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Chiral Symmetry in the weak interaction
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The classical theory of β-decay:

L = −GF√
2
J†

µJ
µ + h.c. Jµ = Jµ

h + jµ
l

jµ =
∑

l

ν̄lγ
µ(1 − γ5)l



β-decay of muons and neutrons can be described by:

Lµ = −GF√
2
ν̄µγλ(1 − γ5)µēγλ(1 − γ5)νe

Ln = −GF√
2
p̄γλ(gV −gAγ5)nēγλ(1−γ5)νe = −GF√

2
ēγλ(1−γ5)νe

[

gV V λ − gAAλ
]

where the vector and axial vector currents are:

V λ = p̄γλn = N̄τ+γλN Aλ = p̄γλγ5n = N̄τ+γλγ5N

Experimentally

gV = 0.974 ; gA/gV = 1.25



CVC and PCAC

gV = 1, but for neutron β-decay only the strangeness conserving

component of the hadronic current should be included cos θcV , where

θc is the Cabibo angle.
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Why gV = 1? Coupling constant renormalization may be different

for weakly and strongly interactin particles.

CVC: conserved vector (isospin or even SU(3)) current

∂µV
µ = 0

PCAC: since gA is close to 1, axial vector current is almost conserved.

∂µAk
µ = fπm2

ππk

Symmetry of the strong interaction is: U(1)V xSU(3)V xSU(3)A. The

symmetry is slightly broken.



QCD Lagrangian

LQCD ≡ −1

4
Gµν

a Ga
µν +

∑

f

q̄f (iγµDµ − mf ) qf

= −1

4
(∂µGν

a − ∂νGµ
a)(∂µG

a
ν − ∂νG

a
µ)

+
∑

f

q̄α
f (iγµ∂µ − mf ) qα

f

+ gs Gµ
a

∑

f

q̄α
f γµ

(

λa

2

)

αβ

qβ
f

− gs

2
fabc (∂µGν

a − ∂νGµ
a) Gb

µG
c
ν

−g2
s

4
fabcfade Gµ

b G
ν
cG

d
µG

e
ν

All terms except the mass term are symmetric under the global

U(3)V xU(3)A group. U(1)A is broken by topological charges.



Effective models

It is very difficult to solve QCD (lattice or perturbative QCD), so

effective models are used incorporating the symmetries of QCD

• Nambu-Jona-Lasinio model (+Kobayashi-Maskawa)

• Chiral perturbation theory

• Linear sigma model



Chiral Symmetry

• for massless fermions: helicity

spin has the same or opposite direction to the momentum, right-

handed or left-handed particles

• mu≈4MeV, md≈7MeV, ms ≈ 150MeV

mq << mp, QCD is approximatelly chiral symmetric

• The vacuum symmetric ⇒ parity dublets

not symmetric ⇒ SSB ⇒< qq > condensates in the vacuum

σ

V(σ,π=0)

σ

V(σ,π=0)

fπ-fπ σ

V(σ,π=0)

-fπ

symmetry spontaneous explicit breaking



Quark condensate

order parameter of the chiral phase transition: < qq >
 -

ρ

<qq>ρ,T

ρ5 
0

T [MeV]
300 

the quark condensate as a function of T and ρ

<qq>ρo

<qq>vac
≈ 0.7

Proposed signals: disoriented chiral condensate (DCC) and change

of hadron masses

• DCC: Large fluctuations in pion charges

σ

V(σ,π=0)

-fπ

coherent decay of the false vacuum

• Hadron masses: light vector meson masses shifted down

⇒ dilepton production



Chiral symmetry and vector mesons

• vector mesons can be observed by their dileptonic decay

• Chiral symmetry requires: in restored phase the spectral func-

tions of parity partners (ρ and A1) are the same.

• Two simplified scenarios for chiral restoration

masses become equal

spectral functions mix

• What do we know about the masses

A1: nothing, but in the vacuum

ρ: QCD sum rules (mass shifts)

hadronic models

• Study spectral functions



CERES data

p-Be 450 GeV 2.1 < η < 2.65
p⊥  > 50 MeV/c
Θee > 35 mrad
〈dNch /dη〉  = 3.8

mee (GeV/c2)

(d
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ee
 /d
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 eeπ o

10
-9

10
-8

10
-7

10
-6

10
-5

10
-4

0 0.5 1 1.5

p-Au 450 GeV 2.1 < η < 2.65
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Pb-Au 158 AGeV σtrig/σtot ~ 35 %

p⊥  > 200 MeV/c

Θee > 35 mrad

2.1 < η < 2.65

〈Nch〉  = 220

πo  →
 e

eγ

ρ/
ω

 →
 e

e

φ 
→

 e
e

η →
 eeγ

η , → eeγ

ω → eeπ o

G. Agakichiev et al.

Phys. Lett. B422 (1998) 405



p + A 12 GeV at KEK

fit result

background

φ→e+e-
ρ→e+e-
ω→e+e-

ω→e+e-π0
η→e+e-γ

(a) C

invariant mass

fit result

background

φ→e+e-
ρ→e+e-
ω→e+e-

ω→e+e-π0
η→e+e-γ

events[/ 10MeV/c2]

(b) Cu

Naruki et al., Phys.Rev.Lett. 96 (2006) 092301

excess below the ω-mass, cannot be described by free coctail

mv = mvo ∗ (1 − 0.09ρ/ρo), v : ρ, ω



ρ-A1 mixing

• Πρ = (1−ξ)Πo
ρ +ξΠo

A1 ΠA1 = (1−ξ)Πo
A1+ξΠo

ρ

• ξ from QCD Sum Rules

• the sum rules for the ρ and A1 is very similar:
∫ ∞

0
ds s3 (ΠV (s) − ΠA(s)) = −1

2
παs〈O4〉,

〈O4〉 = 〈(ūγµγ5λ
au − d̄γµγ5λ

ad)2〉 − 〈(ūγµλ
au − d̄γµλ

ad)2〉,

• use our ansatz inside the integral

ΠV − ΠA = [(1 − ξ)Π0
V + ξΠ0

A] − [(1 − ξ)Π0
A + ξΠ0

V ]

= (1 − 2ξ)(Π0
V − Π0

A).

ξ =
1

2

[

1 − 〈O4〉
〈O4〉0

]



Evaluation of ξ

Let us try to evaluate ξ with a simple factorization assumption

〈(ūγµλ
au)2〉 ≃ −〈(ūγµγ5λ

au)2〉

≃ −16

9
〈(ūu)2〉 ≃ −16

9
〈(ūu)〉2,

with
〈q̄q〉
〈q̄q〉0

≃ 1 − ΣπN

f 2
πm2

π

ρ.

Then the ratio 〈O4〉/〈O4〉0 is estimated as

〈O4〉
〈O4〉0

≃ 〈(q̄q)2〉
〈(q̄q)2〉0

≃
(

〈q̄q〉N
〈q̄q〉0

)2

= 1 − 2ρ
ΣπN

f 2
πm2

π

+ O(ρ2).

Thus we arrive at

ξ ≃ ΣπN

f 2
πm2

π

ρ ≈ 1

2
0.3

ρ

ρo

.



ρ-A1 mixing

• Πρ = (1 − x)Πv
ρ + xΠv

A1 where x = 1
2
0.3 ∗ density

normal density

ΠA1 = (1−x)Πv
A1+xΠv

ρ 0.3 comes from chiral symmetry

• Signal: 3π decay of A1 with the mass of ρ-meson

• π-nucleus collisions

• 1 million central event

system energy A1 3 pions A1 no rescatt.

π−Au 1.3 GeV 6400 56 000 100

π−C 1.3 GeV 1200 43 000 450

π−Ca 1.3 GeV 3200 54 000 400

π−Ca 1.1 GeV 3100 46 000 350

π−Ca 1.5 GeV 2400 55 000 360

• Light system is prefered
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Nambu–Jona-Lasinio model

”Integrating out” the gluons → four-fermion interaction

L = ψ̄(iγµ∂µ−m0)ψ+
G

2



(ψ̄λaψ)2 +
∑

a=0,8

(ψ̄iλaγ5ψ)2



+gD det[ψ̄i(1−γ5)ψj]

• global symmetries of QCD but no confinement

• constituent quark mass: M = m0−G〈ψ̄ψ〉

〈ψ̄ψ〉 = −Tr lim
x→ 0+

〈T ψ(0)ψ̄(x)〉 = −2iNfNc

∫ d4p

(2π)4

M θ(Λ2 − ~p 2)

p2 − M2 + iε
.

• regularization with a cut off Λ, selfconsistent equation for M



• Masses of mesons are the poles in the q̄q scattering amplitudes

• coupling and cut off is fitted to the pion mass and pion decay constant

• in medium: use in-medium propagator of the quarks

• assumption: cut off and coupling do not change in matter



Mesons in the Nambu–Jona-Lasinio model

An interesting observation: introduce the bosonic matrix

Φij = ψ̄J(1 − γ5)ψi

The NJL Lagrangian can be rewritten in terms of that matrix, except the kinetic

energy term:

L − Lkin = G Tr(Φ†Φ) − 1/2 Tr(m0(Φ + Φ†)) + gD(det Φ + h.c.)

It is just a simplified version of the linear sigma model without its kinetic term.



Meson nonets

Φ =
8

∑

i=0

(σi + iπi)Ti =
1√
2













(σN+a0
0
)+i(ηN+π0)√

2
a+

0 + iπ+ K+
S + iK+

a−
0 + iπ− (σN−a0

0
)+i(ηN−π0)√

2
K0

S + iK0

K−
S + iK− K̄0

S + iK̄0 σS + iηS













,

Lµ =
8

∑

i=0

(ρµ
i + bµ

i )Ti =
1√
2













ωN+ρ0

√
2

+
f1N+a0

1√
2

ρ+ + a+
1 K⋆+ + K+

1

ρ− + a−
1

ωN−ρ0

√
2

+
f1N−a0

1√
2

K⋆0 + K0
1

K⋆− + K−
1 K̄⋆0 + K̄0

1 ωS + f1S













µ

,

Rµ =
8

∑

i=0

(ρµ
i − bµ

i )Ti =
1√
2













ωN+ρ0

√
2

− f1N+a0
1√

2
ρ+ − a+

1 K⋆+ − K+
1

ρ− − a−
1

ωN−ρ0

√
2

− f1N−a0
1√

2
K⋆0 − K0

1

K⋆− − K−
1 K̄⋆0 − K̄0

1 ωS − f1S













µ

,



Linear sigma model

L = Tr[(DµΦ)†(DµΦ)] − m2
0 Tr(Φ†Φ) − λ1[Tr(Φ†Φ)]2 − λ2 Tr(Φ†Φ)2

−1

4
Tr(L2

µν + R2
µν) + Tr

[(

m2
1

2
+ ∆

)

(L2
µ + R2

µ)

]

+ Tr[ǫ̂(Φ + Φ†)]

+c1(det Φ − det Φ†)2 + i
g2

2
(Tr{Lµν [L

µ, Lν ]} + Tr{Rµν [R
µ, Rν ]})

+
h1

2
Tr(Φ†Φ) Tr(L2

µ + R2
µ) + h2 Tr[(LµΦ)2 + (ΦRµ)2] + 2h3 Tr(LµΦRµΦ†)

+g3[Tr(LµLνL
µLν) + Tr(RµRνR

µRν)] + g4[Tr (LµL
µLνL

ν)

+ Tr (RµR
µRνR

ν)] + g5 Tr (LµL
µ) Tr (RνR

ν)

+g6[Tr(LµL
µ) Tr(LνL

ν) + Tr(RµR
µ) Tr(RνR

ν)]

DµΦ ≡ ∂µΦ − ig1(L
µΦ − ΦRµ) − ieAµ[T3, Φ]

Lµν ≡ ∂µLν − ieAµ[T3, L
ν ] − {∂νLµ − ieAν [T3, L

µ]} and L ↔ R



Symmetry properties of the model

Global U(3)LxU(3)R transformation:

Φ → ULΦU †
R

Lµ → ULLµU †
L

Rµ → URRµU †
R

Consequences (using the unitarity of U’s):

DµΦ → ULDµΦU †
R

Lµν → ULLµνU †
L

Rµν → URRµνU †
R

(Tr(Φ†Φ))′ = Tr(URΦ†U †
LULΦU †

R) = Tr(URΦ†ΦU †
R) = Tr(Φ†ΦU †

RUR) = Tr(Φ†Φ)

All terms are invariant except the determinant and the explicit sym-

metry breaking term.



Determinant term

UL = e−iωa
LT a

UR = e−iωa
RT a

ωa
V = 0.5(ωa

L + ωa
R) ωa

A = 0.5(ωa
L − ωa

R)

By SU(3)LxSU(3)R transformation (if ω0
L = ω0

R = 0 = ω0
V = ω0

A)

(det Φ)′ = det(ULΦU †
R) = det UL det Φ det U †

R = det Φ

Similarly det Φ† is also invariant.

If ω0
V 6= 0 and all the other ω’s are 0 ([T a, T 0] = 0)

(det Φ)′ = det(e−iω0
V T 0

Φeiω0
V T 0

) = det(e−iω0
V T 0

eiω0
V T 0

Φ) = det Φ

On the other hand, if ω0
A 6= 0 and all the other ω’s are 0

(det Φ)′ = det(e−iω0
AT 0

Φe−iω0
AT 0

) = det(e−iω0
AT 0

e−iω0
AT 0

Φ) = e−i2ω0
A det ΦTr T 0

So the determinant term is invariant under U(3)V xSU(3)A transfor-

mation and breaks explicitely the U(1)A symmetry.



Tr[ǫ̂(Φ + Φ†)]

ǫ̂ =
8

∑

i=0

ǫiTi =













ǫN

2
0 0

0 ǫN

2
0

0 0 ǫS√
2













only ǫ0, ǫ8 6= 0

• axial transformation: if at least ǫ0 6= 0 U(3)A is broken:

(Tr[ǫ̂(Φ)])′ = Tr(e−i2ωa
AT a

ǫ̂Φ)

• vector transformation

(Tr[ǫ̂(Φ)])′ = Tr(e−iωa
V T a

ǫ̂eiωa
V T a

Φ)

Since [ǫ̂, T 0] = 0, U(1)V symmetry is preserved.

If all ǫa = 0 except ǫ0, U(3)V is preserved.

If ǫ8 also non zero, then since [TK , T 8] = 0 if k = 1, 2, 3,

U(1)V xSU(2)V survives (isospin symmetry)

(If ǫ3 6= 0 too, then the isospin symmetry is broken, only U(1)V .)



Spontaneous symmetry breaking

Interaction is approximately chiral symmetric, spectra not, so SSB:

σN/S → σN/S + VN/S VN/S ≡< σN/S >

For tree level masses we have to select all terms quadratic in the new

fields. Some of the terms include mixings arising from terms like

Tr[(DµΦ)†(DµΦ)]:

πN − aµ
1N : −g1VNaµ

1N∂µπN ,

π − aµ
1 : −g1VN(aµ

1
+∂µπ

− + aµ
1
0∂µπ

0) + h.c.,

πS − aµ
1S : −

√
2g1VSaµ

1S∂µπS, (4)

KS − K⋆
µ :

ig1

2
(
√

2VS − VN)(K̄⋆0
µ ∂µK0

S + K⋆−
µ ∂µK+

S ) + h.c.,

K − Kµ
1 : −g1

2
(VN +

√
2VS)(Kµ0

1 ∂µK̄
0 + Kµ+

1 ∂µK
−) + h.c..



Mixing

aµ
1N/S −→ aµ

1N/S + wa1N/S
∂µπN/S,

aµ
1
±,0 −→ aµ

1
±,0 + wa1

∂µπ±,0,

Kµ
1
±,0 −→ Kµ

1
±,0 + wK1

∂µK±,0,

K̄µ0
1 −→ K̄µ0

1 + wK1
∂µK̄0,

K⋆µ+ −→ K⋆µ+ + wK⋆∂µK+
S ,

K⋆µ− −→ K⋆µ− + w⋆
K⋆∂µK−

S ,

K⋆µ0 −→ K⋆µ0 + wK⋆∂µK0
S,

K̄⋆µ0 −→ K̄⋆µ0 + w⋆
K⋆∂µK̄0

S.

w’s are appropriate, calculable constants.

Since the coefficients of the kinetic energy term is sometimes not one,

one has to renormalize the fields.

Mixing inside of the nonets can be resolved by orthogonal transfor-

mations.



Results

The model parameters are obtained by a fit with the minuit program:

VN , VS,m2
0, λ1, λ2,m

2
1, δS, ǫN , ǫS, c, g1, h1, h2, h3

Since the identification of the scalars are not straightforward, we

calculate their masses as predictions. There is a conjecture: the

low lying scalars are tetraquark states, the true two-quark states are

above 1 GeV. Our calculations seems to support that.

From the interaction terms we can predict the following decay widths

as well: Γa1→πγ, Γρ, Γφ, ΓK∗ , ΓKs, Γf0
, Γa0



Mass fits

Calculations(GeV) Mass error

fπ 0.0901 0.0930 0.0010

fK 0.1073 0.1100 0.0010

mπ 0.1389 0.1390 0.0010

mη 0.5321 0.5480 0.0010

mη′ 0.9753 0.9580 0.0050

mK 0.5089 0.4940 0.0010

mρ 0.7481 0.7750 0.0200

mφ 1.0166 1.0200 0.1000

mK∗ 0.8935 0.8930 0.0100

ma1
1.2019 1.2300 0.2000

mf1L 1.2019 1.2800 0.2000

mf1H 1.4426 1.4260 0.0500

mK1
1.3271 1.2720 0.0300

ma0
1.4526 0.9850 0.0300

mKs 1.5497 1.4250 0.0500



Outlook

• Calculations at nonzero temperature and densities. Phase dia-

gram.

• Including baryons: nucleon octett and delta decouplett. Calcula-

tions of dilepton production.

• More precise vacuum phenomenology: tetraquarks, glueballs.



Summary

• The in-medium modification of the ρ is contraversal

• A possible signal of chiral restoration in A1 − ρ mixing

• Needs very large statistics

• several theoretical uncertainties


