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In DEDUCTOR we did almost everything at LO level that is humanly possible:

\

v All order definition of parton shower cross sections
v Evolution at density operator level (aka amplitude level evolution)
v Multi-variable evolution (angular ordering, ...)
v Colour evolution beyond the leading colour approximation
v LC+ base approximation
v subleading colour treated perturbatively
v Fully exponentiated Glauber gluon effect
v' Summation of threshold logarithms
v PDF factorisation schemes vs. shower evolution variable
v Testing log accuracy of parton showers analytically

X We haven't implemented spin dependence

It is time to move on and go beyond the first order!
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There are many meanings in the literature for the name "parton shower," just as there are many meanings for
“factorization." Having many meanings in circulation can lead to confusion. We start, therefore, with a specification of
what we have in mind as a parton shower.

|t is an evolution of the QCD density matrices, thus it is fully exclusive in momentum, flavour, spin and colour.
This helps us to choose the right formalism.

|t is a solution of a renormalisation group equation (RGE). This is an important step and we have to
understand what to renormalise and how. This has to be defined all order at a rather abstract level before we
choose evolution variable, momentum mapping or make any technical choices.
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Pertur~|5qhve cross sectiolisy™

The main focus of this workshop is to calculate the pQCD cross sections as precise as possible, thus we have a pretty
integral Partonic matrix element

1 /_/%
710 ;] = Zﬁ/d{p, fm (M, fYm)| Os({p, fYm) [M({p, f}m))

Any IR safe measurement operator

This is clearly not the right representation, it would be extremely hard to define shower cross sections based on this
notation. We need something else!

O-[OJ] — (1‘ OJ ‘,0) QCD density operator

Describes the fully exclusive
partonic final states.

All the initial and final state | M )M |

sums and integrals

Perturbative expansion of the density operator
Number of real radiations

|,0) _ Z CXSQ(ZR) Z Z (nR,n@/
Number of loops
4

n:O - - TLR:O TLV:O
Nr+MNy=n



S"f'd»hshcal space

ZN, D.E. Soper, JHEP 09 (2007) 114

A vector in the statistical space can be translated as
({p7 f7 c, S, Cla S/}m‘p) < <{Ca S}m|M({p7 f}m)><M({p7 f}m)|{cla S/}m>

An operator in the statistical space corresponds to a tensor products of the corresponding quantum operators:
) —= Z AL () @ AR ()t
When operators act on a state we have

- Clpa)B(p2) A |p) <= Z - C (p3) By (n2) A7 (1) [ M) (M| A7 (1) Bj (12) O (1s) -+
1,9,k,..

A good representation is almost guarantee for success
- Statistical space is very compact and abstract representation of the QCD cross sections
m» But it is very intuitive and precise.

" The details are exposed when they are needed otherwise they are kept hidden behind the vectors and
operators.



w» This is a good approximation as

Subtractions long as
Singularities cancel each other here / p< pg
0[O0y = ( ‘(’)J 1) D) |p) -|-(9(a§+1[,2k+2) w the D operator doesn’t create
N —’ resolvable partons, thus
=lpu(p))
Hard part, finite in d=4 dimension D(u)O; = O;D(u)
ms  otherwise we have to deal with
large logarithms,
L =log L
. 2%
Usually D™ (u) is constructed by hand and D(u) is its inverse.
Born term NLO contributions
- T o (e ) 1
D)) = 100 (1) + =52 |[pM () = DD (1) [ (1) |
s 11 D) ()] D (2) D (DD ()] [0
+ (22 {153 () = DD ()] () - [DP (1) = DD (DD (1)] [0 (1))}
NNLO contributions
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g ,Sh ower Cross Sect

The fixed order cross section is fine as long as we can calculate at “all order level”. But life is not that easy...

-truncated at NLO, NNLO level
- prefers large scale, 12 ~ Q?

| T -Choose a hard scale, 12 ~ Q°
1[Oy] = (“%LDI 1(”) " -Choose a cutoff scale, u% > Ui~ 1GeV?
-Insert a unit operator between the hard and
- prefers small scale, 1> < p3 “soft’part as,
-that is in conflict with the hard part 1=D 1(“ YD ()
= f f

) U(U&’#h) % .

I
1[O;] = # D(HféD Y(11)D(pn) D' H(pn) ™
=(1 |0,

No resolvable radiation come L 1Y)

from D(u?) operator, thus U(pe, pn) = T exp — S()

these operators commute, ue M

O0,D() ~ D(u2)Oy i> o
—S =lim D ‘! H
5 (W) =lim D “(W)—— au




ﬂo/l-' '

oS .Interpolahng gaug

- Js
w De Advantage: It helps to disentangle the physical and non-physical modes and the soft
and collinear regions.
Describes the propagation of the
transversely polarised gluons
T-gluons
> Fo ( g. ) " °
. % | 1M B ! | B B !
DH! (q): 2-::_'0 |li(q)|'(q)' 3 O(q)O(q), :O3(q)3(Q)
q | "=1,2 # q%' | "
w Describes the propagation of the
S longitudinally polarised gluons
- Vi (L-gluons)
Disdvantage: Harder to do analytical calculations.

B (q) =

gag+i0
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We have to express the & (u) operator in terms of Feynman graph. We need a tool to build Feynman graph
simultaneously in the ket and bra amplitudes. Consider couple of second order graphs:

\ig| \G \Wm +1

g
Wi W| Wi /
O \Wm +1 .\ + O
\Bm +2

Wm +1  \Bm +2 \WBm +2 \\Bm +1 \Bm +2

The intermediate states don’t have definite spin, so
we need a bigger spin space.

 The most useful description of the colour might be
different from what we have in the statistical space.

* These momenta are off-shell.
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Define a linear space of m parsons and the basis vectors are

Single parton space

{ [ 1] 1-’- ‘])"'I(l 11 OL I 1 {
{a.f.artm ='o.franry !l fo a2 448 g0, fm,am, I
_ Usually we have an abbreviation for the

q; - momentum (typically off-shell) quantum numbers:

f; : flavour wi = {qg,fi,a,r;}

a; : colour index and

r; . spin index (spinor index for fermions (r; = 1....,4), | '

Lorentz index for gluons (r; = 0....,3 — 2¢) {wim =a,f,ar}m

i \
-
|

Operators acts on this space usually represents Feynman graphs. For example, when a parton splits to 7, partons, we

have
| . n/2+n, # % (ny)*. . : _
2--S 5 {W}m+nr§- fnr’nV)iw}m | 'n Wi |11 R} = /é/%
& ] (
= 2")#(d ! G) tha ¢, Haya e,
e
) . +
@)% 9!«
K" R
1) wi{w | # R} Tree level propagator

included here!
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Now, we have an algebraic representation of Feynman graphs and we can build more complex graphs.

{W}mﬂ ‘W {W}m

$—o
/G( w, i 2_5 ' .i WI. i '+O(|2)

\Bim+1 W41

! ww #
o {@} me W {w}n

i Wi “
! S 0}8 W| ' S % 1
= _S By t oo Wi+ P 1/ 2 #"
S i " w > W=1+ -° | (9
B2 2 1=1
\Bm -2
&

) I n 0
B B | -!33/2#“$ %

| (LD 4y (1.0 I(0,1)

| > .
L ' T T
2 =1 | 1=1

, e oz o b # L @20, s " | (1,0)) (1,0)
+0(!5) o " o koot
=1 Ik =1
KE |
| H#"
| L 1+ ") |(1,0)! I(1,0)
Instead of drawing tons of Fe ZANN
define irreducible operators an ! 1L.0). (LO)
+ ! ! + aaa
algebra to represent and study complex an 2 m |

complicated expressions.



The shower operators acts on a state that includes both bra and ket amplitudes. Now we need a similar vector
space that combines the evolution of Feynman diagrams for the ket amplitude and for the conjugate bra amplitude.

We define a direct product space and the basis vectors are

bra amplitude
I " I # P Y

{w,w'ly = {é_V\é/](’)@. S {(W'hn'

ket amplitude

Consider an operator that represent a graph G = (G, Gy,,.,), that is usually a direct product of two operators in the
quantum amplitude space,

©(G) = G(Gket)! G (Gpra)

and it acts in the usual way

QG){w,W}n = G(Gret){W}m _ {W}n'G (Gbra)

Now, we can define irreducible operator in this space to build more complex Feynman graphs for the full QCD
density matrix with momentum, flavour, colour and spin interferences.
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At first order level we can have a collinear operator and an interference operator for real emissions,

{(8whna GO wwhe T {8,8} 1 >©(1 TWw e
=2p%t p* . max {h(g), h(qk)} -2u2' uet . max {h(g),h(q)}
R ¢ RS .
{w,w-}mﬂ ! (10 g (1.0) {w,w’}m " {W,W!}m+1 ! (10) g1 (10) {w,w!}mqt
! |
=2p*t p* . max {h(g), h(q<)} =212t W’ max {h(g), h(q)}
s Wi 5\ W
Wi WII O O
! .\W 1W:n+1
WI
B g o \. o
B g,

With these the full first order real emission graph is

Im ! Im !

. ! du . ! du .
O R (1
=1 I,k =1

i’



We need one more factor in the space that describes Feynman diagrams with parton emissions. We need this extra
factor in order to describe the momentum mapping that gives on-shell momenta for the partons associated with a
graph G = (Gyep» Gira)-
Quantum evolution space
1 1—[— ._p“’/ll

I ! . — | ! I )
'{W’W}m1{p}nj - '{W’W}m I (%_%QA$

Jet momentum space

We extend every irreducible operator in the quantum evolution space with momentum mapping operator that is
associated to the graph represented by this operator. For example,

&= O 1, Bigll)

Collinear momentum mapping
operator parametrised along the
direction of parton /.

« Mappings are exact momentum
mapping, map between phase
space surfaces.

Or for the interference graphs » Compositions of mapping are also

exact phase space mappings.

X2 = R0 1, B

Soft type momentum mapping with
the most global recoil strategy.

-

él". d Statistical Spaices
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3 M’ pp ﬁgs bétween Stahsh‘cal

‘and«Exteh»ded Sfohshcal/

X
. X
,\“

From statistical space to extended statistical space

Ph!{p#f,c,c!,s,s!}%
|

- da.ane od.a e o hanalhal e
$ l %$ Il { | I
! D {q,f,a,r}m'!({p,f,C,S}m) !({p1f1C.1S'}m)'{q.1f1a.1r'}m

%

It is worthwhile to note that no relationship between {q, g}, and {p},..

From extended statistical space to statistical space

Ps{qfarq f a ' s {P}m
= {p,f‘,cc ss}m

{fice!,s,s'tm
' %% ' %

LT ({p.fiesim){a.farta {d,fla,r' n't ({p.fic',stm)

+ Sets {q},, = {¢'},, = {p}and {f},, = (/) = {[}n
* Inserts the corresponding spinors and polarisation vectors.
« Transforms the colour states to the shower colour basis.



There are many meanings in the literature for the name ““parton shower," just as there are many meanings for
“factorization." Having many meanings in circulation can lead to confusion. We start, therefore, with a specification of
what we have in mind as a parton shower.

|t is an evolution of the QCD density matrices, thus fully exclusive in momentum, flavour, spin and colour. This
helps us to choose the right formalism.

4 R
|t is a solution of a renormalisation group equation (RGE). This is an important step and we have to

understand what to renormalise and how. This has to be defined all order at a rather abstract level before we

choose any evolution variable, momentum mapping or make any technical choice.
- V),

What is the & (u) operator?



* We study particle collisions with coloured objects in the final state. The final state partons are considered as final
state jets. Initially every parton is a jet. Thus our “effective fields” are the final state partons (jets).

« Consider the the cross section of all the IR safe observable with the characteristic resolution scale ;.

Represents a sufficiently hard process
with the characteristic scale y;

‘p"/n O

'—(m) = 1O,PS@Ph {p f,c,s,¢,Stm with  Hj < Hn

This represents all the graphs starting
from the given m configuration in the

extended statistical space.

 The QCD dynamics is described by the graph operator and we are interested its IR structure. We should isolate this
IR part,

. s . and for simplicity we do this dm
Q) = ﬁ_)(.ﬁr_ % R () factorisation in such a way that o dﬁlr )
r

IR part

=0

« After this the cross section of the interest is only the IR part

(M = 10, PP, "{p,f,c.8, ¢, S m
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We need a “blocking transformation” for the renormalisation group. First we define jet counting operators. This
operators acts on the space of the linear operators of the extended statistical space. Thus we define

'y
’
v "

\

At least 1 subjet is
resolvable at the 4, scale

H: D!
_ 5 z = Important: These operator don't
1= Jo(Ms) + I 1(Hs) » = Jo(Hs), ! @"‘ Ji 1(ps) ! A care about the loop integrals, it
B only sees and measures the final
There is no resolvable state jets.

subjet at the 1, scale

Now we can define analogous operators in the statistical space

A = PP, = PsJo(Us) | APy + Psdy 1(Hs) ! APh = Ag(Hs) + A1 1(Us)

IR bare emission operator: N o .
Finite and well defined in d = 4 dimension

% o 8
A= 16‘_0&&15% 1+ Ag (Hs)A 1(Hs)

All the IR singularities sit here
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Renormahsah

The zero-jet operator generates only unresolvable radiation when ¢ is much smaller then the characteristic scale of
the measurement,

O; (4j)Ao(Hs) where s <

In this case we can integrate out all these unresolvable radiation. Technically it means we can replace the Ao(ls)
operator with its inclusive version. We define an operator via the probability conservation as

1" Ag(Hs) Yp = 1Ao(Hs)

Where the operator Ao(ls) , doesn’t change the number of partons and their momenta and flavours, but it
can rearrange their spin and colour. Furthermore it is finite and well defined in d = 4 dimension.

By integrating out the unresolvable degrees of freedom, we can define the

IR renormalised emission operator

| (s) = Ao(s) p 1+ Ag (Hs)Ax 1(Hs)

This is a completely finite operator and well defined in d = 4 dimension




We have two ways to express the IR safe cross sections, with bare or with renormalised emission operators. The
physical results should be independent whether we work with bare or renormalised theory. Thus we require for all IR
safe observable and for all possible hard state that,

™ = 10y ()A {p.fe.s. ¢St = 105(p)! () {p.fe,s, ¢St forpe <y !

We can relate the renormalised and bare operator by the renormalisation “factor” as

A = D(ps)! (Hs)

That is it, the singular operator of the shower evolution is the IR renormalisation “factor’. We can obtained a more
explicit expression

D(Hs) = Ao(Hs) Ao(Hs) p- 1'D(ps) = 1

This has all the properties that we need for the shower evolution. We can simply obtain the RG equation,

d
9A _ »
Hs G =

HSEI (Ms) = ! S(Hs) I (Ks)

iS(P-s) = D' l(“s) 4D ()

Ms dus

20
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The zero-jet emission operator in the extended statistical space for real emissions is rather simple,

) ) CoHs du © T Bsdu . B
N(()l,O)(us): Jo(Hs) ! £N1.0) — _“9(1,0)(“) — _“q(l,O)(u)+ U >©If<1 0)( )
o M o H x o H
|E k

This is the sum of all the possible collinear emissions and all the possible single soft gluon interferences between
two hard partons.

Putting this operator into the machinery that was outlined in this talk leads to a parton shower that is implemented
in e.g. DEDUCTOR.

Of course there are 1-loop contributions here, but they are not need at 1st order level explicitly. The loop
contributions are highly non-trivial at 2nd order level.

2|
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How about beyond the leading order?

At second order level we have found that the double real emission operator has a very nice structure in the extended
statistical space,

lterated and ordered 1st order emissions
It is in the extended statistical space, there no
approximation in the intermediate state.

| A } 70 1t

.. . ' " Ms ©oH1
A2 (1) = Jo(ug) 1 A2 = Mge 0 G ™ Mo ga.0)(y),) 9600 (1)

Genuine second order graphs
with only 2nd order topologies

| #
=2yt 2t max{h(q), h(d)}

wou=" 2%+ XKW, E

. NN

I t k 1] Wm +1 Wm +2

wl W
— 0

This is kinda analogous to the 1st order generator in the extended Wm+1 W +2

statistical space. \ \
o—— 9

W i wL Wi

22



* There is still a long way ahead to NLO parton shower...

“ ... but we are convinced that we have the right framework and and we understand its theoretical foundation

7/

* ... and we already have some very promising results (not numerical; no, you cannot download the code).

¢ Thanks for your attention! Stay tuned!
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