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Notation

For simplicity we choose the flat space-time, the metric is
gµν ≡ gµν = diag(1,−1,−1,−1).

The normalized 4-flow of matter is denoted by uµ(t, x), where
uµuµ = 1, (c2 = 1).

The local rest frame (LRF) is defined as, uµLRF = (1, 0, 0, 0).

The projection tensor is defined perpendicular to the 4-flow of matter,
∆µν = gµν − uµuν , where ∆µνuµ = 0, and ∆µν∆µν = 3.

The comoving time-derivative or proper-time derivative in LRF of an arbitrary
4-vector A is denoted by, Ȧ = uµ∂µA while, the comoving spatial-derivative or
gradient is denoted by, ∇µA = ∆µν∂νA.

The symmetric, traceless and orthogonal part of any tensor is denoted by,

A〈µν〉 =
[

1
2

(
∆µ
α∆ν

β + ∆ν
α∆µ

β

)
− 1

3
∆µν∆αβ

]
Aαβ .
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Basics

Conservation laws for a simple (single component) fluid

∂µN
µ = 0 charge conservation

∂µT
µν = 0 energy-momentum conservation

Thermodynamic constraint, Sµ = Sµ (Nµ,Tµν), such that

∂µS
µ ≥ 0
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Perfect Fluids I.

Conservation laws for a simple (single component) perfect fluid (no dissipation)

∂µN
µ
0 = 0 charge conservation ⇒ 1 eq.

∂µT
µν
0 = 0 energy-momentum conservation ⇒ 4 eqs.

Perfect fluids - decomposition with respect to uµ

Nµ0 = n0u
µ

Tµν0 = e0u
µuν − p0∆µν

n0 = Nµ0 uµ (net)charge density

e0 = Tµν0 uµuν energy density

p0 = −
1

3
∆µνT

µν
0 isotropic (equilibrium) pressure

5 equations with 6 unknowns: n0(1), e0(1), p0(1) and uµ(3) uniquely defined!
These equations are postulated!
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Perfect Fluids II.

The assumption of local thermal equilibrium! Provides closure:

Equation of State (EoS)

p0 = p0(e0, n0) EoS⇒ 1 eq.

and s0 = s0(e0, n0), p0(T0, µ0).

Auxiliary, Sµ0 = s0uµ, where s0 = Sµ0 uµ, hence

∂µS
µ
0 ≥ 0

entropy is maximal in local thermal equilibrium.

Thermodynamic relations are derived from, T0S
µ
0 = −µ0N

µ
0 + Tµν0 uν + p0uµ,

that is, T∂µ(suµ) = ∂µ(euµ) + p(∂µuµ)− µ∂µ(nuµ), hence

T0s0 = e0 + p0 − µn0

T0 ṡ0 = ė0 − µ0ṅ0

ṗ0 = s0Ṫ0 + n0µ̇0
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Dissipative Fluids I.

Conservation laws for a simple (single component) dissipative fluid

∂µN
µ = 0 charge conservation ⇒ 1 eq.

∂µT
µν = 0 energy-momentum conservation ⇒ 4 eqs.

General decomposition with respect to uµ

Nµ = nuµ + Vµ

Tµν = euµuν − p∆µν + Wµuν + W νuµ + πµν

n = Nµuµ charge density

e = Tµνuµuν energy density

p = −
1

3
∆µνT

µν isotropic pressure

Vµ = ∆µαNβ charge flow Vµuµ = 0

Wµ = ∆µαTαβu
β energy-momentum flow Wµuµ = 0

πµν = T 〈µν〉 stress tensor πµνuµ = πµνgµν = 0

5 equations with 14 + 3 unknowns, n(1), e(1), p(1),Vµ(3),Wµ(3), πµν(5) and
uµ(3)
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Dissipative Fluids II.

Generally, Nµ = Nµ0 + δNµ and Tµν = Tµν0 + δTµν

Simplifications (I): Matching to equilibrium and the EOS

n = n0 + δn

e = e0 + δe

p(e, n) = p0(e0, n0) + δp

Convenient choice, δn = 0, δe = 0, δp = Π hence, n = n0, e = e0,
p(e, n) = p0(e0, n0) + Π, while T = T0 and µ = µ0, but s = s0 + δs!

Still with 14 + 3 unknowns! n(1), e(1),Π(1), Vµ(3),Wµ(3), πµν(5) and uµ(3).

Other choices also possible ! e.g., e = e0 + 3Π, etc.

Simplifications (II): Fixing the Local Rest Frame

uµE = Nµ/n ⇔ Vµ = 0 ⇒ qµ = Wµ Eckart

uµL = TµνuLν/e ⇔Wµ = 0 ⇒ qµ = −
e + p

n
Vµ Landau & Lifsitz

We eliminated (3) unknowns, such that uµL = uµE + δuµ.

We are left with 14 unknowns! n(1), e(1), uµ(3) and p(1), qµ(3), πµν(5).
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Dissipative Fluids III. - The relativistic Navier-Stokes theory

The entropy current is also modified Sµ ≡ Sµ0 + δSµ = (s0 + δs)uµ + Φµ, where
s ≡ Sµuµ = (s0 + δs) and Φµ = ∆µνSν .

2nd law of thermodynamics (Eckart’s frame)

∂µS
µ = ∂µ

[
Φµ −

qµ

T

]
−

qµ

T

(
1

T
∂µT − u̇µ

)
−

Π

T
∂µu

µ +
πµν

T
∂µuν ≥ 0

Assuming that s = s0, i.e., δs = 0, while Φµ = qµ/T

For small gradients, linear relations between thermodynamical forces and fluxes!

The relativistic Navier-Stokes relations

ΠNS = −ζ∇µuµ

πµνNS = 2 η∇〈µuν〉

qµNS = −κT
T n

e + p
∇µ

( µ
T

)
ζ ≥ 0, η ≥ 0 bulk and shear viscosity coefficients, κ ≥ 0 coefficient of thermal
conductivity.

Now, the equations of fluid dynamics are closed, but the relativistic Navier-Stokes
theory leads to accausal signal propagation and stability issues.
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Dissipative Fluids IV. - 2nd order theories

Generalization by Müller (1967), Israel (1976) and Stewart (1971, 1977)

Sµ ≡ s0u
µ +

qµ

T
−
(
β0Π2 − β1q

µqµ + β2π
µνπµν

) uµ

2T

−
α0Πqµ

T
+
α1π

µνqν

T
+ O3

the newly introduced coefficients β0, β1, β2, α0, α1 are related to the relaxation
time/length of bulk viscosity, heat conductivity and shear viscosity

τΠ = ζβ0

τq = κTβ1

τπ = 2ηβ2

lΠq = ζα0

lqΠ = κTα0

lqπ = κTα1

lπq = 2ηα1

The β0, β1, β2, α0, α1 coefficients are frame dependent and remain undetermined
in phenomenological theories!
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Dissipative Fluids V. - Equations of motion

Relaxation equations in Eckart’s frame (Israel 1976)

τΠΠ̇ + Π = ΠNS + lΠq∇µqµ

τq∆µ
αq̇

α + qµ = qµNS + lqΠ∇µΠ− lqπ∆µ
α∂νπ

αν

τππ̇
〈µν〉 + πµν = πµνNS + lπq∇〈µqν〉

The equations determine the time evolution of Π, qµ, and πµν

The Navier-Stokes theory appears if the relaxation times and length scales
τi → 0, li → 0 with ζ, η and κq fixed, (asymptotic solution)

Later O2 corrections (∼ ∇µαi ,∼ ∇µβi , . . ., etc.) were added by Israel and
Stewart (1977-1979), Hiscock and Lindblom (1983), Relativistic Extended
Thermodynamics of Liu, Müller and Ruggeri (1983) etc.

We need kinetic theory to motivate and determine the above introduced
phenomenological equations self-consistently!
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The relativistic Boltzmann equation and conservation equations

In a dilute gas, the space-time evolution of the single-particle distribution function
fk = f (t, x, k0, k) due to particle motion and binary collisions is given by the

The relativistic Boltzmann equation

kµ∂µfk =
1

2

∫
dK ′dPdP′Wkk′→pp′

(
fpfp′ f̃k f̃k′ − fkfk′ f̃p f̃p′

)
kµ = (k0, k) is the four-momenta of particles with mass m and energy
k0 =

√
k2 + m2. f̃k = 1− afk, with a = 0 for Boltzmann, a = 1 for Fermi, a = −1 for

Bose statistics. The inv. phase-space element is, dK = gd3 k/
[
(2π)3k0

]
. The

transition rate W is invariant, to final state momenta Wkk′→pp′ = Wkk′→p′p, and
satisfies detailed balance, Wkk′→pp′ = Wpp′→kk′.

Conservation laws from the Boltzmann equation

∂µN
µ ≡

∫
dK kµ∂µfk =

∫
dK C [fk] = 0 charge cons.

∂µT
µν ≡

∫
dK kνkµ∂µfk =

∫
dK kνC [fk] = 0 energy-momentum cons.

Conservation laws are obtained, 5-collisional invariants, but we still need the solution
of the Boltzmann equation fk!
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Local thermal equilibrium

In local thermal equilibrium ∂Sµ0 = 0, hence fk → f0k, where f0k = f (α0, β0,Ek)

f0k ≡ [exp (−α0 + β0Ek) + a]−1 Jüttner distribution

where α0 = µ0/T0 is the chemical potential, β0 = 1/T0 is the inverse temperature,
Ek = kµuµ, and a = 0 for Boltzmann, a = 1 for Fermi, a = −1 for Bose statistics.

Moments of the equilibrium distribution function

Nµ0 (t, x) ≡
∫

dK kµ f0k = 〈kµ〉0 charge current

Tµν0 (t, x) ≡
∫

dK kµkν f0k = 〈kµkν〉0 energy-momentum tensor

Sµ0 (t, x) ≡
∫

dK kµ f0k (ln f0k − 1) = 〈kµΨ〉0 entropy current

Conservation eqs. for and ideal gas

∂µN
µ
0 = 0, ∂µT

µν
0 = 0, ∂µS

µ
0 ≥ 0

(a = 0) hence p0 = n0T0 ideal gas!
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General kinetic decompositions and definitions

Decompose the momenta, kµ = Eku
µ + k〈µ〉, where Ek = kµuµ and k〈µ〉 = ∆µ

ν k
ν

Nµ = 〈Ek〉uµ + 〈k〈µ〉〉

Tµν = 〈E2
k 〉u

µuν +
1

3
∆µν〈∆αβkαkβ〉+ 〈Ekk

〈µ〉〉uν + 〈Ekk
〈ν〉〉uµ + 〈k〈µkν〉〉

where k〈µkν〉 = ∆µν
αβk

αkβ and 〈kµ1kµ2 . . . kµn 〉 ⇒
∫
dK kµ1 . . . kµn fk for any fk

n ≡ 〈Ek〉 e ≡ 〈E2
k 〉 p ≡ −

1

3
〈∆αβkαkβ〉

Vµ ≡ 〈k〈µ〉〉 Wµ ≡ 〈Ekk
〈µ〉〉 πµν ≡ 〈k〈µkν〉〉

In equilibrium 〈kµ1kµ2 . . . kµn 〉0 ⇒
∫
dK kµ1 . . . kµn f0k, hence

n0 ≡ 〈Ek〉0 e0 ≡ 〈E2
k 〉0 p0 ≡ −

1

3
〈∆αβkαkβ〉0

Vµ ≡ 〈k〈µ〉〉0 = 0 Wµ ≡ 〈Ekk
〈µ〉〉0 = 0 πµν ≡ 〈k〈µkν〉〉0 = 0
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Out of equilibrium

For a system out of equilibrium

fk = f0k + δfk

Let us define the following irreducible moment

ρ
µ1...µ`
(r)

≡
〈

(Ek)r k〈µ1 . . . k µ`〉
〉
δ

where 〈. . .〉δ ≡ 〈. . .〉 − 〈. . .〉0 =
∫
dK . . . fk −

∫
dK . . . f0k =

∫
dK . . . δfk

δn ≡ ρ(1) δe ≡ ρ(2) Π ≡ −
m2

3
ρ(0)

Vµ ≡ ρµ
(0)

Wµ ≡ ρµ
(1)

πµν ≡ ρµν
(0)

Matching: Non-equilibrium to equilibrium

δn ≡ 〈Ek〉δ = 0 ⇒ n = n0

δe ≡ 〈E2
k 〉δ = 0 ⇒ e = e0

Π ≡ −
1

3
〈∆αβkαkβ〉δ ⇒ p(e, n) = p0(e0, n0) + Π
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General equations of motion

Equations of motion for the irreducible moments

ρ̇
〈µ1...µ`〉
(r)

= ∆
µ1...µ`
ν1...ν`

d

dτ

∫
dK (Ek)r k〈ν1 . . . k ν`〉δfk

where Ȧ ≡ uµ∂µA ≡ dA/dτ and ρ̇
〈µ1...µ`〉
(r)

≡ ∆
µ1...µ`
ν1...ν` ρ̇

ν1...ν`
(r)

Now, using the Boltzmann equation kµ∂µfk = C [f ] in the following form

δḟk = −ḟ0k − E−1
k kν∇ν f0k − E−1

k kν∇νδfk + E−1
k C [f ]

where ∇µ = ∆ν
µ∂ν , we obtain the exact equations for the comoving derivatives of the

irreducible moments, ρ
µ1...µl
(r)
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General equations of motion

ρ̇(r) − C(r−1) = −β(r)
ζ
θ + rρ

µ
(r−1)

u̇µ +
G2r

D20

Wµ u̇µ −∇µρ
µ
(r−1)

+
G3r

D20

∂µVµ −
G2r

D20

∂µWµ

+
1

3

[
(r − 1) m2

ρ(r−2) − (r + 2) ρ(r) − 3
G2r

D20

Π

]
θ +

[
(r − 1) ρ

µν
(r−2)

+
G2r

D20

π
µν
]
σµν, (1)

ρ̇
〈µ〉
(r)
− C
〈µ〉
(r−1)

= β
(r)
κ ∇

µ
α0 − α

(r)
h

Ẇµ + rρ
µν
(r−1)

u̇ν +
1

3

[
m2rρ(r−1) − (r + 3) ρ(r+1) − 3α

(r)
h

Π

]
u̇µ

−
1

3
∇µ

[
m2
ρ(r−1) − ρ(r+1)

]
+ α

(r)
h
∇µΠ − ∆µν

(
∇λρ

νλ
(r−1) + α

(r)
h
∂λπ

νλ
)

+
1

3

[
(r − 1) m2

ρ
µ
(r−2)

− (r + 3) ρ
µ
(r)
− 4α

(r)
h

Wµ
]
θ +

(
ρ(r)ν + α

(r)
h

Wν

)
ω
µν

+
1

5

[
(2r − 2) m2

ρ
ν
(r−2) − (2r + 3) ρν(r) − 5α

(r)
h

Wν
]
σ
µ
ν + (r − 1) ρ

µνλ
(r−2)

σνλ, (2)

ρ̇
〈µν〉
(r)

− C
〈µν〉
(r−1)

= 2β(r)
η σ

µν + rρ
µνλ
(r−1)

u̇λ +
2

5

[
m2rρ
〈µ
(r−1)

− (r + 5) ρ
〈µ
(r+1)

]
u̇ ν〉 −

2

5
∇〈µ

(
m2
ρ
ν〉
(r−1)

− ρ ν〉
(r+1)

)

− ∆
µν
αβ
∇λρ

αβλ
(r−1)

+
1

3

[
(r − 1) m2

ρ
µν
(r−2)

− (r + 4) ρ
µν
(r)

]
θ + 2ρ

〈µ
(r)λ

ω
ν〉λ

+
2

15

[
(r − 1) m4

ρ(r−2) − (2r + 3) m2
ρ(r) + (r + 4)ρ(r+2)

]
σ
µν

+
2

7

[
(2r − 2) m2

ρ
λ〈µ
(r−2)

− (2r + 5) ρ
λ〈µ
(r)

]
σ
ν〉
λ

+ (r − 1)ρ
µνλκ
(r−2)

σλκ, (3)

Generalized collision terms

C
〈µ1...µ`〉
(r)

=

∫
dK (Ek)r k〈µ1 . . . k µ`〉C [f ] .
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Collision integral in a Boltzmann gas

fk = f0k + δfk = f0k (1 + φk)

where φk = δfk/f0k � 1 close to equilibrium

Collision integral for Boltzmann particles

C
µ1...µ`
(r)

=
1

2

∫
dKdK ′dPdP′Wkk′→pp′f0kf0k′ (Ek)r kµ1 . . . kµ`

×
[(
φp + φp′ − φk − φk′

)
+
(
φpφp′ − φkφk′

)]
Similar to

Entropy

Sµ = Sµ0 − 〈k
µ ln (f0k)〉δ −

1

2

〈
kµφ2

k

〉
0

Sµ = s0u
µ − α0V

µ + β0W
µ

−
1

2
β0

(
βΠ

0 Π2 − βV
1 VαVα − βW

1 WαWα − βVW
1 VαWα + παβπαβ

)
uµ

− β0

(
αV

0 Vµ + αW
0 Wµ

)
Π− β0

(
αV

1 Vα + αW
1 Wα

)
παµ
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The relaxation equations with a linearised collision integral

The original Israel-Stewart derivation neglected several terms; corrections added later.
More terms from the non-linearized collision integral!

τΠ Π̇ + Π = ΠNS + τΠq q · u̇ − `Πq ∂ · q − ζ δ̂0 Π θ

+ λΠq q · ∇α + λΠπ π
µνσµν

τq ∆µν q̇ν + qµ = qµNS − τqΠ Π u̇µ − τqπ πµν u̇ν

+ `qΠ∇µΠ − `qπ ∆µν ∂λπνλ + τq ωµν qν −
κ

β
δ̂1 qµ θ

− λqq σµν qν + λqΠ Π∇µα + λqπ πµν ∇να

τπ π̇<µν> + πµν = π
µν
NS + 2 τπq q<µu̇ν>

+ 2 `πq∇<µqν> + 2 τπ π
<µ

λ ων>λ− 2 η δ̂2 π
µν θ

− 2 τπ π
<µ

λ σν>λ − 2λπq q<µ∇ν>α + 2λπΠ Πσµν

W. Israel, J.M. Stewart, Ann. Phys. 118 (1979) 341
W. Israel, J.M. Stewart, Ann. Phys. 118 (1979) 341
A. Muronga, PRC 76 (2007) 014909; A. Muronga, ibid.
B. Betz, D. Henkel, D. H. Rischke, Prog. Part. Nucl. Phys. 62:556 (2009); B. Betz
et.al. (2011).
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The complete 2nd order relaxation equations

Π̇ +
Π

τΠ

+A(r)
ΠΠ

Π2 +A(r)
VV

VµVµ +A(r)
VW

VµWµ +A(r)
WW

WµWµ +A(r)
πππ

µν
πµν

= −
ζ(r)

τ
(r)
Π

θ + τ
(r)
ΠW

Wµ u̇µ − l
(r)
ΠW

∂µWµ + λ
(r)
ΠW

Wµ∇µα0

− δ(r)
Π

Πθ + τ
(r)
ΠV

Vµ u̇µ − l
(r)
ΠV
∂µVµ + λ

(r)
ΠV

Vµ∇µα0 + λ
(r)
Ππ
π
µν
σµν +R

V̇µ + ψ
(r)
W

Ẇµ +
Vµ

τ
(r)
V

+ ψ
(r)
W

Wµ

τ
(r)
W

+ B(r)
VΠ

ΠVµ + ψ
(r)
W
B(r)
WΠ

ΠWµ + 2B(r)
Vπ

∆µ(α V β)
παβ + 2ψ

(r)
W
B(r)
Wπ

∆µ(α W β)
παβ

=
κ

(r)
q

τ
(r)
V
β2

0
h2

0

∇µα0 + ψ
(r)
W

Wνω
µν + Vνω

µν − ψ(r)
W
δ

(r)
W

Wµθ + δ
(r)
V

Vµθ

− τ(r)
qΠ

Πu̇µ − τ(r)
qππ

µν u̇ν + l
(r)
qΠ
∇µΠ − l(r)

qπ∆µα∂νπ
αν

+ λ
(r)
qΠ

Π∇µα0 + λ(r)
qππ

µν∇να0 − ψ
(r)
W
λ

(r)
WW

Wνσ
µν + λ

(r)
VV

Vνσ
µν +Rµ

π̇
〈µν〉 +

πµν

τ
(r)
π

+ C(r)
VV

V〈µ V ν〉 + C(r)
VW

V〈µ W ν〉 + C(r)
WW

W〈µ W ν〉 + C(r)
πΠ

Ππµν + C(r)
πππ
〈µ
α π

ν〉α

=
2η(r)

τ
(r)
π

σ
µν + 2λ

(r)
πΠ

Πσµν + 2τ
(r)
πW

W〈µ u̇ ν〉 + 2τ
(r)
πV

V〈µ u̇ ν〉 + 2l
(r)
πW
∇〈µ W ν〉 + 2l

(r)
πV
∇〈µ V ν〉

− 2λ
(r)
πW

W〈µ∇ ν〉α0 − 2λ
(r)
πV

V〈µ∇ ν〉α0 − 2δ(r)
π π

µν
θ − 2λ(r)

πππ
〈µ
α σ

ν〉α + 2π〈µα ω
ν〉α +Rµν,
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So Many Jokes, So Little Time ...

Seriously...

The equations and coefficients are in better agreement with the non-equilibrium
solution of the Boltzmann equation than the others out there!

Hard to see the fine details, though !

Different choices (of methods, moments, coefficients etc.) lead to the same
asymptotic (Navier-Stokes) solutions, but not the other way around!
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Backup slides

Backup
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Power Counting

We power count with

Knudsen number

Kn =
`micr

Lmacr

e.g. 2η
P0
σµν = O(Kn)

inverse Reynolds number

R−1
Π ∼

|Π|
P0

, R−1
n ∼

|nµ|
n0

, R−1
π ∼

|πµν |
P0

Note that in general Knudsen number and inverse Reynolds number are not
equivalent (only in the NS/Burnett-limit)

Aim is to derive fluid dynamics with some definite order in Kn and R−1
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Expansion of fk

The previous definitions from kinetic theory are only useful if we can specify fk or δfk

fk = f0k + δfk = f0k (1 + φk)

where φk = δfk/f0k � 1 close to equilibrium

Expand φk using an orthogonal basis i.e., 1, k〈µ1〉, k〈µ1
kµ2〉, . . .

φk =
∞∑
`=0

λ
〈µ1...µ`〉
k k〈µ1

...kµ`〉 deviation from equilibrium

λ
〈µ1...µ`〉
k =

N∑̀
n=0

c
〈µ1...µ`〉
(n)

P
(n`)
k ≡

∞∑
n=0

χ
〈µ1...µ`〉
(n)

(Ek)n coefficients

where

P
(n`)
k =

n∑
r=0

a
(`)
nr (Ek)r χ

〈µ1...µ`〉
(n)

≡
∞∑

m=n

c
〈µ1...µ`〉
(m)

a
(`)
mn

∫
dKω`P

(n`)
k P

(m`)
k = δmn, ω` ≡

N`
(2`+ 1)!!

(
∆αβkαkβ

)`
f0k f̃0k
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Expansion of fk II

Orthogonality conditions imply that

c
〈µ1...µ`〉
(n)

=
N`
`!

〈
P

(n`)
k k〈µ1 . . . k µ`〉

〉
δ
≡
N`
`!

n∑
m=0

ρ
µ1...µ`
(m)

a
(`)
nm

Full expansion of fk reads:

fk = f0k

1 +
∞∑
`,n=0

ρ
µ1...µ`
(n)

k〈µ1
...kµ`〉

(
N`
`!

∞∑
m=n

a
(`)
mnP

(m`)
k

)

χ
〈µ1...µ`〉
(n)

=
N`
`!

∞∑
m=n

m∑
k=0

ρ
µ1...µ`
(n)

a
(`)
mna

(`)
mk

ρ
µ1...µ`
(r)

= `!
∞∑
n=0

χ
〈µ1...µ`〉
(n)

Ir+n+2`,`

where the thermodynamical integrals are

In+r,q =
1

(2q + 1)!!

〈
(Ek)n+r−2q

(
∆αβkαkβ

)q〉
0
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Approximate solutions: Grad’s method of moments

The previous definitions from kinetic theory are only useful if we can specify fk or δfk

fk = f0k + δfk ' f0k (1 + φk)

where φk = δfk/f0k � 1 close to equilibrium, f0k ≡ [exp (−α0 + β0Ek) + a]−1, where
α0 = µ0/T0 is the chemical potential, β0 = 1/T0 is the inverse temperature,
Ek = kµuµ, and a = 0 for Boltzmann, a = 1 for Fermi, a = −1 for Bose statistics.

Relativistic Grad’s approach: Stewart (1972), Israel and Stewart (1977-1979)

φk ≡
∞∑
l=0

ε
µ1...µl
(l)

kµ1 ...kµl = ε(0) + εµ
(1)

kµ + εµν
(2)

kµkν + . . .

Assuming that in φk only l = 0, 1, 2-rank tensors appear λ(1), λµ(4) and λµν(9)
where λµµ = 0, we provide a closure for the hierarchy (truncation) and be able to
determine the 14 moments of dissipative fluid dynamics!
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Applying the 14-method

Non-equilibrium 14-moment ansatz

fk ≡ f0k

[
1 + ε(0) + Ekε

µ
(1)

uµ + ε
〈µ〉
(1)

k〈µ〉 + E2
k ε
µν
(2)

uµuν +
1

3

(
∆αβkαkβ

)
∆µνε

µν
(2)

+ Ekε
〈µ〉ν
(2)

k〈µ〉uν + Ekε
〈µ〉ν
(2)

k〈ν〉uµ + ε
〈µν〉
(2)

k〈µkν〉

]
which is basically an expansion in En

k and k〈µ1
. . . kµn〉

Decomposition and matching

ε(0) − α0 = A0Π

εµ
(1)

uµ − β0 = A1Π

εµν
(2)

uµuν = A2Π

ε
〈µ〉
(1)

= B0q
µ + B1V

µ

ε
〈µ〉β
(2)

uβ = C0q
µ + C1V

µ

εµν
(2)

= A3(3uµuν −∆µν)Π + 2C0u
(µqν) + 2C1u

(µV ν) + D0π
µν

ε
〈µν〉
(2)

= D0π
µν

The coefficients ε(0), εµ
(1)
, εµν

(2)
expressed in terms of dissipative fields, Π, qµ(Vµ), πµν

Etele Molnár Complete 2nd order fluid dynamics from the Boltzmann equation



Introduction Perfect Fluids Dissipative Fluids Fluid dynamics from kinetic theory Outlook

The relaxation equations

Using the 14-moment ansatz, the 3rd moment, 〈kµkνkλ〉 = F (e, n, p, uµ,Π, qµ, πµν),
therefore, using the Boltzmann transport eq., ∂λ〈kµkνkλ〉 = 〈Cµν〉, we get:

Israel-Stewart (1979)

uµuν∂λ〈kµkνkλ〉 = uµuν〈Cµν〉 Bulk eq.

∆α
µuν∂λ〈kµkνkλ〉 = ∆α

µuν〈Cµν〉 Heat-flow eq.

∆αβ
µν ∂λ〈kµkνkλ〉 = ∆αβ

µν 〈Cµν〉 Shear viscosity eq.

The linearised collision integral

uµuν〈Cµν〉 = CΠΠ

∆α
µuν〈Cµν〉 = Cqq

α

∆αβ
µν 〈Cµν〉 = Cππ

αβ

where CΠ,Cq ,Cπ ∼ 〈σ〉
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