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DEDUCTOR
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In DEDUCTOR we did almost everything at LO level that is humanly possible:

✓ All order definition of parton shower cross sections  

✓ Evolution at density operator level (aka amplitude level evolution) 

✓ Multi-variable evolution (angular ordering, …) 

✓ Colour evolution beyond the leading colour approximation  

✓ LC+ base approximation 

✓  subleading colour treated perturbatively 

✓ Fully exponentiated Glauber gluon effect 

✓ Summation of threshold logarithms 

✓ PDF factorisation schemes vs. shower evolution variable 

✓ Testing log accuracy of parton showers analytically 

✗ We haven’t implemented spin dependence

It is time to move on and go beyond the first order!



Introduction
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There are many meanings in the literature for the name ``parton shower,'' just as there are many meanings for 
``factorization.'' Having many meanings in circulation can lead to confusion. We start, therefore, with a specification of 
what we have in mind as a parton shower. 

➠ It is an evolution of the QCD density matrices, thus it is fully exclusive in momentum, flavour, spin and colour. 
This helps us to choose the right formalism. 

➠ It is a solution of a renormalisation group equation (RGE). This is an important step and we have to 
understand what to renormalise and how. This has to be defined all order at a rather abstract level before we 
choose evolution variable, momentum mapping or make any technical choices.    



Perturbative cross sections
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The main focus of this workshop is to calculate the pQCD cross sections as precise as possible, thus we have a pretty 
integral

This is clearly not the right representation, it would be extremely hard to define shower cross sections based on this 
notation. We need something else!

Any IR safe measurement operator

Partonic matrix element
<latexit sha1_base64="5NDI//iXlDkBBq5JKLLdzv1rsXs="></latexit>

ω[OJ ] =
∑

m

1

m!

∫
d{p, f}m

〈
M({p, f}m)

∣∣OJ({p, f}m)︸ ︷︷ ︸

︷ ︸︸ ︷∣∣M({p, f}m)
〉

QCD density operator 
Describes the fully exclusive  
partonic final states. 
|M⟩⟨M |All the initial and final state 

sums and integrals

Perturbative expansion of the density operator
Number of real radiations

Number of loops

<latexit sha1_base64="oN/sF+UWlIoXTvLtQNUCroo3YkU="></latexit>

∣∣ω
)
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nv=0
nr+nv=n

∣∣ω(nr,nv)(µr)
)
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ω[OJ ] =
(
1
∣∣OJ

∣∣ε
)



Statistical space
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A vector in the statistical space can be translated as 

�
{p, f, c, s, c0, s0}m

��⇢
�
()

⌦
{c, s}m

��M({p, f}m)
↵⌦
M({p, f}m)

��{c0, s0}m
↵

<latexit sha1_base64="zl9Or5zL2RbndSxN0pIn5/FeXL0="></latexit>

An operator in the statistical space corresponds to a tensor products of the corresponding quantum operators:

When operators act on a state we have

ZN, D.E. Soper, JHEP 09 (2007) 114

A good representation is almost guarantee for success 
➠ Statistical space is very compact and abstract representation of the QCD cross sections 
➠ But it is very intuitive and precise.  
➠ The details are exposed when they are needed otherwise they are kept hidden behind the vectors and 

operators.

<latexit sha1_base64="rksAMpsMIvakTFy2dK/gaJCF50A="></latexit>

A(µ) →↑
∑

k

AL
k (µ)↓AR

k (µ)
†
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· · · C(µ3)B(µ2)A(µ1)
∣∣ω
)
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i,j,k,...

· · ·CL
k (µ3)B

L
j (µ2)A

L
i (µ1)

∣∣M
〉〈
M

∣∣AR
i (µ1)

†BR
j (µ2)

†CR
k (µ3)

† · · ·



➠ This is a good approximation as 
long as  

➠ the D operator doesn’t create 
resolvable partons, thus  

➠ otherwise we have to deal with 
large logarithms, 

NkLO calculations
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Usually               is constructed by hand and           is its inverse. 
<latexit sha1_base64="1LzS3aMFBj1e4H2uBegzfEHMz0Q="></latexit>

D→1(µ)
<latexit sha1_base64="LDe9K8Fx/Zn8pTvXMRAo4tY+k5g="></latexit>

D(µ)

Born term NLO contributions

NNLO contributions

Hard part, finite in d=4 dimension

Subtractions
Singularities cancel each other here

<latexit sha1_base64="L4AusKFxfff1E1YpzhHOEF9N95Y="></latexit>

D(µ)OJ → OJD(µ)

<latexit sha1_base64="KggZp1Sdta5n3E3mEJPCipBYIHY="></latexit>

µ < µJ

<latexit sha1_base64="7DywuZvmXa5TnzUv7Q6Lgrt9dng="></latexit>

L = log
µ

µJ

<latexit sha1_base64="7dfUiTvYo6p30IWK1wOMG3rJt0Y="></latexit>

ω[OJ ] =
︷ ︸︸ ︷(
1
∣∣OJ D(µ) D→1(µ)

∣∣ε
)

︸ ︷︷ ︸
=|ωh(µ))

+O(ϑk+1
s L

2k+2)

<latexit sha1_base64="CHBWVOv60YPI9hfnytPy8NXckEE="></latexit>
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Shower Cross Section
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The fixed order cross section is fine as long as we can calculate at “all order level”. But life is not that easy…

- truncated at NLO, NNLO level 
- prefers large scale,

<latexit sha1_base64="sFaI8z66an6baU+Lw3pKBauBQMw="></latexit>

µ2 ⇡ Q2

- prefers small scale,                   
- that is in conflict with the hard part

<latexit sha1_base64="dR+I0NZuy0aXOIGIlLhJ/r5jerE="></latexit>

µ2 ⌧ µ2
J

No resolvable radiation come 
from               operator, thus 
these operators commute,  
                                             . 

<latexit sha1_base64="5+caznkvCXDRSmk0F5I/c9irVjI="></latexit>

D(µ2
f )

<latexit sha1_base64="OpniovFIrcvhRmuPzzLJLerOigk="></latexit>

OJD(µ2
f ) → D(µ2

f )OJ

-Choose a hard scale,                   
-Choose a cutoff scale,                                   
- Insert a unit operator between the hard and 
“soft”part as, 

<latexit sha1_base64="Z7X9hovnyQlP+9df+YBqUBqDGJ0="></latexit>

µ2
h ⇡ Q2

<latexit sha1_base64="RRpimn8YHUVtICTLHIphQM7jShw="></latexit>

µ2
J � µ2

f ⇡ 1GeV2

<latexit sha1_base64="EU7K72fwdv2XZUJYTYuSl9P54os=">AAAB3HicZY7LTsJAFIZn8IZ4Q1mqCcoGEmhaJEUXGhI3LjFySxgg02FKJ0wvmQ6KaWZn4sK49d18CN/BVrtR/sWZL2f+c/5jBZyFUtc/YWZtfWNzK7ud29nd2z/IHx71Qn8hCO0Sn/tiYOGQcubRrmSS00EgKHYtTvvW/Db57z9SETLf68jngI5cPPOYzQiWcWuSf0WkW0buwq7GxakUr4vIxdKxrKijEF0G6AxxaksU5RDz5CRKrGqcPI5CtsAkmsaskoZC1Qj9XDQUM2sU6drVpVlvmFVd0/WmUTcSqDcbFw2FyEMSWlE5JNjMkUhN8qXElqi4CkYKJZCqPcnfoKlPFi71JOE4DIeGHshRhIVkhNN48SKkASZzPKORx/1a6PhPVNQ4lnTJpMrFgcb/9avQq2uGqZn3jVLLTKOz4BicgzIwQBO0wB1ogy4g4AsW4Ak8hWP4At/g+681A9OZAvgj+PENT0+B4Q==</latexit>

U(µf , µh) = T exp

! " µ h

µ f

dµ

µ
S(µ)

#

<latexit sha1_base64="7XJEO5L0Lgjd6YWRKekx+KWIJz8=">AAABzHicZY1LT8JAFIVnwAdW0KpLN0Q2mAjp1KboQkOiC1cGozwSis10GHDCtNN0pqJpuvU/uvC/2EI3ylncfLn33HO8kDOpDOMblspb2zu7lT1tv1o7ONSPjgdSxBGhfSK4iEYelpSzgPYVU5yOwohi3+N06C3u8vvwnUaSieBFfYZ04uN5wGaMYJWtXH3pzCJMEpQmjh9nY5U4jubeJDHa11e2adkXRtswOshEOZgd69JKHfLczPznqXZTdzjz3cShoWRcBI4SRna+f01aKF151gXTbLd+yTBrcvVGHpurvgmogAYo1HP1W2cqSOzTQBGOpRwjI1STBEeKEU5TzYklDTFZ4DlNAi5a8k0sadTiWNEPplItK0T/4zdhYLaR3bafrEbXLqor4BScgSZAoAO64AH0QB8Q8APLsApr8BEqmMB0bS3B4ucE/BH8+gUmhHq4</latexit>

1
µ

S(µ) = lim
! ! 0

D" 1(µ)
dD(µ)

dµ

<latexit sha1_base64="Fa5Kolz/4IwStgPeSDD9GRYX+Ns="></latexit>

! [OJ ] =
!
1
"
"OJ D(µf )

# $% &
=(1 |O J

U(µ f ,µ h )
% &# $
D! 1(µf )D(µh) D! 1(µh)

"
""

'

<latexit sha1_base64="OLINcW7WvGok8ElPtaFLnB78+yE=">AAABwXicZY1JT8MwFITtspWwBThyQfRSJBrZIUqbA6hSOXAsEl2kplSOcVurziLbYVGUP8mNf8KRhuZCO6fRe/PNBIngSiP0DStb2zu7e9V94+Dw6PjEPD3rqziVlPVoLGI5DIhigkesp7kWbJhIRsJAsEGw6BT/wRuTisfRs/5M2Dgks4hPOSV6eZqYAt9l/l/NSM6CcYYsr+XajnuDLISa2MaFsZvOrZP79OEla+C87ofp9Do31ji0lLvicAsVnOe1bNsruBKZmLVVDqHLTYNLUwOluhPz3n+NaRqySFNBlBphlOhxRqTmVLDc8FPFEkIXZMaySMQNNY/fmWwIotkH17mxHMTr9Zumb1vYtdwnp9Z2y+kquABXoA4waII2eARd0AMUfIEfCGEFdiCHCZSraAWWzDn4J5j9AnZpcfM=</latexit>

1 = D! 1(µf )D(µf )

<latexit sha1_base64="+eFogxnOBub9aEQTj5L7HdB/QGc="></latexit>

! [OJ ] =
!
1
"
"OJ D(µ)

# $% &

% &# $
D! 1(µ)

"
""

'



Interpolating gauge
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➠ Use a special reference frame defined by a light like vector , with . 
➠ Define a tensor  as  

➠ For any vector  we define an associated vector  by 

➠ Use the gauge fixing condition  with  

➠ With this the gluon propagator is 

➠ The ghost propagator is 

nμ n2 = 1
hμν

qμ q̃μ

G[A] = 0

<latexit sha1_base64="f0CI7bHb0pXejcRBbk0253h0MFM="></latexit>

hµ ! = gµ ! !
!

1 !
1
v2

"
nµ n!

In the  frame this tensor is ⃗n = 0
<latexit sha1_base64="Ho44G99MSjZ3Y/A4PsQ8IbKqmCQ="></latexit>

hµ ! =

!

"
"
#

1/v 2 0 0 0
0 ! 1 0 0
0 0 ! 1 0
0 0 0 ! 1

$

%
%
&

<latexit sha1_base64="vN6PnYxyxrbQ88cT+UjGOp0ZYz0="></latexit>

÷qµ = hµ! q!

<latexit sha1_base64="r+PkPRhwQHxUQ0YRyNb6cF0D4yo="></latexit>

÷qµ =
!

1
v2 E, !q

"

<latexit sha1_base64="5N+B1Oa0Wmm3Y0m11KxtFyPreZA="></latexit>

G[A]c(x) = ÷! µ Aµ
c (x) ! " c(x)

<latexit sha1_base64="6efMPhYQUH5Wv7oPDplV6hLblAE="></latexit>

D µ ! (q) =
1

q2 + i0

!

! gµ ! +
qµ ÷q! + ÷qµ q!

q á÷q + i0
!

"
1 +

1
v2

#
qµ q!

q á÷q + i0

$

!
! ! 1

v2

qµ q!

(q á÷q + i0) 2

<latexit sha1_base64="dYM4f+ej7N5ZrbesWyZSuWJJahg="></latexit>

!D (q) =
1

q á÷q + i0

<latexit sha1_base64="hliE1U2bgS4ufOFs5atVodKZ6PQ=">AAA/UXic7VtZdxs5dpY724STpTt5yENe4JZ0RmqTFEnZcm90s730MuNF8dZ9mkXrgFUgiXFtLqAky9X1nl+T1+R/5Ck/JW+5F6gdRVrq09vJDM8RVYXv4uLirgBYNQ9dLuRg8D9X3vmLv/yrv/6b3/xt57d/9/f/8I/vvvdPz0UQRzZ7ZgduEH07 </latexit>

D µ ! (q) =

! "# $
1

q2 + i0

%

" =1 ,2

! µ
" (q)! !

" (q)! +
! ! µ

0 (q)! !
0 (q)! + ! µ

3 (q)! !
3 (q)!

qá÷q + i0
# $! "

Describes the propagation of the 
transversely polarised gluons 
(T-gluons)

Describes the propagation of the 
longitudinally polarised gluons 
(L-gluons)

Advantage: It helps to disentangle the physical and non-physical modes and the soft 
and collinear regions.

Disdvantage: Harder to do analytical calculations.



We need a bigger space!
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We have to express the  operator in terms of Feynman graph. We need a tool to build Feynman graph 
simultaneously in the ket and bra amplitudes. Consider couple of second order graphs:

𝒟(μ)

• The intermediate states don’t have definite spin, so 
we need a bigger spin space. 

• The most useful description of the colour might be 
different from what we have in the statistical space. 

• These momenta are off-shell.

<latexit sha1_base64="q3hjrby/yAzMBYRGvjC0s8qLjDw="></latexit>

wl

øwl

øwm +2

øwm +1 +
wl

øwl

øwm +1 øwm +2

+
wl

øwl

øwm +2 øwm +1

+
wl

øwm +1øwl

øwm +2



Quantum Amplitude Space
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Define a linear space of m parsons and the basis vectors are

<latexit sha1_base64="hOwxQsQy6yi7n3+v73yfngz+jGc=">AAAB03icZY07T8MwFIXt8irhVSgbS0QXhrRKIlQmUCUWxiLRh0SqyHFvi1U7Tm2Xh6IwIFZ+IDs/BFOyQI98pSOf796TZJxp4/ufuLK2vrG5Vd12dnb39g9qh0d9LReKQo9KLtUwIRo4S6FnmOEwzBQQkXAYJLPrn3zwCEozmd6ZlwxGgkxTNmGUGPsV115dN5qByaN87k084qmoiEXhXrqRtGuJIhTyJTCPA29ih9hRcVDYF0nDBOgyDm0c2ji0cVjEYUTH0uiScUpIWEhYSFhI2Ka41vBb/lLuqglK00ClunHtKhpLuhCQGsqJ1veBn5lRTpRhlEPhRAsNGaEzMoU85bKpH+QTqCYnBp6ZKRxbGPw/v2r6YStot9q3541Ou6yuohN0is5QgC5QB92gLuohir6wg+v4GPdwjt/w+y9aweVOHf0R/vgGvPmACQ==</latexit>

!
!{ q, f, a, r } m

"
=

# $% &!
!q1, f 1, a1, r 1

"
1 !

!
!q2, f 2, a2, r 2

"
2 á á á!

!
!qm , f m , am , rm

"
m

Single parton space

 : momentum (typically off-shell) 
  : flavour 
 : colour index 
 : spin index (spinor index for fermions ( ), 

      Lorentz index for gluons ( )

qi
fi
ai
ri ri = 1,...,4

ri = 0,...,3 − 2ϵ

<latexit sha1_base64="k5uaflwbhaV6Ttx7rNhx4MGUjaE=">AAABbnicZY3LSsNAGIX/1FuNl0YFQUQMZtOFDYlIXSkFNy4rmLZgyjAZ/9ahk0ycmVqlFJ/GrT6Pb+EjGDUb7QcHDv/lnCQXXJsg+LAqC4tLyyvVVXttfWOz5mxtd7QcK4YRk0KqXkI1Cp5hZLgR2MsV0jQR2E1Gl9/77iMqzWV2Y55z7Kd0mPEBZ9QUI+LsTQh3z914+kD48aAQLaQIj2fE8QI/+MGdN2FpPChpE+civpNsnGJmmKBa34ZBbvpTqgxnAmd2PNaYUzaiQ5xmQjb0vZygaghq8ImbmV0Uhv/j503nxA+bfvP61Gs1y+oq7MMR1CGEM2jBFbQhAgYv8Apv8A6f1q51YB3+nlas8mcH/mDVvwDnTFtx</latexit>

wi = { qi , f i , ai , r i }

Usually we have an abbreviation for the 
quantum numbers:

<latexit sha1_base64="03zXx1Puehsda++X8WrFgNiF5OE=">AAABe3icZY3NSsNAFIVv6l+tf1GXboIBEUlDUrSulIIblxXsD5gSJuNtHTLJxJmJVULewKdxqy/iwwhqjQvtWX333HvPiTLOlPa8d6O2sLi0vFJfbaytb2xumds7fSVySbFHBRdyGBGFnKXY00xzHGYSSRJxHETxxfd+8IBSMZFe66cMRwmZpGzMKNFfVmgeWFYQoy6CYhqUYVJaZ7/zvTN2iCNnbiM0bc/1ZrLmwa/Ahkrd0DwPbgXNE0w15USpG9/L9KggUjPKsWwEucKM0JhMsEi5aKo7MUXZ5ETjI9OzQv9//Dz0W67fdttXx3anXVXXYQ/24RB8OIUOXEIXekDhGV7gFd7gw7CNI8P5Oa0Z1c8u/JFx8gnnkWDN</latexit>!
!{ w} m

"
=

!
!{ q, f, a, r } m

"
and

Operators acts on this space usually represents Feynman graphs. For example, when a parton splits to  partons, we 
have

nR

<latexit sha1_base64="663ixXs5NZGL988cJbluboz7kv4="></latexit>! ! s

2"

" n r / 2+ n v

D

#
{ øw} m + n r

$
$! (n r ,n v )

l

$
${ w} m

%

=
m&

i =1
i != l

'
(2" )d#d(øqi ! qi ) #øf i ,f i

#øai ,a i #ør i ,r i

(

" (2" )d#d

)

ql !
*

k " R

øqk

+

" ! (n v ) , wl ; { øwi | i # R}
-

. Tree level propagator 
included here!

Final state lines are 

fully amputated!

<latexit sha1_base64="xtqjrRdfiBhVYgiOMXgqQCmnBAk="></latexit>

! (n v )
l

!
wl ;{ øwi | i ! R}

"
=

1PIwl

øwl

øwm+1

øwm + n r

.
.

.



Quantum Amplitude Space
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<latexit sha1_base64="wpNDJWPcb8VB4DfASEjVS6KlWJ8="></latexit>

D

!
{ øw} m+1

"
"W

"
"{ w} m

#

=

$
! s

2"

m%

l =1

&
'''(

''')

wl

øwl

øwm+1

+
! s

2"

*

+ wl
1PI

øwl

øwm+1

+
wl

1PI

øwl

øwm+1

,

- + O(! 2
s)

.
'''/

'''0

D

!
{ øw} m+2

"
"W

"
"{ w} m

#

=
! s

2"

m%

l =1

wl

øwl

øwm+2

øwm+1 +
! s

2"

m%

l,k =1
k != l

wl
øwl

øwm+1

wk
øwk

øwm+2

+
! s

2"

m%

l =1

&
'''(

''')

wl

øwl

øwm+1 øwm+2

+
wl

øwl

øwm+2 øwm+1

+
wl

øwm+1øwl

øwm+2

.
'''/

'''0

+ O(! 2
s)

<latexit sha1_base64="Lh/qWZtaBxo+NhYmAAyKYAGgbaE="></latexit>

W = 1 +
! ! s

2"

" 1/ 2 m#

l =1

! (1 ,0)
l

+
! ! s

2"

" 3/ 2 m#

l =1

$
! (1 ,1)

l + ! (1 ,0)
l ! (0 ,1)

l

%

+
! s

2"

m#

l =1

! (2 ,0)
l +

! s

2"

m#

l,k =1
k != l

! (1 ,0)
k ! (1 ,0)

l

+
! s

2"

m#

l =1

(1 + " ) ! (1 ,0)
l ! (1 ,0)

l

+
! s

2"

m#

l =1

! (1 ,0)
m+1 ! (1 ,0)

l + á á á

Now, we have an algebraic representation of Feynman graphs and we can build more complex graphs.

Instead of drawing tons of Feynman graphs, we 
define irreducible operators and use linear 
algebra to represent and study complex and 
complicated expressions.
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The shower operators acts on a state that includes both bra and ket amplitudes. Now we need a similar vector 
space that combines the evolution of Feynman diagrams for the ket amplitude and for the conjugate bra amplitude. 

We define a direct product space and the basis vectors are 

ket amplitude

<latexit sha1_base64="C4LM6dbd38l9IsDluMrDT+s0owg=">AAABrXicZY3NTsJAFIVv8Q/xr+rSTSMLXQC2xuBKQ+LGhQtMLJA42EyHK06YdpqZKWiavprv4d6tPoOA1UQ5q3Pvd+85YSK4Nq77ZpWWlldW18rrlY3Nre0de3evo2WqGPpMCql6IdUoeIy+4UZgL1FIo1BgNxxdzXh3jEpzGd+ZlwT7ER3G/JEzaqarwO4RPUKTkWxSmxyRPMiiPHcuSBoPUIWKMsxIwQuYk5rjEDn+xYOUihsyHWZHPxF5JbCrbsOdy1k0XmGqUKgd2JdkIFkaYWyYoFrfe25i+hlVhjOBeYWkGhPKRnSIWSxkXT/JCaq6oAafuZkXev/jF03ntOE1G83bs2qrWVSX4QAO4Rg8OIcWXEMbfGDwCu/wAZ/WieVbxHr4Pi1Zxc8+/JE1/ALbsHcF</latexit>

!
!{ w, w!} m

"
=

!
!{ w} m

#

$ %&'

& '$ %

D

(
{ w!} m

!
!

bra amplitude

<latexit sha1_base64="Vy1fLVfDAyB0ITVpRg8SghavJIs=">AAABjXicZY1LT8JAFIVv8YX4oOrSTSMbWEBag+hCCYkLXGIij8TBZjpc64Rpp84MPkL6V/w1bnXvv7FqXShn9eWcc+8JEsG1cd0Pq7C0vLK6VlwvbWxubZftnd2BljPFsM+kkGoUUI2Cx9g33AgcJQppFAgcBtPzr3z4gEpzGV+Z5wTHEQ1jfssZNZnl2ycEu9VuzTlzyH0G/pyoyJmiSWtEGh6hzuwbMqFhiOo3DhRNa75dcRvut5xF8HKoQK6eb7fJRLJZhLFhgmp97bmJGc+pMpwJTEtkpjGhbEpDnMdC1vWdfERVF9TgEzdpKRv0/r9fhMFhw2s1WpfNSqeVTxdhHw6gCh4cQwcuoAd9YPACr/AG71bZOrJOrfZPtWDlN3vwR1b3E8dtZlE=</latexit>

öG(G) = G(Gket ) ! G  (Gbra )

Consider an operator that represent a graph , that is usually a direct product of two operators in the 
quantum amplitude space,

G = (Gket, Gbra)

and it acts in the usual way
<latexit sha1_base64="VehUu3dp5xL5auEEK2ASBFdMTzQ=">AAABznicZY1LT8JAFIVnUBSrQtWlm0YWQgKkNQZXGhIXuHCBiTwSB5tpuZYJ00dmpiBpGrf+RVf+FQs2RuWsTu757jlOxJlUpvmBC1vbxZ3d0p62f3BYruhHxwMZxsKFvhvyUIwcKoGzAPqKKQ6jSAD1HQ5DZ3a7yodzEJKFwaNaRjD2qRewF+ZSlZ1sfUmgW+vWiZyBSkiyaCzOSWonfppq14ZBHN/IYpv4VE2Fn2RQWjdIzuYgaWhkElN+TxxBV/efhvX7M5lQzwPxqybj0rqtV82WuZaxaazcVFGunq3fkEnoxj4EyuVUyifLjNQ4oUIxl0O2FkuIqDujHiQBD5tyGi5ANDlV8MpUqmWD1v/6TTO4aFntVvvhstpp59MldIrOUA1Z6Ap10B3qoT5y0Scu4jKu4B6e4xS/faMFnP+coD/C7193o37z</latexit>

öG(G)
!
!{ w, w!} m

"
= G(Gket )

!
!{ w} m

#
D

$
{ w!} m

!
!G  (Gbra )

Now, we can define irreducible operator in this space to build more complex Feynman graphs for the full QCD 
density matrix with momentum, flavour, colour and spin interferences. 
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With these the full first order real emission graph is 

At first order level we can have a collinear operator and an interference operator for real emissions, 

<latexit sha1_base64="dI3KAoIbPK7jJg5rT3FEyUvfhTY=">AAAB/nicjU7LTsJAFJ3BF+ID1KWbRjYQgbRGcQWSsNAlJvJIHGimwwUnnT7sTFXSNPFrTFwYt/6Kf2PRukA2nsW5J/dx7rF8waXS9U+cWVldW9/Ibua2tnd284W9/Z70woBBl3nCCwYWlSC4C13FlYCBHwB1LAF9y27P5/0HCCT33Bs182Ho0KnLJ5xRlbTMwiuBy1FUMip6OdYaGpGhY0aiYcQjh3BXmfooKRM108gkoCwaEyeMozmRikagbYrf41LSLOeOU4eELakosyNRsRsGIZpNXLjXRPw/40ESwo4XvM1CUa/p39CWhZGKIkrRMQtNMvZY6ICrmKBS3hq6r4YRDRRnAuIcCSX4SUQ6hcgVXlXeeY8QVAVV8MRVnEseGn/tl0XvpGbUa/Xr02Krnr7OokN0hErIQOeoha5QB3URw3l8hpv4Aj /jF/yG339WMzi9OUALwB9fPaePbg==</latexit>

öG(1 ,0) =
m!

l =1

" !

0

dµ
µ

öC (1,0)
l (µ) +

m!

l,k =1
k "= l

" !

0

dµ
µ

öX (1,0)
lk (µ)

<latexit sha1_base64="Z8s8BLY/8KtbVHnl2s7i5VEvuKY="></latexit>!
{ øw, øw!} m +1

"
" öC (1,0)

l (µ)
"
"{ w, w!} m

#

= 2µ2 !
!
µ2 ! max

k=1 ,...,m
{ h(qk ), h(q!

k )}
#

"
!
{ øw, øw!} m +1

"
"! (1 ,0)

l # ! (1 ,0)  
l

"
"{ w, w!} m

#

= 2µ2 !
!
µ2 ! max

k=1 ,...,m
{ h(qk ), h(q!

k )}
#

"
wl

øwl

øwm +1

w!
l

øw!
l

øw!
m +1

<latexit sha1_base64="HkNQtQS1WpP0rDplLxj/2L6gehQ="></latexit>!
{ øw, øw!} m +1

"
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lk (µ)
"
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#

= 2µ2 !
!
µ2 ! max

i =1 ,...,m
{ h(qi ), h(q!
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#

"
!
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"
"! (1 ,0)

l # ! (1 ,0)  
k

"
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#

= 2µ2 !
!
µ2 ! max

i =1 ,...,m
{ h(qi ), h(q!

i )}
#

"

wl øwl
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w!

k

øw!
k
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m +1
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w!
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l
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We need one more factor in the space that describes Feynman diagrams with  parton emissions. We need this extra 
factor in order to describe the momentum mapping that gives on-shell momenta for the partons associated with a 
graph .G = (Gket, Gbra)

<latexit sha1_base64="exUlnBAhQiGYkp3rUk3Ejxs4W+A=">AAAB6nicZY7LTsJAFIZn8IZ4Q126QVloFEhbsGiMhsSNcYWJXBKGNNPhiBOmnaYziKbpS5i4MG59KZ/Fja2yEf7VlznfnP+4geBKG8YXziwsLi2vZFdza+sbm1v57Z22kuOQQYtJIcOuSxUI7kNLcy2gG4RAPVdAxx1dp/POE4SKS/9evwTQ9+jQ5w+cUZ08Ofk3okagIxJNSpNDEjuRF1+QKEjJd4hit3GcuyQyWeGGlEE0rycCkZp7oApk7A9mxN8Le+HQ7UdG5fzMtk6tklExjLpVtVOw6jWrGs80xk6+mEppCvNgTqGIpmk6+SsykGzsga+ZoEr1TCPQ/YiGmjMByYVjBQFlIzqEyBeyrB7lBMKyoBqeuY5zSaE5u34e2lbFtCv2Xa3YsKfVWbSHDtARMlEdNdANaqIWYugb7+NjfIIFfsXv+ONPzeDpn130L/jzB2Ukii8=</latexit>

!
!{ w, w!} m ; { p} n j

"
=

# $% &!
!{ w, w!} m

"
!

!
!{ p} n j

"

% &# $

Quantum evolution space

Jet momentum space

We extend every irreducible operator in the quantum evolution space with momentum mapping operator that is 
associated to the graph represented by this operator. For example,

Collinear momentum mapping 
operator parametrised along the 
direction of parton .l

Or for the interference graphs

Soft type momentum mapping with 
the most global recoil strategy. 

<latexit sha1_base64="gNpkQkTIGPimEqzrF5V2o6snaqY=">AAAB8HicbU7NThsxGLShtJDSNtAjl6g5NJFC5N3ABg6gSFx66CGVCESK05XXfEmseNcr24Egy+9RiQPiyhvxNmTTXPiZ0+ibmW8myaUwlpAnvLb+YePjp82t0uftL1+/lXd2L4yaaQ49rqTS/YQZkCKDnhVWQj/XwNJEwmUyPSv0y2vQRqjs3N7mMEzZOBMjwZldnOLyHZ33Yyen/q+rBQ1S9zWazuqVk0qJJmI8oPCOSpUVKZgKTVIX+Jj+zgvvkDYWoVl2BTrRjIOjy3UDPU6GjjSPj6LwMGyQJiHtsBUVJGwfhC1P593Y0ZTZiU6dUSPrl2117+NytbAXqLwlwYpU0QrduHxKrxSfpZBZLpkxg4DkduiYtoJL8It1BnLGp2wMLpNq30zUDeh9ySzMhfWlRWHw+v1bchE2g6gZ/TmodqJV9SbaQz9QDQWojTroF+qiHuIY45+Y4ABr/A/f44f/1jW8ynxHL4AfnwGazoaz</latexit>

öX (1 ,0)
lk (µ) =

! öX (1 ,0)
lk (µ) ! 1p

" öP(1)
soft#$%&

<latexit sha1_base64="o6jumW6W5K9xa9wKvJvDfkaYFkM=">AAAB7nicZU5LT8JAGNz1ifhCPXohEhNIoLYFix40JFw8eMBEHgmLzXb5xI3bR3YXxTT9GyYejFf/kr9GKXJR5jT5Zuab8SLBlTbNL7y0vLK6tp7ZyG5ube/s5vb2OyocSwZtFopQ9jyqQPAA2pprAb1IAvU9AV3vsZnq3SeQiofBrX6JYODTUcDvOaN6enJzb2TSvIuLVtksJa4oEn9cymcv8sTjoz6B/xIJNfdBTWU/thKXXEepcUDK+SwZB0OQnqQMYjLb1ZcjbxCbxvmZY5/aZdMwzbpddVJi12t2NSGTlhsTn+oH6cfTiEiStK+UFEUpybq5QhpJkV8k1pwU0BwtN3dJhiEb+xBoJqhSfcuM9CCmUnMmIJkuVBBR9khHEAcirKiH8BlkRVANE65nhdb/94ukYxuWYzg3tULDmVdn0CE6QkVkoTpqoCvUQm3E0Dc+xgY+wRF+xe/449e6hOeZA/QH+PMHe2uFYw==</latexit>

öC(1 ,0)
l (µ) =

! öC (1,0)
l (µ) ! 1p

" öP(1)
coll (l )# $%&

• Mappings are exact momentum 
mapping, map between phase 
space surfaces. 

• Compositions of mapping are also 
exact phase space mappings.
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<latexit sha1_base64="YgedeS84XgD8VToqcqJs4yC8MzA="></latexit>

Ph
!
!{ p, f, c, c!, s, s!} m

"

=
#

d{ q, a, r} m

#
d{ q!, a!, r !} m

!
!{ q, f, a, r, q !, f, a !, r !} m ; { p} m

"

!
D

$
{ q, f, a, r } m

!
!! ({ p, f, c, s} m )

%$
! ({ p, f, c!, s!} m )

!
!{ q!, f, a !, r !} m

%
.

From statistical space to extended statistical space

It is worthwhile to note that no relationship between  and .{q, q′￼}m {p}m

From extended statistical space to statistical space
<latexit sha1_base64="r93VWMqA7x5DPKxYOAMtGDEnJMA="></latexit>

Ps
!
!{ q, f, a, r, q !, f ! , a!, r !} m ; { p} m

"

=
#

{ ÷f ,c,c ! ,s,s ! } m

!
!{ p, ÷f , c, c!, s, s!} m

"

!
$
! ({ p, ÷f , c, s} m )

!
!{ q, f, a, r } m

%
D

$
{ q!, f ! , a!, r !} m

!
!! ({ p, ÷f , c !, s!} m )

%
.

• Sets  and  
• Inserts the corresponding spinors and polarisation vectors.  
• Transforms the colour states to the shower colour basis.

{q}m = {q′￼}m = {p}m {f}m = {f′￼}m = { f̃}m
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There are many meanings in the literature for the name ``parton shower,'' just as there are many meanings for 
``factorization.'' Having many meanings in circulation can lead to confusion. We start, therefore, with a specification of 
what we have in mind as a parton shower. 

➠ It is an evolution of the QCD density matrices, thus fully exclusive in momentum, flavour, spin and colour. This 
helps us to choose the right formalism. 

➠ It is a solution of a renormalisation group equation (RGE). This is an important step and we have to 
understand what to renormalise and how. This has to be defined all order at a rather abstract level before we 
choose any evolution variable, momentum mapping or make any technical choice.    

What is the  operator?𝒟(μ)



• We study particle collisions with coloured objects in the final state. The final state partons are considered as final 
state jets. Initially every parton is a jet. Thus our “effective fields” are the final state partons (jets).  

•  Consider the the cross section of all the IR safe observable with the characteristic resolution scale . 

• The QCD dynamics is described by the graph operator and we are interested its IR structure. We should isolate this 
IR part,  

• After this the cross section of the interest is only the IR part  

μJ

IR Renormalisation
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Represents a sufficiently hard process 
with the characteristic scale μH

<latexit sha1_base64="0cmF703WkJGKnjlBbXmsJ5X2vYk=">AAABaHicZY3LSsNAFIbP1FuNt9QuRNyEZuOmIRGJG5GCm+KqgmkLpoTJeKxDJ5kwM1FL6bO4rY/kK/gUVs1G+60+zn/O+dNCcG18/4PU1tY3Nrfq29bO7t7+gd047GtZKoYRk0KqYUo1Cp5jZLgROCwU0iwVOEgn19/54BmV5jK/M9MCRxkd5/yRM2qWo8RuxlmZxJrdOJdOpd3Edn3P/8FZlaASFyp6iX0VP0hWZpgbJqjW94FfmNGMKsOZwLkVlxoLyiZ0jLNcyLZ+ki+o2oIafOVmbi0Lg//vV6V/5gWhF96eu52wqq7DCbTgFAK4gA50oQcRMJjCGyzgHT6JTY7I8e9qjVQ3TfgDaX0B9gRZJw==</latexit>

µj < µ hwith

This represents all the graphs starting 
from the given  configuration in the 
extended statistical space.

m

<latexit sha1_base64="rnI99xpptWiQzEA/tR/7QF+SfgQ=">AAABrHicZY1LT8JAFIWnPhFfVZduGtlgAk0HSBsWGowLTdxgwithCJkOF2yYPjIz1ZqmP80f4tqt/gd5dKOc1XfvPfccN+KeVJb1qW1t7+zu7RcOiodHxyen+tl5T4axYNBlIQ/FwKUSuBdAV3mKwyASQH2XQ9+d3y/v/VcQ0guDjnqPYOTTWeBNPUbVYjXW+yR5KBM/FtfGjUHiYALCFZRBSlbZQzFzR6llOrVmvVGvWKZlNx2Ml1B37BrOSHK3fs9IxUhJ8pStx7FeWnhWMjYB51BCudpj/ZZMQhb7ECjGqZRDbEVqlFKhPMYhK5JYQkTZnM4gDXhYlS/hG4gqpwoST2XFRSH+H78JvZqJbdN+bpRadl5dQJfoCpURRg5qoUfURl3E0Af6Qt/oRzO1jjbURmvrlpb/XKA/0qa/eVxvgQ==</latexit>

öG(µr ) = öA(µr )
! "# $

öK(µr )

IR part

<latexit sha1_base64="v4DPjuN7nPov/UxqMisFgYlJvwI=">AAABdXicZY3LTsJAFIZP8Yb1VnVpTBprDC6A1hhcaTBuXGJigcSSZjoccMK008xMFUO69Wnc6rv4JG4t2o3yb853Lv/5o5QzpV3306gsLa+srlXXzY3Nre0da3evq0QmKfpUcCH7EVHIWYK+ZppjP5VI4ohjL5rczPe9J5SKieRev6Q4iMk4YSNGiS5GoWUHcSaDkSR0Ngym17V5e5oXXNTcvrTd0HLchvsjexG8Ehwo1Qmtq2AoaBZjoiknSj14bqoHMyI1oxxzM8gUpoROyBhnCRd19SieUdY50ThlOjeLQO//+0XonjW8VqN1d+60W2V0FQ7gCGrgwQW04RY64AOFV3iDd/iAL+PQODZOfk8rRunZhz8ymt8s417Q</latexit>

µr
d öA(µr )

dµr
= 0

and for simplicity we do this 
factorisation in such a way that

<latexit sha1_base64="ELlc+XF2Y6rrdljmRc9rCrMFW50=">AAAB13icZY1LT8JAFIVnfCK+UBeauCGyUJPatEBKWGhIXEjciFFA42AzHS44YfpIZ1DMpDFxYdz68/wH/gwLslHP6uSee87nRYJLZVmfeGZ2bn5hMbOUXV5ZXVvPbWy2ZDiMGTRZKML4xqMSBA+gqbgScBPFQH1PQNsbnI7z9iPEkofBtXqOoOPTfsB7nFGVntzcK1FcdIFI3vepSyQ7v9cH/mGSP84T6cVU2wlhF5OANK40mRDv4r7X0ZZZKVZL5ZJhmZZTrdj22JQqTjGtjM4S0qiTMEWnIww0kQNQmujI6BnMkAbbN+Q+SVw/SdxcIS1OlP9v7KkpoKkabu6EdEM29CFQTFAp72wrUh1NY8WZgCRLhhIiyga0DzoQ4ZF8CJ8gPhJUwYirJJsC7b/z/02raNqO6VyWCzVnis6gXbSHDpCNKqiG6qiBmoihL7yGt/EOvsUv+A2//7zO4GlnC/0S/vgGfsh+9w==</latexit>
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j =
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1
"
"Oj Ps öGPh

# $% &"
"{ p, f, c, s, c!, s!} m

'

<latexit sha1_base64="559l9fN9gPBOpseohRPY2CtNKzQ=">AAABxXicZY1LT8JAFIVnUBDxVXXphsgCTAppgbRhocG4kLixRnkkDDbTcagTpo90BsQ0jf/SxP/iwoLdKGf15Z5z7nFCzoTUtC+Y29rOF3aKu6W9/YPDI+X4ZCCCeURonwQ8iEYOFpQzn/Ylk5yOwohiz+F06MxuVv5wQSPBAv9Jvod04mHXZ1NGsExPthIiwVwP20iQu+e45l0k5csyEk6EYz1B5H5tIOsxRuutceQ6k1hrmM1Oq91StYZmdExdX0HLNJppZXmdIKuHxIzKGMWhOlWJKlRSVUUVJbaX2EolDa9V3gQ9gwrIZNnKFXoJyNyjviQcCzHWtVBOYhxJRjhNSmguaIjJDLs09nlQF6/BG43qHEu6ZDIppYP6//ebMGg2dKNhPLQrXSObLoIzcA5qQAcm6IIesEAfEPAJvmEeFuAt9KCEi99oDmadU/BH8OMH6Mt3wQ==</latexit>
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1
"
"Oj Ps öAPh

"
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We need a “blocking transformation” for the renormalisation group. First we define jet counting operators. This 
operators acts on the space of the linear operators of the extended statistical space. Thus we define

<latexit sha1_base64="PT7DUFGZAxxZVcWswwmf/UdIXKY=">AAABh3icZY3NTsJAFIXv4B/gX9Wlm0Y2GAN2iKluNBg3xhUmFkgsaabjFSZMO01n6k+avodP41ZfwbcRtQuVs/pyzrn3hIkU2jjOB6ksLC4tr1Rr9dW19Y1Na2u7r1WWcvS4kiodhkyjFDF6RhiJwyRFFoUSB+H04isfPGCqhYpvzHOCo4iNY3EvODMzK7A61D61/YiZSRjmV0XgNP0o0/v2gf3bzf0x0qKMAqvhtJ1v2fNAS2hAqV5gnfl3imcRxoZLpvUtdRIzyllqBJdY1P1MY8L4lI0xj6Vq6Yl6xLQlmcEnYYr6bJD+fz8P/U6bum33+qjRdcvpKuzCHjSBwjF04RJ64AGHF3iFN3gnNXJIXHLyU62Q8mYH/oicfwL7AWNm</latexit>

1 = J0(µs) + J! 1(µs)

<latexit sha1_base64="FxtxbGep3RQ9RobVu4fgrcwgGPU=">AAACAHicdY3LSgMxFIYT79Zb1aWbYDcVtSStztiFUnEjrhRsFUwpmXhsh2YuJBkvDLPxaQQX4tY38W2cagsq+q8+zjn/d7xY+cZS+o7Hxicmp6ZnZgtz8wuLS8XllZaJEi2hKSMV6UtPGFB+CE3rWwWXsQYReAouvP7RYH9xC9r4UXhuH2JoB6Ib+je+FDYfdYrP/P6Q7BOehNegPS0kpPzTeqW7XjulFbdar+3UtmiFOnWXsQHUXKfKMh4I2/O89CTr0DIPErPBjRU692VkkxAe3f4tpM5undZzzy5le59AqbNXrX0XprwLLPtt7RRLozoZ1cmoTlgOg5TQMKed4gG/jmQSQGilEsZcMRrbdiq09aWCrMATA7GQfdGFNFTRtulFd6C3lbBw79uskD8cWcn/0KpWmFNxznZKDWf4egatoXVURgy5qIGO0SlqIomXsYsb+BA/4if8gl+/TsfwsLOKfgS/fQAq9osf</latexit>

öA = J0(µs) ! öA
! "# $

+
# $! "
J! 1(µs) ! öA

There is no resolvable 
subjet at the  scaleμs

At least 1 subjet is 
resolvable at the  scaleμs

Important: These operator don’t 
care about the loop integrals, it 
only sees and measures the final 
state jets.

Now we can define analogous operators in the statistical space 
<latexit sha1_base64="HpBM1uGU94DbtO64es8QJxJIuGk="></latexit>

A = Ps öAPh = PsJ0(µs) ! öAPh + PsJ! 1(µs) ! öAPh = A 0(µs) + A ! 1(µs)

<latexit sha1_base64="85/EzlE5RyvmWrDuE6YVuXDQ+Xk=">AAACAnicdY67TsMwFIZt7pRbgZHFoksRtLJbSMkA4rIwgkQBiZTKMYdg4SaR7XBRlI2nQWJArLwIb0NKGySQ+Kf/XP7vHD9W0lhKP/HI6Nj4xOTUdGlmdm5+oby4dGaiRAtoi0hF+sLnBpQMoW2lVXARa+A9X8G5f3fYn5/fgzYyCk/tUwydHg9CeSMFt3mrW371xD7ZIV4SXoP2NReQet/USx34nZTWWw23udncoHXquC3G+qbZchosy4NdWvV6iVnLSl50/xNXcGOrjKwT8gdFnS2Xujlhi7Ltb0Ops91oDlBXaY1lA16/Tr0AijrztAxu7VrWLVcKDCkwpMAQlpu+Kmio425517uORNKD0ArFjblkNLadlGsrhYL878RAzMUdDyANVVQzt9ED6JriFh6lzUr5wYJK/jdnjTpz6s7JZmXPGZ6eQitoFVURQy20h47QMWojgZexiw/wIX7GL/gNvw9WR/Aws4x+CX98AfTQido=</latexit>

A = A 0(µs)! "# $

# $! "%
1 + A ! 1

0 (µs)A " 1(µs)
&

Finite and well defined in  dimensiond = 4

All the IR singularities sit here

IR bare emission operator:
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<latexit sha1_base64="itsUIFdujFi2nEvVKHbPzqeqEpk=">AAABuHicdU7LTsJAFJ36RHyhLt00soFEmmmBAmoMxo1xIybySBhSp8MIA0NbZqaiafqBfoJf4VZ3UsSFC8/mntxzzznXDTiTCsJ3bWV1bX1jM7WV3t7Z3dvPHBy2pB8KQpvE577ouFhSzjzaVExx2gkExROX07Y7vk709jMVkvneg3oNaG+CBx57YgSr+crJEETuHCTJbQ5NwlE+QovIrhi4vQgaFatWLBVPoQHtWsU0E1Ks2JYZI3LlwMQi8zGaTkPc15GiLyqaDamgMTrXE02/SMbIyWSThHIN1nRolKFZXRAI7apV1M05SZAFSzSczCXq+yScUE8RjqXsmjBQvQgLxQincRqFkgaYjPGARh73C3Loz6gocDx/gak4PS/8TdX/Jy3LMG3Dvi9l6/ayOgWOwQnIARNUQB3cgAZoAgLewAf4BF/amfaoDTT2c7qiLT1H4A808Q1iaHUl</latexit>

Oj (µj )A 0(µs) whereµs < µ j

The zero-jet operator generates only unresolvable radiation when  is much smaller then the characteristic scale of 
the measurement,

μs

In this case we can integrate out all these unresolvable radiation. Technically it means we can replace the                
operator with its inclusive version. We define an operator via the probability conservation as   

<latexit sha1_base64="OWiiXhn3IerNilS8Z80QwKVuENM=">AAABiXicdY3LTsJAGIX/4g3BS9WlGyIbTKSZaaGlLgyGjUtM5JJQ0kzHEScMbdOZeknTF/Fp3Oob+DZSxIULz+rLf85/ThALLhVCX1ppY3Nre6e8W6nu7R8c6kfHQxmlCWUDGokoGQdEMsFDNlBcCTaOE0YWgWCjYN4r/NETSySPwjv1GrPpgsxC/sApUcuTr7cyb1UySWbBNEOGY7pWy7pABrJdB+MCLMc2ce7Rax81vEUqz3NfrxeBtovcGjLaCHdWgJDdMa0aXkKhOqzV9/Ur7z6i6YKFigoi5QSjWE0zkihOBcsrXipZTOiczFgWiqgpH6NnljQFUeyFq7yyHPxtrf0PQ9PAtmHftupdez1dhlM4gwZgcKALN9CHAVB4g3f4gE+tqmGto13+REva+ucE/kjrfQPyOWIV</latexit>

A 0(µs)

<latexit sha1_base64="kWsj1DqCetPJcS3l8LViFs98qvA=">AAABhHicdY3LTsJAGIX/wRvirerSTSMbTKROQSosJBg3LjGRS2JJMx1HnDDtNDNTL2n6GD6NW30I30ZQ1LjwrL6cc/7/hIng2mD8jgoLi0vLK8XV0tr6xuaWtb3T1zJVlPWoFFINQ6KZ4DHrGW4EGyaKkSgUbBBOzmf54J4pzWV8ZZ4SNorIOOa3nBIztQLryNehIpmb+12ZZD49C3DFj1J9kNun9k/2awdWGTvYa7Rwy8ZOA7vNT8DYa9bqtjuFmcowVzew2v6NpGnEYkMF0fraxYkZZUQZTgXLS36qWULohIxZFgtZ1XfygamqIIY9cpOXpoPfX+3/oV9zXM/xLo/LHW8+XYQ92IcKuHACHbiALvSAwjO8wCu8oWV0iOqo8VUtoPnNLvwRan8AjrZjVw==</latexit>!
1
"
"#A 0(µs)

$
P =

!
1
"
"A 0(µs)

Where the operator                     doesn’t change the number of partons and their momenta and flavours, but it 
can rearrange their spin and colour. Furthermore it is finite and well defined in  dimension. d = 4

<latexit sha1_base64="hMvnj6nO4QK70LQ7dTXFNQExL3k=">AAABZnicdY3PTsJAEIen+A9RsWiMBy+NXPBAs0WpcDEYLx4xsUBiSbNdR9yw7TbdrWhIH8WrPpNv4GMIWg8e/E5f5jczvzARXGlCPozSyura+kZ5s7K1vVPdNWt7AyWzlKHHpJDpKKQKBY/R01wLHCUp0igUOAynV8t8+ISp4jK+1S8JjiM6ifkDZ1QvRoFZ8/symfvsMiANP8rUSR6YdWITt90lXYvYbeJ0voUQt9M6tZyFLKlDQT8wL/x7ybIIY80EVerOIYkez2mqOROYV/xMYULZlE5wHgvZVI9yhmlTUI3PXOeVReHvV+t/GbRsx7Xdm7N6zy2qy3AEx9AAB86hB9fQBw8YzOAV3uAdPo2qcWAc/qyWjOJmH/5gWF9Qq1jC</latexit>!
A 0(µs)

"
P

By integrating out the unresolvable degrees of freedom, we can define the

<latexit sha1_base64="bwTVcqCxsGR5A1VPAMnh6+elWm8=">AAAB0HicdY1LT8JAFIVnfIH1VXTpZiIbiNJMUSosNBg3ukMjj4QimY5DmTB9pDMopmmMW/+hS/+J5dGFC8/q3HPv/Y4TCi4Vxt9wbX1jcyuX39Z2dvf2D/TCYUcG04iyNg1EEPUcIpngPmsrrgTrhREjniNY15nczvfdVxZJHvhP6j1kA4+4Ph9xSlQaDfXYpvcl25vKMrpCdisI0+BmiJdRosW2YCNVMtEpQulmjutHrjOIsYGtWgM3zrBRw2Z9YTC26tXzZAF4jitmsqTM59h2WTYndsTdsSonQ72YYVCGQRkGmamZqwhWag31a/sloFOP+YoKImXfxKEaxCRSnAqWaPZUspDQCXFZ7IugIsfBG4sqgig24yrR0sKMiv43naphWob1cFFsWqvqPDgGJ6AETHAJmuAOtEAbUPADc1CHBfgIZ/ADfi5P1+Dq5wj8Efz6BVBneW8=</latexit>

I (µs) =
!
A 0(µs)

"
P

#
1 + A ! 1

0 (µs)A " 1(µs)
$

IR renormalised emission operator 

This is a completely finite operator and well defined in  dimensiond = 4
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We have two ways to express the IR safe cross sections, with bare or with renormalised emission operators. The 
physical results should be independent whether we work with bare or renormalised theory. Thus we require for all IR 
safe observable and for all possible hard state that,

We can relate the renormalised and bare operator by the renormalisation “factor” as
<latexit sha1_base64="KG+rufZfSiFQr/y1gk7bQgko4DM=">AAABwXicZY1JT8JAGIZncMO6VT16IXLBRMhMCy09aDB40BsmsiSUkOk44oTpks7UJU3/pDf/iUcp9CK8pyff9y5eJLhUCP3A0tb2zu5eeV87ODw6PtFPzwYyTGLK+jQUYTzyiGSCB6yvuBJsFMWM+J5gQ2/ezf/DdxZLHgbP6itiE5/MAv7KKVGL01QXqbssGcczb5Kihm04ZtO8Rg1kOTbGOZi2ZeDMpXeZdlNx6X3N9RN5pa0FkdVykLPwtxBuLwEhq22Yi+DjKpFpU72an3NVNgEXUAWFelP91n0JaeKzQFFBpBxjFKlJSmLFqWCZ5iaSRYTOyYylgQjr8i38YHFdEMU+uVoO4vX6TRgYDWw1rKdmtWMV02VwAS5BDWBggw54AD3QBxR8g18IYQl2IYcRjFfWEiwy5+CfYPoH7rRxcA==</latexit>

A = D(µs)I (µs)

That is it, the singular operator of the shower evolution is the IR renormalisation “factor”. We can obtained a more 
explicit expression

<latexit sha1_base64="Mnh74gqZBHZmIXjOIY7nfrBNvsg=">AAABhHicZY25TsNAFEXfBAjBbAZKmgg3QcLBZjEVURAUlEEii4SDNR4eYZSxx/KMWWT5M/gaWvgI/gZCXAC51blvuTdMBFfacT5JZW5+obpYWzKWV1bX1s2NzZ6SWcqwy6SQ6SCkCgWPsau5FjhIUqRRKLAfjs8n+/4jporL+Fq/JDiM6Cjm95xR/T0KzH2fXTT8KFO79dO6z84CZ+r8jkzyX764zW23MIzAtJym86P6LLglWFCqE5gt/06yLMJYM0GVunGdRA9zmmrOBBaGnylMKBvTEeaxkLZ6kE+Y2oJqfOa6mBS6/+NnoXfQdL2md3Vktb2yugbbsAMNcOEE2nAJHegCg1d4g3f4IFWyRw7J8fS0QsqfLfgj0voCrzxhgw==</latexit>

D(µs) = A 0(µs)
!
A 0(µs)

"! 1
P

This has all the properties that we need for the shower evolution. We can simply obtain the RG equation, 

<latexit sha1_base64="vSjl4uxWv7EXb8/T/t8lUDRQ0fE=">AAABc3icZY3LSsNAFIZP6q3GW9RlQULjoi5SEpG4Ugq6cFnBtAVTwmQ81qGTTJiZeCFk59O41ZfxQdxrNS603+rjP5c/yTlT2vPejcbC4tLySnPVXFvf2NyytncGShSSYkgFF3KUEIWcZRhqpjmOcokkTTgOk+nZbD68R6mYyK70U47jlEwydsso0V9RbO1FKpGk9KuInneitFAH9on9m5lmbDle1/vGnhe/Fgdq+rF1Gt0IWqSYacqJUte+l+txSaRmlGNlRoXCnNApmWCZceGqO/GA0uVE4yPT1azQ//9+XgaHXT/oBpdHTi+oq5vQgjZ0wIdj6MEF9CEECs/wAq/wBh9Gy2gb+z+rDaO+2YU/GO4n90Zc2Q==</latexit>!
1
"
"D(µs) =

!
1
"
"

<latexit sha1_base64="MGOH2C9CNnO3A5GN41HigfC7db0=">AAABmnicZY1LT8JAFIVv8YX1VXWpCyIbF9J0gLRhoUGNicYNJrwSSsh0GGDC9JGZqY80/UX+Gpfqn5FiN8pZfbnnnnO8iDOpLOtTK6ytb2xuFbf1nd29/QPj8Kgrw1gQ2iEhD0Xfw5JyFtCOYorTfiQo9j1Oe978NvN7z1RIFgZt9RbRoY+nAZswgtXiNDLuXD+W7kRgkowTd9k3EFNvmFimU23U6rULy7TshoNQBjXHrqLUJddpmoyzZFq6LFm6PjLKC3ep0iqgHMqQqzUyrtxxSGKfBopwLOUAWZEaJlgoRjhNdTeWNMJkjqc0CXhYkbPwhYoKx4q+MpVmg+h//Sp0qyayTfupXm7a+XQRTuAMzgGBA024hxZ0gMA7fMAXfGun2o32oD3+vha0PHMMf6S1fwCK1Gi6</latexit>

µs
dA
dµs

= 0

<latexit sha1_base64="TRLx1tCbSQjbpQpxXzxWWagGNKg=">AAABo3icZY1LS8NAFIXv1FeNr6hLN8EiVLAlEakrpeBGEaTaJzglTKbTOnSSCTMTH4T8K/+MbvWHaDVFbM/q3O+ee08QC66N676hwsLi0vJKcdVaW9/Y3LK3dzpaJoqyNpVCql5ANBM8Ym3DjWC9WDESBoJ1g/HFZN99ZEpzGbXMS8z6IRlFfMgpMd/It29wmPhY06aDh4rQdJClgynK8BGmV+XpeOicORUH0+YfmQlYlm+X3Kr7I2feeLkpQa6Gb5/jgaRJyCJDBdH63nNj00+JMpwKllk40SwmdExGLI2ErOgH+cRURRDDnrnJJoXe7Pt50zmuerVq7fakVK/l1UXYg30ogwenUIdLaEAbKLzCO3zAJzpA1+gOtX6jBZTf7MI/of4X3+tuRw==</latexit>

µs
d

dµs
I (µs) = ! S(µs) I (µs)

<latexit sha1_base64="H2xEgavAITX7u5R4xiJsyu9rBDs=">AAABqnicZY1LT8JAFIXv4Avrq+rSTSMbTIS0xuBKQ6ILlygWMAw202GACdNO05n6SNNf5i9x6Vb/hBWa+OCsvnvOvff4keBK2/YbKi0tr6yuldeNjc2t7R1zd6+jZBJT5lIpZNzziWKCh8zVXAvWi2JGAl+wrj+9/M67jyxWXIZ3+iVig4CMQz7ilOjc8kwXj2JCUydLcZCoDNN2NQcPK9o+sgzLOrcwvXpIa072y5/fDPPkx8zyueDM8MyKXbdnshbBKaAChVqeeYGHkiYBCzUVRKm+Y0d6kJJYcypYZuBEsYjQKRmzNBSypibyicU1QTR75npW6Px/vwidk7rTqDduTivNRlFdhgM4hCo4cAZNuIYWuEDhFd7hAz7RMbpF96g/Xy2h4mYf/ggNvwCGC3HC</latexit>

1
µs

S(µs) = D! 1(µs)
dD(µs)

dµs

<latexit sha1_base64="6kkGkEPPFl+p6atWr1rRNM/27WY="></latexit>

! (m )
j =

!
1
"
"Oj (µj )A

"
"{ p, f, c, s, c!, s!} m

#
=

!
1
"
"Oj (µj )I (µs)

"
"{ p, f, c, s, c!, s!} m

#
for µs < µ j ! µh

Immediately

<latexit sha1_base64="EU7K72fwdv2XZUJYTYuSl9P54os=">AAAB3HicZY7LTsJAFIZn8IZ4Q1mqCcoGEmhaJEUXGhI3LjFySxgg02FKJ0wvmQ6KaWZn4sK49d18CN/BVrtR/sWZL2f+c/5jBZyFUtc/YWZtfWNzK7ud29nd2z/IHx71Qn8hCO0Sn/tiYOGQcubRrmSS00EgKHYtTvvW/Db57z9SETLf68jngI5cPPOYzQiWcWuSf0WkW0buwq7GxakUr4vIxdKxrKijEF0G6AxxaksU5RDz5CRKrGqcPI5CtsAkmsaskoZC1Qj9XDQUM2sU6drVpVlvmFVd0/WmUTcSqDcbFw2FyEMSWlE5JNjMkUhN8qXElqi4CkYKJZCqPcnfoKlPFi71JOE4DIeGHshRhIVkhNN48SKkASZzPKORx/1a6PhPVNQ4lnTJpMrFgcb/9avQq2uGqZn3jVLLTKOz4BicgzIwQBO0wB1ogy4g4AsW4Ak8hWP4At/g+681A9OZAvgj+PENT0+B4Q==</latexit>

U(µf , µh) = T exp

! " µ h

µ f

dµ

µ
S(µ)

#
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The zero-jet emission operator in the extended statistical space for real emissions is rather simple,

This is the sum of all the possible collinear emissions and all the possible single soft gluon interferences between 
two hard partons. 

Putting this operator into the machinery that was outlined in this talk leads to a parton shower that is implemented 
in e.g. DEDUCTOR. 

Of course there are 1-loop contributions here, but they are not need at 1st order level explicitly. The loop 
contributions are highly non-trivial at 2nd order level.

<latexit sha1_base64="WjxSG/nNGzIhNgX+1Bu1znq098c="></latexit>

öA (1 ,0)
0 (µs) = J0(µs) ! öA (1 ,0) =

! µ s

0

dµ
µ

öS(1,0) (µ) =
"

l

! µ s

0

dµ
µ

öC(1,0)
l (µ) +

"

l,k
l != k

! µ s

0

dµ
µ

# öX (1,0)
lk (µ)

$
IR
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How about beyond the leading order?  

At second order level we have found that the double real emission operator has a very nice structure in the extended 
statistical space, 

<latexit sha1_base64="cYXyV1KLvPNkDL6HYNkcGX/SJwY="></latexit>

öA (2 ,0)
0 (µs) = J0(µs) ! öA (2 ,0) =

! µ s

0

dµ
µ

öS(2,0) (µ)
" #$ %

+

$ %" #! µ s

0

dµ1

µ1

! µ 1

0

dµ2

µ2

öS(1,0) (µ2) öS(1 ,0) (µ1)

<latexit sha1_base64="ae4aUBQgEDmxoQsyShBWxizSCN0=">AAAB6HicZU7LTsJAFJ3BF9YX6tKFjWwgAmkLKWGhIWGjO3zwSBhspnXE2unDzlRrJv0HExfGrX/lp7izQDfIWdyc3HPvOccMqM24ovzA3Mrq2vpGflPa2t7Z3SvsH/SZH4UW6Vk+9cOhiRmhtkd63OaUDIOQYNekZGA6nak+eCEhs33vlr8FZOziiWc/2Bbm6coofAg0MxmFE3MslFpTa9Ub9YpSU/RWU1WnpN7UNTWRUHxzJ0paRSknJeRG5UQ6kxGLXIPKKO4YdEGUTueaSKfJOLYcQSsOQjJFHnmWnSSR0eW1QPHQENRJFo2NQjGNnUFeJmpGiiBD1yico3vfilzicYtixkaqEvCxwCG3LUrS6hEjQdoBT4jwqF9lj/4rCasUcxLbPJHSQPW//TLpazVVr+lXjWJbz6Lz4AicgBJQQRO0wQXogh6wwC88hiVYhk/wHX7Cr/lpDmY/h2AB8PsP6ZSCRA==</latexit>

öS(2 ,0) (µ) =
!

l

öC(2 ,0)
l (µ) +

!

l,k
l != k

" öX (2 ,0)
lk (µ)

#
IR

Iterated and ordered 1st order emissions 
It is in the extended statistical space, there no 
approximation in the intermediate state. 

Genuine second order graphs 
with only 2nd order topologies

<latexit sha1_base64="MHAVWiWNJf+DP3/qCya976vJSfU="></latexit>

1
µ

!
{ øw, øw!} m +2

"
" öX (2 ,0)

lk (µ)
"
"{ w, w!} m

#

= 2µ !
!
µ2 ! max{ h(ql ), h(q!

k )}
#

"

wl øwl

øwm +1 øwm +2

w!
løw!

l

w!
køw!

k

øw!
m +1 øw!

m +2

wk øwk

This is kinda analogous to the 1st order generator in the extended 
statistical space.
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❖ There is still a long way ahead to NLO parton shower… 

❖ … but we are convinced that we have the right framework and and we understand its theoretical foundation  

❖ … and we already have some very promising results (not numerical; no, you cannot download the code). 

❖ Thanks for your attention! Stay tuned!


