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General idea

Constructing amplitude evolution and showers by 
infrared boundaries and renormalization

Take the infrared boundary between resolved and unresolved 
emissions as a constructing principle, rather than a dirty corner.

Provides a path to derive amplitude evolution at higher orders, and 
to constrain and understand hadronization in quite some detail.

Today’s topic is about illustrating this framework for just partonic 
cross sections and towards infrared safety and sensitivity — in a 
simplified version to highlight the main concepts.

I will also outline, how power expansions are crucial to determine 
the underlying evolution structure, and where momentum mappings 
are central to derive factorization.

[Plätzer — JHEP 07 (2023) 126]

[Amirante, Forshaw, Plätzer — in preparation]
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General idea — schematic
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Constructing amplitude evolution and showers 
by infrared boundaries and renormalization

Define regions in which we can or cannot use expansions and 
factorization — a set of functions organizing the cross 
section.

• Could implement angularly restrictions on emissions to 
exploit coherence on top of just soft/collinear

• Differentiating would lead to evolution equations
• Only the entirety of soft and hard regions would 

strictly be independent of the separation scales chosen
• The response of observables is unclear
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!(µ,ω)= 1→ε(E → µ)ε(1→ cos ε → ω)

Partitioning of phase space:

• Identify regions which admit expansions in singular limits
• Arbitrary boundaries so long as expansions are valid
• Physically significant parameters — kinematic 

hierarchies, e.g.

Isolation of singularities:

• Arbitrary boundaries and unphysical parameters
• Valid as long as every singularity covered per region
• Cancellation of singularities facilitated by renormalization
• Serves as factorization scale(s), e.g.

finite

singular

other region

General idea — schematic

<latexit sha1_base64="hmcUAXFDUqoh/bNy4i/Wjpqa/ZE="></latexit>

! = ω(Q→ p→)ω(Q̃→Qn̄ · k)
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ω =ωhard(Q) + ωsoft(Q)=ωhard(Q) + ωhard(Q)→A(Q,µ)→ S(µ)
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ω =ωhard(Q) + ωsoft(Q)=ωhard(Q) + ωhard(Q)→A(Q,µ)→ S(µ)
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ω =ωhard(Q) + ωsoft(Q)=ωhard(Q) + ωhard(Q)→A(Q,µ)→ S(µ)

allow for unresolved
— admits factorizationunresolved momenta 

forbidden — can only 
calculate in fixed order

Constructing amplitude evolution and showers 
by regions, infrared cuts and renormalization

Schematically we intent to achieve

<latexit sha1_base64="jF7SAZDzexTipnoDxC6bdM+Zag8="></latexit>

ω =ωhard(Q) + ωsoft(Q)=ωhard(Q) + ωhard(Q)→A(Q,µ)→ S(µ)

universal observable 
specific
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ω = M · u = A(µS) · S(µs)
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M (ω)
n = M (ω)

n (q1, ..., qn; k1, ..., kω)
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un = un(q1, ..., qn)
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S(µs) = Z(µS)u
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A(µs) = Z→T (µS)M
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Z = 1+ ωs





Z1(k1) →Z1(q1) 0 0 · · ·

0 Z2(q1, k1) →Z2(q1, q2) 0 · · ·

0 0 Z3(q1, q2, k1) →Z3(q1, q2, q3) · · ·

...
...

...
...

. . .




+O(ω2

S)

Matrix elements and observables are vectors in multiplicity space

Renormalization mixes multiplicities to remove IR divergencies

[Similar structures in EFT analyses — Becher, Neubert et al.]

Z factor depends on real and virtual momenta

[Amirante, Forshaw, Plätzer — in preparation]General idea — simplified
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A(0)
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n (q1, ..., qn) +M (0)
n→1(q1, ...qn→1)Zn(q1, ..., qn;µS)
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n (q1, ..., qn; k1) +M (0)
n (q1, ..., qn)Zn+1(q1, ..., qn, k1;µS)
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A(µs) = Z→T (µS)M

Matrix elements and observables are vectors in multiplicity space

Renormalization mixes multiplicities to remove IR divergencies

[Amirante, Forshaw, Plätzer — in preparation]

Renormalized cross sections are finite

General idea — simplified



<latexit sha1_base64="1D6YeO/pg5H8UZZnMxu+vjMWnPw="></latexit>

µS
ω

ωµS
A(µS) = !(µS)A(µS)

<latexit sha1_base64="0+CuMXCpn/V3/FUOOgaGAjMrnTc="></latexit>

µS
ω

ωµS
S(µS) = →!T (µS)S(µS)

<latexit sha1_base64="z2yI5msJjLI3s2GyMbby2j8JUQg="></latexit>

ω = M · u = A(µS) · S(µs)

<latexit sha1_base64="tcAyTGHeD6VH7eTCjkFVDzD5iyU=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0Wsm5KIVDdC0Y0boYJ9QJOGyXTSDp1MwsxEKKGf4MZfceNCEbcu3fk3TtostPXAhcM593LvPX7MqFSW9W0UlpZXVteK66WNza3tHXN3ryWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtf3Sd+e0HIiSN+L0ax8QN0YDTgGKktOSZx7ceh5fQkUnoOYQx6CAWD5Enewxqq5dWMvVk4pllq2pNAReJnZMyyNHwzC+nH+EkJFxhhqTs2las3BQJRTEjk5KTSBIjPEID0tWUo5BIN50+NIFHWunDIBK6uIJT9fdEikIpx6GvO0OkhnLey8T/vG6iggs3pTxOFOF4tihIGFQRzNKBfSoIVmysCcKC6lshHiKBsNIZlnQI9vzLi6R1WrVr1drdWbl+lcdRBAfgEFSADc5BHdyABmgCDB7BM3gFb8aT8WK8Gx+z1oKRz+yDPzA+fwAsb5wU</latexit>

Mn =
∑

ω

ωl
sM

(ω)
n

<latexit sha1_base64="9LJicZbttS9wN7Jz7i0bJ9UR28E=">AAACIHicbZBPS8MwGMbT+W/Of1WPXoJDmDBKK7IJIgy9eBEmuE3YakmzbAtL0y5JhVH2Ubz4Vbx4UERv+mnMth7m5guBX57nfUnex48Ylcq2v43M0vLK6lp2PbexubW9Y+7u1WUYC0xqOGShuPeRJIxyUlNUMXIfCYICn5GG378a+41HIiQN+Z0aRsQNUJfTDsVIackzyzcef0gKLcLY8QhewNlrYeA5RcuyigOPn/dT7nsT0zPztmVPCi6Ck0IepFX1zK9WO8RxQLjCDEnZdOxIuQkSimJGRrlWLEmEcB91SVMjRwGRbjJZcASPtNKGnVDowxWcqLMTCQqkHAa+7gyQ6sl5byz+5zVj1TlzE8qjWBGOpw91YgZVCMdpwTYVBCs21ICwoPqvEPeQQFjpTHM6BGd+5UWon1hOySrdnuYrl2kcWXAADkEBOKAMKuAaVEENYPAEXsAbeDeejVfjw/ictmaMdGYf/Cnj5xdVs5/6</latexit>

M (ω)
n = M (ω)

n (q1, ..., qn; k1, ..., kω)
<latexit sha1_base64="gS7lEGebYraV6iItV7m/NUMjcpw=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWoUEIiUt0IRTcuK9gHtCFMppN26GSSzkyEWoq/4saFIm79D3f+jdM2C209cOFwzr3ce0+QMCqV43wbS8srq2vruY385tb2zq65t1+XcSowqeGYxaIZIEkY5aSmqGKkmQiCooCRRtC/mfiNByIkjfm9GibEi1CX05BipLTkm4epz690FQe+W7JtuzTw+alvFhzbmcJaJG5GCpCh6ptf7U6M04hwhRmSsuU6ifJGSCiKGRnn26kkCcJ91CUtTTmKiPRG0+vH1olWOlYYC11cWVP198QIRVIOo0B3Rkj15Lw3Ef/zWqkKL70R5UmqCMezRWHKLBVbkyisDhUEKzbUBGFB9a0W7iGBsNKB5XUI7vzLi6R+Zrtlu3x3XqhcZ3Hk4AiOoQguXEAFbqEKNcDwCM/wCm/Gk/FivBsfs9YlI5s5gD8wPn8AEJ+TsQ==</latexit>

un = un(q1, ..., qn)

<latexit sha1_base64="kfOx0ZE4KKxlNuR64uZx8FRGOEg=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhah3ZREpLoRim5cVmpbsQllMp20QycP5iGU0KUbf8WNC0Xc+gnu/BsnaRbaeuDC4Zx7ufceL2ZUSMv6NgpLyyura8X10sbm1vaOubvXEZHimLRxxCJ+5yFBGA1JW1LJyF3MCQo8Rrre+Cr1uw+ECxqFt3ISEzdAw5D6FCOppb552Ko4geqLKryAiRMgOfJ8eD/NxFYVqr5ZtmpWBrhI7JyUQY5m3/xyBhFWAQklZkiInm3F0k0QlxQzMi05SpAY4TEakp6mIQqIcJPskSk81soA+hHXFUqYqb8nEhQIMQk83ZmeKua9VPzP6ynpn7sJDWMlSYhni3zFoIxgmgocUE6wZBNNEOZU3wrxCHGEpc6upEOw519eJJ2Tml2v1W9Oy43LPI4iOABHoAJscAYa4Bo0QRtg8AiewSt4M56MF+Pd+Ji1Fox8Zh/8gfH5AzImmDM=</latexit>

S(µs) = Z(µS)u
<latexit sha1_base64="HaLVfe9UqRWvM7W2dZfnSMfaN2A=">AAACDXicbVDLSsNAFJ3UV62vqks3g1VoF5ZEpLoRqm7cCBX7wjaGyXTSDp1MwsxEKKE/4MZfceNCEbfu3fk3TtIutHrgwuGce7n3HjdkVCrT/DIyc/MLi0vZ5dzK6tr6Rn5zqymDSGDSwAELRNtFkjDKSUNRxUg7FAT5LiMtd3iR+K17IiQNeF2NQmL7qM+pRzFSWnLye2fFrh85sgRPYdz1kRq4Hrwd38UH9XHq3JTglZMvmGUzBfxLrCkpgClqTv6z2wtw5BOuMENSdiwzVHaMhKKYkXGuG0kSIjxEfdLRlCOfSDtOvxnDfa30oBcIXVzBVP05ESNfypHv6s7kXjnrJeJ/XidS3okdUx5GinA8WeRFDKoAJtHAHhUEKzbSBGFB9a0QD5BAWOkAczoEa/blv6R5WLYq5cr1UaF6Po0jC3bALigCCxyDKrgENdAAGDyAJ/ACXo1H49l4M94nrRljOrMNfsH4+AaVe5oC</latexit>

A(µs) = Z→T (µS)M

Matrix elements and observables are vectors in multiplicity space

Renormalization mixes multiplicities to remove IR divergencies

[Amirante, Forshaw, Plätzer — in preparation]

Evolution equations for A describe a parton shower, accompanied by an evolution of S

<latexit sha1_base64="HXmhXMi94R6wZ1OnbFaN6BYXhr8="></latexit>

Z(q1, ..., qn, q;µS) = P (q1, ..., qn, q)!(q1, ..., qn; q)ω(q1, ..., qn; q;µS)

General idea — simplified



<latexit sha1_base64="1D6YeO/pg5H8UZZnMxu+vjMWnPw="></latexit>

µS
ω

ωµS
A(µS) = !(µS)A(µS)

<latexit sha1_base64="0+CuMXCpn/V3/FUOOgaGAjMrnTc="></latexit>

µS
ω

ωµS
S(µS) = →!T (µS)S(µS)

<latexit sha1_base64="z2yI5msJjLI3s2GyMbby2j8JUQg="></latexit>

ω = M · u = A(µS) · S(µs)

<latexit sha1_base64="tcAyTGHeD6VH7eTCjkFVDzD5iyU=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0Wsm5KIVDdC0Y0boYJ9QJOGyXTSDp1MwsxEKKGf4MZfceNCEbcu3fk3TtostPXAhcM593LvPX7MqFSW9W0UlpZXVteK66WNza3tHXN3ryWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtf3Sd+e0HIiSN+L0ax8QN0YDTgGKktOSZx7ceh5fQkUnoOYQx6CAWD5Enewxqq5dWMvVk4pllq2pNAReJnZMyyNHwzC+nH+EkJFxhhqTs2las3BQJRTEjk5KTSBIjPEID0tWUo5BIN50+NIFHWunDIBK6uIJT9fdEikIpx6GvO0OkhnLey8T/vG6iggs3pTxOFOF4tihIGFQRzNKBfSoIVmysCcKC6lshHiKBsNIZlnQI9vzLi6R1WrVr1drdWbl+lcdRBAfgEFSADc5BHdyABmgCDB7BM3gFb8aT8WK8Gx+z1oKRz+yDPzA+fwAsb5wU</latexit>

Mn =
∑

ω

ωl
sM

(ω)
n

<latexit sha1_base64="9LJicZbttS9wN7Jz7i0bJ9UR28E=">AAACIHicbZBPS8MwGMbT+W/Of1WPXoJDmDBKK7IJIgy9eBEmuE3YakmzbAtL0y5JhVH2Ubz4Vbx4UERv+mnMth7m5guBX57nfUnex48Ylcq2v43M0vLK6lp2PbexubW9Y+7u1WUYC0xqOGShuPeRJIxyUlNUMXIfCYICn5GG378a+41HIiQN+Z0aRsQNUJfTDsVIackzyzcef0gKLcLY8QhewNlrYeA5RcuyigOPn/dT7nsT0zPztmVPCi6Ck0IepFX1zK9WO8RxQLjCDEnZdOxIuQkSimJGRrlWLEmEcB91SVMjRwGRbjJZcASPtNKGnVDowxWcqLMTCQqkHAa+7gyQ6sl5byz+5zVj1TlzE8qjWBGOpw91YgZVCMdpwTYVBCs21ICwoPqvEPeQQFjpTHM6BGd+5UWon1hOySrdnuYrl2kcWXAADkEBOKAMKuAaVEENYPAEXsAbeDeejVfjw/ictmaMdGYf/Cnj5xdVs5/6</latexit>

M (ω)
n = M (ω)

n (q1, ..., qn; k1, ..., kω)
<latexit sha1_base64="gS7lEGebYraV6iItV7m/NUMjcpw=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWoUEIiUt0IRTcuK9gHtCFMppN26GSSzkyEWoq/4saFIm79D3f+jdM2C209cOFwzr3ce0+QMCqV43wbS8srq2vruY385tb2zq65t1+XcSowqeGYxaIZIEkY5aSmqGKkmQiCooCRRtC/mfiNByIkjfm9GibEi1CX05BipLTkm4epz690FQe+W7JtuzTw+alvFhzbmcJaJG5GCpCh6ptf7U6M04hwhRmSsuU6ifJGSCiKGRnn26kkCcJ91CUtTTmKiPRG0+vH1olWOlYYC11cWVP198QIRVIOo0B3Rkj15Lw3Ef/zWqkKL70R5UmqCMezRWHKLBVbkyisDhUEKzbUBGFB9a0W7iGBsNKB5XUI7vzLi6R+Zrtlu3x3XqhcZ3Hk4AiOoQguXEAFbqEKNcDwCM/wCm/Gk/FivBsfs9YlI5s5gD8wPn8AEJ+TsQ==</latexit>

un = un(q1, ..., qn)

<latexit sha1_base64="kfOx0ZE4KKxlNuR64uZx8FRGOEg=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhah3ZREpLoRim5cVmpbsQllMp20QycP5iGU0KUbf8WNC0Xc+gnu/BsnaRbaeuDC4Zx7ufceL2ZUSMv6NgpLyyura8X10sbm1vaOubvXEZHimLRxxCJ+5yFBGA1JW1LJyF3MCQo8Rrre+Cr1uw+ECxqFt3ISEzdAw5D6FCOppb552Ko4geqLKryAiRMgOfJ8eD/NxFYVqr5ZtmpWBrhI7JyUQY5m3/xyBhFWAQklZkiInm3F0k0QlxQzMi05SpAY4TEakp6mIQqIcJPskSk81soA+hHXFUqYqb8nEhQIMQk83ZmeKua9VPzP6ynpn7sJDWMlSYhni3zFoIxgmgocUE6wZBNNEOZU3wrxCHGEpc6upEOw519eJJ2Tml2v1W9Oy43LPI4iOABHoAJscAYa4Bo0QRtg8AiewSt4M56MF+Pd+Ji1Fox8Zh/8gfH5AzImmDM=</latexit>

S(µs) = Z(µS)u
<latexit sha1_base64="HaLVfe9UqRWvM7W2dZfnSMfaN2A=">AAACDXicbVDLSsNAFJ3UV62vqks3g1VoF5ZEpLoRqm7cCBX7wjaGyXTSDp1MwsxEKKE/4MZfceNCEbfu3fk3TtIutHrgwuGce7n3HjdkVCrT/DIyc/MLi0vZ5dzK6tr6Rn5zqymDSGDSwAELRNtFkjDKSUNRxUg7FAT5LiMtd3iR+K17IiQNeF2NQmL7qM+pRzFSWnLye2fFrh85sgRPYdz1kRq4Hrwd38UH9XHq3JTglZMvmGUzBfxLrCkpgClqTv6z2wtw5BOuMENSdiwzVHaMhKKYkXGuG0kSIjxEfdLRlCOfSDtOvxnDfa30oBcIXVzBVP05ESNfypHv6s7kXjnrJeJ/XidS3okdUx5GinA8WeRFDKoAJtHAHhUEKzbSBGFB9a0QD5BAWOkAczoEa/blv6R5WLYq5cr1UaF6Po0jC3bALigCCxyDKrgENdAAGDyAJ/ACXo1H49l4M94nrRljOrMNfsH4+AaVe5oC</latexit>

A(µs) = Z→T (µS)M

Matrix elements and observables are vectors in multiplicity space

Renormalization mixes multiplicities to remove IR divergencies

[Amirante, Forshaw, Plätzer — in preparation]

Evolution equations for A describe a parton shower, accompanied by an evolution of S

<latexit sha1_base64="HXmhXMi94R6wZ1OnbFaN6BYXhr8="></latexit>

Z(q1, ..., qn, q;µS) = P (q1, ..., qn, q)!(q1, ..., qn; q)ω(q1, ..., qn; q;µS)

<latexit sha1_base64="zR9nXZ3vkj7mWHiqJ0M7qewna1s="></latexit>

!n → (...)↑ ”(q1, ..., qn; q)ω(q1, ..., qn; q;µS)

Deep link between region definition, renormalization scale and 
kinematics — infer ordering variable from renormalization scale.

General idea — simplified



<latexit sha1_base64="5YJJem89DNoog9momLqsGGnM/6Y="></latexit>

Sn(µS ; q1, ..., qn) = un(q1, ..., qn)→ ωs (un+1(q1, ..., qn+1)→ un(q1, ..., qn))Zn+1(q1, ...qn+1;µS) +O(ωs)
<latexit sha1_base64="5YJJem89DNoog9momLqsGGnM/6Y="></latexit>

Sn(µS ; q1, ..., qn) = un(q1, ..., qn)→ ωs (un+1(q1, ..., qn+1)→ un(q1, ..., qn))Zn+1(q1, ...qn+1;µS) +O(ωs)

<latexit sha1_base64="z2yI5msJjLI3s2GyMbby2j8JUQg="></latexit>

ω = M · u = A(µS) · S(µs)

<latexit sha1_base64="tcAyTGHeD6VH7eTCjkFVDzD5iyU=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0Wsm5KIVDdC0Y0boYJ9QJOGyXTSDp1MwsxEKKGf4MZfceNCEbcu3fk3TtostPXAhcM593LvPX7MqFSW9W0UlpZXVteK66WNza3tHXN3ryWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtf3Sd+e0HIiSN+L0ax8QN0YDTgGKktOSZx7ceh5fQkUnoOYQx6CAWD5Enewxqq5dWMvVk4pllq2pNAReJnZMyyNHwzC+nH+EkJFxhhqTs2las3BQJRTEjk5KTSBIjPEID0tWUo5BIN50+NIFHWunDIBK6uIJT9fdEikIpx6GvO0OkhnLey8T/vG6iggs3pTxOFOF4tihIGFQRzNKBfSoIVmysCcKC6lshHiKBsNIZlnQI9vzLi6R1WrVr1drdWbl+lcdRBAfgEFSADc5BHdyABmgCDB7BM3gFb8aT8WK8Gx+z1oKRz+yDPzA+fwAsb5wU</latexit>

Mn =
∑

ω

ωl
sM

(ω)
n

<latexit sha1_base64="9LJicZbttS9wN7Jz7i0bJ9UR28E=">AAACIHicbZBPS8MwGMbT+W/Of1WPXoJDmDBKK7IJIgy9eBEmuE3YakmzbAtL0y5JhVH2Ubz4Vbx4UERv+mnMth7m5guBX57nfUnex48Ylcq2v43M0vLK6lp2PbexubW9Y+7u1WUYC0xqOGShuPeRJIxyUlNUMXIfCYICn5GG378a+41HIiQN+Z0aRsQNUJfTDsVIackzyzcef0gKLcLY8QhewNlrYeA5RcuyigOPn/dT7nsT0zPztmVPCi6Ck0IepFX1zK9WO8RxQLjCDEnZdOxIuQkSimJGRrlWLEmEcB91SVMjRwGRbjJZcASPtNKGnVDowxWcqLMTCQqkHAa+7gyQ6sl5byz+5zVj1TlzE8qjWBGOpw91YgZVCMdpwTYVBCs21ICwoPqvEPeQQFjpTHM6BGd+5UWon1hOySrdnuYrl2kcWXAADkEBOKAMKuAaVEENYPAEXsAbeDeejVfjw/ictmaMdGYf/Cnj5xdVs5/6</latexit>

M (ω)
n = M (ω)

n (q1, ..., qn; k1, ..., kω)
<latexit sha1_base64="gS7lEGebYraV6iItV7m/NUMjcpw=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWoUEIiUt0IRTcuK9gHtCFMppN26GSSzkyEWoq/4saFIm79D3f+jdM2C209cOFwzr3ce0+QMCqV43wbS8srq2vruY385tb2zq65t1+XcSowqeGYxaIZIEkY5aSmqGKkmQiCooCRRtC/mfiNByIkjfm9GibEi1CX05BipLTkm4epz690FQe+W7JtuzTw+alvFhzbmcJaJG5GCpCh6ptf7U6M04hwhRmSsuU6ifJGSCiKGRnn26kkCcJ91CUtTTmKiPRG0+vH1olWOlYYC11cWVP198QIRVIOo0B3Rkj15Lw3Ef/zWqkKL70R5UmqCMezRWHKLBVbkyisDhUEKzbUBGFB9a0W7iGBsNKB5XUI7vzLi6R+Zrtlu3x3XqhcZ3Hk4AiOoQguXEAFbqEKNcDwCM/wCm/Gk/FivBsfs9YlI5s5gD8wPn8AEJ+TsQ==</latexit>

un = un(q1, ..., qn)

<latexit sha1_base64="kfOx0ZE4KKxlNuR64uZx8FRGOEg=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhah3ZREpLoRim5cVmpbsQllMp20QycP5iGU0KUbf8WNC0Xc+gnu/BsnaRbaeuDC4Zx7ufceL2ZUSMv6NgpLyyura8X10sbm1vaOubvXEZHimLRxxCJ+5yFBGA1JW1LJyF3MCQo8Rrre+Cr1uw+ECxqFt3ISEzdAw5D6FCOppb552Ko4geqLKryAiRMgOfJ8eD/NxFYVqr5ZtmpWBrhI7JyUQY5m3/xyBhFWAQklZkiInm3F0k0QlxQzMi05SpAY4TEakp6mIQqIcJPskSk81soA+hHXFUqYqb8nEhQIMQk83ZmeKua9VPzP6ynpn7sJDWMlSYhni3zFoIxgmgocUE6wZBNNEOZU3wrxCHGEpc6upEOw519eJJ2Tml2v1W9Oy43LPI4iOABHoAJscAYa4Bo0QRtg8AiewSt4M56MF+Pd+Ji1Fox8Zh/8gfH5AzImmDM=</latexit>

S(µs) = Z(µS)u
<latexit sha1_base64="HaLVfe9UqRWvM7W2dZfnSMfaN2A=">AAACDXicbVDLSsNAFJ3UV62vqks3g1VoF5ZEpLoRqm7cCBX7wjaGyXTSDp1MwsxEKKE/4MZfceNCEbfu3fk3TtIutHrgwuGce7n3HjdkVCrT/DIyc/MLi0vZ5dzK6tr6Rn5zqymDSGDSwAELRNtFkjDKSUNRxUg7FAT5LiMtd3iR+K17IiQNeF2NQmL7qM+pRzFSWnLye2fFrh85sgRPYdz1kRq4Hrwd38UH9XHq3JTglZMvmGUzBfxLrCkpgClqTv6z2wtw5BOuMENSdiwzVHaMhKKYkXGuG0kSIjxEfdLRlCOfSDtOvxnDfa30oBcIXVzBVP05ESNfypHv6s7kXjnrJeJ/XidS3okdUx5GinA8WeRFDKoAJtHAHhUEKzbSBGFB9a0QD5BAWOkAczoEa/blv6R5WLYq5cr1UaF6Po0jC3bALigCCxyDKrgENdAAGDyAJ/ACXo1H49l4M94nrRljOrMNfsH4+AaVe5oC</latexit>

A(µs) = Z→T (µS)M

Matrix elements and observables are vectors in multiplicity space

Renormalization mixes multiplicities to remove IR divergencies

[Amirante, Forshaw, Plätzer — in preparation]

Observable response is encoded in the effective observable factor

Could infer an observable specific evolution:

General idea — simplified

<latexit sha1_base64="fq5cce0HBpQZ6W6jdNhl+ucpkRQ="></latexit>

µS
ω

ωµS
Sn = (un+1 → un)µS

ω

ωµS
(→εSZn+1(µS)) +O(ε2

S)



<latexit sha1_base64="5YJJem89DNoog9momLqsGGnM/6Y="></latexit>

Sn(µS ; q1, ..., qn) = un(q1, ..., qn)→ ωs (un+1(q1, ..., qn+1)→ un(q1, ..., qn))Zn+1(q1, ...qn+1;µS) +O(ωs)
<latexit sha1_base64="5YJJem89DNoog9momLqsGGnM/6Y="></latexit>

Sn(µS ; q1, ..., qn) = un(q1, ..., qn)→ ωs (un+1(q1, ..., qn+1)→ un(q1, ..., qn))Zn+1(q1, ...qn+1;µS) +O(ωs)

<latexit sha1_base64="z2yI5msJjLI3s2GyMbby2j8JUQg="></latexit>

ω = M · u = A(µS) · S(µs)

<latexit sha1_base64="tcAyTGHeD6VH7eTCjkFVDzD5iyU=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0Wsm5KIVDdC0Y0boYJ9QJOGyXTSDp1MwsxEKKGf4MZfceNCEbcu3fk3TtostPXAhcM593LvPX7MqFSW9W0UlpZXVteK66WNza3tHXN3ryWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtf3Sd+e0HIiSN+L0ax8QN0YDTgGKktOSZx7ceh5fQkUnoOYQx6CAWD5Enewxqq5dWMvVk4pllq2pNAReJnZMyyNHwzC+nH+EkJFxhhqTs2las3BQJRTEjk5KTSBIjPEID0tWUo5BIN50+NIFHWunDIBK6uIJT9fdEikIpx6GvO0OkhnLey8T/vG6iggs3pTxOFOF4tihIGFQRzNKBfSoIVmysCcKC6lshHiKBsNIZlnQI9vzLi6R1WrVr1drdWbl+lcdRBAfgEFSADc5BHdyABmgCDB7BM3gFb8aT8WK8Gx+z1oKRz+yDPzA+fwAsb5wU</latexit>
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implications of the shear presence of a non-trivial Un are: we analyse to what extent we can

use the anticipated factorization to consistently construct evolution equations – and this

mainly means finite, iterative algorithms – to build up the hard scattering operator and the

measurement operator (which we can think of as anything in between a jet measurement,

fragmentation function, or a completely exclusive hadronization model), subject to a given

class of observables. Any finite algorithm, if it shall be based on events of fixed multiplicity,

necessarily involves an infrared resolution. The presence of this resolution, e.g. through

an infrared cuto! scale µS , shall be our starting point. We will devise re-definitions (or

renormalization transformations) from Mn and Un,

MnZ
n
g = Zn [A(µS), µS ] Un = Xn [S(µS), µS ]

onto finite density operators A(µS) = (A0(µS),A1(µS), ...) and e!ective measurement

operators S(µS) = (S0(µS),S1(µS), ...) such that the cross section is invariant in the sense

that

∑

n

ωn
0

∫
Tr [MnUn] dεn =

∑

n

ωn
S

∫
Tr [Zn [A(µS), µS ]Xn [S(µS), µS ]] dεn =

∑

n

ωn
S

∫
Tr [An(µS)Sn(µS)] dεn ,

where ω0 = ωSZg relates the bare and renormalized couplings, and µS is a resolution scale

(in fact, as we demonstrate below, a collection of resolutions scales), of which the final

cross sections needs to be independent in the same way as it is of the renormalization scale

(which we have supressed for simplicity in these introductory notes). Jet cross sections

would be recovered if Sn are the unit operators in colour space times a scalar measurement

function, and would then be represented by a scalar product matrix of overlaps of colour

states, see [4] for more details. The independence of the “bare” objects Mn and Un of the

scale µS will result in evolution equations for the An(µS) and Sn(µS), and also implies the

fact that the cross section is independent of the chosen resolution scale. Had we chosen

to work with vectors of density operators A rather their components An for each partonic

multiplicity, then the action of Z and X would in fact be matrices of colour charge operators

which are inverse to each other. While the former notation might look more transparent

on conceptual grounds, we here aim at a practical analysis, which is better based on the

density operators for individual partonic multiplicities and the cross feed between them,

mediated by the emission of additional partons. We should thus warn the reader that the

implementations of the re-definitions Z and X in the main text will appear in a more

complicated fashion than by representing them as simple linear operators acting on all the

density operators. However we exactly exploit the fact that X is inverse to Z, and we spell

out and prove this relation in very detail in the main text: We will actually determine

Z from X to be its inverse, possibly order-by-order in the strong coupling ωS . X itself

needs to be determined to provide infrared subtractions to the hard density operator, after

ultraviolet renormalization, and its factorization properties. This step very much resembles

what happens in a fixed-order calculation in which infrared divergences are subtracted
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Figure 1: Graphical representation of the present approach. A cross section is calculated

by considering a partonic amplitude and its conjugate as an operator in colour space

of intermediate partonic configurations. We sum over all configurations weighted by a

projection on final state colour structures and a measurement, integrated over the finally

observed objects. The details of the measurement are not of concern to the present work

but we will investigate to what extent this factorization dictates evolution equations for

both Mn and Un.

1.1 Aim of the present work and guide to the paper

Our starting point will be a cross section definition which factors hard scattering matrix

elements from possibly non-perturbative factors in the amplitude which describe the forma-

tion of hadrons and the implementation of the observable of interest. We shall perform this

analysis on the level of “density operators” in colour space, as we have previously studied

for partonic cross sections in earlier work (see e.g. [3, 4, 9] for the general formalism and

to to set the notation). Graphically we represent our approach in Fig. 1. We assume that

we will be able to calculate the scattering matrix element and its conjugate, conveniently

assembled into the cross section density operator Mn = |Mn→↑Mn| in perturbation theory

and as a vector |Mn→ in the space of colour structures for n additionally emitted partons

on top of a hard scattering process. The cross section density operator, in a given basis,

would thus be represented as a quadratic matrix [4]. The combined e!ect of projecting

the partonic final state on certain colour configurations, and on performing a measurement

described by an observable function on the final state, will then be encoded in an operator

Un, which contains the truly quantum mechanical external states and operators which

overlap with these states in the sense that we can create and annihilate (hard) partons

from these states. The form of the resulting cross section will be (schematically)

ω ↓

∑

n

∫
Tr [MnUn] dεn

where dεn indicates an integration over the partonic momenta (e!ectively, the partonic

phase space, though this is already a very specific assumption). Un might be structured

such that it allows or prevents cancellation of infrared singularities. In the latter case

we need to consider Un as a genuinely non-perturbative object such as a fragmentation

function or parton distribution function is. The aim of the present paper is not to work

out the complete definition of Un and the conditions under which we can actually write a

cross section in the form above (we will give an outlook on this topic), but rather what the
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redefine in IR regions
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use the anticipated factorization to consistently construct evolution equations – and this

mainly means finite, iterative algorithms – to build up the hard scattering operator and the

measurement operator (which we can think of as anything in between a jet measurement,

fragmentation function, or a completely exclusive hadronization model), subject to a given

class of observables. Any finite algorithm, if it shall be based on events of fixed multiplicity,

necessarily involves an infrared resolution. The presence of this resolution, e.g. through

an infrared cuto↵ scale µS , shall be our starting point. We will devise re-definitions (or

renormalization transformations) from Mn and Un,

MnZ
n
g = Zn [A(µS), µS ] Un = Xn [S(µS), µS ]

onto finite density operators A(µS) = (A0(µS),A1(µS), ...) and e↵ective measurement

operators S(µS) = (S0(µS),S1(µS), ...) such that the cross section is invariant in the sense

that

X

n

↵n
0

Z
Tr [MnUn] d�n =

X

n

↵n
S

Z
Tr [Zn [A(µS), µS ]Xn [S(µS), µS ]] d�n =

X

n

↵n
S

Z
Tr [An(µS)Sn(µS)] d�n ,

where ↵0 = ↵SZg relates the bare and renormalized couplings, and µS is a resolution scale

(in fact, as we demonstrate below, a collection of resolutions scales), of which the final

cross sections needs to be independent in the same way as it is of the renormalization scale

(which we have supressed for simplicity in these introductory notes). Jet cross sections

would be recovered if Sn are the unit operators in colour space times a scalar measurement

function, and would then be represented by a scalar product matrix of overlaps of colour

states, see [4] for more details. The independence of the “bare” objects Mn and Un of the

scale µS will result in evolution equations for the An(µS) and Sn(µS), and also implies the

fact that the cross section is independent of the chosen resolution scale. Had we chosen

to work with vectors of density operators A rather their components An for each partonic

multiplicity, then the action of Z and X would in fact be matrices of colour charge operators

which are inverse to each other. While the former notation might look more transparent

on conceptual grounds, we here aim at a practical analysis, which is better based on the

density operators for individual partonic multiplicities and the cross feed between them,

mediated by the emission of additional partons. We should thus warn the reader that the

implementations of the re-definitions Z and X in the main text will appear in a more

complicated fashion than by representing them as simple linear operators acting on all the

density operators. However we exactly exploit the fact that X is inverse to Z, and we spell

out and prove this relation in very detail in the main text: We will actually determine

Z from X to be its inverse, possibly order-by-order in the strong coupling ↵S . X itself

needs to be determined to provide infrared subtractions to the hard density operator, after

ultraviolet renormalization, and its factorization properties. This step very much resembles

what happens in a fixed-order calculation in which infrared divergences are subtracted
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of energy and angles can serve the same purpose. ω functions implementing the ordering

are thus always implicit when we refer to additional emissions and the ordering corresponds

to the labeling of the momenta. ε0 is the bare QCD coupling, and µ the ’t Hooft mass as

we are working in dimensional regularization with d = 4→ 2ϑ dimensions.

[dpi] =
ddpi
ϖd/2

and ϱ̃(pi) = 2ϖϱ(p2i )ω(p
0
i ) (2.2)

denote the integration over final state momenta, but we will use the same notation to

denote integration over loop momenta, and ϱ̃ is the mass-shell restriction of the physical

phase space.1 In writing this formula we have assumed a factorization of the cross section

in a sense that the measurement definition, and in particular infrared and possibly non-

perturbative phenomena are contained in Un. This operator can encode jet cross sections

when we choose it to be 1n ↑ u(Q; p1, ..., pn), the identity operator in colour space times

a scalar observable function. If we were to include hard-collinear contributions we could

also address cross sections for identified hadrons in case of which the observable function

would constrain partonic momenta to be aligned along a certain direction. In the latter

case we would have assumed that there are further, unobserved, hadrons for which the

accompanying partonic activity would provide the colour charges needed to neutralize

colour of observed hadronic final states. It is this mechanism which will break down if we

ask for a completely exclusive final state, or even for an identified hadron with a specific

quark content. In both of the latter cases projections of colour into certain singlet systems

is needed and U, at any fixed partonic multiplicity, cannot be the identity operator in

colour space. This shall be our starting point. In the conclusions, Sec 8, we will sketch

how this picture can arise from a first principle analysis, work which we will defer in detail

to an upcoming paper.

2.1 Infrared subtractions for the hard density operator

The hard density operator Mn is calculable in perturbation theory as

Mn =
→∑

l=0

εl
0 M(l)

n , (2.3)

where each termM(l)
n refers to the product of an amplitude and its conjugate (see [3, 4, 9, 19]

for more details and aspects of this formalism) for n emissions, and l loops. The sum of

the amplitude’s and conjugate amplitude’s number of loops equals l and it is understood

that they are distributed symmetrically. For example a one-loop term would read

M(1)
n = |M

(0)
n ↓↔M

(1)
n |+ |M

(1)
n ↓↔M

(0)
n | (2.4)

in terms of tree-level and one-loop amplitudes |M(0)
n ↓ and |M

(1)
n ↓, respectively. Using the

renormalized coupling at a renormalization scale µR,

ε0
(
4ϖµ2

)ω
= εS(µR)µ

2ω
RZg Zg =

∑

l↑0

εl
SZ

(l)
g (2.5)

1Notice that, in accordance with soft factorization, we assume that momentum conservation is strictly

only applied to the hard momenta; however, more generally, we can always cast phase space factorization

into the form given above and might contain final state momentum conservation in U.
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use the anticipated factorization to consistently construct evolution equations – and this

mainly means finite, iterative algorithms – to build up the hard scattering operator and the

measurement operator (which we can think of as anything in between a jet measurement,

fragmentation function, or a completely exclusive hadronization model), subject to a given

class of observables. Any finite algorithm, if it shall be based on events of fixed multiplicity,

necessarily involves an infrared resolution. The presence of this resolution, e.g. through

an infrared cuto! scale µS , shall be our starting point. We will devise re-definitions (or
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g = Zn [A(µS), µS ] Un = Xn [S(µS), µS ]

onto finite density operators A(µS) = (A0(µS),A1(µS), ...) and e!ective measurement

operators S(µS) = (S0(µS),S1(µS), ...) such that the cross section is invariant in the sense
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where ω0 = ωSZg relates the bare and renormalized couplings, and µS is a resolution scale

(in fact, as we demonstrate below, a collection of resolutions scales), of which the final

cross sections needs to be independent in the same way as it is of the renormalization scale

(which we have supressed for simplicity in these introductory notes). Jet cross sections

would be recovered if Sn are the unit operators in colour space times a scalar measurement

function, and would then be represented by a scalar product matrix of overlaps of colour

states, see [4] for more details. The independence of the “bare” objects Mn and Un of the

scale µS will result in evolution equations for the An(µS) and Sn(µS), and also implies the

fact that the cross section is independent of the chosen resolution scale. Had we chosen

to work with vectors of density operators A rather their components An for each partonic

multiplicity, then the action of Z and X would in fact be matrices of colour charge operators

which are inverse to each other. While the former notation might look more transparent

on conceptual grounds, we here aim at a practical analysis, which is better based on the

density operators for individual partonic multiplicities and the cross feed between them,

mediated by the emission of additional partons. We should thus warn the reader that the

implementations of the re-definitions Z and X in the main text will appear in a more

complicated fashion than by representing them as simple linear operators acting on all the

density operators. However we exactly exploit the fact that X is inverse to Z, and we spell

out and prove this relation in very detail in the main text: We will actually determine

Z from X to be its inverse, possibly order-by-order in the strong coupling ωS . X itself

needs to be determined to provide infrared subtractions to the hard density operator, after

ultraviolet renormalization, and its factorization properties. This step very much resembles

what happens in a fixed-order calculation in which infrared divergences are subtracted
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Figure 1: Graphical representation of the present approach. A cross section is calculated

by considering a partonic amplitude and its conjugate as an operator in colour space

of intermediate partonic configurations. We sum over all configurations weighted by a

projection on final state colour structures and a measurement, integrated over the finally

observed objects. The details of the measurement are not of concern to the present work

but we will investigate to what extent this factorization dictates evolution equations for

both Mn and Un.

1.1 Aim of the present work and guide to the paper

Our starting point will be a cross section definition which factors hard scattering matrix

elements from possibly non-perturbative factors in the amplitude which describe the forma-

tion of hadrons and the implementation of the observable of interest. We shall perform this

analysis on the level of “density operators” in colour space, as we have previously studied

for partonic cross sections in earlier work (see e.g. [3, 4, 9] for the general formalism and

to to set the notation). Graphically we represent our approach in Fig. 1. We assume that

we will be able to calculate the scattering matrix element and its conjugate, conveniently

assembled into the cross section density operator Mn = |Mn→↑Mn| in perturbation theory

and as a vector |Mn→ in the space of colour structures for n additionally emitted partons

on top of a hard scattering process. The cross section density operator, in a given basis,

would thus be represented as a quadratic matrix [4]. The combined e!ect of projecting

the partonic final state on certain colour configurations, and on performing a measurement

described by an observable function on the final state, will then be encoded in an operator

Un, which contains the truly quantum mechanical external states and operators which

overlap with these states in the sense that we can create and annihilate (hard) partons

from these states. The form of the resulting cross section will be (schematically)

ω ↓

∑

n

∫
Tr [MnUn] dεn

where dεn indicates an integration over the partonic momenta (e!ectively, the partonic

phase space, though this is already a very specific assumption). Un might be structured

such that it allows or prevents cancellation of infrared singularities. In the latter case

we need to consider Un as a genuinely non-perturbative object such as a fragmentation

function or parton distribution function is. The aim of the present paper is not to work

out the complete definition of Un and the conditions under which we can actually write a

cross section in the form above (we will give an outlook on this topic), but rather what the
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use the anticipated factorization to consistently construct evolution equations – and this

mainly means finite, iterative algorithms – to build up the hard scattering operator and the

measurement operator (which we can think of as anything in between a jet measurement,

fragmentation function, or a completely exclusive hadronization model), subject to a given

class of observables. Any finite algorithm, if it shall be based on events of fixed multiplicity,

necessarily involves an infrared resolution. The presence of this resolution, e.g. through

an infrared cuto! scale µS , shall be our starting point. We will devise re-definitions (or

renormalization transformations) from Mn and Un,

MnZ
n
g = Zn [A(µS), µS ] Un = Xn [S(µS), µS ]

onto finite density operators A(µS) = (A0(µS),A1(µS), ...) and e!ective measurement

operators S(µS) = (S0(µS),S1(µS), ...) such that the cross section is invariant in the sense

that
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Tr [MnUn] dεn =
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∫
Tr [Zn [A(µS), µS ]Xn [S(µS), µS ]] dεn =
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∫
Tr [An(µS)Sn(µS)] dεn ,

where ω0 = ωSZg relates the bare and renormalized couplings, and µS is a resolution scale

(in fact, as we demonstrate below, a collection of resolutions scales), of which the final

cross sections needs to be independent in the same way as it is of the renormalization scale

(which we have supressed for simplicity in these introductory notes). Jet cross sections

would be recovered if Sn are the unit operators in colour space times a scalar measurement

function, and would then be represented by a scalar product matrix of overlaps of colour

states, see [4] for more details. The independence of the “bare” objects Mn and Un of the

scale µS will result in evolution equations for the An(µS) and Sn(µS), and also implies the

fact that the cross section is independent of the chosen resolution scale. Had we chosen

to work with vectors of density operators A rather their components An for each partonic

multiplicity, then the action of Z and X would in fact be matrices of colour charge operators

which are inverse to each other. While the former notation might look more transparent

on conceptual grounds, we here aim at a practical analysis, which is better based on the

density operators for individual partonic multiplicities and the cross feed between them,

mediated by the emission of additional partons. We should thus warn the reader that the

implementations of the re-definitions Z and X in the main text will appear in a more

complicated fashion than by representing them as simple linear operators acting on all the

density operators. However we exactly exploit the fact that X is inverse to Z, and we spell

out and prove this relation in very detail in the main text: We will actually determine

Z from X to be its inverse, possibly order-by-order in the strong coupling ωS . X itself

needs to be determined to provide infrared subtractions to the hard density operator, after

ultraviolet renormalization, and its factorization properties. This step very much resembles

what happens in a fixed-order calculation in which infrared divergences are subtracted
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we will remove the ultraviolet divergences from Mn
2. However, subject to the structure

of the observable, infrared divergences might partially or fully cancel, or remain all to-

gether. We will therefore start to individually remove these divergences with a subtraction

formalism which we express by re-defining the observable operator as3

Un = Xn[S(µS), µS ] = X†
nSnXn →

→∑

s=1

ωs
S

∫
F(s)†
n+sSn+sF

(s)
n+s

n+s∏

i=n+1

µ2ω
R [dpi]ε̃(pi) . (2.6)

The dependence on µS appears in all of the quantities Sn, Xn and F(s)†
n+sSn+sFn+s on the

right hand side and has only been supressed for readability. In the redefinition,

Xn = 1→
∑

k↑1

ωk
SX

(k)
n and F(s)†

n ↑ F(s)
n =

∑

k+k̄↑0

ωk+k̄
S F(s,k)†

n ↑ F(s,k̄)
n (2.7)

will be used as infrared counter-terms for virtual corrections in the n-parton amplitude,

Xn, and for s unresolved partons emitted from an n parton state, F(s)
n . Here, the ↑ denotes

that the operator is understood to act on the left, and on the right of a given operator

in colour space: Subject to fixing a particular basis in colour space (or possibly including

other quantum numbers as well [22]), the Xn operators mix colour basis structures (and

would hence be represented as quadratic matrices acting on the colour space for n partons),

while emission operators such as Fs
n do change to a larger parton ensemble, hence a larger

basis of colour states and as such would be represented as rectangular matrices. In the case

of only soft gluons, or other means to entirely work at the level of factorizing amplitudes

[22], there is in principle no reason to link both operators, though we choose to do so

here. We will explicitly keep Xn and F(s)†
n ↑ F(s)

n to not be related by unitarity, since in

presence of a definite projection on final states virtual and real contributions might not

relate one-to-one. In Sec. 6.2 we discuss one example where the unitarity assumption might

lead to a problematic algorithm. In particular we expect that this will be the case when

considering electroweak evolution when cuts through exchanges of vector bosons involve

finite width e!ects, see [22] for more details. In general, we can only demand S to define the

physical observable for which we will be able to calculate a finite cross section. However,

if it is possible to demand that also U reflects a physical measurement, then we can use

Eq. 2.6 to assess the accuracy of the subtraction we perform. Eq. 2.6 reflects by what

amount the original definition of the measurement is altered with respect to the re-defined

one after subtraction, something which we will be discussing in more detail in Sec. 6.

2This procedure is of course only a net e!ect of a full renormalization program for the case of massless

partons which we consider here. It is therefore also understood that none of the virtual corrections include

explicit contributions from truncated legs, which we simply put to zero as scaleless integrals. More details

on renormalization factors in the context of factorized amplitudes are explicitly discussed in [22] and can

be adapted from there for more general cases.
3We suppress the explicit dependence on the emission’s momenta as far as no confusion arises; most of

the time this will be the case since we implicitly assume that recoil is either irrelevant or can be accounted

for by only transforming the hard system Q. For the case of soft gluon evolution this is mostly justified,

and generalizations of our formalism to include the full complexity of hard-collinear physics should be

straightforward and will be reported in future work.
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implications of the shear presence of a non-trivial Un are: we analyse to what extent we can

use the anticipated factorization to consistently construct evolution equations – and this

mainly means finite, iterative algorithms – to build up the hard scattering operator and the

measurement operator (which we can think of as anything in between a jet measurement,

fragmentation function, or a completely exclusive hadronization model), subject to a given

class of observables. Any finite algorithm, if it shall be based on events of fixed multiplicity,

necessarily involves an infrared resolution. The presence of this resolution, e.g. through

an infrared cuto↵ scale µS , shall be our starting point. We will devise re-definitions (or

renormalization transformations) from Mn and Un,

MnZ
n
g = Zn [A(µS), µS ] Un = Xn [S(µS), µS ]

onto finite density operators A(µS) = (A0(µS),A1(µS), ...) and e↵ective measurement

operators S(µS) = (S0(µS),S1(µS), ...) such that the cross section is invariant in the sense

that

X

n

↵n
0

Z
Tr [MnUn] d�n =

X

n

↵n
S

Z
Tr [Zn [A(µS), µS ]Xn [S(µS), µS ]] d�n =

X

n

↵n
S

Z
Tr [An(µS)Sn(µS)] d�n ,

where ↵0 = ↵SZg relates the bare and renormalized couplings, and µS is a resolution scale

(in fact, as we demonstrate below, a collection of resolutions scales), of which the final

cross sections needs to be independent in the same way as it is of the renormalization scale

(which we have supressed for simplicity in these introductory notes). Jet cross sections

would be recovered if Sn are the unit operators in colour space times a scalar measurement

function, and would then be represented by a scalar product matrix of overlaps of colour

states, see [4] for more details. The independence of the “bare” objects Mn and Un of the

scale µS will result in evolution equations for the An(µS) and Sn(µS), and also implies the

fact that the cross section is independent of the chosen resolution scale. Had we chosen

to work with vectors of density operators A rather their components An for each partonic

multiplicity, then the action of Z and X would in fact be matrices of colour charge operators

which are inverse to each other. While the former notation might look more transparent

on conceptual grounds, we here aim at a practical analysis, which is better based on the

density operators for individual partonic multiplicities and the cross feed between them,

mediated by the emission of additional partons. We should thus warn the reader that the

implementations of the re-definitions Z and X in the main text will appear in a more

complicated fashion than by representing them as simple linear operators acting on all the

density operators. However we exactly exploit the fact that X is inverse to Z, and we spell

out and prove this relation in very detail in the main text: We will actually determine

Z from X to be its inverse, possibly order-by-order in the strong coupling ↵S . X itself

needs to be determined to provide infrared subtractions to the hard density operator, after

ultraviolet renormalization, and its factorization properties. This step very much resembles

what happens in a fixed-order calculation in which infrared divergences are subtracted
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Figure 1: Graphical representation of the present approach. A cross section is calculated

by considering a partonic amplitude and its conjugate as an operator in colour space

of intermediate partonic configurations. We sum over all configurations weighted by a

projection on final state colour structures and a measurement, integrated over the finally

observed objects. The details of the measurement are not of concern to the present work

but we will investigate to what extent this factorization dictates evolution equations for

both Mn and Un.

1.1 Aim of the present work and guide to the paper

Our starting point will be a cross section definition which factors hard scattering matrix

elements from possibly non-perturbative factors in the amplitude which describe the forma-

tion of hadrons and the implementation of the observable of interest. We shall perform this

analysis on the level of “density operators” in colour space, as we have previously studied

for partonic cross sections in earlier work (see e.g. [3, 4, 9] for the general formalism and

to to set the notation). Graphically we represent our approach in Fig. 1. We assume that

we will be able to calculate the scattering matrix element and its conjugate, conveniently

assembled into the cross section density operator Mn = |Mn→↑Mn| in perturbation theory

and as a vector |Mn→ in the space of colour structures for n additionally emitted partons

on top of a hard scattering process. The cross section density operator, in a given basis,

would thus be represented as a quadratic matrix [4]. The combined e!ect of projecting

the partonic final state on certain colour configurations, and on performing a measurement

described by an observable function on the final state, will then be encoded in an operator

Un, which contains the truly quantum mechanical external states and operators which

overlap with these states in the sense that we can create and annihilate (hard) partons

from these states. The form of the resulting cross section will be (schematically)

ω ↓

∑

n

∫
Tr [MnUn] dεn

where dεn indicates an integration over the partonic momenta (e!ectively, the partonic

phase space, though this is already a very specific assumption). Un might be structured

such that it allows or prevents cancellation of infrared singularities. In the latter case

we need to consider Un as a genuinely non-perturbative object such as a fragmentation

function or parton distribution function is. The aim of the present paper is not to work

out the complete definition of Un and the conditions under which we can actually write a

cross section in the form above (we will give an outlook on this topic), but rather what the
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of energy and angles can serve the same purpose. ω functions implementing the ordering

are thus always implicit when we refer to additional emissions and the ordering corresponds

to the labeling of the momenta. ε0 is the bare QCD coupling, and µ the ’t Hooft mass as

we are working in dimensional regularization with d = 4→ 2ϑ dimensions.

[dpi] =
ddpi
ϖd/2

and ϱ̃(pi) = 2ϖϱ(p2i )ω(p
0
i ) (2.2)

denote the integration over final state momenta, but we will use the same notation to

denote integration over loop momenta, and ϱ̃ is the mass-shell restriction of the physical

phase space.1 In writing this formula we have assumed a factorization of the cross section

in a sense that the measurement definition, and in particular infrared and possibly non-

perturbative phenomena are contained in Un. This operator can encode jet cross sections

when we choose it to be 1n ↑ u(Q; p1, ..., pn), the identity operator in colour space times

a scalar observable function. If we were to include hard-collinear contributions we could

also address cross sections for identified hadrons in case of which the observable function

would constrain partonic momenta to be aligned along a certain direction. In the latter

case we would have assumed that there are further, unobserved, hadrons for which the

accompanying partonic activity would provide the colour charges needed to neutralize

colour of observed hadronic final states. It is this mechanism which will break down if we

ask for a completely exclusive final state, or even for an identified hadron with a specific

quark content. In both of the latter cases projections of colour into certain singlet systems

is needed and U, at any fixed partonic multiplicity, cannot be the identity operator in

colour space. This shall be our starting point. In the conclusions, Sec 8, we will sketch

how this picture can arise from a first principle analysis, work which we will defer in detail

to an upcoming paper.

2.1 Infrared subtractions for the hard density operator

The hard density operator Mn is calculable in perturbation theory as

Mn =
→∑

l=0

εl
0 M(l)

n , (2.3)

where each termM(l)
n refers to the product of an amplitude and its conjugate (see [3, 4, 9, 19]

for more details and aspects of this formalism) for n emissions, and l loops. The sum of

the amplitude’s and conjugate amplitude’s number of loops equals l and it is understood

that they are distributed symmetrically. For example a one-loop term would read

M(1)
n = |M

(0)
n ↓↔M

(1)
n |+ |M

(1)
n ↓↔M

(0)
n | (2.4)

in terms of tree-level and one-loop amplitudes |M(0)
n ↓ and |M

(1)
n ↓, respectively. Using the

renormalized coupling at a renormalization scale µR,

ε0
(
4ϖµ2

)ω
= εS(µR)µ

2ω
RZg Zg =

∑

l↑0

εl
SZ

(l)
g (2.5)

1Notice that, in accordance with soft factorization, we assume that momentum conservation is strictly

only applied to the hard momenta; however, more generally, we can always cast phase space factorization

into the form given above and might contain final state momentum conservation in U.
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implications of the shear presence of a non-trivial Un are: we analyse to what extent we can

use the anticipated factorization to consistently construct evolution equations – and this

mainly means finite, iterative algorithms – to build up the hard scattering operator and the

measurement operator (which we can think of as anything in between a jet measurement,

fragmentation function, or a completely exclusive hadronization model), subject to a given

class of observables. Any finite algorithm, if it shall be based on events of fixed multiplicity,

necessarily involves an infrared resolution. The presence of this resolution, e.g. through

an infrared cuto! scale µS , shall be our starting point. We will devise re-definitions (or

renormalization transformations) from Mn and Un,

MnZ
n
g = Zn [A(µS), µS ] Un = Xn [S(µS), µS ]

onto finite density operators A(µS) = (A0(µS),A1(µS), ...) and e!ective measurement

operators S(µS) = (S0(µS),S1(µS), ...) such that the cross section is invariant in the sense

that

∑

n

ωn
0

∫
Tr [MnUn] dεn =

∑

n

ωn
S

∫
Tr [Zn [A(µS), µS ]Xn [S(µS), µS ]] dεn =

∑

n

ωn
S

∫
Tr [An(µS)Sn(µS)] dεn ,

where ω0 = ωSZg relates the bare and renormalized couplings, and µS is a resolution scale

(in fact, as we demonstrate below, a collection of resolutions scales), of which the final

cross sections needs to be independent in the same way as it is of the renormalization scale

(which we have supressed for simplicity in these introductory notes). Jet cross sections

would be recovered if Sn are the unit operators in colour space times a scalar measurement

function, and would then be represented by a scalar product matrix of overlaps of colour

states, see [4] for more details. The independence of the “bare” objects Mn and Un of the

scale µS will result in evolution equations for the An(µS) and Sn(µS), and also implies the

fact that the cross section is independent of the chosen resolution scale. Had we chosen

to work with vectors of density operators A rather their components An for each partonic

multiplicity, then the action of Z and X would in fact be matrices of colour charge operators

which are inverse to each other. While the former notation might look more transparent

on conceptual grounds, we here aim at a practical analysis, which is better based on the

density operators for individual partonic multiplicities and the cross feed between them,

mediated by the emission of additional partons. We should thus warn the reader that the

implementations of the re-definitions Z and X in the main text will appear in a more

complicated fashion than by representing them as simple linear operators acting on all the

density operators. However we exactly exploit the fact that X is inverse to Z, and we spell

out and prove this relation in very detail in the main text: We will actually determine

Z from X to be its inverse, possibly order-by-order in the strong coupling ωS . X itself

needs to be determined to provide infrared subtractions to the hard density operator, after

ultraviolet renormalization, and its factorization properties. This step very much resembles

what happens in a fixed-order calculation in which infrared divergences are subtracted
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Figure 1: Graphical representation of the present approach. A cross section is calculated

by considering a partonic amplitude and its conjugate as an operator in colour space

of intermediate partonic configurations. We sum over all configurations weighted by a

projection on final state colour structures and a measurement, integrated over the finally

observed objects. The details of the measurement are not of concern to the present work

but we will investigate to what extent this factorization dictates evolution equations for

both Mn and Un.

1.1 Aim of the present work and guide to the paper

Our starting point will be a cross section definition which factors hard scattering matrix

elements from possibly non-perturbative factors in the amplitude which describe the forma-

tion of hadrons and the implementation of the observable of interest. We shall perform this

analysis on the level of “density operators” in colour space, as we have previously studied

for partonic cross sections in earlier work (see e.g. [3, 4, 9] for the general formalism and

to to set the notation). Graphically we represent our approach in Fig. 1. We assume that

we will be able to calculate the scattering matrix element and its conjugate, conveniently

assembled into the cross section density operator Mn = |Mn→↑Mn| in perturbation theory

and as a vector |Mn→ in the space of colour structures for n additionally emitted partons

on top of a hard scattering process. The cross section density operator, in a given basis,

would thus be represented as a quadratic matrix [4]. The combined e!ect of projecting

the partonic final state on certain colour configurations, and on performing a measurement

described by an observable function on the final state, will then be encoded in an operator

Un, which contains the truly quantum mechanical external states and operators which

overlap with these states in the sense that we can create and annihilate (hard) partons

from these states. The form of the resulting cross section will be (schematically)

ω ↓

∑

n

∫
Tr [MnUn] dεn

where dεn indicates an integration over the partonic momenta (e!ectively, the partonic

phase space, though this is already a very specific assumption). Un might be structured

such that it allows or prevents cancellation of infrared singularities. In the latter case

we need to consider Un as a genuinely non-perturbative object such as a fragmentation

function or parton distribution function is. The aim of the present paper is not to work

out the complete definition of Un and the conditions under which we can actually write a

cross section in the form above (we will give an outlook on this topic), but rather what the
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and

E(2,0)
n �E(2,0)†

n = D(2,0)
n �D(2,0)†

n ⇥n,2�D(1,0)
n D(1,0)

n�1 �D
(1,0)†
n�1 D(1,0)†

n ⇥n,1(1�⇥n�1,1) . (3.11)

Notice that some of the iterated parts are now to be taken in their resolved regions and

adjust the full second order contributions accordingly.

4 Evolution Equations

We will now study how the dependence on the di↵erent infrared resoltuion scales as well as

the renormalization scale µR gives rise to evolution equations for the hard and soft factors.

Notice that the running of ↵S is given by the d-dimensional �-function as

@R↵S ⌘ µR
@↵S

@µR
= ↵S

X

k�0

�R,k�1↵
k
S ⌘ �(↵S)↵S �R,�1 = �2✏ , (4.1)

and it is understood that �S,k = 0 if S 6= R indicates that we di↵erentiate to a di↵erent

scale µS in place of the renormalization scale µR. From Eq. 2.5 we then have at second

order

�R,0 = 2✏Z(1)
g �R,1 = 4✏

⇣
Z(2)
g � (Z(1)

g )2
⌘

(4.2)

4.1 Hard density operator

If we di↵erentiate Eq. 3.1 to any of the resolution scales µS contained in ⇥n,s and ⌅n,s, or

the renormalization scale, we then obtain (@S ⌘ @/@ logµS as above)

@SAn = �n,SAn +An�
†
n,S �

X

s�1

↵s
SR

(s)
S,nAn�sR

(s)†
S,n (4.3)

where

�n,S = �Z
n
2
g @SZ

�n
2

g � Z�1
n @SZn (4.4)

and

R(s)
S,n �R(s)†

S,n = Z�1
n

h�
Zn
g @SZ

�n
g + s �(↵S)

�
E(s)

n �E(s)†
n (4.5)

+ @S
⇣
E(s)

n �E(s)†
n

⌘
+E(s)

n �n�s,S �E(s)†
n +E(s)

n � �†
n�s,SE

(s)†
n

�

s�1X

s0=1

E(s�s0)
n R(s0)

S,n�s+s0 �R
(s0)†
S,n�s+s0E

(s�s0)†
n

#⇣
Z†
n

⌘�1
.

Explicit expressions up to second order are obtained in App. A.1. Note that the appearance

of �S,�1 will mostly be cancelled by derivatives acting on the µR factors, thus no explicit

account of their e↵ect will be needed. Fo the cases where an explicit account of it is needed

we employ (in a distributional sense for functions with support x 2 (0, 1])

✏

x1�✏
= �(x)�

1X

n=0

✏n+1

n!


ln(1/x)

x

�

+

, (4.6)

where the + prescription is to be taken with a subtraction at x = 0. Notice however, that

most of such cases will actually be dropping out due to the d-dimensional � function.
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structure persists at all orders
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Decomposing the density operator

[Plätzer, Ruffa — JHEP 06 (2021) 007]

Loops think cuts — M differential 
in real and virtual momenta
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Factorization in the relevant limits
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E.g. one loop one emission

Decomposing the density operator

Loops think cuts — M differential 
in real and virtual momenta

<latexit sha1_base64="UFZk5IHtN3o+kWo4t0/PP9Cxe2E="></latexit>

M(l)
n =

∑

k,m

M(l→k|k)
n→m|m

<latexit sha1_base64="oBRcSsl8hl4hNPRcMwMZw5wPtyg=">AAACC3icbVDLSgMxFM3UV62vqks3oUWoIGVGpLoRim7cWcE+oDMOmTRtQ5PMkGSEMp29G3/FjQtF3PoD7vwb08dCWw9cOJxzL/feE0SMKm3b31ZmaXlldS27ntvY3Nreye/uNVQYS0zqOGShbAVIEUYFqWuqGWlFkiAeMNIMBldjv/lApKKhuNPDiHgc9QTtUoy0kfx8wVUx9xN+PEjdG0566D4psdHgKPUTMeIpvICOny/aZXsCuEicGSmCGWp+/svthDjmRGjMkFJtx460lyCpKWYkzbmxIhHCA9QjbUMF4kR5yeSXFB4apQO7oTQlNJyovycSxJUa8sB0cqT7at4bi/957Vh3z72EiijWRODpom7MoA7hOBjYoZJgzYaGICypuRXiPpIIaxNfzoTgzL+8SBonZadSrtyeFquXsziy4AAUQAk44AxUwTWogTrA4BE8g1fwZj1ZL9a79TFtzVizmX3wB9bnD34vmrE=</latexit>∑

m,k

!(l|k)
n|m = 1

<latexit sha1_base64="zNKvaxyVMjpdJOPDUaVGArynJEs=">AAACL3icbVDLSgMxFM3UV62vqks3wSLUTZkRqW6EoiBuxAr2AW0tmTTThiaZIckIZTp/5MZf6UZEEbf+hZm2gm29EDicBzf3uAGjStv2m5VaWl5ZXUuvZzY2t7Z3srt7VeWHEpMK9pkv6y5ShFFBKppqRuqBJIi7jNTc/lWi156IVNQXD3oQkBZHXUE9ipE2VDt7HTU50j3Xg7dxOxJDHj9GeTbsH8fwAs5qY8XwzTtOuujXNgm1szm7YI8HLgJnCnJgOuV2dtTs+DjkRGjMkFINxw50K0JSU8xInGmGigQI91GXNAwUiBPVisb3xvDIMB3o+dI8oeGY/ZuIEFdqwF3jTA5Q81pC/qc1Qu2dtyIqglATgSeLvJBB7cOkPNihkmDNBgYgLKn5K8Q9JBHWpuKMKcGZP3kRVE8KTrFQvD/NlS6ndaTBATgEeeCAM1ACN6AMKgCDZzAC7+DDerFerU/ra2JNWdPMPpgZ6/sHWH6p4g==</latexit>

M(l|k)
n|m = M(l)

n !(l|k)
n|m

partitioning of regions
k unresolved loops and 
m unresolved emissions

[Plätzer — unpublished]

[Plätzer, Ruffa — JHEP 06 (2021) 007]

Beyond one loop include wave function renormalizations, mass schemes, …
[Plätzer, Sjödahl — PRD 110 (2024) 5]
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Loops think cuts — M differential 
in real and virtual momenta
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n|0 !̂(l|k)
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Factorization in the relevant limits

Higher orders and the role of virtual corrections

• Formalism spelled out for arbitrary perturbative orders
• Structures known explicitly for second order
• Power expansions are crucial to determine structure of subtractions
• Significant implications for ordered and unordered emissions and exchanges

• Our resolution scales could act differently for reals and virtuals, and could 
accompany subtractions present only for virtuals (e.g. Glaubers)

• Momentum mappings can be included systematically

[Plätzer — unpublished]

[Plätzer, Ruffa — JHEP 06 (2021) 007]



Redefinition of soft colour operator
Generalizes IR safety to an object in colour space

Infrared safety in (colour) space [Plätzer — JHEP 07 (2023) 126]
[Plätzer — unpublished]

3 Setting the scene
We do need to talk about the power expansions beforehand, otherwise we cannot talk about
emitters and emissions. Or we do it completely democratic at Þxed order in perturbation theory.
Below we start with the discussion about the power expanded version.

4 Introduction
The relation we study is the connection between the renormlalized and bare measurement func-
tions, Sn and U n respectively. It reads (this has been double checked, both directions)

Sn (! n ) = Z   (! n )U n (! n )Z(! n )

+
!

s

" s
S

"
d! sE( s)  

n + s (! n , ! s )U n + s (" s
n + s (! n , ! s ))E ( s)

n + s (! n , ! s ) (16)

We also have

A n (! n ) = X n (! n )M n (! n )X  
n (! n ) !

!

s

" s
S F ( s)

n (! n )M n ! s (" s
n ! s (! n ))F ( s)  

n (! n ) . (17)

By the conditions which link the anomalous dimensions we also in this case have
!

n

Tr [ A n (! n )Sn (! n )] d! n =
!

n

Tr [ M n (! n )U n (! n )] d! n (18)

provided that the moemntum mappings obey group structure (see the other note).
We can now discuss what infrared safety means, in a more generalized form. (add the discussion

here)

5 Structure of S (1)
n

Sticking to the unitary choice, Eq. 65, we will now analyze

S(1)
n =

#
!

1
2

E(1 ,0)  
n +1 E(1 ,0)

n +1 U n (! n ) !
1
2

U n (! n )E (1 ,0)  
n +1 E(1 ,0)

n +1 + E(1 ,0)  
n +1 U n +1 (" n +1 (! n , ! n +1 ))E (1 ,0)

n +1

$
d! n +1

(19)
di#erentially, as integral, and within a trace in colour space. It is understood that the E operators
depend on ! n and ! 1 as above. Introducing

E(1 ,0)  
n +1 " E(1 ,0)

n +1 =
n!

i,j =1

#ij T  
i " T j (20)

i.e.

E(1 ,0)  
n +1 E(1 ,0)

n +1 =
n!

i,j =1

#ij T i áT j (21)

which brings us to

S(1)
n =

n!

i,j =1

#ij

#
!

1
2

T i áT j U n !
1
2

U n T i áT j + T  
i U n +1 T j

$
d! n +1 (22)

For simplicity we have made the dependence on the n + 1 phase space point implicit.

3

Soft gluon evolution alone
Using 1:1 unitarity
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measurement/hadronization/…
partonic cross section — 
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energy

angle
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!(µ,ω)= 1→ε(E → µ)ε(1→ cos ε → ω)

Difference of observables in IR safety criterion has a 
distinct support interfering with the factorization boundary
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! = ω(Q→ p→)ω(Q̃→Qn̄ · k)

Running of the soft factor determines if we add 
logarithmic correction on top of what A is summing
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General idea — schematic
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Goals and outlook

implications of the shear presence of a non-trivial Un are: we analyse to what extent we can

use the anticipated factorization to consistently construct evolution equations – and this

mainly means finite, iterative algorithms – to build up the hard scattering operator and the

measurement operator (which we can think of as anything in between a jet measurement,

fragmentation function, or a completely exclusive hadronization model), subject to a given

class of observables. Any finite algorithm, if it shall be based on events of fixed multiplicity,

necessarily involves an infrared resolution. The presence of this resolution, e.g. through

an infrared cuto! scale µS , shall be our starting point. We will devise re-definitions (or

renormalization transformations) from Mn and Un,

MnZ
n
g = Zn [A(µS), µS ] Un = Xn [S(µS), µS ]

onto finite density operators A(µS) = (A0(µS),A1(µS), ...) and e!ective measurement

operators S(µS) = (S0(µS),S1(µS), ...) such that the cross section is invariant in the sense

that

∑

n

ωn
0

∫
Tr [MnUn] dεn =

∑

n

ωn
S

∫
Tr [Zn [A(µS), µS ]Xn [S(µS), µS ]] dεn =

∑

n

ωn
S

∫
Tr [An(µS)Sn(µS)] dεn ,

where ω0 = ωSZg relates the bare and renormalized couplings, and µS is a resolution scale

(in fact, as we demonstrate below, a collection of resolutions scales), of which the final

cross sections needs to be independent in the same way as it is of the renormalization scale

(which we have supressed for simplicity in these introductory notes). Jet cross sections

would be recovered if Sn are the unit operators in colour space times a scalar measurement

function, and would then be represented by a scalar product matrix of overlaps of colour

states, see [4] for more details. The independence of the “bare” objects Mn and Un of the

scale µS will result in evolution equations for the An(µS) and Sn(µS), and also implies the

fact that the cross section is independent of the chosen resolution scale. Had we chosen

to work with vectors of density operators A rather their components An for each partonic

multiplicity, then the action of Z and X would in fact be matrices of colour charge operators

which are inverse to each other. While the former notation might look more transparent

on conceptual grounds, we here aim at a practical analysis, which is better based on the

density operators for individual partonic multiplicities and the cross feed between them,

mediated by the emission of additional partons. We should thus warn the reader that the

implementations of the re-definitions Z and X in the main text will appear in a more

complicated fashion than by representing them as simple linear operators acting on all the

density operators. However we exactly exploit the fact that X is inverse to Z, and we spell

out and prove this relation in very detail in the main text: We will actually determine

Z from X to be its inverse, possibly order-by-order in the strong coupling ωS . X itself

needs to be determined to provide infrared subtractions to the hard density operator, after

ultraviolet renormalization, and its factorization properties. This step very much resembles

what happens in a fixed-order calculation in which infrared divergences are subtracted

– 4 –

Figure 1: Graphical representation of the present approach. A cross section is calculated

by considering a partonic amplitude and its conjugate as an operator in colour space

of intermediate partonic configurations. We sum over all configurations weighted by a

projection on final state colour structures and a measurement, integrated over the finally

observed objects. The details of the measurement are not of concern to the present work

but we will investigate to what extent this factorization dictates evolution equations for

both Mn and Un.

1.1 Aim of the present work and guide to the paper

Our starting point will be a cross section definition which factors hard scattering matrix

elements from possibly non-perturbative factors in the amplitude which describe the forma-

tion of hadrons and the implementation of the observable of interest. We shall perform this

analysis on the level of “density operators” in colour space, as we have previously studied

for partonic cross sections in earlier work (see e.g. [3, 4, 9] for the general formalism and

to to set the notation). Graphically we represent our approach in Fig. 1. We assume that

we will be able to calculate the scattering matrix element and its conjugate, conveniently

assembled into the cross section density operator Mn = |Mn→↑Mn| in perturbation theory

and as a vector |Mn→ in the space of colour structures for n additionally emitted partons

on top of a hard scattering process. The cross section density operator, in a given basis,

would thus be represented as a quadratic matrix [4]. The combined e!ect of projecting

the partonic final state on certain colour configurations, and on performing a measurement

described by an observable function on the final state, will then be encoded in an operator

Un, which contains the truly quantum mechanical external states and operators which

overlap with these states in the sense that we can create and annihilate (hard) partons

from these states. The form of the resulting cross section will be (schematically)

ω ↓

∑

n

∫
Tr [MnUn] dεn

where dεn indicates an integration over the partonic momenta (e!ectively, the partonic

phase space, though this is already a very specific assumption). Un might be structured

such that it allows or prevents cancellation of infrared singularities. In the latter case

we need to consider Un as a genuinely non-perturbative object such as a fragmentation

function or parton distribution function is. The aim of the present paper is not to work

out the complete definition of Un and the conditions under which we can actually write a

cross section in the form above (we will give an outlook on this topic), but rather what the

– 3 –

Observable independent ‘shower’ factor

Evolution resembles amplitude evolution, including the 
CVolver evolution and NGL resummation

• Definition includes colour, spin, momentum mappings
• Probabilistic showers can be derived as a consequence
• The caveats regarding shower accuracy apply

The open question is if taking regions seriously we would be 
able to construct accurate showers without additional 
interventions.

Observable dependent ‘measurement’ factor

Accounts for the mismatch of infrared boundary and 
observable definition, subject to the constraints from phase 
space regions, coherence …

Controls how accurately a given A can describe a certain 
observable — ideal, if            vanishes.

We can test the interplay of different orderings and infrared 
boundaries in the context of amplitude evolution and in 
‘normal’ showers — in general, distributional structure.

<latexit sha1_base64="88edFQUl5cdFCtbXW4qJcwmcLro="></latexit>
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but we will investigate to what extent this factorization dictates evolution equations for

both Mn and Un.

1.1 Aim of the present work and guide to the paper

Our starting point will be a cross section definition which factors hard scattering matrix

elements from possibly non-perturbative factors in the amplitude which describe the forma-

tion of hadrons and the implementation of the observable of interest. We shall perform this

analysis on the level of “density operators” in colour space, as we have previously studied

for partonic cross sections in earlier work (see e.g. [3, 4, 9] for the general formalism and

to to set the notation). Graphically we represent our approach in Fig. 1. We assume that

we will be able to calculate the scattering matrix element and its conjugate, conveniently

assembled into the cross section density operator Mn = |Mn→↑Mn| in perturbation theory

and as a vector |Mn→ in the space of colour structures for n additionally emitted partons

on top of a hard scattering process. The cross section density operator, in a given basis,

would thus be represented as a quadratic matrix [4]. The combined e!ect of projecting

the partonic final state on certain colour configurations, and on performing a measurement

described by an observable function on the final state, will then be encoded in an operator

Un, which contains the truly quantum mechanical external states and operators which

overlap with these states in the sense that we can create and annihilate (hard) partons

from these states. The form of the resulting cross section will be (schematically)

ω ↓

∑

n

∫
Tr [MnUn] dεn

where dεn indicates an integration over the partonic momenta (e!ectively, the partonic

phase space, though this is already a very specific assumption). Un might be structured

such that it allows or prevents cancellation of infrared singularities. In the latter case

we need to consider Un as a genuinely non-perturbative object such as a fragmentation

function or parton distribution function is. The aim of the present paper is not to work

out the complete definition of Un and the conditions under which we can actually write a

cross section in the form above (we will give an outlook on this topic), but rather what the

– 3 –

Observable independent ‘shower’ factor.

IR boundary is of course also the transition to 
hadronization.

The factorization I proposed is vital in understanding 
how hadronization models would evolve and operate in 
colour space.

The link to analyzing infrared sensitivity in the realm of 
shower cutoffs is evident in the formalism.

Hadronization, ultimately.

[Hoang, Plätzer, Samitz — JHEP 10 (2018) 200] [Holguin, Plätzer, Seymour, Sule — arXiv:2605.02622]



Thank you!



Factorization & renormalization

General factorization of renormalized amplitudes
A substantial amount of input is the factorization of amplitudes in enhanced limits.

[Plätzer, Sjödahl — PRD 110 (2024) 5]

2

II. NOTATION

Central to our analysis is the formalism of treating
amplitudes as abstract vectors in a space of tensor struc-
tures of (internal) quantum numbers, i.e. color, isospin
and spinor indices. In order to set the notation for this
we start with a simple example: Considerq(1)Q(2) !
q(3)Q(4) scattering via a gluon exchange, then the am-
plitude would be written as

M = G ui 1 ,I 1 ,! (p1)ui 2 ,I 2 ," (p2)øui 3 ,I 3
# (p3)øui 4 ,I 4

$ (p4)"

(ta)i 1
i 3 (ta)i 2

i 4 ! I 1
I 3

! I 2
I 4

!
Pc1 " µ Pc3

"
#!

!
Pc2 " µ Pc4

"
$" ,

(1)

where i 1..4 are the color indices,I 1..4 are the isospin in-
dices, and c1..4 are the chiralities we obtain after ap-
plying chiral projectors Pc to the external quark lines,
and #, $, " , ! are spinor indices. G collectively denotes
all other coupling, symmetry factors and propagator de-
nominators. The external wave functions carry explicit
momenta, and will specify explicit quantum numbers like
spin to be measured (which we have suppressed for read-
ability). We will write this amplitude as

|M #= G |T# , M = $%|M # (2)

such that the tensor structure is contained in |T#, and
explicit color, isospin and chirality is carried by

$%| = ui 1 ,I 1 ,! (p1)ui 2 ,I 2 ," (p2)øui 3 ,I 3
# (p3)øui 4 ,I 4

$ (p4)

${ i 1, ...} , { I 1, ...} , { #, ...}| , (3)

which signiÞes an abstract version of the external wave
function. The components of the tensorT in terms of
explicit indices are recovered by

${ i 1, ...} , { I 1, ...} , { #, ...}| T#=

(ta)i 1
i 3 (ta)i 2

i 4 ! I 1
I 3

! I 2
I 4

!
Pc1 " µ Pc3

"
#!

!
Pc2 " µ Pc4

"
$" .

(4)

III. STRATEGY OF FACTORIZATION

We consider a subset of diagrams (which we label by
the symbolic index s) for a certain process in whichm
lines with unresolved particles of ßavors{ gi } m carry ÔsoftÕ
momenta { ki } m , and are emitted from, or exchanged in-
between, a subseths of the n other external lines of ßa-
vors { f i } n , which carry ÔhardÕ momenta{ qi } n . The sub-
diagrams involving the emissions and exchanges will then
attach to an amplitude with on- or o ! -shell lines of ßa-
vor { f !

i } n , which carry momenta Pi,s = qi + K i,s , with
K i,s being some linear combination of the emitted and
exchanged momenta ifi %hs, and Pi,s = qi if i /%hs is
an external line not connecting to an unresolved line.

Having singled out a certain subgraph from the ampli-
tude as described above, we can write it as

| M { f i } n ,{ gi } m ({ qi } n ; { ki } m )#

=
#

{ f !
i } n

#

s

R { f !
i } n

s;{ f i } n ,{ gi } m
({ qi } n ; { ki } m ) (5)

$

i " hs

P i (qi + K i,s , M i )
(qi + K i,s )2 & M 2

i
|M { f !

i } n ({ Pi } n )#+ ...

in which P i represents the propagator numerator of the
hard, o! -shell line i as an operator in the space of the in-
volved quantum numbers, andR s encodes the remaining
structure we intend to factor from the hard process am-
plitude, i.e. R s contains all couplings, numerator struc-
tures and gauge structures, except the numerators of the
hard propagators P i attaching to it. This factorization
(in eq. (5)) Ñ which has not yet used any approximation
Ñ can be diagrammatically represented as

(6)

where wavy lines denote unresolved particles,Pi,s = qi +
K i,s and the ellipse with R s refers to topologies which
do not factor separately onto the n-parton amplitude.

Our aim is to identify when Ñ in a very general setting
Ñ this amplitude factors in a systematically expandable
way onto an on-shell hard amplitude after isolating ex-
ternal sub-diagrams as above.

We also discuss how we can construct bases for the
space of chiral structures such that we can express the ab-
stract operators in a concrete fashion and iterate virtual
exchanges and emissions in the solution to an evolution
equation of the amplitude.

A. Kinematics

Before we address the more complicated electroweak
case, let us recall how soft factorization in QCD works.
In this case we would consider emissions and exchanges
which contribute a total momentum K i,s to an o! -shell
line i , carrying a total momentum Pi,s = qi + K i,s , where
qi is the on-shell external momentum. Thus

M (Pi,s )
P2

i,s & M 2
i

=
M (qi + K i,s )

2qi áK i,s + K 2
i,s

, (7)

which follows from q2
i = M 2

i . In the uniform soft limit,
K i,s ! &K i,s , we di! erentiate w.r.t. & to get the power
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APPENDIX

Appendix A: Propagators and external wave functions

An important ingredient to our factorization formula is to demonstrate, subject to the kinematic parametrization
above, that

!!

n =0

"
P(qi + K i,s , M i )

(qi + K i,s )2 ! ÷M 2
R,i

! (qi + K i,s )

# n
P(qi + K i,s , M i )

(qi + K i,s )2 ! ÷M 2
R,i

=
1

2pi áQi,s

! (" pi , M i ) ø! (" pi , M i )
1 ! # "(M 2

i )
+ O(! ) , (A1)

where the derivative of the (physical part of the) self-energy# (p2) (or, accordingly the transverse self-energy at
vanishing k2 for a massless boson) provides the proper wave function renormalization for the amplitude we factor
to. To illustrate this let us Þrst consider Goldstone bosons in anR! gauge, with a free propagatori/ (k2 ! " ÷M 2

R,i ),
where ÷M 2

R,i = M 2
R,i + iM R,i $R,i in a complex mass scheme [29, 30], and the introduction of$R,i needs to be added

back as additional insertions of two-point functions. This does not provide any change to our main argument. The
propagators of the physical scalar can be obtained by putting" = 1. If the scalar has a one-particle irreducible
two-point function ! i# S(k2), the resummed propagator is

1

(qi + K i,s )2 ! " ÷M 2
R,i ! # S((qi + K i,s )2)

=
$ 1

2pi áQ i,s

1
1# ! ! (M 2

i ) + O(! ) " = 1 and # S(k2) = # (k2)
O(! ) otherwise

(A2)

where the physical and renormalized (complex) mass relate asM 2
i = ÷M 2

R,i + # (M 2
i ) for the boson in question. Thus

depending on how the unphysical scalarÕs self energy and the gauge parameter relate to each other, the scalars will
contribute at leading power along with their related vector bosons, or not. We will investigate this in more detail in
the future. The simplest non-scalar case to consider is that of a massive gauge boson. In anR! gauge their numerator
reads

V µ" (qi + K i,s , M i ) = ! #µ" + (1 ! " )
(qi + K i,s )µ (qi + K i,s )"

(qi + K i,s )2 ! "M 2
i

. (A3)

Using the momentum parametrization, eq. (3) in the main text, we have

V µ" (qi + K i,s , M i ) = ! #µ" ! $2(1 ! " )
(" pi )µ (" pi )"

2pi áQi,s + (1 ! " )M 2
i

=
!

#

%µ
#,M (" pi , M i )%

$,"
# ,M (" pi , M i ) + O(! ) (A4)

where the physical polarization sum is
%

# %µ
#,M (pi , M i )%

$,"
# ,M (pi , M i ) = ! #µ" + pµ

i p"
i /M 2

i . At tree level and " = 1 this
would not hold, but in this case the Goldstones would contribute, as shown above. For" "= 1 we obtain the physical
polarization sum, and the Goldstones would not contribute. The summed propagator is more complicated, however
we still Þnd that the above relation holds with the expected additional factor of the (complex) transverse self-energy
of the respective boson, as claimed at the beginning of this section. For Fermions the propagator numerator is linear
in the momentum and thus they trivially satisfy our constraints at leading power. The last complicated case is that
of a massless gauge boson in physical gauge, for which we observe that

dµ" (q, n) = ! #µ" +
qµ n" + nµ q"

n áq
(A5)

which clearly satisÞes

dµ" (qi + K i,s , n) = dµ" (" pi ) + O(! ) =
!

#

%µ
# (" pi , n)%$,"

# (" pi , n) + O(! ) (A6)

where%(q, n) are the physical transverse polarization vectors satisfying%(q, n)áq = %án = 0 and %# (q, n)á%$ (q, n) = ! &#$ .
For a full propagator we get the usual renormalization factor 1/ (1 ! # T (0)) where # T is the transverse part of the
self energy, and the part which is longitudinal to the gauge vector is again only contributing at subleading power.
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In order to implement four-momentum conservation the
Lorentz transformation and scaling parameter! need to
obey

(! ! 1)!
µ Qµ = ! Q! +

1 ! ! 2

!
N !

1 +
1
!

N !
2 (21)

which Þxes! by requiring the same invariant mass before
and after the Lorentz transformation.

Demanding that ! > 0, and ! " 1 if all massesM i ,
and the momenta Qi,s vanish, we Þnd (cf. eq. (17)) a
solution which in general admits ! = 1 + O(" ) as pi,s á
Qi,s " " pi,s áQi,s , " " 0, irrespective of the kinematic
limit covered by this scaling. Note, however, that we have
not constrained the form of the Lorentz transformation
(in particular it need not be small), and in general only
use

qµ
i = ! µ

!

!
p!

i ! ÷K !
i,s + O(" )

"

K µ
i,s = ! µ

!

!
÷K !

i,s + O(" )
"

÷K !
i,s =

M 2
i ! m2

i + Q2
i,s

2(pi áni,s ! ni,s áQi,s )
n!

i,s + Q!
i,s . (22)

Phase space factorization can be obtained systemati-
cally at leading power in " for such kinematic mappings
as shown in [12]. We note that we can uniquely invert
the mapping and obtain an expression ofQi,s if we have
Þxed pi and ni,s . This also means that we can use this
deÞnition also whenK i,s and K j,s are not independent,
e.g. for a one-loop exchange in between two legsi and j
we haveK i,s = ! K j,s = k. Notice that we have chosen a

backward direction ni,s di" erently per hard momentum
pi .

The mapping in eq. (17) is designed, such that the de-
nominator of the o" -shell propagators are directly given
in terms of

(qi + K i,s )2 ! M 2
i = 2pi áQi,s , (23)

in analogy with eq. (8). Our expansion is thus in

pi áQi,s # pi áni,s $ Si,s (24)

and " % pi áQi,s /S i,s is our counting parameter which
simultaneously enforces the above hierarchy for all hard
lines i . It is important to stress that we do not consider
di" erent pi for di" erent classes of diagramss, while we
may want to exploit di " erent parametrizations of unre-
solved momenta if needed.

B. Factorization

In order to encode the quantum numberss of exter-
nal particles (spin, color, isospin, etc.) we introduce an
operator corresponding to the on-shell wave functions of
the particles we consider,

&s| ø# (q, m)|s"' = ø#s(q, m)$ss! , (25)
i# (q, m) ø# (q, m) = P(q, m)|q2 = m 2 . (26)

In total, this allows us to write, at leading power,

#

$
%

i/# hs

ø# f i (qi , mi )

&

'

(
%

i # hs

P f !
i
(qi + K i,s , M i )

(qi + K i,s )2 ! M 2
i

)

|M { f !
i } n ({ Pi } n )' =

(
%

i # hs

# f !
i
(! pi , M i )

2pi áQi,s

)

(

(
%

i

ø# f !
i
(pi , M i )|M { f !

i } n ({ pi } n )'

)

+ O(" ! # hs +1 ) , (27)

where #hs is the number of hard o" -shell legs interacting
with unresolved partons. Here we have used that the
amplitude contracted with external wave functions is a
Lorent invariant. In the light of the kinematics discussion
above, we then Þnd that we can factor the amplitude at
leading power in " as

| ÷M ({ qi } n ; { ki } m )' )
*

s

Ss({ q} i # hs , { ki } m )| ÷M ({ pi } n )' , (28)

in terms of the on-shell amplitude with n external hard
lines, | ÷M ' =

+
i

ø# i |M ' , carrying momenta { pi } n (we

have suppressed the ßavor labels for the sake of readabil-
ity). The factored contribution is given by the operator

S{ f !
i } n

s;{ f i } n ,{ gi } m
({ q} i # hs , { ki } m ) = i

#

$
%

j # hs

ø# f j (qi , mi )

&

'

( R { f !
i } n

s;{ f i } n ,{ gi } m
({ q} i # hs , { ki } m )

#

$
%

j # hs

# f !
j
(! pj , M j )

2pj áQj,s

&

' ,

(29)

which is to be understood by expressing eitherqi or pi as
a function of Qi,s , ni,s and pi or qi respectively. This is

<latexit sha1_base64="H7tYWE9CLwlGhFHHrKHhkCZVCaA="></latexit>

qµ
j = ! µ

!
!
p!

j + O(! )
"
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II. NOTATION

Central to our analysis is the formalism of treating
amplitudes as abstract vectors in a space of tensor struc-
tures of (internal) quantum numbers, i.e. color, isospin
and spinor indices. In order to set the notation for this
we start with a simple example: Considerq(1)Q(2) !
q(3)Q(4) scattering via a gluon exchange, then the am-
plitude would be written as

M = G ui 1 ,I 1 ,! (p1)ui 2 ,I 2 ," (p2)øui 3 ,I 3
# (p3)øui 4 ,I 4

$ (p4)"

(ta)i 1
i 3 (ta)i 2

i 4 ! I 1
I 3

! I 2
I 4

!
Pc1 " µ Pc3

"
#!

!
Pc2 " µ Pc4

"
$" ,

(1)

where i 1..4 are the color indices,I 1..4 are the isospin in-
dices, and c1..4 are the chiralities we obtain after ap-
plying chiral projectors Pc to the external quark lines,
and #, $, " , ! are spinor indices. G collectively denotes
all other coupling, symmetry factors and propagator de-
nominators. The external wave functions carry explicit
momenta, and will specify explicit quantum numbers like
spin to be measured (which we have suppressed for read-
ability). We will write this amplitude as

|M #= G |T# , M = $%|M # (2)

such that the tensor structure is contained in |T#, and
explicit color, isospin and chirality is carried by

$%| = ui 1 ,I 1 ,! (p1)ui 2 ,I 2 ," (p2)øui 3 ,I 3
# (p3)øui 4 ,I 4

$ (p4)

${ i 1, ...} , { I 1, ...} , { #, ...}| , (3)

which signiÞes an abstract version of the external wave
function. The components of the tensorT in terms of
explicit indices are recovered by

${ i 1, ...} , { I 1, ...} , { #, ...}| T#=

(ta)i 1
i 3 (ta)i 2

i 4 ! I 1
I 3

! I 2
I 4

!
Pc1 " µ Pc3

"
#!

!
Pc2 " µ Pc4

"
$" .

(4)

III. STRATEGY OF FACTORIZATION

We consider a subset of diagrams (which we label by
the symbolic index s) for a certain process in whichm
lines with unresolved particles of ßavors{ gi } m carry ÔsoftÕ
momenta { ki } m , and are emitted from, or exchanged in-
between, a subseths of the n other external lines of ßa-
vors { f i } n , which carry ÔhardÕ momenta{ qi } n . The sub-
diagrams involving the emissions and exchanges will then
attach to an amplitude with on- or o ! -shell lines of ßa-
vor { f !

i } n , which carry momenta Pi,s = qi + K i,s , with
K i,s being some linear combination of the emitted and
exchanged momenta ifi %hs, and Pi,s = qi if i /%hs is
an external line not connecting to an unresolved line.

Having singled out a certain subgraph from the ampli-
tude as described above, we can write it as

| M { f i } n ,{ gi } m ({ qi } n ; { ki } m )#

=
#

{ f !
i } n

#

s

R { f !
i } n

s;{ f i } n ,{ gi } m
({ qi } n ; { ki } m ) (5)

$

i " hs

P i (qi + K i,s , M i )
(qi + K i,s )2 & M 2

i
|M { f !

i } n ({ Pi } n )#+ ...

in which P i represents the propagator numerator of the
hard, o! -shell line i as an operator in the space of the in-
volved quantum numbers, andR s encodes the remaining
structure we intend to factor from the hard process am-
plitude, i.e. R s contains all couplings, numerator struc-
tures and gauge structures, except the numerators of the
hard propagators P i attaching to it. This factorization
(in eq. (5)) Ñ which has not yet used any approximation
Ñ can be diagrammatically represented as

(6)

where wavy lines denote unresolved particles,Pi,s = qi +
K i,s and the ellipse with R s refers to topologies which
do not factor separately onto the n-parton amplitude.

Our aim is to identify when Ñ in a very general setting
Ñ this amplitude factors in a systematically expandable
way onto an on-shell hard amplitude after isolating ex-
ternal sub-diagrams as above.

We also discuss how we can construct bases for the
space of chiral structures such that we can express the ab-
stract operators in a concrete fashion and iterate virtual
exchanges and emissions in the solution to an evolution
equation of the amplitude.

A. Kinematics

Before we address the more complicated electroweak
case, let us recall how soft factorization in QCD works.
In this case we would consider emissions and exchanges
which contribute a total momentum K i,s to an o! -shell
line i , carrying a total momentum Pi,s = qi + K i,s , where
qi is the on-shell external momentum. Thus

M (Pi,s )
P2

i,s & M 2
i

=
M (qi + K i,s )

2qi áK i,s + K 2
i,s

, (7)

which follows from q2
i = M 2

i . In the uniform soft limit,
K i,s ! &K i,s , we di! erentiate w.r.t. & to get the power

4

In order to implement four-momentum conservation the
Lorentz transformation and scaling parameter! need to
obey

(! ! 1)!
µ Qµ = ! Q! +

1 ! ! 2

!
N !

1 +
1
!

N !
2 (21)

which Þxes! by requiring the same invariant mass before
and after the Lorentz transformation.

Demanding that ! > 0, and ! " 1 if all massesM i ,
and the momenta Qi,s vanish, we Þnd (cf. eq. (17)) a
solution which in general admits ! = 1 + O(" ) as pi,s á
Qi,s " " pi,s áQi,s , " " 0, irrespective of the kinematic
limit covered by this scaling. Note, however, that we have
not constrained the form of the Lorentz transformation
(in particular it need not be small), and in general only
use

qµ
i = ! µ

!

!
p!

i ! ÷K !
i,s + O(" )

"

K µ
i,s = ! µ

!

!
÷K !

i,s + O(" )
"

÷K !
i,s =

M 2
i ! m2

i + Q2
i,s

2(pi áni,s ! ni,s áQi,s )
n!

i,s + Q!
i,s . (22)

Phase space factorization can be obtained systemati-
cally at leading power in " for such kinematic mappings
as shown in [12]. We note that we can uniquely invert
the mapping and obtain an expression ofQi,s if we have
Þxed pi and ni,s . This also means that we can use this
deÞnition also whenK i,s and K j,s are not independent,
e.g. for a one-loop exchange in between two legsi and j
we haveK i,s = ! K j,s = k. Notice that we have chosen a

backward direction ni,s di" erently per hard momentum
pi .

The mapping in eq. (17) is designed, such that the de-
nominator of the o" -shell propagators are directly given
in terms of

(qi + K i,s )2 ! M 2
i = 2pi áQi,s , (23)

in analogy with eq. (8). Our expansion is thus in

pi áQi,s # pi áni,s $ Si,s (24)

and " % pi áQi,s /S i,s is our counting parameter which
simultaneously enforces the above hierarchy for all hard
lines i . It is important to stress that we do not consider
di" erent pi for di" erent classes of diagramss, while we
may want to exploit di " erent parametrizations of unre-
solved momenta if needed.

B. Factorization

In order to encode the quantum numberss of exter-
nal particles (spin, color, isospin, etc.) we introduce an
operator corresponding to the on-shell wave functions of
the particles we consider,

&s| ø# (q, m)|s"' = ø#s(q, m)$ss! , (25)
i# (q, m) ø# (q, m) = P(q, m)|q2 = m 2 . (26)

In total, this allows us to write, at leading power,

#

$
%

i/# hs

ø# f i (qi , mi )

&

'

(
%

i # hs

P f !
i
(qi + K i,s , M i )

(qi + K i,s )2 ! M 2
i

)

|M { f !
i } n ({ Pi } n )' =

(
%

i # hs

# f !
i
(! pi , M i )

2pi áQi,s

)

(

(
%

i

ø# f !
i
(pi , M i )|M { f !

i } n ({ pi } n )'

)

+ O(" ! # hs +1 ) , (27)

where #hs is the number of hard o" -shell legs interacting
with unresolved partons. Here we have used that the
amplitude contracted with external wave functions is a
Lorent invariant. In the light of the kinematics discussion
above, we then Þnd that we can factor the amplitude at
leading power in " as

| ÷M ({ qi } n ; { ki } m )' )
*

s

Ss({ q} i # hs , { ki } m )| ÷M ({ pi } n )' , (28)

in terms of the on-shell amplitude with n external hard
lines, | ÷M ' =

+
i

ø# i |M ' , carrying momenta { pi } n (we

have suppressed the ßavor labels for the sake of readabil-
ity). The factored contribution is given by the operator

S{ f !
i } n

s;{ f i } n ,{ gi } m
({ q} i # hs , { ki } m ) = i

#

$
%

j # hs

ø# f j (qi , mi )

&

'
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which is to be understood by expressing eitherqi or pi as
a function of Qi,s , ni,s and pi or qi respectively. This is
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which Þxes! by requiring the same invariant mass before
and after the Lorentz transformation.

Demanding that ! > 0, and ! " 1 if all massesM i ,
and the momenta Qi,s vanish, we Þnd (cf. eq. (17)) a
solution which in general admits ! = 1 + O(" ) as pi,s á
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Phase space factorization can be obtained systemati-
cally at leading power in " for such kinematic mappings
as shown in [12]. We note that we can uniquely invert
the mapping and obtain an expression ofQi,s if we have
Þxed pi and ni,s . This also means that we can use this
deÞnition also whenK i,s and K j,s are not independent,
e.g. for a one-loop exchange in between two legsi and j
we haveK i,s = ! K j,s = k. Notice that we have chosen a

backward direction ni,s di" erently per hard momentum
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The mapping in eq. (17) is designed, such that the de-
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in analogy with eq. (8). Our expansion is thus in

pi áQi,s # pi áni,s $ Si,s (24)

and " % pi áQi,s /S i,s is our counting parameter which
simultaneously enforces the above hierarchy for all hard
lines i . It is important to stress that we do not consider
di" erent pi for di" erent classes of diagramss, while we
may want to exploit di " erent parametrizations of unre-
solved momenta if needed.

B. Factorization

In order to encode the quantum numberss of exter-
nal particles (spin, color, isospin, etc.) we introduce an
operator corresponding to the on-shell wave functions of
the particles we consider,
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where #hs is the number of hard o" -shell legs interacting
with unresolved partons. Here we have used that the
amplitude contracted with external wave functions is a
Lorent invariant. In the light of the kinematics discussion
above, we then Þnd that we can factor the amplitude at
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which is to be understood by expressing eitherqi or pi as
a function of Qi,s , ni,s and pi or qi respectively. This is
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which is to be understood by expressing eitherqi or pi as
a function of Qi,s , ni,s and pi or qi respectively. This is
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where #hs is the number of hard o" -shell legs interacting
with unresolved partons. Here we have used that the
amplitude contracted with external wave functions is a
Lorent invariant. In the light of the kinematics discussion
above, we then Þnd that we can factor the amplitude at
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which is to be understood by expressing eitherqi or pi as
a function of Qi,s , ni,s and pi or qi respectively. This is


