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Motivation

The deconfined phase of QCD can be reached in the laboratory

Lattice calculations can provide Tc via different observables.
Different discretizations should give the same results in the
continuum.

fluctuations of conserved charges (baryon number, electric
charge, strangeness) can be directly related to experiments
(Jeon and Koch, 2000, Asakawa, Heinz, Müller, 2000)

Equation of state (EoS) is important input for hydro models
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Choice of the action

Gauge action
tree level O(a2) improved Symanzik action

fermionic action
stout improved 2+1 flavor staggered quarks

T = 0: stout smearing to reduce pion taste splitting
T →∞: tree level improvement by the correct SB limits.

Physical quark masses and continuum extrapolation
from Nt = 6,8,10,12

S.D. Katz Recent lattice results
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The transition temperature

Y. Aoki, Z. Fodor, S.D. Katz, K.K. Szabo, Phys. Lett. B. 643 (2006) 46

an analytic transition (cross-over) has no unique Tc :
example of water-steam transition

l

above the critical point cp and dρ/dT give different Tcs.
QCD: chiral & quark number susceptibilities or Polyakov loop
they result in different Tc values⇒ physical difference

S.D. Katz Recent lattice results
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Literature: discrepancies between Tc

Brookhaven-Bielefeld-Columbia-Riken Coll. (+MILC=‘hotQCD’):
M. Cheng et.al, Phys. Rev. D74 (2006) 054507

Tc from χψ̄ψ and Polyakov loop, from both quantities:

Tc=192(7)(4) MeV

Wuppertal-Budapest group (WB):
Y. Aoki, Z. Fodor, S.D. Katz, K.K. Szabo, Phys. Lett. B. 643 (2006) 46

chiral susceptibility: Tc=151(3)(3) MeV
Polyakov and strange susceptibility: Tc=175(2)(4) MeV

‘chiral Tc ’: ≈40 MeV; ‘confinement Tc ’: ≈15 MeV difference

both groups give continuum extrapolated results with physical mπ

S.D. Katz Recent lattice results
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Chiral symmetry breaking and pions
transition temperature for remnant of the chiral transition:
chiral symmetry breaking: 3 pions are the pseudo-Goldstone bosons

staggered QCD: 1 ( 3
16 ) pseudo-Goldstone instead of 3 (taste violation)

staggered lattice artefact⇒ disappears in the continuum limit
stout-smeared improvement is designed to reduce this artefact

!

!

!
!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

asqtad

0

1
2

3
4

5!6

7

0 0.02 0.04 0.06 0.08 0.1

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.2

0.4

0.6

0.8

a2 !fm2"

m
i2
!GeV

2 "

m
i
!GeV

"

!
!

!!!

!
!

!
!
!

!

!

!
!
!

!

!

!
!

!

stout

0

1

3

5

7

0 0.02 0.04 0.06 0.08 0.1

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.2

0.4

0.6

0.8

a2 !fm2"

m
i2
!GeV

2 "

m
i
!GeV

"

S.D. Katz Recent lattice results



Introduction Tc Fluctuations EoS finite µ Wilson thermo Summary

progress in the transition temperature

Wuppertal-Budapest: physical quark masses (ms/mud ≈28)
gauge configs: Nt=8,10 in 2006⇒ Nt=12 in 2009⇒ Nt=16 in 2010

hotQCD 2009: realistic quark masses (ms/mud =10)
hotQCD 2010: preliminary: physical quark masses (ms/mud =20)
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progress in the transition temperature
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progress in the transition temperature

Wuppertal-Budapest: physical quark masses (ms/mud ≈28)
gauge configs: Nt=8,10 in 2006⇒ Nt=12 in 2009⇒ Nt=16 in 2010

hotQCD 2009: realistic quark masses (ms/mud =10)
hotQCD 2010: preliminary: physical quark masses (ms/mud =20)
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progress in transition temperature

Wuppertal-Budapest: physical quark masses (ms/mud ≈28)
gauge configs: Nt=8,10 in 2006⇒ Nt=12 in 2009⇒ Nt=16 in 2010

hotQCD 2009: realistic quark masses (ms/mud =10)
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Light susceptibility

cuu
2 =

T
V
∂2 log Z
∂µu∂µu

∣∣∣∣
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rises rapidly around Tc

reaches ∼ 90% at ∼ 3Tc

S.D. Katz Recent lattice results



Introduction Tc Fluctuations EoS finite µ Wilson thermo Summary

Strange susceptibility

χs
2 =

T
V
∂2 log Z
∂µ2

s
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Non-diagonal susceptibility

cus
2 = cds

2 =
1
2

T
V
∂2 ln Z
∂µu∂µs
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linkage between different flavors
non-zero in the hadronic phase due to mesons
approaches zero in the SB limit (〈nuns〉 = 0)
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Fluctuations of the baryon number

χB =
1
9
(
2cuu

2 + χs
2 + 2cud

2 + 4cus
2
)
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rapid rise around Tc

reaches ∼ 90% at ∼ 3Tc
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Test of bound states in QGP

Simple QGP: strangeness is carried by strange quarks
→ baryon number and strangeness are correlated

Hadron gas: strangeness carried mostly by mesons
→ baryon number and strangeness are uncorrelated

Bound state QGP: strangeness is carried mostly by partonic
bound states
→ baryon number and strangeness are uncorrelated

We define the following object:

CBS = −3
〈BS〉
〈S2〉

Koch, Majumder, Randrup, PRL95 (2005); Shuryak, Zahed, PRD70 (2004).

S.D. Katz Recent lattice results
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Simple estimates

In QGP at T →∞
−3〈BS〉 = 〈(ns̄ − ns)2〉 〈S2〉 = 〈(ns̄ − ns)2〉 → CBS = 1

In hadron gas

−3〈BS〉 = 3[Λ + Λ̄ + Σ + Σ̄ + ...] + 6[Ξ + Ξ̄ + ...] + 9[Ω + Ω̄ + ...]

〈S2〉 = K + + K− + K 0 + K̄ 0 + Λ + Λ̄ + ...

at T ∼ Tc and µ = 0→ CBS ≈ 0.66

In bound state QGP
heavy (anti)quark quasiparticle contribute both to 〈BS〉 and 〈S2〉
bound states of sg or s̄g contribute both to 〈BS〉 and to 〈S2〉
bound states of sq̄ or s̄q contribute only to 〈S2〉
At T = 1.5Tc and µ = 0→ CBS ≈ 0.62

S.D. Katz Recent lattice results
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baryon-strangeness corralator

CBS = 1 +
cus

2 + cds
2

χs
2
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cont.

HRG

CBS rules out bound states soon above Tc
there is a small window right above Tc where CBS < 1
pure gluon clusters cannot be ruled out
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Equation of state: integral method

J. Engels et al., Phys. Lett. B252 (1990) 625

on the lattice the dimensionless pressure is given by

plat(β,mq) = (NtN3
s )−1 logZ(β,mq)

not accessible using conventional algorithms, only its derivatives

plat(β,mq)−plat(β0,m0
q) = (NtN3

s )−1
∫ (β,mq)

(β0,m0
q)

(
dβ

∂ logZ
∂β

+ dmq
∂ logZ
∂mq

)
,

first term: gauge action & second term: chiral condensate

the pressure has to be renormalized: subtraction at T=0 (or T>0)

T 6=0 simulations can’t go below T≈100 MeV (lattice spacing is large)
physical HRG gives here 5% contribution of SB⇒
path of Mπ=720 MeV⇒ distorted HRG no contribution at T=100 MeV

S.D. Katz Recent lattice results
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All path approach

goal: determine the equation of state for several pion masses
reduce the uncertainty related to the choice of β0

give the uncertainty related to the integration path

conventional path: A, though B, C or any other paths are possible
generalize: take all paths into account (use derivatives of p)
two-dimensional spline function gives p for any (β,R=ms/mud )
technically: solution of a large system of linear equations

S.D. Katz Recent lattice results
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Finite volume and discretization effects

finite V: Ns/Nt=3 and 6 (8 times larger volume): no sizable difference

finite a: improvement program of lattice QCD (action & observables)
tree-level improvement for p (thermodynamic relations fix the others)
trace anomaly for three T-s: high T, transition T, low T
continuum limit Nt=6,8,10,12: same with or without improvement

improvement strongly reduces cutoff effects: slope ≈0 (1-2σ level)
S.D. Katz Recent lattice results
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Pressure and energy density

ε normalized to the Stefan-Boltzmann limit: ε(T→∞)=15.7
at 1000 MeV still 20% difference to the Stefan-Boltzmann value

essentially perfect scaling, lines/points are lying on top of each other

S.D. Katz Recent lattice results
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Speed of sound & parametrization

cs minimum value is about 0.13 at T≈145 MeV
’smaller than error’ parametrization T=100...1000 MeV (t=T/200 MeV)

I(T )

T 4 = exp(−h1/t − h2/t2) ·
(

h0 +
f0 · [tanh(f1 · t + f2) + 1]

1 + g1 · t + g2 · t2

)
h0 h1 h2 f0 f1 f2 g1 g2

0.1396 -0.1800 0.0350 2.76 6.79 -5.29 -0.47 1.04
S.D. Katz Recent lattice results
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Equation of state: I(T)=ε-3p
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two pion masses: Mπ≈720 MeV (R=1) and Mπ=135 MeV (Rphys)
good agreement with the HRG model up to the transition region
quark mass dependence disappears for high T
good agreement with perturbation theory

comparison with the published results of the hotQCD collaboration
discrepancy: peak at ≈20 MeV larger T and ≈50% higher
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Scenarios for µ > 0

Does the crossover region shrink or expand?
The curvature can affect the existence of the critical endpoint
Estimate: if µcrit = 360 MeV→ ∆κ ≈ 0.02

S.D. Katz Recent lattice results
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Equivalence of the methods (formal/numerical)

⇒ for moderate µ Taylor and µI agree with reweighting

take nf =2 setting of de Forcrand-Philipsen: βc(µ) upto 4 digits

solid/dotted: imaginary µ & error; box: reweighting; circle: Taylor
for larger µ values higher order terms are getting more important

what to choose (depends on the question):
for this particular case imaginary µ has the largest CPU demand;
next one is reweighting; cheapest is Taylor (does not work for large µ)

S.D. Katz Recent lattice results
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Critical endpoint discussion (controversy?)

  QCD critical point DISAPPEARED

crossover 1rst
0

∞

Real world

X

Heavy quarks

mu,d
ms

µ

all results are from coarse lattices (a=0.3 fm)

deForcrand-Philipsen: leading order⇒ not stronger, slightly weaker
same from reweighting: µI/T≈1–3 (µcrit : result of the higher orders)

Taylor & radius of convergence (!) only a lower bound: Lee-Yang

full answer (all the way to the continuum) needs much more CPU

S.D. Katz Recent lattice results
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The curvature

we change µ and look at the transition curve
it shifts to the left, we look at its value of a fixed C

the dimensionless curvature is defined as κ(T ) = −Tc(µ = 0) · R(T )

dκ/dT at Tc tells if the transition is broadening or narrowing
(a point below Tc has a larger or smaller curvature)

S.D. Katz Recent lattice results
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Results

Continuum extrapolation Nt = 6,8,10
Change of width related to slope of κ(T ):

1
W

∂W
∂(µ2)

= − 1
Tc

∂κ

∂T

∣∣∣∣
T =Tc

∆W/W (χs/T 2) = 0.033(16), ∆W/W (ψ̄ψr ) = 0.030(18)

S.D. Katz Recent lattice results
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Continuum prediction for the curvature: full result

G. Endrodi, Z. Fodor, S.D. Katz, K.K. Szabo, arXiv:1102.1356

lower solid line: Tc from the chiral condensate
upper solid line: Tc from the strange susceptibility

bands (red and blue) indicate the widths of the transition lines
the widths remain in this order approximately the same
in leading order: no critical point (can be anything)

dashed line: freeze-out curve from experiments

S.D. Katz Recent lattice results
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Thermodynamics with Wilson fermions

Motivation
Let’s use a fermion formulation which is known to be correct!

Rooted staggered fermions→ probably OK, but unresolved
issues
Domain wall fermions→ too expensive for continuum limit
Overlap fermions→ even more so
Wilson fermions→ theoretically sound (correct and
straightforward continuum limit) and in practice doable

S.D. Katz Recent lattice results
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Comparison
Staggered

change β (Nt fix)

continuous

low temperature

many times

Nt →∞

yes

simple

change T = 1/aNt

steps in T

large discr. errors

tuning masses (LCP)

continuum limit

chiral symmetry

renormalization

Wilson

change Nt (β fix)

finite steps

high temperature

only few times

β →∞

no

more difficultS.D. Katz Recent lattice results
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Quantities

quark number susceptibility: χs/T 2, finite in continuum limit (as
in staggered)

chiral condensate: ψ̄ψ, needs renormalization (more tricky than
staggered)

Polyakov loop: P, needs renormalization

Comparison between Wilson and staggered:
continuum limit is important
pion mass is less important

S.D. Katz Recent lattice results
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Action and simulation parameters

2 + 1 flavor, tree level Symanzik gauge action, 6 steps stout and tree
level clover improved fermion action
Fix mπ/mΩ = 0.326(3), mK/mΩ = 0.366(4) for both staggered and
Wilson. Actually quark mass ratios (2m2

K −m2
π)/m2

π = 1.530(7) are
tuned very precisely, ms chosen such that if mu lowered to physical
mπ then mK becomes physical too at the same ms.
mΩ used to make everything dimensionless
→ mπ ≈ 545 MeV , mK ≈ 612 MeV
Approach continuum limit:

β 3.30 3.57 3.70 3.85
a [fm] 0.139(1) 0.093(1) 0.070(1) 0.057(1)

V 323 × 6− 16 323 × 8− 16 483 × 8− 28 643 × 12− 28

S.D. Katz Recent lattice results
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Results for χs/T 2 (Wilson)
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Results for χs/T 2 (Wilson)
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Results for χs/T 2 (Wilson)
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Results for χs/T 2 (Wilson)
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Results for χs/T 2 (staggered)
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Results for χs/T 2 (staggered)
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Results for χs/T 2 (staggered)
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Results for χs/T 2 (Wilson vs. staggered)
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Results for ψ̄ψ (Wilson)
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Results for ψ̄ψ (Wilson)
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Results for ψ̄ψ (Wilson)
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Results for ψ̄ψ (Wilson)
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Results for ψ̄ψ (staggered)
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Results for ψ̄ψ (staggered)
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Results for ψ̄ψ (staggered)
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Results for ψ̄ψ (Wilson vs. staggered)
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Results for the Polyakov loop (Wilson)
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Results for the Polyakov loop (Wilson)
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Results for the Polyakov loop (Wilson)
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Results for the Polyakov loop (staggered)
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Results for the Polyakov loop (staggered)
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Results for the Polyakov loop (staggered)
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Results for the Polyakov loop (Wilson vs. staggered)
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Summary

long standing discrepancy in the literature
overall scale Tc has been clarified
Fluctuations→ no bound states above Tc

equation of state (EoS) was determined
continuum limit of the phase diagram curvature at Mπ=135 MeV
First results with Wilson fermions at mπ ≈ 545 MeV agree well
with staggered results in the continuum

S.D. Katz Recent lattice results
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