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Similar Shaped Hadron Spectra in HEP

AuAu --> h+X
@ √s = 200 GeV

pp --> h±+X
@ √s = 0.2–7 TeV

Urmossy et.al,
Phys. Lett. B,
689: 14-17, (2010) 

Barnaföldi et. al, Proc. Of
Hot Quarks (2010) 

Urmossy et.al, Phys. Lett. B, 701: 111-116 (2011)

e+e- --> h±+X
@ √s = 14–200 GeV



  

Similar Features of Hadron Spectra
In AA, pp, e +e - Collisions

● Power-law tailes
● KNO scaling of the
multiplicity distributions

p N  ∝ N−N 0
−1 e−N−N 0

≈ rN−1
N qN 1−qr



  

Statistical Distributions Emerge
In Highenergy Collisions If:

 is such that

● the matter created reaches equilibrium

dh1 ,, hN = ∣M∣
2

4

∑i ph i


−Ptot



dh1 ,, hN

● or the cross-section of the created
h1 , … , hN particles

dh1,, hN ∝ ∑i h i
−E tot dh1 , , hN

In both cases, the Entropy is maximal



  

Overview of the Talk

● Microcanonical Statistical Models
 with Fluctuating Multiplicity

● Applications in e+e- collisions
 and in pQCD calculations
                       (Gergely Kalmár)

● Hadronisation of a non-extensive
 Quark Matter



  

Urmossy et. al., Phys. Lett. B, 701: 111-116 (2011), arXiv:1101.3023

p N  ∝ N−N 0
−1e−N−N 0

d

dD x
=∑ f N xN p N  ∝

1−xD N 0−1−1

1−a ln 1−x 
b

Max. Ent. means equal probability on the equi-energetic
N-particle hypersurface (m=0, microcanonical):  

f N x  ∝
N−1E−

N E
∝ 1−xD N−1−1 , x=


E
=

p

s /2

N E=∫∏ dD pi  E−∑  j  ∝ EDN−1

The 1-particle distribution:

The multiplicity distribution:

The multiplicity averaged cross-section:



  

Urmossy et. al., Phys. Lett. B, 701: 111-116 (2011), arXiv:1101.3023

p N   p  ∝ 
A−1e−B

f x=∫d  f x  p  ∝
1

1b x 
a

At Low Energy: Microcanonical --> Canonical

f N x  ∝ exp− x

The 1-particle distribution:

Thus multiplicity fluctuations cause
temperature fluctuations as well.

The temperature means mean energy / particle:

T ∝ E /N   ∝ N

We arrive at the Tsallis distribution:



  

Multiplicity distributions

e +e - -->  h ±+X @ √s = 14–200 GeV (with Tsallis)

Fragmentation Functions

Urmossy et. al., Phys. Lett. B, 701: 111-116 (2011), arXiv:1101.3023

x < 0.2



  

Multiplicity distributions

e +e - --> h ±+X @ √s = 14–200 GeV (with Micro-     
canonical Tsallis)

Fragmentation Functions

Urmossy et. al., Phys. Lett. B, 701: 111-116 (2011), arXiv:1101.3023



  

e +e - --> h ±+X @ √s = 14–200 GeV (with Micro-     
canonical Tsallis)

Urmossy et. al., Phys. Lett. B, 701: 111-116 (2011), arXiv:1101.3023

Dependence of q on √s Dependence of T on √s



  

Application in a pQCD pp-> π + calculaion

Barnaföldi et. al., Proc of Gribov '80 (2010)

AKK vs. Tsallis as Frag. Func Dependence of q, T on √s

D pi




z ~1qi−1 z /T i
−1/qi−1

qi=q0iq1i ln ln Q
2


T i=T 0iT 1i ln  ln Q
2




  

e +e - --> π 0,K 0+X @ √s = 14–91 GeV (with Micro-     
canonical Tsallis)

Data / TheoryFragmentation Functions

Submitted to the Proc. Of SQM 2011



  

e +e - --> π 0,K 0+X @ √s = 14–91 GeV (with Micro-     
canonical Tsallis)

Dependence of q on √s Dependence of T on √s

Submitted to the Proc. Of SQM 2011



  

e +e - --> Λ, p, K 0+X @ √s = 91.2 GeV
with Micro-canonical Tsallis (Black curves)

Data / TheoryFragmentation Functions

Submitted to the Proc. Of SQM 2011



  

Submitted to the Proc. Of SQM 2011

LE=∑ Li , Lx=1/a ln 1ax 

Microcanonical ensemble with Special Interactions
(for m=0 particles):

N E=∫∏ dD pi  LE−∑ L j
∝ LN−1eaL , D=1

∝∑
j=0

N−1

A j [aL]
j  j e

aL
 j e

2aL  , D=2

∝∑
j=0

N−1

∑
k=0

N− j−1

A j , k [aL]
j [ j , k e

aL j ,k e
2aL j ,k e

aL3 ] , D=3

The constrained N-particle phasespace volume:

The energies of the particles εi and the total energy E
are related via



  

Submitted to the Proc. Of SQM 2011

Microcanonical ensemble with Special Interactions
(for m=0 particles):

Equilibrium 1-particle distribution in systems that consist of
N = 2, 3 and 4  particles



  

p N  ∝ N−N 0
−1e−N−N 0

f x=∑ f N xN p N  ∝
1− y N 0−2

1−a ln 1− y 
b

Micro + Special Interactions + Fluctuating Multiplicity

f N  ∝ e−aL 1− y N−2 , y =
ln 1a
ln 1aE

In D = 1 the 1-particle distribution reads:

The multiplicity distribution:

Submitted to the Proc. Of SQM 2011



  

e +e - --> Λ, p, K 0+X @ √s = 91.2 GeV
with Micro+Spec Interactions (Red curves)

Data / TheoryFragmentation Functions

Submitted to the Proc. Of SQM 2011



  

Similar ResultsSimilar Results
in thein the

Canonical FrameworkCanonical Framework



  

The Maximum Entropy Principle (BG)

Equilibration of two systems:

∂S1

∂E1

=
1
T
=
∂ S2

∂E2

f eq = ∝ exp −/T 

F [ f ] = S−∑ f ii−∑ f i

E12=E1E2, S12=S1S2

The free energy of non-interacting components:

From the minimum, the equilibrium distribution reads:

E
N
= 3T

E12=constant , S12=max Mean energy
per particle:



  

Equilibration of two systems:

∂ S1

∂ LE1
=

1
T
=

∂ S2

∂ LE2

f eq = ∝ 1q−1/T −1/q−1

F [ f ] = S−∑ f iLi−∑ f i

LE12=LE1LE2 , S12=S1S2

The free energy of the interacting components:

From the minimum, the equilibrium distribution reads:

Mean energy
per particle:

E
N
=

3T
1−4 q−1

E12=constant , S12=max

The Maximum Entropy Principle (Tsallis)



  

Equilibration of two systems:

∂ L1S1

∂ L2E1
=

1
T
=
∂ L1S2

∂ L2E2

L2E12=L2E1L2E2 , L1S12=L1S1L1S2

The free energy of the interacting components:

From the minimum, the equilibrium distribution reads:

E12=constant , S12=max

The Maximum Entropy Principle (microTS)

F [ f ] = L1S −∑ f iL2i−∑ f i

f eq = ∝ 1q−1 ln 1a/T 
−1/q−1



  

SimulationsSimulations
of theof the

L(EL(E1212) = L(E) = L(E11)+L(E)+L(E22))

ModelModel



  

Instead of struggling with perturbation

We try out a
 simple rule

 p1 p2− p3− p4

×E1E2−E3E4

With

E1E2=

=E1E2aE1 E2



  

Hadronisation is modelled by a

Large interaction
energy put into
the mass of the
Resonance

qqResonance−

Probability
of color       ~1/9
neutrality

M R
2=ER

2− PR
2

ER=ENEN−2

PR= p1 p2

ER~1a
N−2
2a

2




  

Finite N, E – > cut in the spectrum at high E

Jets at CDF@Tevatron

√s = 1.96 TeV    

Pions from parton cascade 

Interaction measure a = 1

Urmossy et. al., Proc. of 'Hot and Cold Baryonic Matter' (2010)

mailto:CDF@Tevatron


  

The spectrum changes from Boltzmann to Tsallis 
as interactions (a) grow

Log – Lin plot Log – Log plot

Urmossy et. al., Proc. of 'Hot and Cold Baryonic Matter' (2010)



  

Mass Distribution of Resonances

M R
2=ER

2− P2

EN=EN−2ER

EN=E1E2EN

as usual

but

With interaction measure a = 1

Urmossy et. al., Proc. of 'Hot and Cold Baryonic Matter' (2010)



  

Hadronisation byHadronisation by
QuarkQuark

CoalescenceCoalescence



  

Fh Ph=∫∏ d3 pi f q E1 f q EnC pi , Ph , M h

Thermal Re-hadronisation By Quark Coalescence

n on-shell quarks produce a hadron very rapidly:

The hadron formation requires energy-momentum
conservation and that the incoming quarks have
small relative momenta

C  pi , Ph , M h=
4 ∑ pi

−Ph
∏ 3  pi− Ph /n 



  

u ,=cosh , sinh , v cos , v sin ,

=
1

1−v2

Flow Profile of the Expanding Plasma

X

Y

R

Z
Blast Wave:



  

E
dN

d3 p
=∫ dJ 

Hadron Evaporation from the Expanding Plasma

The 3-volume of the QGP evolves in time and spits out
hadrons:

The number of hadrons leaving the plasma with
momentum, pμ is the flux of the hadron current through
the hadronisation hyper-surface. 

V 3
QGP
t 

TIME

with hadron current J=
p

p0 Fh Eh



  

The Hadronisation hyper-surface

Z / τ

 t
 

In the t-z plane

At τ0, the whole volume of the plasma hadronises
(volume term)

=0

=max≈∞

Before τ0, the plasma evaporates hadrons from its surface
(surface term)



  

Used thermal hadron distributions:

1. p0
dN
d3 p

~ mT K1mT  I0vpT 

1− pT K 0mT  I 1vpT  ~ e−mT−vpT 

The resulting transverse hadron yields are:

2. p0 dN

d3 p
~
mTG0  pT 1− pTG2 pT 

1q−1mT−vpT 
1/q−1 ~ pT

−q /q−1

1. FhE =A e−E

.2 FhE=A 1q−1E /T −1/q−1

Boltzmann-Gibbs

Cut power-law

with E, the hadron energy in the frame co-moving with
the plasma flow,

E=pu




  

Cut power-law and exponential fits to identified particle spectra,
produced in AuAu --> h+X at √s = 200 GeV .



  

Data / Theory plots for
Identified particle spectra,
In Au + Au - > h + X
Reactions at
s = (200 GeV)2

Collision energy

■ Boltzmann–Gibbs
▲ power-law, 
     surface terms only,
     ξ = 0.
● power-law,
    volume terms only,
   ξ = 1.
● power-law,
    ξ  = surface/volume
   ratio is fitted.
   (ξ  ≈ 0.5)  

K. Urmossy, T. S. Biro, Phys. Lett. B, 689: 14-17, 2010.



  

Conclusions

 From the multiplicity averaged hadron spectra, we can not 
separate the effect of multiplicity fluctuations and that of 
interactions.
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G.G. Barnaföldi: Tsallis Distribution in High-Energy Collisions 39 

Refs:S Hegyi: Nucl. Phys. B 40 (1972) 317, Refs:S Hegyi: Nucl. Phys. B 40 (1972) 317, 
      and arXivand arXiv:0011301:0011301

Hypothesis by Polyakov and Koba–Nielsen–Olesen Hypothesis by Polyakov and Koba–Nielsen–Olesen 
at very high collision energies, the probability at very high collision energies, the probability 
distributions distributions PPnn  (s) (s)  f for detecting or detecting nn   final state final state 
particles exhibit a scaling (homog-eneity) particles exhibit a scaling (homog-eneity) 
relation:relation:

As As s  →s  → ꝏꝏ   with   with <n(s)><n(s)>  being the average  being the average 
multiplicity of secondaries measured at collision multiplicity of secondaries measured at collision 
energy s.energy s.
KNO: Simple rescaled multiplicity distribu-tions KNO: Simple rescaled multiplicity distribu-tions 
are only a copy of an universal one, are only a copy of an universal one, ΨΨ(z)(z)
depending ondepending on scale  scale z=n/<n(s)>z=n/<n(s)> only, only,

Koba–Nielsen–Olesen (KNO) scaling



  

T. S. Biró, P. Ván, arXiv:1102.0536, (2011)

Suppose, that due to long-ranged interactions and correlations the 
energy and entropy of subsystems are not additive:

L1Etot  = ∑ L1Ei , L2S tot = ∑ L2Si

f eq = ∝ 1−b ln 1−x 
−a

F [ f ] = L1S −∑ f EiL2Ei−∑ f Ei

E12=E1E2−a E1 E2, S12=S1S2aS1S2

Thus Etot  and Stot  are of the system is related to that of the 
subsystems via monotonic functions L1(E) and L2(S) :

Thus, the free energy to minimise reads:

Finally, the equilibrium distribution reads:

The Maximum Entropy Principle (microTS)



  

e +e - --> hadrons

Urmossy et. al., Phys. Lett. B, 701: 111-116 (2011), arXiv:1101.3023

p=∣p∣

e+

e-

Momentum
spacee+ Quasi-1D

– > jet ~ 1D micro-canonical esemble

∑ pi=∑ pi=∑ i=E

p||

p┴

Inside the jet, all hadrons go in the same direction. Thus, for m=0 
particles, energy and momentum conservation reads the same:



  

Boltzmann-Gibbs Fits to Au Au - > h X  at s = (200 GeV) 2

T = 100 ± 20 MeV,  v = 0.5 ± 0.1

      



  

X=
1

q−1
log [1q−1mT−v pT /T ]

Tsallis Fits to Au Au - > h X  at s = (200 GeV) 2

T = 51 ± 10 MeV, q = 1.062 ± 7.65 × 10−3, v = 0.5 ± 0.1

      



  

The reasons for this type of parametrisation, and the choice
of such a flow profile are

●Cylindrical symmetry → r, α

●In non-viscous hydro temperature is a function
of proper time T(s)

●The expansion is longitudinally dominated, so
 

is a good approximation.

●It is reasonable to say, the plasma evaporates
hadrons from its surface, until its whole volume
hadronises abruptly at a certain longitudinal
propertime, when its temperature

s=t2−r2−z2
 =t2−z2

T 0=T c



  

x=cosh , sinh , r cos , r sin

u=cosh ,sinh , v cos , v sin

p=mT cosh y ,mT sinh y , pT cos , pT sin

Parametrisation of the spacetime, flow and hadron momentum

The integration measure in the hadron yield calculation:

pd 
=mT cosh  y−r ddr d
mT sinh  y−r ddr d
pT cos − r ddd
pT sin −dddr



  

h(x,y) as the effect of the environment

Boltzmann-Gibbs case:

hE1, E2=E1E2a E1 E2 LE=
1
a

ln 1aE

f=1aE−/a /Z

Tsallis case:

hE1, E2=E1E2 LE =E
f=exp −E/Z

h E1, E2=E1E2a E1 E2b /2E1
2 E2E2

2 E1

LE=
1


ln  2a−E2aE  f=1− 2E
2aE 

/

/Z

=a2
−2b

Hyper-Tsallis case:
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