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On factorisation, its breaking, and its restoration
If everyone minded their own business, the world would go round a deal 
faster than it does. — the Duchess
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PDF factorisation
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Figure 2: A hard scattering process described in the parton model. [2]

The cross section of hard scattering processes initiated by two hadrons with momenta P1 and P2 are

�(P1, P2) =
X

i,j=q,q̄,g

Z
dx1dx2 fi(x1, µ)fj(x2, µ) �̂ij(p1, p2,↵s(µ), µ), (2.10)

where p1 = x1P1 and p2 = x2P2 [2]. On parton level, it also now becomes evident that

ŝ = x1x2s, (2.11)

where s is the center of mass energy squared for the incoming beams, and ŝ only involves the
momentum of the particles that actually participate in the hard scattering process we’re looking
at. f1(x1, µ) and f2(x2, µ) are the parton distributions functions of the incoming partons. We then
sum over all channels that contribute to a certain process. This gives us the fully inclusive jet cross
section.

2.4. Gap Between Jets

A gap between jets cross section refers to the cross section of an event where there are two jets are
emitted in roughly opposite directions in the center of mass frame, and there is a „gap” between
them without particle emission. The jets occur at energies ⇠ Q. One then introduces a veto scale
Q0 for the gap region , which is much lower. Any event that involves a jet with pT > Q0 in the gap
region is vetoed [3].

Technically, when one eventually would like to integrate over the rapidity (or the angle ✓), one would
have to include everything that is not part of the jets. However, to simplify, we will only consider
a rectangular region that cuts off at the outer radius of the jets [3]. Figure 3 shows a schematic of
what that looks like. The gap lies between y1 and y2, so the rapidities of jet 1 and 2 (or, in the
simplified case we will be using, the outer limits of the jets). If we use the center of mass frame, then
y1 = �y2. Generally, we can define a gap via �Y = |y2 � y1|.

4

σ ∼ fi,H fj,H ̂σi,j
• Rigorous proof for inclusive Drell-Yan. 

• Glauber phases between partons must cancel. 
• What about processes with colored particles in the final state?

[Collins, Soper, Sterman (1985), (1988)]
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Color coherence
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• Color coherence holds if all three particles are in the final state (time-like splitting)

• In this case, also strict collinear factorisation holds

Soft emission

Mn≠1Mn≠1Mn≠1Mn≠1Mn≠1Mn≠1Mn≠1Mn≠1Mn≠1Mn≠1Mn≠1Mn≠1Mn≠1Mn≠1Mn≠1Mn≠1Mn≠1MnMnMnMnMnMnMnMnMnMnMnMnMnMnMnMnMn

Sp
pi

pj

pi

pj

pi Î pj Universal splitting functions
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Patrick Hager | On factorisation, its breaking, and its restoration

What is factorisation?

10 July 2026 6
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(Strict) collinear factorisation?

PDF factorisation?
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Effective Field Theory 
• EFT makes scale separation manifest  
• Implementation of Method of Regions on Lagrangian level (see also Einan’s talk) 

• Systematic framework to investigate the infrared based on symmetries and 
power-counting 



On factorisation, its breaking, and its restoration
If it were so, it would be; but as it isn’t, it ain’t. — Tweedledee
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• For space-like splittings, color coherence is broken due to phase factors at 
higher orders. 

• In this case, the splitting amplitude depends on the colors and directions of 
the partons not involved in the splitting.

Coherence violation

10
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p1 Î pj

[Catani, de Florian, Rodrigo (2011); Forshaw, Seymour, Siodmok (2012)] 
[New results for Sp: Henn, Ma, Xu, Yan, Zhang, Zhu (2024); Guan, Herzog, Ma, Mistlberger, Suresh (2024) 
Buccioni, Fang, Yan (2026)]

(see also Einan’s, Andrea’s and Dominik’s talk)
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Upshot of the talk
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soft-collinear factorisation  
breaking by Glauber modes  

at μ = μs

x

= PDF factorisation 
for μ < μs

“factorisation restoration”

Collinear factorisation  
breaking at μ = μh

Patrick Hager | On factorisation, its breaking, and its restoration 10 July 2026



• Perturbative expansion includes „super-leading“ logarithms starting at 4 loops

Physics consequences: Gap-between-jets cross section 

12

Q

Q0

↵
�Y

<latexit sha1_base64="zAEoXS7EKC9XUgfARxnaZBeFOfc="></latexit>

ω → ωBorn ↑ {1 + εsL+ ε2
sL

2 + ε3
sL

3 + ε4
sL

5 + ε5
sL

7 + . . . }

<latexit sha1_base64="kWV+i7hpVBTC2BZO2nXJN58REyc="></latexit>

L = ln(Q/Q0)
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• Perturbative expansion includes „super-leading“ logarithms starting at 4 loops
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Q

Q0

↵
�Y

<latexit sha1_base64="kY3lBA/pqmuZnp4/nnbTdz+/rC8="></latexit>

ω → ωBorn ↑ {1 + εsL+ ε2
sL

2 + (εs ϑ
2)(ε2

sL
3 + ε3

sL
5 + . . . )}

<latexit sha1_base64="kWV+i7hpVBTC2BZO2nXJN58REyc="></latexit>

L = ln(Q/Q0)

Patrick Hager | On factorisation, its breaking, and its restoration 10 July 2026

Physics consequences: Gap-between-jets cross section 



• SLLs are evidence of factorisation breaking at the cross section level. 

• Can be understood in terms of Glauber phases from soft gluon exchange 
between initial state partons. 

• Soft anomalous dimension (  if both are in- or outgoing) 
 

• At hadron colliders, non-trivial imaginary part

sij > 0

Super-leading logarithms
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<latexit sha1_base64="Mt4qEU8Z6RH5rqJIns/LfPQQvK4="></latexit>

! =
∑

(ij)

T i · T j

2
ωcusp(εs) ln

µ2

→sij
+

∑

i

ωi(εs) +O(ε3
s)

<latexit sha1_base64="r+cKeNkTvm4+D+oZQuwHh74pGyE="></latexit>

Im! = →2ωεcusp(ϑs)T 1 · T 2 + (. . . )1

(See also Mike’s, Andrea’s, Dominik’s and Josua’s talk)

[Bern, Carrasco, Dixon, Johansson, Roiban (2008); Becher, Neubert (2009); Magnea (2009)]

[Forshaw, Kyrieleis, Seymour (2006), (2008)]
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Factorisation theorem

15

• For gap-between-jets cross sections derived using SCET
<latexit sha1_base64="M69yG/iUsNR7eJUmI7ovtEMyneE="></latexit>

ω2→M (Q,Q0) =

∫
dx1dx2

↑∑

m=2+M

〈
Hm({n}, Q, x1, x2, µ)→Wm({n}, Q0, x1, x2, µ)

〉
.

[Becher, Neubert, Shao (2021), + Stillger (2023)]
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Factorisation theorem
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• For gap-between-jets cross sections derived using SCET
[Becher, Neubert, Shao (2021), + Stillger (2023)]

• Resummation can be performed using RG techniques 

• Hard anomalous dimension

<latexit sha1_base64="4EqSB9/dg8AGx/hTIcX381huG50="></latexit>

d

d lnµ
Hl({n}, Q, µ) = →

∑

m→l

Hm({n}, Q, µ) ω !H

ml
({n}, Q, µ)

<latexit sha1_base64="/cW+jwGjQ+bu98ZCDx/RuHoWT5U="></latexit>

!H(x1, x2) = ω(1→ x1)ω(1→ x2)!
S + !C

1 (x1)ω(1→ x2) + ω(1→ x1)!
C

2 (x2)

<latexit sha1_base64="M69yG/iUsNR7eJUmI7ovtEMyneE="></latexit>

ω2→M (Q,Q0) =

∫
dx1dx2

↑∑

m=2+M

〈
Hm({n}, Q, x1, x2, µ)→Wm({n}, Q0, x1, x2, µ)

〉
.
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• Decompose soft anomalous dimension into soft emission, Glauber phase, 
soft+collinear cusp piece and collinear piece

Anomalous dimensions

17

<latexit sha1_base64="elFwgbAbsco7Hq8orJjsnmPu8ZI="></latexit>

!C
i (xi)=

ωs

4ε

[
2

(
2Pi→P (xi)→ Ciϑ

cusp
0 ln

µh

2Ei
ϖ(1→ xi)ϖiP

)
ϖ(nk → ni)Ci→PC

†
i→P

→ 2

(
ϑi
0 → Ciϑ

cusp
0 ln

µh

2Ei

)
ϖ(1→ xi)ϖiP

]

<latexit sha1_base64="t9YEGP1VmejxarDqKfavHhsAELU="></latexit>

!c =
∑

i=1,2

[
Ci 1→ T i,L ↑ T i,R ω(nk → ni)

]
,

V G = →2iε
(
T 1,L · T 2,L → T 1,R · T 2,R

)
,

! = 2
∑

(ij)

(T i,L · T j,L + T i,R · T j,R)

∫
d!(nk)

4ε
W

k
ij → 4

∑

(ij)

T i,L ↑ T j,R W
k
ij ”hard(nk)

<latexit sha1_base64="DpxyLAubCcIqrZPTg6McrdZgGcE="></latexit>

!S = ωcusp(εs)

(
!c ln

µ2

µ2
h

+ V G

)
+

εs

4ϑ
!+O(ε2

s)
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• Anomalous dimensions satisfy the useful properties
Resummation of SLLs
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(See also Dominik’s and Josua’s talk)

<latexit sha1_base64="oIaWJQduiiz7xHfUNechzT2jvzE="></latexit>[
!c,!

]
=

[
!C ,!

]
= 0

<latexit sha1_base64="hE1wZRCLQoMsHJxUwJNUlV2/g3k="></latexit>

→H!c
↑ 1↓ = 0

<latexit sha1_base64="N7VcN89SW2TRr/zGMiAIr/AyDlo="></latexit>

→HVG
↑ 1↓ = 0

<latexit sha1_base64="OOp7x3IvC6jt/MxXf3GpoBzowhU="></latexit>

VG !• Final structure is always



• Keep the log-enhanced soft-collinear piece in the exponent. 
• Expand out all other terms

Resummation of SLLs
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(See also Dominik’s and Josua’s talk)

• Appearance of a Sudakov-like evolution operator

<latexit sha1_base64="ChbKd5FkM2lzHIa9ESPjHfFodmI="></latexit>

USLL({n}, µh, µs) =

∫ µh

µs

dµ1

µ1

∫ µ1

µs

dµ2

µ2

∫ µ2

µs

dµ3

µ3

→Uc(µh, µ1) ωcusp
(
εs(µ1)

)
VG Uc(µ1, µ2) ωcusp

(
εs(µ2)

)
VG εs(µ3)

4ϑ
!

<latexit sha1_base64="amDFEjwK3/DxroyUhtGyjbe8HRk="></latexit>

Uc(µi, µj) = exp

[
!c

∫ µi

µj

dµ

µ
ωcusp

(
εs(µ)

)
ln

µ2

µ2
h

]

[Böer, PH, Neubert, Stillger, Xu (2025)]



• Keep the log-enhanced soft-collinear piece in the exponent. 
• Expand out all other terms

Resummation of SLLs
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(See also Dominik’s and Josua’s talk)

<latexit sha1_base64="ChbKd5FkM2lzHIa9ESPjHfFodmI="></latexit>

USLL({n}, µh, µs) =

∫ µh

µs

dµ1

µ1

∫ µ1

µs

dµ2

µ2

∫ µ2

µs

dµ3

µ3

→Uc(µh, µ1) ωcusp
(
εs(µ1)

)
VG Uc(µ1, µ2) ωcusp

(
εs(µ2)

)
VG εs(µ3)

4ϑ
!

[Becher, Neubert, Shao (2021), + Stillger (2023); Böer, PH, Neubert, Stillger, Xu (2025)]

• All logarithmic terms are exponentiated 
• One scale integral for each insertion of remaining anomalous dimensions 
• Running coupling can easily be included



Phenomenological relevance

21

10 20 30 40 50
0

5

10

15
process σ2→2 [pb] σSLL

2→2 [pb] process σ2→2 [pb] σSLL
2→2 [pb]

qq → qq 231.5 12.0 qq̄ → gg 12.4 −0.9

qq′ → qq′ 454.4 22.2 qg → qg 4104.6 403.3

qq̄ → qq̄ 142.0 7.4 gg → qq̄ 57.5 −4.4

qq̄′ → qq̄′ 372.9 18.0 gg → gg 2281.1 150.6

qq̄ → q′q̄′ 3.6 <0.1
∑

1204.4 59.6
∑

6455.6 548.6
∑

all channels
7660.0 608.2

[Becher, PH, Martinelli, Neubert, Schwienbacher, Stillger (2024)]
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On factorisation, its breaking, and its restoration
It takes all the running you can do, to keep in the same place. — Red Queen
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The puzzle

23

μ

Q

ΛQCD

SLL evolution

DGLAP ?

Q0

Double-logarithmic evolution

single-log evolution?

Requires highly non-trivial 
interplay for consistency 
with DGLAP!

???
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Tackling the puzzle

24

• Assuming that PDF factorisation holds, the low-energy matrix element is 
reads 
 
 
with the convolution
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Consistency check
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<latexit sha1_base64="uH3Ov+7szpT0CxzosfuS0sJFLFU="></latexit>

Z = 1+
ωs

4ε

(
→

!→
0

4ϑ2
→

!0

2ϑ

)
+

(ωs

4ε

)2
(
!→
0!0

32ϑ3
+

!2
0

8ϑ2
+ . . .

)
+

(ωs

4ε

)3
(
→
!→
0!

2
0

288ϑ4
→

!3
0

48ϑ3
+ . . .

)
+O(ω4

s)

• We calculate the perturbative -dependence of the perturbative piece 
associated with the scale  and check if the remaining dependence is 
consistent with DGLAP evolution. 

• Prediction for the -factor

μ
Q0

Z

• The anomalous dimensions satisfy the useful relations
<latexit sha1_base64="rhPJrmoP2F7yaOMm+XOus3OlxuY="></latexit>[
!c,V G

]
→= 0

<latexit sha1_base64="CcZ0eZE8BJv9UBDs/9fobwN+4qE="></latexit>[
!c,!

]
= 0

<latexit sha1_base64="iiKFum1h/avZGpi+ujbdH+hqdZU="></latexit>

→HV G
↑ = →H!c

↑ = 0
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Consistency check
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<latexit sha1_base64="uFMSkyZrueH1jgY7os0b+yRs5TQ="></latexit>

Ibare
m = 1+

ωs

4ε

!

2ϑ
+
(ωs

4ε

)2
(
V G !

2ϑ2
+ . . .

)
+

(ωs

4ε

)3
[
V GV G !

3ϑ3
<latexit sha1_base64="mJ0e9GyW4f604qmY75hWY5KOhGI="></latexit>

+
!cV G !

3ω3

(
11

6ω
+ ln

µ2
s

Q2
+

9

2
ln

µ2
s

Q2
0

)
+

[
!C ,V G

]
+ !

12ω3
+ . . .

]

• We calculate the perturbative -dependence of the perturbative piece 
associated with the scale  and check if the remaining dependence is 
consistent with DGLAP evolution. 

• Prediction for the poles of the low-energy matrix element

μ
Q0
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• Look at tree-level, one-loop & two-loop level
RG consistency

i jls
i

k jls

with one-loop soft current

eikonal factor

MmMmMmMmMmMmMmMmMmMmMmMmMmMmMmMmMm M†
mM†
mM†
mM†
mM†
mM†
mM†
mM†
mM†
mM†
mM†
mM†
mM†
mM†
mM†
mM†
mM†
m

pc

p̄c̄

Q0

qc

k

j

i

• Does not match all terms
<latexit sha1_base64="9Ho76xwpHASYbF5ja3Q58k+6Qss="></latexit>

Ibare
m = 1+

ωs

4ε

!

2ϑ
+

(ωs

4ε

)2
(
V G !

2ϑ2
+ . . .

)
+
(ωs

4ε

)3
[
!cV G !

3ϑ3

(
11

6ϑ
+ ln

µ2
s

Q2
+

9

2
ln

µ2
s

Q2
0

)
+

V GV G !

3ϑ3
+ . . .

]
+O(ω4

s)
<latexit sha1_base64="GEmxd6VG0NoNrBtB2zIvmso/OpY="></latexit>

+O(ω4
s)

<latexit sha1_base64="hwe6tiNRFgW6mHy/qvp64wa6SRU="></latexit>

→ Jµ,a(0)Ja(0)†
µ

<latexit sha1_base64="KB1iNQHMfXf9xA0aAta9lShnC/w="></latexit>

Jµ,a(0) =
m∑

i=1

T a
iL

nµ
i

ni · ls
[Catani, Grazzini (2000)]
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RG consistency
• Now, go one loop further

i

k jls
k

m
i

jls

dipole terms tripole termsLarge logarithm
Color-aware 
DGLAP
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<latexit sha1_base64="rycvd53beOOjRVvCcWI/RNGAyg4="></latexit>

+

!
! C , V G

"
!

12! 3 + . . .
#

[Duhr, Gehrmann (2013), Dixon, Hermann, Yan, Zhu (2020)]
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1. Collinear anomaly inducing rapidity logarithms. 

• Collinear alone is scaleless! Soft-collinear factorisation breaking? 

2. Perturbative on-shell modes with virtuality below . 

• e.g. ultra-soft or soft-collinear modes. 

3. Non-perturbative low-energy interactions among incoming hadrons. 

• Complete breakdown of PDF factorisation!

Q0

How to get the large logarithm?
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Region analysis of 3-loop diagrams

30

2

! (Q0) =
!!

m = m 0

"
d"1d"2

#
H m ({ n} , Q, "1, "2, µ) ! W m ({ n} , Q0, "1, "2, µ)

$
,

! (Q0) =
!!

m,l = m 0

"
d"1d"2

#
H m (Q, µh ) Uml (µh , µs) ! W l (Q0, µs)

$
,

H (µh )P exp
%" µ h

µ s

dµ
µ

! H
&

= H (µh ) +
" µ h

µ s

dµ1

µ1
H (µh )! H (µ1)

+
" µ h

µ s

dµ1

µ1

" µ h

µ 1

dµ2

µ2
H (µh )! H (µ2)! H (µ1) + . . . ,

(1)

P exp
%" µ h

µ s

dµ
µ

! H
&

= 1 +
" µ h

µ s

dµ1

µ1
! H (µ1) +

" µ h

µ s

dµ1

µ1

" µ h

µ 1

dµ2

µ2
! H (µ2)! H (µ1) + . . . , (2)

U (µh , µs) = P exp
%" µ h

µ s

dµ
µ

! H (µ)
&

= 1 +
" µ h

µ s

dµ1

µ1
! H (µ1) +

" µ h

µ s

dµ1

µ1

" µ h

µ 1

dµ2

µ2
! H (µ2)! H (µ1) + . . . ,

(3)

wherem0 = 2+ M is the number of partons at Born-level,
" i are the momentum fractions of the initial-state par-
tons, and the sum includes all partonic subprocesses. The
hard functions H m are the squared amplitudes for pro-
ducing the energetic partons inside the jets, integrated
over the energies of the Þnal-state particles, while keeping
the parton directions { n} = { n1, . . . , nm } Þxed. Their
explicit form can be found in (2.3) of [14]. The inte-
gration over the Þnal-state parton directions is indicated
by the symbol ! in (??). The color indices of the hard
partons are kept open and". . . # denotes the color trace,
which is taken after combining the hard functions with
the low-energy matrix elementsW m , which contain the
dynamics associated with the perturbative scaleQ0, as
depicted in Fig. 1, as well as non-perturbative QCD ef-
fects. The main result of our Letter is that, at least up
to three-loop order, the perturbative part of W m is con-
sistent with PDF factorization.

The SLL analysis in [13, 14] was based on the
renormalization-group evolution of the hard functions
from the high scale µh = Q to a low scale µs $ Q0.
The leading logarithms were obtained by iterating the
one-loop anomalous dimension [32]

! H = #cusp ($s)
'

! c ln
µ2

Q2 + V G
(

+
$s

4%
! + ! C , (4)

M mM mM mM mM mM mM mM mM mM mM mM mM mM mM mM mM m M  
mM  
mM  
mM  
mM  
mM  
mM  
mM  
mM  
mM  
mM  
mM  
mM  
mM  
mM  
mM  
mM  
m

pc

øpøc

Q0

qc

k
ls

FIG. 1. Sample perturbative contribution to the gap-between-
jets cross section. The gray inner subdiagrams make up the
hard function H m , while the remainder is part of W m . The
orange gluon is soft and enters the veto region, the blue and
green partons are collinear to the beams. Possible scalings of
the virtual gluon momentum k will be analyzed below.

d
d ln µ

H m = %
m!

l = m 0

H l ! H
lm . (5)

where #cusp = $s/ %+ . . . is the light-like cusp anoma-
lous dimension. The soft piece consists of! c and V G ,
which account for soft+collinear emissions from one of
the two initial-state partons and complex phases arising
from virtual gluon exchange between them, respectively.

• Consider diagrams with soft emission into the gap, space-like collinear splitting,  
and virtual gluon exchange. 

• Perform method-of-regions analysis to find possible scalings of loop 
momentum .k [Beneke, Smirnov (1997)]

Patrick Hager | On factorisation, its breaking, and its restoration 10 July 2026



Region analysis of 3-loop diagrams

31

• Introduce light-cone reference vectors  and expansion parameter 
. External momenta are given by

nμ, n̄μ
λ = Q/Q0

2

! (Q0) =
!!

m = m 0

"
d"1d"2

#
H m ({ n} , Q, "1, "2, µ) ! W m ({ n} , Q0, "1, "2, µ)

$
,

! (Q0) =
!!

m,l = m 0

"
d"1d"2

#
H m (Q, µh ) Uml (µh , µs) ! W l (Q0, µs)

$
,

H (µh )P exp
%" µ h

µ s

dµ
µ

! H
&

= H (µh ) +
" µ h

µ s

dµ1

µ1
H (µh )! H (µ1)

+
" µ h

µ s

dµ1

µ1

" µ h

µ 1

dµ2

µ2
H (µh )! H (µ2)! H (µ1) + . . . ,

(1)

P exp
%" µ h

µ s

dµ
µ

! H
&

= 1 +
" µ h

µ s

dµ1

µ1
! H (µ1) +

" µ h

µ s

dµ1

µ1

" µ h

µ 1

dµ2

µ2
! H (µ2)! H (µ1) + . . . , (2)

U (µh , µs) = P exp
%" µ h

µ s

dµ
µ

! H (µ)
&

= 1 +
" µ h

µ s

dµ1

µ1
! H (µ1) +

" µ h

µ s

dµ1

µ1

" µ h

µ 1

dµ2

µ2
! H (µ2)! H (µ1) + . . . ,

(3)

wherem0 = 2+ M is the number of partons at Born-level,
" i are the momentum fractions of the initial-state par-
tons, and the sum includes all partonic subprocesses. The
hard functions H m are the squared amplitudes for pro-
ducing the energetic partons inside the jets, integrated
over the energies of the Þnal-state particles, while keeping
the parton directions { n} = { n1, . . . , nm } Þxed. Their
explicit form can be found in (2.3) of [14]. The inte-
gration over the Þnal-state parton directions is indicated
by the symbol ! in (??). The color indices of the hard
partons are kept open and". . . # denotes the color trace,
which is taken after combining the hard functions with
the low-energy matrix elementsW m , which contain the
dynamics associated with the perturbative scaleQ0, as
depicted in Fig. 1, as well as non-perturbative QCD ef-
fects. The main result of our Letter is that, at least up
to three-loop order, the perturbative part of W m is con-
sistent with PDF factorization.

The SLL analysis in [13, 14] was based on the
renormalization-group evolution of the hard functions
from the high scale µh = Q to a low scale µs $ Q0.
The leading logarithms were obtained by iterating the
one-loop anomalous dimension [32]

! H = #cusp ($s)
'

! c ln
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+
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FIG. 1. Sample perturbative contribution to the gap-between-
jets cross section. The gray inner subdiagrams make up the
hard function H m , while the remainder is part of W m . The
orange gluon is soft and enters the veto region, the blue and
green partons are collinear to the beams. Possible scalings of
the virtual gluon momentum k will be analyzed below.

d
d ln µ

H m = %
m!

l = m 0

H l ! H
lm . (5)

where #cusp = $s/ %+ . . . is the light-like cusp anoma-
lous dimension. The soft piece consists of! c and V G ,
which account for soft+collinear emissions from one of
the two initial-state partons and complex phases arising
from virtual gluon exchange between them, respectively.
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The pentagon appears

32

4

To identify the relevant mechanism and clarify whether
it is perturbative or non-perturbative, we have performed
a method-of-regions analysis of the three-loop QCD di-
agrams contributing to W m , speciÞcally those that can
produce the structure ! c V G ! . These graphs feature
a soft-gluon emission into the gap, a collinear emission,
and a virtual gluon exchange with, as of yet, unspeciÞed
kinematic scaling of its loop-momentum k. In dimen-
sional regularization, diagrams of this type vanish due
to scalelessness, unless the soft emission is directly ra-
diated o! a virtual gluon connecting the collinear and
anti-collinear sectors, as depicted in Fig. 1. Two other
relevant diagrams are obtained by attaching the virtual
gluon to the upper quark line either before or after the
collinear gluon emission.

We begin our investigation by stripping o! the tensor
structure of the numerators and considering the regions
decomposition of the dimensionally regulated scalar in-
tegrals. As the scaling of the real emissions is restricted
by the external kinematics, we focus on the loop integral
over k, which can be mapped onto box and pentagon
structures, as depicted in Fig. 2 for the latter case. This
allows for a direct comparison of the regions results and
the known full expressions, thus ascertaining that all re-
gions are correctly identiÞed. To perform the analysis, we
introduce a small power-counting parameter! = Q0/Q
and two light-cone vectorsn and øn (with n2 = øn2 = 0 and
n áøn = 2) along the directions of pc and øpøc. The external
legs carry collinear momentapc, qc, whose components
scale as (n ápc, øn ápc, pc! ) ! (p+

c , p"
c , pc! ) " Q(! 2, 1, ! ),

an anti-collinear momentum øpøc " Q(1, ! 2, ! ), and a soft
momentum ls " Q(! , ! , ! ). In the following, we focus on
the two pentagon structures, for which a complete set of
invariants is given by si,i +1 = ( pi + pi +1 )2 and m2 = p2

5
for inßowing external momenta pi associated with the
external lines. At leading power in ! , they are given by
(choosingpc! = øpøc! = 0)

s12 = # p"
c q+

c , s23 = q"
c l+

s , s45 = # (p"
c # q"

c )l+
s ,

s34 = # øp+
øc l "

s , s51 = # q"
c øp+

øc , m2 = ( p"
c # q"

c )øp+
øc

(10)

for the upper graph in Fig. 2. For the lower graph
s23 = # p"

c l+
s and s51 = p"

c øp+
øc , while all other invariants

remain the same. Before studying the physical case, we
consider Euclidean kinematics, where allsi,i +1 < 0 and
m2 < 0. To identify the contributing regions, we utilize
pySecDec[39] and translate the parameter-space output
into momentum regions. At leading power in ! , the only
non-zero contribution for both pentagon integrals stems
from the soft-collinear regionk " Q(! , ! 2, ! 3/ 2) [40]. For
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FIG. 2. Mapping of low-energy contributions to W m onto
pentagon diagrams. The external momentum p2

5 != 0 ßows
into the hard amplitude M m .

example, the upper diagram in Fig. 2 corresponds to

I sc = i (4" )2" !
!

ddk
(2" )d

1
k2 + i0

1
# l+

s k" + i0
1

q"
c k+ + i0

$
1

øp+
øc (k" # l "

s ) + i0
1

"
# (p"

c # q"
c ) k+ # p"

c q+
c + i0

#

=
" 2(#) " (1 # #)

s45 s51
2F1(1, 1; 1# #; 1 #

m2 s23

s45 s51
)

$ (# s12)" 1" ! (# s34)" 1" ! $
# m2%1+ !

, (11)

with sij ! sij + i0 and m2 ! m2 + i0. Expressed in these
variables, the result also holds for the lower diagram.
After expanding in #, it agrees with the ! expansion of
the full expression for this pentagon integral given in (5.8)
of [41], conÞrming that the leading-power contribution is
fully captured by the soft-collinear region. The diagram
where the virtual gluon is attached to the quark line after
the collinear emission (not shown in Fig. 2) corresponds
to a box with two massive adjacent legs. We Þnd that
two regions, the soft and the soft-collinear, fully account
for the entire contribution in Euclidean kinematics.

We now analytically continue to the physical region,
in which all the light-cone components are positive and
p"

c > q "
c . An interesting feature of the expressions for

the diagrams in Fig. 2 are combinations that entail the
cancellation of two O(! ) terms, resulting in an O(! 2)
contribution, e.g. for the kinematics (10) belonging to
the upper diagram in Fig. 2, with p2

T ! # p2
! > 0,

s45 s51& '( )
"

# m2s23& '( )
"

= p"
c øp+

øc

$
qcT + lsT

%2

& '( )
" 2

> 0. (12)

• Reduces to analysis of scalar pentagon integrals, can compare to full result. 
• Region finder in Asy2.1, pySecDec identify single region: 

• On-shell mode with small transverse momentum, compatible with soft and collinear scaling.

[Bern, Dixon, Kosover (1993)]
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• In Euclidean kinematics,  
• Soft-collinear mode fully reproduces pentagon integral, but extra terms are 

present for physical kinematics 

• Related to the cancellation

Subtleties in the analytic continuation

33
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• Extra terms are power-suppressed in Euclidean kinematics and proportional to 
a prefactor 

• Power-enhancement due to complex phases in physical kinematics!

Subtleties in the analytic continuation

34

<latexit sha1_base64="7K+s+DiuK7pXOapJ68zXFoFue7k="></latexit>

P =
s45 s51

s45 s51 ! p2
5s23! "# $

! ! 1

%
1 ! ei "# !

&
1 +

p2
5 s23 ! s45 s51

s45 s51! "# $
!

' ! #(

<latexit sha1_base64="maSiYRgZkV5ott0kPlq1612UOFY="></latexit>

! ! ! (p2
5) + ! (s23) " ! (s45) " ! (s51)

<latexit sha1_base64="/so1ecAj9efppJPwkHJ7UhZopLU="></latexit>

P !
!

1 for ! = 0
! ! 1 for ! "= 0

Patrick Hager | On factorisation, its breaking, and its restoration 10 July 2026

See also Einan’s talk!



• Hidden region not present in Euclidean kinematics 

• Resulting loop integral  
 
 
 
 
 
 
well-defined in dimensional regularisation alone.

Glauber contribution

35

[For more on hidden regions: Gardi, Herzog, Jones, Ma (2024)]
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• Soft-collinear and Glauber modes correctly reproduce leading-power scalar 
pentagon in physical kinematics. 

• Soft-collinear part has a scaleless integration over collinear emission. 
• Glauber contribution arise only from the diagram above plus permutations. 
• Result can also be obtained using Glauber SCET.

Glauber contribution

36
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[Rothstein, Stewart (2016)]
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• Successfully recover all poles that we predicted 

• Hard logarithm in  arises from collinear anomaly. 
• No (possibly) non-perturbative regions arise (e.g. soft-collinear). 

• Color-aware DGLAP evolution above  from commutator term that depends 
on colors of all particles.

Q

Q0

Consistency check

37

[Becher, PH, Jaskiewicz, Neubert, Schwienbacher (2025)]
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Summary

38

μ

Q

ΛQCD

SLL evolution

DGLAP

Q0

phase factors soft+collinear contributions 
double-log evolution

soft-collinear Glauber contribution 
“factorisation restoration”

single-log evolution

Patrick Hager | On factorisation, its breaking, and its restoration 10 July 2026



• For the physics below , integrate out the perturbative part. 

• Then the observable becomes „fully inclusive“. 

• Glauber modes with virtuality  should cancel following CSS. 

• Only PDFs survive.

Q0

ΛQCD

The physics below Q0
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• Soft-collinear factorisation at the veto scale reconciles the breaking of collinear 
factorisation with unbroken PDF factorisation. 

• Glauber interactions break rapidity factorisation and mediate scales to activate 
new regions. This is the essence of coherence violation from the EFT perspective. 

• PDF factorisation emerges as property of the (fully inclusive) infrared theory, 
rather than consequence of collinear factorisation. 

• Understanding the all-order structure of these Glauber interactions would pave 
the way to a proof of PDF factorisation for a wider class of observables.

Summary
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This type of factorisation breaking is not restricted to non-
global observables, see Andrea’s and Dominik’s talks…
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