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Introduction
°

Notation

o For simplicity we choose the flat space-time, the metric is
guu = guv = dlag(17 _17 _17 _1)

@ The normalized 4-flow of matter is denoted by u*(t,x), where
utu, =1,(c? =1).

o The local rest frame (LRF) is defined as, ul’sr = (1,0,0,0).

@ The projection tensor is defined perpendicular to the 4-flow of matter,

APV = gtV — yty”, where A¥Yu, =0, and A*Y AL, = 3.

@ The comoving time-derivative or proper-time derivative in LRF of an arbitrary
4-vector A is denoted by, A = u#9,, A while, the comoving spatial-derivative or
gradient is denoted by, V#A = A#*¥9, A.

@ The symmetric, traceless and orthogonal part of any tensor is denoted by,
Al) = [L(Ahay + ALAL) = Jam Aqg] AP,
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Basics

Conservation laws for a simple (single component) fluid

OuN* = 0 charge conservation

oTH = 0 energy-momentum conservation

Thermodynamic constraint, S¥ = S* (N*, TH"), such that

8,5" >0
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Perfect Fluids

Perfect Fluids I.

Conservation laws for a simple (single compo perfect fluid (no dissipation)

ouNy =0 charge conservation =1 eq.

O Té“' = 0 energy-momentum conservation = 4 egs. )

Perfect fluids - decomposition with respect to u*

NéL = nout

T = eutu’ — ppAHY

ng = Nfu (net)charge density
e = Tiuuu energy density

1
= _§A’“’ [ isotropic (equilibrium) pressure

@ 5 equations with 6 unknowns: np(1), ep(1), po(1) and u#(3) uniquely defined!
These equations are postulated!
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Perfect Fluids

Perfect Fluids II.

@ The assumption of local thermal equilibrium! Provides closure:

Equation of State (EoS)

po = po(eo, o) EoS = 1 eq.

and sp = so(eo, o), po(To, 1o)-
o Auxiliary, S)' = spu, where sy = S§'u,,, hence

8.5l >0

entropy is maximal in local thermal equilibrium.

o Thermodynamic relations are derived from, ToS)' = —poN§' + T4 uy + pout,
that is, TOyu(sut) = Ou(eu*) + p(Oput) — udyu(nut), hence

Toso = e+ po— pno
Toso = & — pofo
Po = soTo+ nofio
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Dissipative Fluids I.

Conservation laws for a simple (single component) dissipative fluid

8 NH
8, TH

ative Fluids

= 0 charge conservation =1 eq.

0 energy-momentum conservation

= 4 egs.

v

General decomposition with respect to u*

nut + V¥
eutu” — pA*Y + WHUY + WY uH + nh¥
N¥u, charge density

T uyuy energy density

1
=5 A THY isotropic pressure
AN
AP T g uP

charge flow V*u, =0
energy-momentum flow W*Hu, =0

T () stress tensor 7" u, = gL, =0

N

@ 5 equations with 14 + 3 unknowns, n(1), e(1), p(1), V#(3), W#(3), #*¥(5) and

ut(3)
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Dissipative Fluids
L]

Dissipative Fluids II.

Generally, N* = Né‘ + SNH and THY = Té“’ +5TH

Simplifications (1): Matching to equilibrium and the EOS

n = ng+dn
e = e +de
p(e,n) = po(eo,no) +dp

o Convenient choice, 6n =0, e =0, dp = I hence, n = ng, e = e,
p(e, n) = po(eo, no) + M, while T = Ty and p = po, but s = sp + Is!
o Still with 14 + 3 unknowns! n(1),e(1),M(1), V#(3), WH(3),7*¥(5) and u*(3).

@ Other choices also possible ! e.g., e = ¢y + 31, etc.

Simplifications (I1): Fixing the Local Rest Frame

ug = Nt/n & VHE=0 =g'=WH Eckart
uf = THupjle &WH=0 =q¢"= —ﬂV” Landau & Lifsitz
n

o We eliminated (3) unknowns, such that u}' = uf + du*.
o We are left with 14 unknowns! n(1), e(1), u*(3) and p(1), g#(3), 7#¥(5).
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Dissipative Fluids
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Dissipative Fluids Ill. - The relativistic Navier-Stokes theory

o The entropy current is also modified S# = S}’ + §5# = (sp + ds)ur + ©H, where
s = Stuy, = (sp + ds) and dH = AHFVS,.

2nd law of thermodynamics (Eckart’s frame)

m b1 n my
85" = 0, [M - q—] e (—BMT— uu) — S0 + %auuu >0

@ Assuming that s = sp, i.e., s = 0, while ¥ =g/ T

@ For small gradients, linear relations between thermodynamical forces and fluxes!

The relativistic Navier-Stokes relations

Mys = —CVuu*
Ty = 29 vy

Tn o
o = o)
qNS Kk e+p T

o ( >0, n > 0 bulk and shear viscosity coefficients, x > 0 coefficient of thermal
conductivity.

@ Now, the equations of fluid dynamics are closed, but the relativistic Navier-Stokes
theory leads to accausal signal propagation and stability issues.
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Dissipative Fluids
o

Dissipative Fluids IV. - 2nd order theories

Generalization by Miiller (1967), Israel (1976) and Stewart (1971, 1977)
st = mut+ L (B~ Bigta + Bom )

T 2T

aplgh aym’ q,

T T

+ O3

@ the newly introduced coefficients [y, 81, B2, g, a1 are related to the relaxation
time/length of bulk viscosity, heat conductivity and shear viscosity

m = (o
Tq = KTpH
™ = 2nB2
hg = daxo
Ign = kKTag
lgn = KTou
Inq = 2no1

@ The S, 51, B2, ap, a1 coefficients are frame dependent and remain undetermined
in phenomenological theories!
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Dissipative Fluids
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Dissipative Fluids V. - Equations of motion

Relaxation equations in Eckart's frame (Israel 1976)

T|-||;|+r| = HN5+lanMq”
TeAEG 4 g* = ghis + gn VPN — lgn AL O, TV
7—7”'1—(/“/) + 7Y = Wxg + I’/\'qv<uqy>

@ The equations determine the time evolution of 1, g#, and 7©*¥
@ The Navier-Stokes theory appears if the relaxation times and length scales
7 — 0, [; = 0 with ¢, n and kg4 fixed, (asymptotic solution)

o Later O, corrections (~ V aj,~ V. 0;,..., etc.) were added by Israel and
Stewart (1977-1979), Hiscock and Lindblom (1983), Relativistic Extended
Thermodynamics of Liu, Miiller and Ruggeri (1983) etc.

We need kinetic theory to motivate and determine the above introduced
phenomenological equations self-consistently! J
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Fluid dynamics from kinetic theory
o

The relativistic Boltzmann equation and conservation equations

In a dilute gas, the space-time evolution of the single-particle distribution function
fi = f(t,x, k% k) due to particle motion and binary collisions is given by the

The relativistic Boltzmann equation

1 ~ ~ o~
KOufe= 3 / dK’ dPdP" Wi ppr (fpfp, ffo — fif fpfp,)

k# = (k9 k) is the four-momenta of particles with mass m and energy

kO = k2 + m2. =1 — afi, with a = 0 for Boltzmann, a = 1 for Fermi, a = —1 for
Bose statistics. The inv. phase-space element is, dK = gd®k/ [(27)3k°]. The
transition rate W is invariant, to final state momenta Wi, —ppr = Wik/—prp, and
satisfies detailed balance, Wi/ —ppr = Wop/—kk-

Conservation laws from the Boltzmann equation

/dK kO f = /dK Clkl=0 charge cons.

B N-

0uTH

/dK kY kHOufe = /dK k" C[f] =0 energy-momentum cons.

Conservation laws are obtained, 5-collisional invariants, but we still need the solution
of the Boltzmann equation f!
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Fluid dynamics from kinetic theory
o

Local thermal equilibrium

In local thermal equilibrium 85}’ = 0, hence fi — ok, where fox = (o, Bo, Ex)

fox = [exp(—ao+ BoEy) + a]* Jiittner distribution J

where ag = po/ To is the chemical potential, 3o = 1/ Ty is the inverse temperature,
Ey = kHuy, and a = 0 for Boltzmann, a = 1 for Fermi, a = —1 for Bose statistics.

Moments of the equilibrium distribution function

Ng (t,x) = /dK k* fok = (k*)o charge current
T8 (t,x) = /dK kMK fox = (kHKkY)o energy-momentum tensor
Si(t,x) = /dK k* fox (In foxk — 1) = (kH*W)o entropy current

Conservation egs. for and ideal gas

OuNL =0, 9, T/ =0, 9,50 >0

(a=0) hence pg = ng Ty ideal gas!
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Fluid dynamics from kinetic theory
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General kinetic decompositions and definitions

Decompose the momenta, k# = Egut + k<“>, where Ey = kHuy, and k(w) = A kY

e = (B + (k)

T

(ER)utu” + %A””(Ao‘ﬁkak5> + (Eek My 4 (Bk$) Y ul 4 (kKD

where k{HkV) = Aggk“kﬁ and (kM1kH2 .. kkn) = [dK kM1 ... kPnfi for any fi

n = (&) e=(E?) pz%(mﬁkakm ’

VE = (k) WH = (Eck () T = (kgD

In equilibrium (kH1kH2 .. ktn)g = [ dK kM1 ... kM0, hence

1
ng (B)o e«=(Eo po= *E(Aaﬂkak,(s)o ’

Ve = (kMY =0 @ WH=(EKM)y=0 = (k{FKky=0
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Fluid dynamics from kinetic theory
o

Out of equilibrium

@ For a system out of equilibrium

fu = fox + 5k )

o Let us define the following irreducible moment

Py e = (B kb L kere)) |

where (..)s={(...)—(.Jo=[dK...fk — [dK...fox = [dK ...

2
m
on = p de = p() n= 7?,0(0)
VEE pg WEEe T =0

Matching: Non-equilibrium to equilibrium

on=(E)s =0 = n=ng
Je=(E)s=0 = e=g

1
n= —§<Aaﬁkakﬂ>5 = p(e,n) = po(eo, mo) + I

V.

Etele Molnar Complete Z”d order fluid dynamics from the Boltzmann equation



Fluid dynamics from kinetic theory
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General equations of motion

Equations of motion for the irreducible moments

p((%L..#e) Aﬁll Ve d /dK(E )r k(V1 . kyw(ka J

where A = ut9,A = dA/dT and péf;“"‘” AL Py

Now, using the Boltzmann equation k*8,,fi = C[f] in the following form

8fc = —fox — .k VY fo — E Tk VY S + EZTCF] J

where V,, = A”@y, we obtain the exact equations for the comoving derivatives of the

irreducible moments, p(r) B
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Fluid dynamics from kinetic theory

General equations of motion

_ _ _zn m . Gor e oo m G3r "o Gor m
A(r) (r—1) = =B 0+ rp(,_qyip + 7920 Wiy = Ve _qy+ —Dzo ouVv 7D20 o w
1 Gy 2
+= [(, — D mP (o) — (r+2) p r n] [o P gyt ﬂ/“’] opvs ()
3 D2o D2o

M v - 1 r -
<:)‘> - c(<r‘:>1) = 80vrag — alDwr 4 ol i+ {mzrp(ril) = +3) Py — 3(,57)@ ak

2 h
B gv [m P P(r+1)} ;’)v“n —ak (vxp("ril) +a51r)a/\,,ux>
2 [ r—1)m? Py — 3 pfy — 40‘51')'”“] o+ (P(r)v +of) W") ot
% [zr — 2oty — ot oty — 5Q(hr)wu} ol =Dl Y o @
i) = ) = 2Bt ko § [’"2’ﬂ(< y —(+9) P(<r+1)] o EVW ('"2”(,:11) (til))
- oAy ¢ g [ vetefy o] o
+ é [ =0 m*o( o) —@r+3) mzf’(r) +r+ D] Y
N ; [(2, S mzf’?ri‘tz) — (2r +5) ,,(A,)w] ol 4 (r—1)p EH/)")‘UAN, ®3)

Generalized collision terms

C((];q---ue) _ /dK(Ek)’k<“1 kRO CA.
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Fluid dynamics from kinetic theory
[ ]

Collision integral in a Boltzmann gas

fi = fox + 0fic = fo (1 + o) J

where ¢y = 0f/fox < 1 close to equilibrium

Collision integral for Boltzmann particles

1
C(‘:)IMM = 5/deK/dePkak/—)pplfOkak/(Ek),k“l ke

X [(¢p+ dpr — Ik — ) + (Spp — Hcir)]

Similar to

Entropy

S = 5§ = (Kt ()5 — 5 (KHaR),
St = sout* — ag V¥ + BoWH
1
— 580 (B0N% = BY VO Vo — BY WO Wo — 1YV Wa + 1P ) u

— Bo <a$/ VH 4 agVWM) M- Bo (aYVa +al Wa) ron

v

Etele Molnar Complete Z”d order fluid dynamics from the Boltzmann equation




Fluid dynamics from kinetic theory
o

The relaxation equations with a linearised collision integral

The original Israel-Stewart derivation neglected several terms; corrections added later.
More terms from the non-linearized collision integral!

M + N = MNns + Tqq-0 — £nad-q— MO
+ Angq:-Va + Anx 7o
Tq ARG, + q* = qig — Tqn Ma¥ — T T O,
F Lqn VAN — Lon AHY O w5 + Tqwh” q — g 5196
—Aqq 0" qv + Agn M VFEa + Agr 77 Voo
Tr TSHY> 4 v — ﬂl’:]lé + 27rgq q<HGY>

+24€xq V<HEq¥> + 27 Ty SHv>A —27]82 THY 6

—27nmy, SHoVIX — 2A7qq<HEVY>a + 2 A0 Mok

W. Israel, J.M. Stewart, Ann. Phys. 118 (1979) 341

W. Israel, J.M. Stewart, Ann. Phys. 118 (1979) 341

A. Muronga, PRC 76 (2007) 014909; A. Muronga, ibid.

B. Betz, D. Henkel, D. H. Rischke, Prog. Part. Nucl. Phys. 62:556 (2009); B. Betz
et.al. (2011).
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Fluid dynamics from kinetic theory
o

The complete 2" order relaxation equ

.o
4+ — + A§'|’|l|”2 + A(V”Vv“v“ + A(V'l)/v\/“wu + A(V{/WW*‘WM +al) v

il
S % ("
_ e L L
=t T Wei - iy O WH + XN WH Y ag
-
n

n

- al(_l')ne + q(_l")/vuu“ - /I(_I")/auv“ + Af_l’\)/v“'vuao + AI(_I’zrw* Vouu +R

. ) vk wH
VK wWW“ =t ww - * B(V’%]nv“ + wwsg/v’)nnw*‘ +25(V’2TA“("‘ v+ ZyUWBWﬂA“(O‘ whr s
v W

= 90 vkag+ Wyt 4 vwtt — D sDwie s vre
Opett () ivs o (Domn () g o
— it — 2Dty 4 ldein - ako,

+ Ag’l_)lnv“ao + Ag’)rw“”v,,ag - «/;wawwua“” + X<\;‘)/VUU‘“J +RHM

A o N2 TRV e o BV (VYA S (g RIS S o e el lp e

6] 9% viv ww Bl
T
2 O o o) i g 4 2r ) i ) o) ol ) 4 o) gy )
T’ xn'7 Trw Trv W v
T

- zx(ﬂ/vww v ag — 2)‘(7:)\/‘/(“ v ap — 280 akv g —2al) ol g vde ol v quy
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Outlook

So Many Jokes, So Little Time ...

@ The equations and coefficients are in better agreement with the non-equilibrium
solution of the Boltzmann equation than the others out there!

o Hard to see the fine details, though !

o Different choices (of methods, moments, coefficients etc.) lead to the same
asymptotic (Navier-Stokes) solutions, but not the other way around!
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Backup slides

Backup
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Outlook

Power Counting

We power count with

@ Knudsen number

Kn — Emicr
Lmacr
°eg. %70‘“’ = O(Kn)
@ inverse Reynolds number
N 1 R
Rﬂ ~ o= RnlNiz RwlNu
Po no Po

o Note that in general Knudsen number and inverse Reynolds number are not
equivalent (only in the NS/Burnett-limit)

@ Aim is to derive fluid dynamics with some definite order in Kn and R~1
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Outlook

Expansion of f

The previous definitions from kinetic theory are only useful if we can specify fx or df

fi = fox + 0fic = fo (1 + o) )

where ¢y = 0f/fox < 1 close to equilibrium
o Expand ¢k using an orthogonal basis i.e., 1, k,.,y, k(i Koy - - -

oo

o = Z/\IS‘“'”“Uk(M Ky deviation from equilibrium
£=0
N, [eS)
Aé’”“‘“” = Zcé:;l“‘“”PIE"Z) = Zxéﬁt)lm”e) (Ex)" coefficients
n=0 n=0

where

n (oo}
PIE"E) _ Z aE,l;) (Eo)" X((g)p--w) = Z C((g)bnw)a%,)]
r=0 m=n

(nl) p(m€) __ cmn _ NZ 4 ~
/dePk Pme) — gmn, we:W(AaBkakB) forTox

v
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Outlook

Expansion of f Il

Orthogonality conditions imply that

n
(pnepe) _ Ne < (n€) 1 (11 “‘kw>> = Ne pete o(6)

Full expansion of fi reads:

_ P Ne S A(8) p(mt)
fic = fok 1+§:P R nPe
£,n=0 m=n

o N WRGRG
( - YAl Zzpn amna,

m=n k=0

[e @)
PE?)'”M =/ ZO xf,fb)l”‘“wlmmzz,é
o

where the thermodynamical integrals are

m <(Ek)n+r72q <Aa5kakﬂ>q>o
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Outlook

Approximate solutions: Grad's method of moments

The previous definitions from kinetic theory are only useful if we can specify fi or §f

fi = fox + 0fic > fou (1 + o) )

where ¢y = §fi/fox < 1 close to equilibrium, fox = [exp (—ao + BoEk) + a]*l, where
oo = po/ To is the chemical potential, 89 = 1/ Ty is the inverse temperature,
Ey = k*uy, and a = 0 for Boltzmann, a = 1 for Fermi, a = —1 for Bose statistics.

Relativistic Grad's approach: Stewart (1972), Israel and Stewart (1977-1979)

o ZE MI_€(0)+6(1) M+6(2)k ky, + .

Assuming that in ¢k only / = 0,1, 2-rank tensors appear A(1), A*(4) and A\*¥(9)
where \f; = 0, we provide a closure for the hierarchy (truncation) and be able to
determine the 14 moments of dissipative fluid dynamics!
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Outlook

Applying the 14-method

Non-equilibrium 14-moment ansatz

fi

fok [1 + €(0) + Ekeﬁ)uu =+ €(<f)> k(u> =+ Ekzeél)l upuy + = 3 (Aaﬂkak[g) AHVE(Q)

+

() ()
Belly’” kiuy i + Ecely)” Koyt + €85 kiukoy |

which is basically an expansion in E and k¢, ...k,

€o0) — 0 = Aol
(1 UM ,30 = A1|_|
(2) uM u, = Al
éf)) = Byg" + B V¥
6(<5)>ﬁuﬁ = Gg'+aGv
oy = AsButu’ — AR+ 2Gou#g¥) + 2C uF V) 4 Dy
(pv) _ v
e(g) = DomH

The coefficients €(g), € ( ) €@ ~ expressed in terms of dissipative fields, I, g*(V*), 7H"

7(2
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Outlook

The relaxation equations

Using the 14-moment ansatz, the 3rd moment, (k*k” k*) = F(e, n, p, u®, I, g, T),
therefore, using the Boltzmann transport eq., 9 (k" k" k*) = (CHV), we get:

Israel-Stewart (1979)

Uty Oz (KFKVKY) = upu, (CHY) Bulk eq.
A U O (KK KN = A7, (CH) Heat-flow eq.
AgfaA (kFKY Ky = AZ‘E (CHY) Shear viscosity eq.

The linearised collision integral

upu, (CH) = Cpn
Aju, (CH) = Coq®
NG = s

where Cp, Cq, Cr ~ (o)
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