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“ Universitat
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Constructing amplitude evolution and showers by
infrared boundaries and renormalization

Take the infrared boundary between resolved and unresolved )= ——
emissions as a constructing principle, rather than a dirty corner. dus

[Plitzer — JHEP 07 (2023) 126]
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Provides a path to derive amplitude evolution at higher orders, and
to constrain and understand hadronization in quite some detail.

[Hoang, Jin, Platzer, Samitz — JHEP 07 (2025) 005]
[Gieseke, Kiebacher, Platzer, Priedigkeit — EP) C 85 (2025) 7]

Today’s topic is about illustrating this framework for just partonic
cross sections and towards infrared safety and sensitivity — in a
simplified version to highlight the main concepts.

[Amirante, Forshaw, Platzer — in preparation]

| will also outline, how power expansions are crucial to determine
the underlying evolution structure, and where momentum mappings

are central to derive factorization. )
[Plitzer, Sjddahl —1 10 (2024) 5, 056023]

[Platzer — unpublished]
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General idea — schematic
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Constructing amplitude evolution and showers energy
by infrared boundaries and renormalization

Define regions in which we can or cannot use expansions and
factorization — a set of functions organizing the cross
section.

* Could implement angularly restrictions on emissions to
exploit coherence on top of just soft/collinear

* Differentiating would lead to evolution equations

* Only the entirety of soft and hard regions would
strictly be independent of the separation scales chosen

* The response of observables is unclear
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Define regions in which we can or cannot use expansions and
factorization — a set of functions organizing the cross
section.

1

* Could implement angularly restrictions on emissions to
exploit coherence on top of just soft/collinear

* Differentiating would lead to evolution equations

* Only the entirety of soft and hard regions would
strictly be independent of the separation scales chosen

* The response of observables is unclear

expansions
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* Could implement angularly restrictions on emissions to
exploit coherence on top of just soft/collinear

* Differentiating would lead to evolution equations

* Only the entirety of soft and hard regions would
strictly be independent of the separation scales chosen

* The response of observables is unclear

Supplement the region definition by isolating regions in which
we isolate and remove infrared divergencies.

* Within the region allowing expansions we can nhow
demand cancellation of arbitrary scales.

* The response of observables becomes a question of
infrared sensitivity.
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* Could implement angularly restrictions on emissions to
exploit coherence on top of just soft/collinear .
* Differentiating would lead to evolution equations .
* Only the entirety of soft and hard regions would .
strictly be independent of the separation scales chosen
* The response of observables is unclear

Supplement the region definition by isolating regions in which
we isolate and remove infrared divergencies.

* Within the region allowing expansions we can nhow
demand cancellation of arbitrary scales.

* The response of observables becomes a question of
infrared sensitivity.
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* Could implement angularly restrictions on emissions to
exploit coherence on top of just soft/collinear

* Differentiating would lead to evolution equations

* Only the entirety of soft and hard regions would
strictly be independent of the separation scales chosen

* The response of observables is unclear

Supplement the region definition by isolating regions in which expansions
we isolate and remove infrared divergencies.
* Within the region allowing expansions we can nhow
demand cancellation of arbitrary scales.
* The response of observables becomes a question of
infrared sensitivity.
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General idea — schematic

Partitioning of phase space: energy

* ldentify regions which admit expansions in singular limits "‘
* Arbitrary boundaries so long as expansions are valid .

(] [J (] (] (] (] ‘
* Physically signhificant parameters — kinematic .

hierarchies, e.g. /‘
Q=6(Q—p)0Q —Qn-k)

* other region
Isolation of singularities: %
* Arbitrary boundaries and unphysical parameters f “..
* Valid as long as every singularity covered per region o ‘tam
 Cancellation of singularities facilitated by renormalization finite -
* Serves as factorization scale(s), e.g. -
|

O(u, \)=1—
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General idea — schematic

Constructing amplitude evolution and showers energy
by regions, infrared cuts and renormalization )
|
Schematically we intent to achieve “‘
“
allow for unresolved
unresolved momenta . . .
| — admits factorization / .
forbidden — can only .
calculate in fixed order o
2
\ / “‘ other region
o
0 — O-hard(Q) Usoft(Q) .
o .
®aanm

finite

hard (Q) ® A(Q, 1) &
T

universal

angle



G e n e ral i d ea I S i m P I iﬁ ed [Amirante, Forshaw, Platzer — in preparation] “ lSJiggeer:SItat

Matrix elements and observables are vectors in multiplicity space
_ [ 14 ) __ 14 : __
M, = alM" M = MO (g1, ..., qn; K1,y .oy Ko) Un = Un(q1s s @)
14
Renormalization mixes multiplicities to remove IR divergencies

o =M-u=Alus)- A(py) = 27" (us)M S(ps) = Zps )

Z factor depends on real and virtual momenta

Z1(k1)  —Z1(q1) 0 0
0 ZQ(Qlakl) _ZQ(Q17QQ) 0 S o
Z =1+ a, 0 0 Z3(q1,q2, k1) —Z3(q1,q92,q93) - + O(ag)

[Similar structures in EFT analyses — Becher, Neubert et al.]



G e n e ral i d ea I S i m P I iﬁ ed [Amirante, Forshaw, Platzer — in preparation] “ lSJiglgveer:SItat

Matrix elements and observables are vectors in multiplicity space
[ 14 14 14 : __
My, = oMW" M = MO (g1, ..., qn; K1,y .oy Ko) Un = Un(q1s s @)
14
Renormalization mixes multiplicities to remove IR divergencies

o= M-u=Aljs) Apy) = 277 (us) M S(j1s) = Zps)u

Renormalized cross sections are finite



G e n e ral i d ea I S i m P I iﬁ ed [Amirante, Forshaw, Platzer — in preparation] “ lSJiglgveer:SItat

Matrix elements and observables are vectors in multiplicity space
My, = oMW" MO = M (qr, .oy gns ks ooy k) Un = Un(q1, s qn)
14
Renormalization mixes multiplicities to remove IR divergencies
o=M-u=A(us) - A(ps) = Z7" (ps)M S(ps) = Zps)u

Evolution equations for A describe a parton shower, accompanied by an evolution of S

0 0

HSW—SA(US) = I'(us)A(ps) MS%S(MS) = —T" (us)S(ps)

Z(qry s Qs @5 05) = P(q1s ooy @ny @)U a1, o, 00 0)0(q1, s @0 G5 115



G e n e ral i d ea I S i m P I iﬁ ed [Amirante, Forshaw, Platzer — in preparation] “ lSJiggeer:SItat

Matrix elements and observables are vectors in multiplicity space
[ 14 14 14 : __
M, = alM" MY = MO (qr, ... qn: k1, ..., k) Un = Un(q1, -, Gn)
14

Renormalization mixes multiplicities to remove IR divergencies

o=M-u=Alus)- A(py) = 27" (us)M S(ps) = Zps)u

Evolution equations for A describe FTL ~J () X Q(Ql) oo qn, q>5(Q1, ey qn, C], MS)

s 0 Deep link between region definition, renormalization scale and
Oug  kinematics — infer ordering variable from renormalization scale.

Z(qry s Qs @5 05) = P(q1s ooy @ny @)U a1, o, 00 0)0(q1, s @0 G5 115



G e n e ral i d ea I S i m P I iﬁ ed [Amirante, Forshaw, Platzer — in preparation] “ giglgvee;.s'tat

Matrix elements and observables are vectors in multiplicity space
[ 14 14 14 : __
My, = oMW" M = MO (g1, ..., qn; K1,y .oy Ko) Un = Un(q1s s @)
14
Renormalization mixes multiplicities to remove IR divergencies

o= M-u=Aljs) Apy) = 277 (us) M S(j1s) = Zps)u

Observable response is encoded in the effective observable factor

Sn(:“Sa 41y -+ qn) — un(le veey Q’n)

— Qg (un—l—l(QL EXD Qn—l-l) — un(Qh ooy Qn)) Zn—l—l(Qla ceodn+1; :LLS) + O(CVS)

0 0

Could infer an observable specific evolution: s =——39S, = (Uni1 — Un)Us
Ous OlLs

(—asZps1(ps)) + O(ag)



G e n e ral i d ea I S i m P I iﬁ ed [Amirante, Forshaw, Platzer — in preparation] “ giglgvee;.s'tat

Matrix elements and observables are vectors in multiplicity space
[ 14 14 14 : __
My, = oMW" M = MO (g1, ..., qn; K1,y .oy Ko) Un = Un(q1s s @)
14
Renormalization mixes multiplicities to remove IR divergencies

o= M-u=Aljs) Apy) = 277 (us) M S(j1s) = Zps)u

Observable response is encoded in the effective observable factor

. _ Could choose Z such that this vanishes
Sn(:uSaCﬂa-"?CIn) _un(QIw“?qn) /

— U (un—l—l(Q17 ey Qn—l—l) - un(Qla e Q’n)) Zn—l—l(Qla oo gn41, MS) - O(CVS)

0 0

Could infer an observable specific evolution: s =——39S, = (Uni1 — Un)Us P
ps

e (~asZus1(ns)) + O(a})
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General idea — real life [Pliczer — JHEP 07 (2023) 12¢] “Siegen

Colour density operators and measurements Perturbative expansion of the UV
renormalized density operator

O ~ Z ag/ Tr (M, U,,| do, M, — Z Oé’g;Mg)

[=0

* Operators act on colour, spin and possibly
momentum space — avoid clutter of notation
conjugate amplitude x amplitude * Details on momentum mappings later

Significantly more involved renormalization

U, = X, [S(ps), ps] transformations:

redefine in IR regions l
M, = Z, [A(ps), ps]

Xn[S(1s), ps| = XLSan

n—+s

o~ Do [ T Raus)S1 s o, >t [E sk TT e
s=1

1=n-+1



General idea — real life

[Plitzer — JHEP 07 (2023) 126] “ Universitat
Siegen

Colour density operators and measurements

o~ Y Qg / Tr [M,,U,,] d¢.,

conjugate amplitude x amplitude

Un — X’I’L S ]
redefine in IR regions l S(us), ps|

o~ Za’g/Tr [An(15)Sn(ps)| don

Perturbative expansion of the UV
renormalized density operator

M,, = Z 't MW
1=0

* Operators act on colour, spin and possibly

momentum space — avoid clutter of notation
* Details on momentum mappings later

Evolution equations correspond to CVolver

OsAp =Ty sAy + AT o= agRgf) An_ngf)f

n n
s>1

structure persists at all orders



Organizing in regions e e “gigigv:l:sitat

Decomposing the density operator

m,k

Loops think cuts — M differential
in real and virtual momenta

[Plitzer, Ruffa — JHEP 06 (2021) 007]

Expanding the density operator

MUE — p0 QUIb

(l|k) (l|0) (llk) (LK) _ (m,k—r) (l|0) (m,r)T & Uk) 1/2—m—I

Factorization in the relevant limits



Organizing in regions

[Platzer — unpublished] “ U.nlverSItat
Siegen

Decomposing the density operator

n—m|m

Mg) _ ZM(l—k|k)
k.m

Expanding the density operator

MUP — MO
Ui = Yl L + OO?)

Factorization in the relevant limits

Yl — M

n|m

m,k

Loops think cuts — M differential
in real and virtual momenta

[Plitzer, Ruffa — JHEP 06 (2021) 007]

E.g. one loop one emission

1) _ 17, @)y 0]0) 010)y, 1) 0|1 1/ 2
Mio = 1 VIOM o7+ MV B+ O )

00 L (1,0) £(0[0) = (1.0)F A (0[O _
MU — DU + 00

Beyond one loop include wave function renormalizations, mass schemes, ...
[Plitzer, Sjdahl — PRD 110 (2024) 5]



Organizing in regions Plitzer — unpublished| “gigigv:l:sitat

Decomposing the density operator

n—m|m n|m
k.m m,k

Loops think cuts — M differential
in real and virtual momenta

[Platzer, Ruffa — JHEP 06 (2021) 007]

Expanding the density operator Higher orders and the role of virtual corrections

* Formalism spelled out for arbitrary perturbative orders

M(”k) - M(Z)Q(Uk) * Structures known explicitly for second order
n|m n "Tn|m * Power expansions are crucial to determine structure of subtractions
1y 110) A (118) * Significant implications for ordered and unordered emissions and exchanges
_ A 1/2

* Our resolution scales could act differently for reals and virtuals, and could
accompany subtractions present only for virtuals (e.g. Glaubers)

Factorization in the relevant limits * Momentum mappings can be included systematically
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[Plitzer — JHEP 07 (2023) 126]

Infrared safety in (colour) space Phtzer — unpublshec]

u

Redefinition of soft colour operator
Generalizes IR safety to an object in colour space

Sn(¢n) = Z" (¢n)Un(¢n)Z($n)
+ ) as / ATLE; )L (6n, Ts) Unts (B4 (¢n, 1)) gL (6, I1)

Soft gluon evolution alone
Using |:1 unitarity
n Ty 1 ’
StV = #j L STiaT; Un !l SUn TiaTj + TiUna Ty dl
ij =1

(un—l—l(QL veey Qn—l—l) — un(le ooy QTL>) Zn—l—l(le e on+1; :uS)
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General idea — schematic

Running of the soft factor determines if we add

L . . . energy
logarithmic correction on top of what A is summing

support of

Q=0(Q—p1)0(Q—Qn-k)

O(u, \)=1— 0(1 —cosf — \)

Difference of observables in IR safety criterion has a
distinct support interfering with the factorization boundary

bup = " nln (Ups1 T oup)

angle
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General idea — schematic

Running of the soft factor determines if we add

L . . . energy
logarithmic correction on top of what A is summing

support of

Q=0(Q—p1)0(Q—Qn-k)

-
\
L
|

O(u, \)=1— 0(1 —cosf — \)

Difference of observables in IR safety criterion has a
distinct support interfering with the factorization boundary

bup = " nln (Upsz T oup)

angle
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Goals and outlook

u

o~ > ab | Tr[An(ps)Sn(ps)] don

Observable independent ‘shower’ factor

Evolution resembles amplitude evolution, including the
CVolver evolution and NGL resummation

* Definition includes colour, spin, momentum mappings
* Probabilistic showers can be derived as a consequence
* The caveats regarding shower accuracy apply

The open question is if taking regions seriously we would be
able to construct accurate showers without additional
iInterventions.

Observable dependent ‘measurement’ factor

Accounts for the mismatch of infrared boundary and
observable definition, subject to the constraints from phase
space regions, coherence ...

Controls how accurately a given A can describe a certain
observable — ideal,if | ], vanishes.

We can test the interplay of different orderings and infrared
boundaries in the context of amplitude evolution and in
‘normal’ showers — in general, distributional structure.
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Goals and outlook

Siegen
n
o~ > ab | Tr[An(ps)Sn(ps)] don
n

Observable independent ‘shower’ factor. Hadronization, ultimately.

Primary Lund Plane (using ¢; ;) 100 Primary Lund Plane (using ¢; ;) 100 Primary Lund Plane (using ¢; ;) 00

. . e BN o RN AN AR AARE AARI RRAN N T of S TR

IR boundary is of course also the transition to 3 El w  E
hadronization. 1 E[F T
The factorization | proposed is vital in understanding RIS | F: 0 ;

Flc b bbb e I 0 C 0
how hadronization models would evolve and operate in et | |
colour space. A T "
The link to analyzing infrared sensitivity in the realm of (. D D E| [P E|
shower cutoffs is evident in the formalism. a0 e e Npe 1

AR ¢ TP T T R T al nEl K

[Hoang, Platzer, Samitz — JHEP 10 (2018) 200] [Holguin, Platzer, Seymour, Sule — arXiv:2605.02622]
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Thank you!
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Factorization & renormalization

L , , [Plitzer, Sjodahl — PRD 110 (2024) 5]
General factorization of renormalized amplitudes

A substantial amount of input is the factorization of amplitudes in enhanced limits.

P (P ;) k; q|Ll = 1 p: | I(:-i!,s + O(")
~ P? — M; | !
di Kis = M Kis +0O(")
. R, }:
S L MR
. - K-i,s — AN, | T ZA N T Qi,s
$ 2(pi anis ! nis aQis)
g =!" p +0()
L o i
' P(qg + Ki,s,M.iZ (G + Kie) P(g + Ki,s,M.iZ _ 1 L ( pi,lMi)"- ( 2Ii)i,l\/li) +0()
n=0 (q + Ki,S)Z! IVll_R,i (q T Ki,s)2 ! MR,i 2pi aQi,s 1! # (Mi )
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Factorization & renormalization

L , , [Plitzer, Sjodahl — PRD 110 (2024) 5]
General factorization of renormalized amplitudes

A substantial amount of input is the factorization of amplitudes in enhanced limits.

I H, Ip: | K:-i!,s T 9(")

s

9

G

2
=

1

. Kis + O(")

' qi i.s _
= RS | : | M ! mi2+Qﬁs | |
: - K’ Nis + Qis

$ | 2(pi anjs ! nis aQis)

A\
g
[

L H o+ O(!)

hﬂt
[

Ao ]

S} | N K
s;{fi}n,{gi}m({q}'#hs’{k'}m)_ | ﬂfj(q’m')

‘M({qi}n;{kl}m)l) . i#h .
Ss({a}iune {kitm)IM ({pi}n) CRUDY  (ahan, (K} m) o #ii(1 P, M),




