
New results on small-x resummation for splitting functions
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Small-x regime at high-energy colliders

dσh1h2→X (Q2, s) =
∑
ij

∫
dx1dx2 fi/h1

(x1, µ
2
F )fj/h2

(x2, µ
2
F ) d σ̂ij→X (x1, x2,Q

2, s, µ2
F )

e.g. production of object with
invariant mass M

x1,2 =
M√
s
e±y =

√
τ e±y

Large portions of phase space sit at
small x

Potentially large log x terms in PDF
evolution and in short-distance d σ̂

→ resummation!
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The quark and gluon content of the muon

A muon collider acts as a hadron collider at small-x! [Frixione, GS (2023)]

Evolution starts at mµ < ΛQCD, requiring a model for αs , reaching αs ∼ 0.8 [Webber (1998)]

 0.01

 0.1

 1

 10

 100

-4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5  0

µ = 30 GeV

Γ
i/µ

- (
z
)

log10(z)

µ-

γ
µ+

e-

τ-

g
d
u
c
b

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0.01  0.1  1  10  100

α
s

µ (GeV)

RGE
do1
do2
up1
up2
def

G. Stagnitto (UniGe & INFN) New results on small-x resummation for splitting functions Parton Showers and Resummation 2026 3 / 24

https://arxiv.org/abs/2309.07516
https://arxiv.org/abs/hep-ph/9805484


A (too) short story of small-x resummation

Small-x (or high-energy) resummation is a longstanding topic in QCD, with dedicated textbooks
e.g. [Forshaw, Ross (1997)] Resummation linked to BFKL equation [Balitsky, Lipatov, Kuraev, Fadin

(1976-1978)]

NLL accuracy allowed by calculation of the two-loop BFKL kernel [Fadin, Lipatov (1998)] [Ciafaloni,

Camici (1998)]. Calculation of three-loop kernel in progress [Gardi et al. (2021-)] [Caola et al. (2021-)]

The fixed-order BFKL kernel suffers from perturbative instability. Approaches to construct solid
resummed anomalous dimensions: ABF [Altarelli, Ball, Forte (1995-2008)], CCSS [Ciafaloni, Colferai,

Salam, Stasto (1999-2007)], TW [Thorne, White (1999-2007)]

HELL framework [Bonvini, Marzani et al. (2016-2018)] implementing and extending ABF

In this work, motivated by the muon PDF program (but not limited to),
we improved analytical ingredients (e.g. resummation of Pqg )

and technical aspects of HELL (make it more robust and able to reach large αs values)
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A poor man’s introduction to small-x resummation

Leading small-x logs only in the 2× 2 (singlet quark, gluon) sector:

γij(αs ,N) =

∫ 1

0

dx xNPij(αs , x), 1
x logn x ↔ poles at N = 0

LL: (αs/N)n NLL: αs(αs/N)n

Two ingredients suffice: chosen to be eigenvalue γ+ and γqg (enters at NLL).
The rest can be obtained as

γNLL
gg = γNLL

+ − CF

CA
γNLL
qg , γNLL

gq = CF

CA
γNLL
gg , γNLL

qq = CF

CA
γNLL
qg

Resummation performed differently for γ+ and γqg

γ+: duality between DGLAP and BFKL

γqg : collinear factorization of the quark Green function in the high-energy limit
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Outline

1 Resummation of γ+

2 Resummation of γqg

3 Numerical results

4 Conclusions
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Resummation of γ+: duality with BFKL

Consistency of DGLAP and BFKL gives an all-order duality (χBFKL = BFKL characteristic function).
Ignoring running-coupling effects:

χBFKL(αs , γ+(αs ,N)) = N

At LO, χBFKL = CA

π αs χ(γ), with

χ(γ) = 2ψ0(1)− ψ0(γ)− ψ0(1− γ) =
1

γ
+
∞∑
k=1

2ζ2k+1γ
2k

so the duality becomes

1 = ᾱs χ(γs(ᾱs)) , ᾱs ≡
CAαs

πN

γs(ᾱs) = pure-LL part of γ+, resums all (αs/N)k .
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Solving 1 = aχ
(
γs(a)

)
for γs : new results

perturbative coefficients at all-orders

γs(a) = a

(
1 +

∞∑
k=1

k∑
i=1

ak

(k − i + 1)!
Bk,i (Z )

)

with Bk,i the incomplete Bell polynomials and Z = (0, 0, 2ζ33!, 0, 2ζ55!, . . . ) with odd ζ’s.

by using the Hankel-path representation of 1/Γ, a Borel transform and the generating function of
the incomplete Bell polynomials

exp

u
∞∑
j=1

xj
t j

j!

 =
∞∑
n=0

n∑
k=0

Bn,k(x1, . . . xn)
tn

n!
uk

one obtains an integral representation

γs(a) = a

(
1∓ i

2π

∫ ∞
0

dt e−t
∫
H±

dω

(±ω)2
e±ω

{
exp

[
±ω χ̂

(
at

±ω

)]
− 1

})
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Solving 1 = aχ
(
γs(a)

)
for γs : new results

Introducing χ̂(z) ≡ zχ(z)− 1 and the sequence

γ(0)
s (a) = a, γ(n+1)

s (a) = a
[
1 + χ̂

(
γ(n)
s (a)

)]
= a
[
1 + χ̂(a[1 + χ̂(a[1 + χ̂(· · · )])])

]
γs is the fixed point of the sequence

γs(a) = Φa

(
γs(a)

)
, Φa(x) = a

(
1 + χ̂(x)

)
≡ a x χ(x)
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Study of convergence for real a < 1/ log 16 Convergence speed for complex a? Fractal structure!
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From LL γs to a stable γNLL′
+

Beyond LL the duality with the NLO kernel is unstable (NLO corrections change completely the
behaviour near γ = 0 and γ = 1, owing to the novel presence of higher poles with opposite signs)

The strategy adopted in HELL:

1 duality “in reverse” → resum the γ = 0 collinear poles of the kernel;

2 use γ→1− γ symmetry to also fix the γ = 1 pole;

3 momentum conservation + duality again → “double-leading” kernel & anomalous dimension;

4 resum subleading running-coupling terms

At the end the final anomalous dimension is given by

γNLL′

+ = γs(ᾱs) + αs γss(ᾱs) + subl. log + subl. power.

and an inverse Mellin transform is used to get the result (P+) in x-space

Steps that required improvement to reach large values of αs
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Resummation of γqg : collinear factorization of the quark Green function

Based on the seminal work [Catani, Hautmann (1994)]

γqg is enhanced from NLL i.e. prefactor αs times a function of αs/N

γqg (αs ,N)|NLL =
αs

3π
TR

[
1 +

5

3
ᾱs +

14

9
ᾱ2
s +

(
82

81
+ 2ζ3

)
ᾱ3
s + . . .

]
.

It has never been resummed (it is possible to determine the perturbative coefficients in an iterative way,
but with very large intermediate expressions). Previous implementation in HELL uses a Borel–Padé
procedure based on a limited number (16) of coefficients.

For further manipulation, it is convenient to rewrite it as

γqg |NLL =
αs

3π
TR hqg

(
γs(ᾱs)

)
, hqg (γ) =

∑
k≥0

hkγ
k

Make everything depend on ᾱs through γs , because γs captures the complexity of the resummed result
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Recap of collinear factorisation of the quark Green function

In d = 4− 2ε dimensions

Ĝ(0)
qg = Ĝqg Γgg + Γ̂qg

with Ĝ(0)
qg bare Green function (whose computation is extremely involved) and Ĝqg finite Green function;

Γgg and Γ̂qg transition functions

Γ̂qg (ᾱs , ε) =
1

ε

∫ ᾱs

0

da hqg (γs(a)) Γgg (a, ε)|LL

Γgg (ᾱs , ε)|LL = exp

[
1

ε
Ω (γs(ᾱs))

]
Ω (γ) = γ − γ log [1 + χ̂(γ)] + γ

∫ 1

0

dw log [1 + χ̂(wγ)]

hqg and Ĝqg both unknown: requiring finiteness of Ĝqg as ε→ 0 allows an extraction of both of them
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Resummed γqg and perturbative coefficients

The closed all-order form of hqg , valid for any complex γ

hqg (γ) =
γ χ(γ)

4

(
3 e2Ω(γ) + e

2
3 Ω(γ)

)
Closed form for perturbative coefficients

hqg (γ) =
∑
n≥0

hnγ
n, hn =

1

n!

[
3
4 Bn

(
Ẑ2

)
+ 1

4 Bn

(
Ẑ2/3

)]

Ẑ
[k]
b = b

(
δk,1 +

1

b

k∑
j=1

(−)j+1(j − 1)!Bk,j(Z )− (k − 1)
k−1∑
j=1

(−)j+1(j − 1)!Bk−1,j(Z )

)
Explicit form for the first few coefficients:

h0 = 1, h1 = 5
3 , h2 = 14

9 , h3 = 82
81 + 2ζ3, h4 = 122

243 + 5
6ζ3, h5 = 146

729 − 14
9 ζ3 + 2ζ5, . . .
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Comparison to previous determinations of hn

35 coefficients numerically determined in [Altarelli, Ball, Forte (2008)]

Rn =

∣∣∣∣1− hn(ABF)

hn(exact)

∣∣∣∣
Blue points: hn(exact) > 0
Red points: hn(exact) < 0
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Fine up to n ∼ 20, completely wrong for n > 25 (large numerical cancellations)
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γqg resummation with running coupling

The inclusion of running coupling effects is achieved with

γNLL′

qg (αs(Q2),N) =
αs(Q2)

3π
TR

∞∑
k=0

hk
[
∂kνU(N,Q2eν ,Q2)

]
ν=0

with the evolution function

U(N, µ2, µ2
0) = exp

[∫ µ2

µ2
0

dq2

q2
γ+

(
αs(q2),N

)]
In our numerical implementation, we adopt

γ+(αs(q2),N)
ABF
=

γ+(αs(µ2
0),N)

1 + r(αs(µ2
0),N) log q2

µ2
0

, r(αs ,N) = αsβ0

By exploiting the Cauchy formula and the integral representation of the Γ function, we can make the
all-order result appear

γNLL′

qg (αs(Q2),N) =
αs(Q2)

3π
TR

1

2πi

∫ ∞
0

dw e−w
∮

dz

z
U(N,Q2ew/z ,Q2) hqg (z)
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Pqg : comparison to previous predictions

∆3Pqg = PNLL′
qg −∑2

k=0 α
k+1
s PNLL′(k)

qg
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Borel–Padé Pqg depends strongly on the Mellin inversion path and the Padé order
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Results for singlet splitting matrix
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Bonus: finite qg Green function (closed, all order)

We found a relationship between the finite Gqg and Ggg Green functions:

Ĝqg (ε→0) = ϕ0(Ω(γs)) + ϕ1(γs)
Ggg (ε→0)

γsχ(γs)

with

ϕ0(z) = −1

4

(
3e2z + e

2
3 z
)
, ϕ1(z) =

1

4

[
3

1− z
+

12

2− z
− 15

3− z

]
The expression for Ggg (ε→0) was given in [Catani, Hautmann (1994)]

Ggg (ε→0) = exp

[
1

2
γs

∫ 1

0

dy
χ1(yγs)− χ′(yγs)

χ(yγs)
+ γsψ0(1)

− 1

2
log Γ

(
1 + γs

)
+

1

2
log Γ

(
1− γs

)
+

1

2
log
(
γsχ(γs)

)
− 1

2
log
(
− γ2

s χ
′(γs)

)]
with

χ′(z) = dχ/dz , χ1(z) = 2ψ1(1)− ψ1(z)− ψ1(1− z)
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Conclusions

New all-order analytics for γs ,
that may provide insights for a (semi-)analytical implementation of γNLL′

+

First proper Pqg resummation,
which supersedes previously fine-tuned results based on limited knowledge

Several technical improvements
to make HELL more robust and able to reach large αs values

Applications at the horizon:

First muon PDFs with small-x resummation

New fit of hadronic PDFs with resummed splitting kernels
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The function hqg(z) in the complex plane
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Size of αs log(1/x)
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LL ←→
{
akLk

}∞
k=0

=⇒ ςLL =
∞∑
k=0

1

k!
akLk = eaL ,

NiLL ←→
{
ci (k)ak+iLk

}∞
k=0

, i = 1, 2, . . .

c1(k) = 1 , c2(k) =
1

2
, c3(k) =

1

6
, . . . =⇒ ci (k) =

1

i !
,

ςNiLL =
∞∑
k=0

1

k!
ci (k)ak+iLk =

1

i !
aieaL ,

ςLL + ςNLL + ςN2LL + ςN3LL + . . . =

(
1 + a +

1

2
a2 +

1

6
a3 + . . .

)
eaL .

∞∑
i=0

ςNiLL =
∞∑
i=0

1

i !
aieaL = ea(L+1) .
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LL ←→
{
akLk

}∞
k=0

=⇒ ςLL =
∞∑
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1

k!
akLk = eaL ,

NiLL ←→
{
ci (k)ak+iLk

}∞
k=0

, i = 1, 2, . . .

c1(k) = k , c2(k) =
k(k − 1)

2
, c3(k) =

k(k − 1)(k − 2)

6
, . . . =⇒ ci (k) =

Γ(k + 1)

i !Γ(k + 1− i)
.

ςNiLL =
∞∑
k=0

1

k!
ci (k)ak+iLk =

1

i !
ai (aL)ieaL ,

ςLL + ςNLL + ςN2LL + ςN3LL + . . . =

(
1 + a2L +

1

2
a4L2 +

1

6
a6L3 + . . .

)
eaL .

∞∑
i=0

ςNiLL =
∞∑
i=0

1

i !
ai (aL)ieaL = ea(1+a)L ,
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Reaching large αs : improvements in HELL

new approximate fixed-order anomalous dimension with modified asymptotic behaviour at large-N
to be used in the first “iteration” of duality (at small αs it reduces to previous implementation)
[details next]

new approximation of BFKL kernel used in resummation of running coupling effects (more robust
even at small αs) [details next]

new extrapolation of large-x behaviour in P+(x) to avoid a change of branch in the solution of
duality with large αs [details next]
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(1) Fixed-order γ used to resum the kernel: the problem

Duality “in reverse” resums the collinear (γ = 0) pole of the BFKL kernel by adding the inverse of a
fixed-order anomalous dimension (χs = dual of γapprox).

The kernel has a further subleading singularity at γ = −1: if kept, after symmetrisation it would
dominate the large-N asymptotics, spoiling the physical log-divergent behaviour.

HELL trick [Bonvini, Marzani, Muselli (2017)]: replace exact γFO by an approximation with the correct
small-N poles but asymptoting to a constant > −1, so its dual dominates over the γ = −1 pole ⇒
resummed γ keeps its input asymptotics (then subtract approx. FO, add back the exact one).

Old approximation (valid at LO and NLO)

γapprox(N) =
a1

N
+ a0 − (a1 + a0)

2N

N + 1
, ai = αsa1i + α2

sa2i

Last term enforces γapprox(N = 1) = 0 (momentum cons.), form chosen so that the inverse is analytic.
Problem: the asymptotic constant stays > −1 only for αs . 0.5.
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(1) Fixed-order γ: a tunable large-N asymptotics

Minimal generalisation: replace 2N
N+1 →

(1+λ)N
N+λ , with 0 < λ ≤ 1 controlling the large-N limit

γapprox(N) =
a1

N
+ a0 − (a1 + a0)

(1 + λ)N

N + λ

N→∞−−−−→ −(1 + λ)a1 − λa0

Smaller λ ⇒ larger (less negative) asymptotic value, as needed at large αs . We promote λ to a smooth
function of αs :

λ =
1

1 + 6α2
s

(
λ→ 1 at small αs , λ ∼ 1

5 at αs = 0.8
)

The dual is still analytic:

χs(M) =
a1 + λa0 − λM +

√
(λM + a1 − λa0)2 + 4λ(1 + λ)a1(a1 + a0)

2
[
(1 + λ)a1 + λa0 + M

]
Reduces to the old result for λ = 1; keeps small-αs behaviour untouched.
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(2) Running-coupling resummation: kernel approximation

Running-coupling effects in the duality are resummed by solving BFKL evolution with an analytically
solvable approximation of the kernel [Bonvini, Marzani, Muselli (2017)]. Two ingredients:

αs dependence: linearised, χ(αs , γ) = χ(α0, γ) + (αs − α0)χ′(α0, γ) (a simpler χ ' αs

α0
χ(α0, γ)

gives the uncertainty band);

γ dependence: two-pole form, symmetric about the minimum γmin, matching the double-leading
kernel to O

(
(γ − γmin)2

)
:

χcoll = c +
γ3
minκ

4

[
1

γ
+

1

2γmin − γ
− 2

γmin

]
New: shift the two poles by ±η (keeping the symmetry)

χcoll,new = c +
(γmin + η)3κ

4

[
1

γ + η
+

1

2γmin − γ + η
− 2

γmin + η

]
Parameters re-adapted to match the old expansion around γmin ⇒ net effect is just a global shift
γmin → γmin + η (trivial to implement). Solution γrc still analytic (Bateman function kν).
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(2) Running coupling: taming a spurious pole

Besides the physical (Bateman) pole, the solution has a spurious pole from the prefactor ᾱs = 0 at
N− = c − κ

2 (γmin + η)2, with a large negative residue. For η = 0 it becomes the leading pole already at
αs ∼ 0.55, making P+ decrease at small x (unphysical, against Regge & LL).

Since κ > 0, a positive η pushes N− to the left; the natural choice η = (1− λ)a1 + λa0 = O(αs) (left
pole of the true double-leading kernel) is negligible at small αs , and at large αs leaves the Bateman pole
always leading.
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Leading pole (solid) and ᾱs = 0 pole (dashed) [left], and their residues [right], vs. αs . Green: η = 0; Red: new η(αs ).
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(3) Branch-change in γ+: robust solution & the problem

Duality is solved with a zero finder along the Mellin contour (γ+(αs , N̄) = γ+(αs ,N) ⇒ upper
half-plane suffices).

Robust start: at large real N the solution → the fixed-order γ used to resum the kernel. Start at
N = 15, march down to N0 along the real axis (scan + Regula Falsi, previous point as guess), then
follow the contour with the Secant method. The real-axis path is only used to fix the starting point
N0.

The problem: at large |Im(N)| two nearby αs can select different branches of γ+ (branch cuts) ⇒
a sudden jump in the large-x behaviour of P+ when varying αs . Small x (our region) is unaffected.

Steepening the contour to stay on one branch works only up to a point (instabilities). Instead: keep the
contour fixed (N0 = 1.1, θ = 2

3π) and repair the large-x tail.
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(3) Branch-change: extrapolate large x & restore mom. cons.

Work with the resummed-only piece ∆γ+ = γ+ − (FO exp.) and its Mellin inverse ∆P+(αs , x):

1 compute ∆P+ ignoring the branch jump;

2 its large-x tail is unstable and uncontrolled (small-x resummation) → replace by a cubic
extrapolation in log x for x > xextr = 0.02;

3 extrapolation breaks momentum conservation → approximate the whole function on a Chebyshev
basis so its Mellin transform is analytic;

4 restore
∫ 1

0
dx x ∆Pnew

+ = 0 and use the parametrised ∆γ+ everywhere else in HELL.

Factoring the known low-x growth x−1−NB (αs ) (NB = leading pole), fit f = x1+NB+p∆Pextr
+ in fractional

powers of x :

f cheb,pow =
n∑

k=0

ck x
k/q =⇒ f̃ cheb,pow(N) =

n∑
k=0

ck
N + 1 + k/q

(xmin = 10−7, q = 6, n = 12, p = −0.1). Only 13 coefficients reconstruct γ+ at any N (vs. ∼ 2000
sampled points before).
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