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On factorisation,

If everyone minded their own business, the world would go round a deal
faster than it does. — the Duchess
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PDF factorisation

UNﬁﬂfﬂ@J

» Rigorous proof for inclusive Drell-Yan.
[Collins, Soper, Sterman (1985), (1988)]

e Glauber phases between partons must cancel.

« What about processes with colored particles in the final state?
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Color coherence

« Color coherence holds it all three particles are in the final state (time-like splitting)

g Soft emission E {é

* |n this case, also strict collinear factorisation holds

P1
e E—
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What is factorisation?

The same name for very different concepts

MU
Uy, Hard functions
U, Jet functions
M Soft functions

P+

A

I anti-collinear
Q(A%,1,))

' collinear

: ultrasoft
QA% A%, 0%)
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What is factorisation?

The same name for very different concepts

H

P+

*

-

\_

Effective Field Theory

« EFT makes scale separation manifest

Implementation of Method of Regions on Lagrangian level (see also Einan's talk)

Systematic framework to investigate the infrared based on symmetries and

power-counting

> D
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its breaking,

If it were so, it would be; but as it isn’t, it ain’t. — Tweedledee




COheren ce ViOlation (see also Einan’s, Andrea’s and Dominik’s talk)

« For space-like splittings, color coherence is broken due to phase factors at
higher orders.

 In this case, the depends on the colors and directions of

the partons not involved in the splitting.

‘Catani, de Florian, Rodrigo (2011); Forshaw, Seymour, Siodmok (2012)]

‘New results for Sp: Henn, Ma, Xu, Yan, Zhang, Zhu (2024); Guan, Herzog, Ma, Mistlberger, Suresh (2024)
Buccioni, Fang, Yan (2026) Pj

P1 ®

P1 Pj ><
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Upshot of the talk

Collinear factorisation

breaking at u =

“factorisation restoration”




Physics consequences: Gap-between-jets cross section

L =1In(Q/Qo)

* Perturbative expansion includes ,super-leading” logarithms starting at 4 loops

0~ OBorn X {1+ asL+a’L*+a’L” +aiL” +a’L" + ...}
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Physics consequences: Gap-between-jets cross section
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Super- leadlng logarlthms (See also Mike's, Andrea’s, Dominik’s and Josua’s talk)

[Forshaw, Kyrieleis, Seymour (2006), (2008)]

« SlLLs are evidence of factorisation breaking at the cross section level.

« Can be understood in terms of Glauber phases from soft gluon exchange

between initial state partons.

» Soft anomalous dimension (s;; > 0 if both are in- or outgoing)

Tf,;-T-
T = Z J%usp(as)ln o Zv as) + Oa?)
ij

(2‘7) [Bern, Carrasco, Dixon, Johansson, Roiban 2008 Becher, Neubert (2009); Magnea (2009)]
+ At hadron colliders, non-trivial i imaginary part

Iml’ = _Qﬂycusp(as)Tl ' T2 -+ ( .. )1
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Factorisation theorem

[Becher, Neubert, Shao (202]), + Stillger (2023)]. . .
* For gap-between-jets cross sections derived using SCET

i) @ Wi ({n}, Qo, x1, 2, 10) ) -




Factorisation theorem

[Becher, Neubert, Shao (202]), + Stillger (2023)]. . .
* For gap-between-jets cross sections derived using SCET

O

UZ—)M(Q)QO) — /d$1d£l?2 Z <%m({ﬂ}7Q7levm27M)®Wm({ﬂ}7QOv$17$27'u)>°

m=2-+M

« Resummation can be performed using RG techniques

dliu%l({ﬂ}’ Q1) =— ) Hm({n},Q,p)»Try({n},Q, p)
m <l

e Hard anomalous dimension

FH(Qil, CIZ’Q) — 5(1 — $1)5(1 — QZQ)FS —+ I‘?(Cll’l)&(l — ZIZ‘Q) -+ 5(1 — CIZl)I‘QC(Q?Q)
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Anomalous dimensions

« Decompose soft anomalous dimension into soft emission, ,
soft+collinear cusp piece and collinear piece

FS = Ycus (Ozs) I'“ In 'LLQ VG s f 0(042)
P ,U%L A S

' = Z [Cz' 1-T; TR 0(ny — nz)] :

i=1,2
VCE = 92ix (T - Tor —T1p-T
— (i ( 1,.L "L 2L 1,.R - 2,R) ;

o d{(ng) —k —k
(21) (25)
g D) cus

‘ Ccus h _
— o i — O I 2R ) 51— 240,
(0 C ani>5( T;)0;p

C\E/RW Patrick Hager | On factorisation, its breaking, and its restoration 10 July 2026
;;_/\



Resummation Of SLLS (See also Dominik’s and Josua'’s talk)

« Anomalous dimensions satisty the useful properties

_I‘C,f} _ [rc,f_ — ()

(HVE ®1) =0
(HT @ 1) =0

« Final structure is always VG I
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Resummatlon Of SLLS (See also Dominik’s and Josua'’s talk)

[Boer, PH, Neubert, Stillger, Xu (2025)]
« Keep the log-enhanced soft-collinear piece in the exponent.

« Expand out all other terms

Hh 9 M1 ( b2 d
Usrr({n}, pn, ps) = / at / = / 13

. M1 s M2 s M3

X Uc(:uha Ml) /ycusp (Oés (:ul)) VG UC(IL”? ILLZ) WCUSP (aS ('LLQ)) At

« Appearance of a Sudakov-like evolution operator

M d,u 28
Uc(:uiv :u]) — €XP Fc/ — “Ycusp (CVS (:u)) In )
"

VG s (MS) f
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Resummation Of SLLS (See also Dominik’'s and Josua'’s talk)

[Becher, Neubert, Shao (2021), + Stillger (2023); Boer, PH, Neubert, Stillger, Xu (2025)]
« Keep the log-enhanced soft-collinear piece in the exponent.

« Expand out all other terms

Hh 9 M1 ( b2 d
Usrr({n}, pn, ps) = / at / = / 13

. M1 s M2 s M3

VG s (MB) f
47

X Uelpins 1) Yeusp (s (1)) VE Ue(p1, p2) Yeusp (s (p2))

« Alllogarithmic terms are exponentiated
« One scale integral for each insertion of remaining anomalous dimensions

* Running coupling can easily be included
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Phenomenological relevance

[Becher, PH, Martinelli, Neubert, Schwienbacher, Stillger (2024)]

(USLL/U) 2—2 [%]

15t

10

2 < |AY| < 3
pr > 200 GeV

pProcess 022 [pb] | o5&k [pb] || process | oa_o [pb] | o5tk [pb]
qq — qq 231.5 12.0 || gqq@ — gg 12.4 —0.9
qq" — qq’ 454 .4 22.2 || g9 — qg 4104.6 403.3
qq — qq 142.0 7.4 1| g9 — qq 7.9 —4.4
qq — qq’ 372.9 18.0 || g9 — gg 2281.1 150.6

qq — q¢'q’ 3.6 <0.1
> 1204 .4 59.0 > 6455.6 548.6

2_all channels 7660.0 608.2
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and Its restoration




The puzzle

K
Q
SLL evolution Double-logarithmic evolution
+ Requires highly non-trivial
interplay for consistency
with DGLAP!
DGLAP ? single-log evolution?

AQCD
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lackling the puzzle

« Assuming that PDF factorisation holds, the low-energy matrix element is

rrnr= 3 [ o (gm0 + g 8 = fupmhim ) (P P)
m=M

with the convolution (Hz’j—wn * L ki * fk/Hfl/H)(P17P2) = /dfldfz/dzldzz

Hijom(Pr&121, P2§222)Lij k21,22, P1&1, P2&2) froyu (§1) fi/m (§2)
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Consistency check

» We calculate the perturbative y-dependence of the perturbative piece

associated with the scale , and check if the remaining dependence is
consistent with DGLAP evolution.

 Prediction for the Z-factor

a r, T, a\2 (T'Ty TI? a3 | A s
7Z =14+ -2 0 (—S) 0= 2 4 =0 4 (—S) 0~ 0 O 4 . O
47r< 42 25) “\ir (3253 3e2 “\ir 28824 48¢3 +Ola

« The anomalous dimensions satisfy the usetful relations

:I‘C,VG_ 40 [ME =0 (HVE) = (HIL®) =0
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Consistency check

» We calculate the perturbative y-dependence of the perturbative piece

associated with the scale , and check if the remaining dependence is
consistent with DGLAP evolution.

« Prediction for the poles of the low-energy matrix element

Ibare_ 1 - X g F | (%)2 VGF | n (&)3 _ngGf
™o T 4w 26 \dr 22 A/ | 3e?
- ~C y,G
rver (1ol 9 AW v+ L
3e3 | Q2 | QO 123 T
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Qo

RG consistency @-
* Look at tree-level, one-loop & two-loop level @K_W%

/

7
N\
% o
. / J
eikonal factor N =
(0) 7a(0)t 1a(0) _ N\ ny
w,a a - ,a _ a {
~J S with _;T@L n - 1. one-loop soft current
N ‘Catani, Grazzini (2000)]
e Does not match all terms
. T VeT A3 [TVET /11 9 VeVEeT '
e g () () () [P (e rimg) o ] o
_ 0 _
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RG consistency

* Now, go one loop further
[Duhr, Gehrmann (2013), Dixon, Hermann, Yan, Zhu (2020)]

N\ N\

iColor-aware
DGLAP |

_ - f
Ibare - | Qg I | Xs 2 VI |
4T 26/ 47 2e /
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How to get the large logarithm?

1. Collinear anomaly inducing rapidity logarithms.
 Collinear alone is scaleless! Soft-collinear factorisation breaking?
2. Perturbative on-shell modes with virtuality below 0,
e e.g. ultra-soft or soft-collinear modes.
3. Non-perturbative low-energy interactions among incoming hadrons.

« Complete breakdown of PDF factorisation!
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Region analysis of 3-loop diagrams

Oc
...oooooooo..,“\ T

\000‘ Oo“‘
Pe i ad:
= 00
= ;
2 n""'a Q x4,
O I0ry 0
(
62}999
< M n
= ‘Illl) ';,'P
"8 )

« Consider diagrams with soft emission into the gap, space-like collinear splitting,
and virtual gluon exchange.

* Perform method-of-regions analysis to find possible scalings of loop
momentum k. [Beneke, Smirnov (1997)]
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Region analysis of 3-loop diagrams

Gc
...nuou.““‘ T~

\000- Oo“‘
Pe ik \Ii 00y
< ()
< AN 00 QO
O ()
()
%
0
7, |
O \ (/ J
N\

e Introduce light-cone reference vectors n,, 7, and expansion parameter

u
A = Q/Q,. External momenta are given by

(TL *Pcy T ‘Pc,ch) — (pg_apc_ach_) ™~ ()‘27 17/\)Q

(iE/RW Patrick Hager | On factorisation, its breaking, and its restoration 10 July 2026
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« Reduces to analysis of scalar pentagon integrals, can compare to full result.

B Di K 199
» Region finder in Asy2.1, pySecDec identify single region: SEHIEBIXORSROSOVERIEAZS

k1 ke ! (12,1,132) Osoft-collinear

* On-shell mode with small transverse momentum, compatible with soft and collinear scaling.
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Subtleties in the analytic continuation

* In Euclidean kinematics, s =(pi + pj )¢ < 0,pt < O

« Soft-collinear mode fully reproduces pentagon integral, but extra terms are
present for physical kinematics

S12= ! p. G Sp3 = @ g sas = ! (P ! g )ls
Sea = ! Byl | Ss1 = ! O W . pe =(p: ! & )Py

« Related to the cancellation

?ﬂﬁgﬂs! Pé%g%z Pl: e /ac.%"' ISTU;> 0

| 2

C\E/RW Patrick Hager | On factorisation, its breaking, and its restoration 10 July 2026
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Subtleties in the analytic continuation

« Extra terms are power-suppressed in Euclidean kinematics and proportional to
a prefactor

— 2 I AN

IR Sp3 ! S45Ss51
I > 11 eI # | 1 + p5
545 S51,, ey pssz%.p | S45p51 o

S45 S51
P =

| |

L L(pE) + ' (S23) " 1 (Sas) " ! (Ss1)

« Power-enhancement due to complex phases in physical kinematics!

1 for! =0
|
P 1+l for! +0
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Glauber contribution

« Hidden region not present in Euclidean kinematics

k1 (14,1,1) OGlauber
[For more on hidden regions: Gardi, Herzog, Jones, Ma (2024)]

* Resulting loop integral g _ (41)2" ! - d% 1 1
W 1 "
k" (pe ! e )! o pe ! kE! 2Ky Ager
1 1

g (K' ! ls) VISK 1 K2 + 2kt gt

well-defined in dimensional regularisation alone.

C\E/RW Patrick Hager | On factorisation, its breaking, and its restoration 10 July 2026
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Glauber contribution "

N

Pc ! s ”“"‘u
0
| Qo ;

« Soft-collinear and Glauber modes correctly reproduce leading-power scalar
pentagon in physical kinematics.

« Soft-collinear part has a scaleless integration over collinear emission.
« Glauber contribution arise only from the diagram above plus permutations.

e Result can also be obtained using Glauber SCET. [Rothstein, Stewart (2016)]
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Consistency check

[Becher, PH, Jaskiewicz, Neubert, Schwienbacher (2025)]

« Successfully recover all poles that we predicted

share _ 4 Qs T (a8)2 VeT +(%)3 T°VCT 11lel 112 9lnu3 . vVever . IRAVA !_+
mo T dr 26 \dx 22 A/ || 3gd Q2 ' Q2 3e3 1213

» Hard logarithm in Q arises from collinear anomaly.

« No (possibly) non-perturbative regions arise (e.g. soft-collinear).

. evolution above (, from commutator term that depends
on colors of all particles.

| 171

| 128 Py (x1)" (1" x2)fanc TI(2ALB) 3, TOTC+ (1 # 2)
) =3
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summary

phase factors soft

double-

SLL evolution

AQCD

collinear contributions
og evolution

single-log evolution

CE/RW
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The physics below (J,,

» For the physics below (), integrate out the perturbative part.
« Then the observable becomes ,fully inclusive®.
» Glauber modes with virtuality A, should cancel following CSS.

* Only PDFs survive.

C\E/RW Patrick Hager | On factorisation, its breaking, and its restoration 10 July 2026
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summary

« Soft-collinear factorisation at the veto scale reconciles the breaking of collinear

factorisation with unbroken PDF factorisation.

« Glauber interactions break rapidity factorisation and mediate scales to activate

new regions. This is the essence of coherence violation from the EFT perspective.

« PDF factorisation emerges as property of the (fully inclusive) infrared theory,

rather than consequence of collinear factorisation.

« Understanding the all-order structure of these Glauber interactions would pave

the way to a proof of PDF factorisation for a wider class of observables.
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This type of factorisation breaking is not restricted to non-

global observables, see Andrea’s and Dominik’s talks...

\_

~

/
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This type ammc l(culsm LHE nns:mmm
global ol

\_

/

(chuckles)
I'm In danger.
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