

Transverse momentum Longitudinal momentum
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Pair production from strong color field

The Quantum Kinetic equation is a common limit of the Abeilan and
non-Abelian solutions, the transverse spectra is the same.
(except some scales)

12

Exponential (11) Polynomial (1, k)

External field [Ecr]
=2

-1 05 0 05 1 15
Time [A./c]

[N}

@ Exponential decay = Exponential spectra.

@ Polynomial decay = Polynomial spectra.
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Pair production from strong color field

@ Polynomial external field in the Quantum Kinetic equation was
used to model the qq, gqqqqg production from strong color field in
heavy ion collisions.

@ The field parameters were fitted to describe proton-pion anomaly.
Publication: J. Phys. G: Nucl. Part. Phys. 38 (2011) 124155
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DHW equations in inhomogeneous external fields

Motivation:

e QED: Inhomogeneous laser fields.
e QCD: Expanding fireball.
Problems:

@ The DHW equations are known since 20 years, but despite their
potential in the description of pair production, they are difficult to
solve.

@ Problem arises from the high dimensionality, and high derivates in
momentum and coordinate space.

But the DHW functions are expected to be smooth!
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Dirac-Heisenberg-Wigner equations for QED

Inhomogeneous electric field: £(x,y,z,t),5=0

Ds — 2P .t =0

Dyp + 2P - 1y =2Mag
Dvo + Di-¥ =0

Do + Dy-a =2mp
D;¥ + Dy +  2Pxa  =-2mty
Dia +  Dgag +  2Px% =0

Dty + Dgxts + 2Ps —2mv
Dits — Dyxty — 2Pp =0
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Spectral expansion

If a partial differential equation system has a smooth solution, the
Pseudo Spectral method is a good choice:

@ We take a basis function set ¢;(x) and a collocation point set x; in
each dimension.

@ Expand the unknown functions on the basis set: f(x) = >, figi(x),
and substitute it into the equation: the differential operators will
only act on the basis functions!

@ Evaluate the resulting equations at the x; collocation points.

@ The result is a (large) linear equation system that needs to be
solved.
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QED Example: Inhomogeneous Electric field 1+1 D

We present solution for an electric field that is inhomogeneous in one
dimension and parallel with this direction. Let the field be:

E(z,t) = & exp [— (ié T ﬁ)}

72

Electric field [E.]
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QED Example: Inhomogeneous Electric field 1+1 D

Pair distribution

Density [a. u.]
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The spatial inhomogenity creates complex structure in the spectra.

Daniel Berényi (ELTE, KFKI RMKI) Simulation of Pair Production ... Zimanyi 2011, 01. 12. 2011. 22/24



QED Example: Inhomogeneous Electric field 1+1 D

Charge distribution
Density [a. u.]
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Summary

@ So far pair production was calculated in spatially homogeneous
external fields only.

@ The solution of the DHW system in 1+1, 3+1 dimensions has now
became feasible.

@ Generalization to non-abelian cases is not conceptually difficult.

@ The pseudo spectral method is ideal for cheap high performance
video cards (GPGPUSs). So calculations can be scaled up,
parameter scans, integrals can be calculated.

@ Less simplifications are necessary (multiple terms can be kept in
the derivative expansion).

@ Pair production in more realistic field configurations can be
calculated.
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