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Introduction

Pair production from vacuum in an extreme external field

Without external field:

positive energy states

negative energy states

mc2

-mc2

x

E

With external field:

positive energy states

negative energy states

mc2

-mc2

x

E

Dániel Berényi (ELTE, KFKI RMKI) Simulation of Pair Production ... Zimányi 2011, 01. 12. 2011. 3 / 24



Motivation

QED Pair production from vacuum was predicted half a century
ago, but has not yet observed.
Rapid development of laser technology may lead to controlled pair
production from crossed laser beams.
QED pair production near massive astrophysical objects (black
holes, magnetars)
Pair production in strong QCD fields
(string fragmentation models for Heavy Ion collisions)

Similarities between QED and QCD pair production
(solutions, spectra, etc.)
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Description of QED pair production

Many different theoretical frameworks have been developed.
Analytical calculations are very difficult and limited: numerical
methods are necessary
We chose the Dirac-Heisenberg-Wigner formalism: it formulates
the pair production as an initial value problem, thus giving not just
the particle yield, but also the time evolution of the system.
With specific time dependence, in limit of homogenous E , there
exist an analytical solution, so the numerical methods can be
verified.
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Dirac-Heisenberg-Wigner formalism for QED

We define the following density operator:

Ĉ(~x ,~s, t) = e−ie
∫ 1/2
−1/2

~A(~x+λ~s,t)~sdλ
[

Ψ(~x +
~s
2
, t), Ψ̄(~x −

~s
2
, t)
]

(1)

The Wigner function describes the state of the system:

W (~x , ~p, t) = −1
2

∫
e−i~p~s〈0|Ĉ(~x ,~s, t)|0〉d3s (2)
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Dirac-Heisenberg-Wigner formalism for QED

The time derivative of the Wigner function gives us the evolution of
the system:

DtW = −1
2
~D~x [γ0~γ,W ]− im[γ0,W ]− i~P{γ0~γ,W} (3)

Theoretical approximation: external field is classical (quantum
fluctuations are neglected).
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Dirac-Heisenberg-Wigner formalism for QED

DtW = −1
2
~D~x [γ0~γ,W ]− im[γ0,W ]− i~P{γ0~γ,W} (4)

The equation has the following non-local differential operators:

Dt = ∂t + e~E(~x , t)~∇~x −
e~2

12
(~∇~x ~∇~p)2~E(~x , t)~∇~p + ... (5)

~D~x = ~∇~x + e ~B(~x , t)× ~∇~x −
e~2

12
(~∇~x ~∇~p)2 ~B(~x , t)× ~∇~p + ... (6)

~P = ~p +
e~
12

(~∇~x ~∇~p) ~B(~x , t)× ~∇~p + ... (7)

Solution is expanded by irreducible 4x4 matrices:

W (x ,p, t) =
1
4

[1s + iγ5p + γµvµ + γµγ5aµ + σµνtµν ] (8)
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Dirac-Heisenberg-Wigner formalism for QED

We arrive to a system for 16 unknown real functions, the DHW
functions:

Dts − 2~P ·~t1 =0 (9)

Dtp + 2~P ·~t2 =2ma0 (10)

Dtv0 + ~D~x · ~v =0 (11)

Dta0 + ~D~x · ~a =2mp (12)

Dt~v + ~D~xv0 + 2~P × ~a =− 2m~t1 (13)

Dt~a + ~D~xa0 + 2~P × ~v =0 (14)

Dt~t1 + ~D~x ×~t2 + 2~Ps =2mv (15)

Dt~t2 − ~D~x ×~t1 − 2~Pp =0 (16)
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The Quantum Kinetic limit

A special case is when B = 0, and E(x , y , z, t) = E(t)
This leads to the Quantum Kinetic equation on f ,u, v :

df
dt

=
eEε⊥
ω2 v (17)

dv
dt

=
1
2

eEε⊥
ω2 (1− 2f )− 2ωu (18)

du
dt

= 2ωv (19)

where:

ω2(~p, t) = ε2
⊥ + ~p2

‖ (20)

ε2
⊥ = m2 + ~p2

⊥ (21)
~p = (~q⊥,q‖ − eA(t)) (22)
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Non-Abelian case

SU(2) evolution equation for the Wigner function (homogeneous limit):

DtW =

−g
8
∂
∂pi

(
4 {W ,F0i}+ 2

{
Fiν ,

[
W , γ0γν

]}
−
[
Fiν ,

{
W , γ0γν

}])
+ipi

{
γ0γ i ,W

}
− im

[
γ0,W

]
+ ig

[
Ai ,
[
γ0γ i ,W

]]
(23)

Aµ: 4-potential of color field,

Fµν : color field tensor
Decomposition of W in SU(N) possible.

Special limiting case is the same as the quantum kinetic case!

(except some constant factors)
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Physical Properties of QED Pair Production

Critical parameters of pair production:

Critical Electric field amplitude: Ec = m2c3

e~ ≈ 1.3 · 1018 V
m

Critical frequency: ωc = eE
mc ≈ 8 · 1020Hz (at E = Ec)

Natural length scale, inhomogenity scale: λc = h
mc ≈ 2.4 · 10−12m
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QED Example: Gaussian Packet field

The Quantum Kinetic equations already give interesting physics.
Consider a wave-packet like electric field:

E(t) = E0e−( t
τ )

2

cos (φ+ ωt)
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Gaussian Packet field results
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The peaks mark the position of multi photon resonances.
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Illustration of complex spectra at low momenta

E(t) = Ecr · sin(0.7 · t) harmonic field after 2 periods:
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Pair production from strong color field
The Quantum Kinetic equation is a common limit of the Abeilan and
non-Abelian solutions, the transverse spectra is the same.
(except some scales)

Exponential decay⇒ Exponential spectra.

Polynomial decay⇒ Polynomial spectra.
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Pair production from strong color field

Polynomial external field in the Quantum Kinetic equation was
used to model the qq̄, qqq̄q̄ production from strong color field in
heavy ion collisions.
The field parameters were fitted to describe proton-pion anomaly.

Publication: J. Phys. G: Nucl. Part. Phys. 38 (2011) 124155
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DHW equations in inhomogeneous external fields

Motivation:

QED: Inhomogeneous laser fields.
QCD: Expanding fireball.

Problems:

The DHW equations are known since 20 years, but despite their
potential in the description of pair production, they are difficult to
solve.
Problem arises from the high dimensionality, and high derivates in
momentum and coordinate space.

But the DHW functions are expected to be smooth!
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Dirac-Heisenberg-Wigner equations for QED

Inhomogeneous electric field: E(x , y , z, t),B = 0

Dts − 2~P ·~t1 =0

Dtp + 2~P ·~t2 =2ma0

Dtv0 + ~D~x · ~v =0

Dta0 + ~D~x · ~a =2mp

Dt~v + ~D~xv0 + 2~P × ~a =− 2m~t1

Dt~a + ~D~xa0 + 2~P × ~v =0

Dt~t1 + ~D~x ×~t2 + 2~Ps =2mv

Dt~t2 − ~D~x ×~t1 − 2~Pp =0

Dániel Berényi (ELTE, KFKI RMKI) Simulation of Pair Production ... Zimányi 2011, 01. 12. 2011. 19 / 24



Spectral expansion

If a partial differential equation system has a smooth solution, the
Pseudo Spectral method is a good choice:

We take a basis function set φi(x) and a collocation point set xj in
each dimension.
Expand the unknown functions on the basis set: f (x) =

∑
i fiφi(x),

and substitute it into the equation: the differential operators will
only act on the basis functions!
Evaluate the resulting equations at the xj collocation points.
The result is a (large) linear equation system that needs to be
solved.
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QED Example: Inhomogeneous Electric field 1+1 D

We present solution for an electric field that is inhomogeneous in one
dimension and parallel with this direction. Let the field be:

E(z, t) = E0 exp
[
−
(

z2

σ2 + t2

τ2

)]
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QED Example: Inhomogeneous Electric field 1+1 D

Pair distribution

Density [a. u.]
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The spatial inhomogenity creates complex structure in the spectra.

Dániel Berényi (ELTE, KFKI RMKI) Simulation of Pair Production ... Zimányi 2011, 01. 12. 2011. 22 / 24



QED Example: Inhomogeneous Electric field 1+1 D

Charge distribution

Density [a. u.]
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Summary

So far pair production was calculated in spatially homogeneous
external fields only.
The solution of the DHW system in 1+1, 3+1 dimensions has now
became feasible.
Generalization to non-abelian cases is not conceptually difficult.
The pseudo spectral method is ideal for cheap high performance
video cards (GPGPUs). So calculations can be scaled up,
parameter scans, integrals can be calculated.
Less simplifications are necessary (multiple terms can be kept in
the derivative expansion).
Pair production in more realistic field configurations can be
calculated.
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