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Motivations

▶ The original motivation of this work was the finding of
Aglietti,Ferrera,Ju,Miao,2025, where important differences between
results for the thrust distribution when the resummation is carried
out in N-space (or Laplace-space, or conjugate-space) as compared
to τ -space (τ = 1 − T , also direct-space), with the N-space result in
agreement with the world average.

▶ In past work Catani,Mangano,Trenradue,P.N.,1996, in the
framework of threshold resummation for collider processes,
important differences were found between direct and conjugate
space formulation. But before the work of Aglietti etal this problem
was not investigated in the case of e+e− shape variables.

▶ Besides the choice of resummation space, we have also investigated
differences between standard analytic resummation approaches, and
approaches that are more closely related to shower procedures.
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The problem with conjugate vs. direct space
Consider the Drell-Yan cross section:

σ(DY)(τ) =

∫ 1

0
dzdx L(z)σ̂(DY)(x)δ(z x − τ), τ =

Q2

S
, x =

Q2

s
. (1)

Performing a Mellin transform, convolutions become products:

σ
(DY)
N = LN σ̂

(DY)
N ,

(
VN =

∫ 1

0

dy
y

yNV (y), V = σ,L
)

The Mellin space is more convenient for resummation, since the phase space for
soft emissions also factorizes. At the double-logarithmic level

σ̂
(DY)
N = exp(a log2 N), a = 2CFαS/π

Inverting from N-space

σ(DY)(τ) =
1

2πi

∫ C+i∞

C−i∞
LN exp(a log2 N) τ−NdN

which must be identical to eq. (1) provided

σ̂(DY)(x) =
1

2πi

∫ C+i∞

C−i∞
exp(a log2 N) x−NdN
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The problem arises if we try to express σ̂(DY)(x) in the double log
approximation neglecting subleading logarithmic terms. We find easily

σ̂(x) ≈ − d
dx

exp[a log2 L]

where L = log(1/x) ≈ 1 − x . When inserted in eq. 1 this diverges faster than
any power when x → 1.
The problem is due to what we leave out when performing the transform in a
leading logarithmic sense. For instance, the Mellin moment∫

dx
x
x−N log2n L =

∫
dL e−LN log2n L =

∫
dy e−y (log y − logN)2n

= log2n N + . . .+

∫
dy e−y log2n y

Thus, the first term is dominant in a logarithmic sense, and the last one is
deeply subdominant. However, it grows like (2n)!. This leads to large
pseudo-renormalon ambiguities (Sudakons, according to Beneke) behaving like
power corrections with fractional exponents.
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Reminder of the 1996 result

In the case of the 1996 result it was easy to conclude that the divergence
and factorial growth of the perturbative coefficients were a spurious
artifact of the direct-space approach, generated by the violation of
momentum conservation for soft gluon emissions.

This remains an interesting example of how things that can go wrong
when looking at different representations of the resummation formulae.

We thus investigated whether similar problems arise in the case of the
resummation for thrust in conjugate-space and in direct-space.
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The double log (DL) case.

We assume that the resummed thrust distribution is given in the
conjugate space as

RT (τ) =
1

2πi

∫ C+i∞

C−i∞

dN
N

eNτe−a log2 N =
1

2πi

∫
H

dN
N

eNτe−a log2 N , (2)

where RT =
∫ τ

0 dσ is the cumulant, a = CFαS/π and H is any Hänkel
contour. We assume that there are no subleading corrections to this
formula. As before τN ⪅ 1 dominates the integral. We introduce a
variable x = τN and rewrite, as before

RT (τ) = e−a log2 τ

[
1

2πi

∫
H

dx
x

exp[−2a log x log(1/τ)− a log2 x + x ]

]
The factor in front of the square bracket is the DL approximation, and
the square bracket yields non-vanishing subleading terms.
But the square bracket expression is an analytic function of a, as can be
checked by showing that its derivative with respec to to a is finite for all
(complex) values of a.
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So we expect a nicely convergent logarithmic expansion:
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where we have chosen a = CF/π × 0.118.
(at NNDL we get a line that is indistinguishable from the N-space result).
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LL result

Our starting formula is

RT (τ) =
1

2πi

∫
H

dN
N

eNτ exp

[
1

αSβ0
g1(λ)

]
where λ = asβ0 logN, as = αS/π, β0 = b0π. We have

g1(λ) = −CF

β0
[(1 − 2λ) log(1 − 2λ)− 2(1 − λ) log(1 − λ)] .

Notice that
g1(λ) = −CF

β0
λ2 +O(λ3)

so that the leading term in as is the DL term.
The integral is dominated by Nτ not much larger than 1. Thus we define
x = Nτ , and break λ into a τ and an x dependent part:

λ = λx + λτ , λz = asβ0 log z , z = x or τ

Remember: λτ ≈ 1 in the logarithmic counting,
and λx ≈ as since x is not much larger than 1
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This procedure allows us to write a formal expression that separates large
and small terms. We begin with

RT (τ) =
1

2πi

∫
H

dx
x
ex exp

[
1

αSβ0
g1(λτ ) +

λx

αSβ0
g ′
1(λτ ) + H(λτ , λx)

]
where the reminder

H(λ1, λx) =
1

asβ0
[g1(λτ + λx)− g1(λτ )− λxg

′
1(λτ )]

is defined in such a way that its expansion in λx begins with λ2
x . So

RT (τ) = exp

[
g1(λτ )

asβ0

]
exp

(
H

(
λτ , asβ0

d
dg ′

1(λr )

))
1

2πi

∫
H

dx
x
exe

λx
asβ0

g ′
1(λτ )

and
1

2πi

∫
H

dx
x
exe

λx
asβ0

g ′
1(λτ ) =

1
Γ(1 − g ′

1(λτ ))
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Defining the direct space approximation as

R
(d,n)
T (τ) = exp

[
g1(λτ )

asβ0

] n∑
i=0

Di (λτ )a
i
s

(or variants of this) and computing the Di algebraically for i up to 60, we
find that, to a good approximation, the terms of the series go as

ansDn ≈ (asπ)
n Lf (n)

(1 − 2λτ )n
× Pn ≈ πnans (Qτ) Lf (n)× Pn

where Pn is an oscillating function of n, approximately given by
cos(nπ/4), and

Lf (n) = Πn
j=2 log(j)

that we call logfactorial function.
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Thus:
▶ The direct-space expansion is not convergent.
▶ The growth of the terms is by a factor of log n
▶ The divergence is much weaker than factorial
▶ The terms are oscillating: thus a resummation is possible without

ambiguity, and is given by the N-space formula.
▶ The minimal term of the series is easily found to be of order

δ ≈ exp

[
− (τQ/Λ)2b0

2b0 log(τQ/Λ)

]
i.e. is suppressed by more than any power of Q.

We take the above as evidence that no “dangerous” factorial growth
arises when going from one representation to another.

Notice also that the presence of the Landau pole does not yield a
factorial growth associated with power corrections. This was the reason
why this prescription for the Mellin inversion was called “minimal” in the
1996 paper. This was in contrast with ways to write up the threshold
resummation (Korchemski,Sterman,1995) that yield linear power
corrections to the DY total cross section (shown to be incorrect also by
Beneke,Braun,1995).
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Full N4LL result

We now want to examine the behaviour of the conjugate and direct space
results up to the highest order available, and compare the two results.

We begin with

RT (τ) =
1

2πi

∫
H

dN
N

eNτ exp [g(λ)]

where

g(λ) =
1

asβ0
g1(λ) + f2(λ) + as f3(λ) + a2

s f4(λ) + a3
s f5(λ)

We get a formula similar to the LL case:

RT (τ) = exp

[
g(λτ )

asβ0

]
exp

(
1

asβ0
H

(
λτ , asβ0

d
dg ′

1(λr )

))
1

Γ[1 − g ′
1(λr )]

where
H(λ1, λx) = g(λτ + λx)− g(λτ )−

λx

asβ0
g ′
1(λτ ).
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There are several possible ways to define the direct space resummed
expression. We adopt for the NkLL formula

R
(k,d)
T (τ) = C (k−1)(as) exp

[
g (k+1)(λτ ) +

k−1∑
i=1

di (λτ )a
i
s

]

where the notation g (i) means that we include up to the fi term in g , C (i)

that we include up to the term of order ais in C . Notice that different
arrangements of the terms (i.e. different definitions of the resummation
formula) are always possible. They differ by subleading terms.
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Results with error bands
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Results with error bands
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Matched results
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(van Beekveld,Buonocore,Ferrario Ravasio,Monni,Soto-Ontoso,Soyez 2025)
Differences between conjugate and direct approach of the order of 5%.
Covered by scale variations if conservative enough.
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The θ-function approximation

The starting formula for the resummed cross section is

RNLL
log (τ) =

∞∑
m=0

1
m!

∫ m∏
i=1

[dki ]
[
M2(ki )

]
+
Θ
(
τ −

m∑
i=1

τ(ki )
)
,

which is not totally factorised because of the phase space constraint.
Performing the Mellin transform in τ leads to factorization of the phase
space, so that the above formula can be exactly re-written in fully
exponentiated form as

RNLL
log (τ) ==

1
2πi

∫
C

dN
N

eNτ exp

[∫
[dk]M2(k)

(
e−Nτ(k) − 1

)]
.

One usually uses the approximation

e−Nτ − 1 = −Θ
(
τ − 1

N̄

)
+ O(NNLL) ,

where N̄ = NeγE .
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▶ The theta function approximation limits the momentum integration
to τ > 1/N̄, so that the Landau pole is confined to very large value
of N. With appropriate Mellin inversion prescription, the associated
ambiguity is suppressed faster that any inverse power of Q.

▶ Without the theta function approximation the Landau pole is hit for
any value of N when k is small enough, leading to a linear power
suppressed ambiguity.

▶ Shower-like resummation prescription often avoid the theta function
approximation.
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The effect of the θ function approximation
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Shower, full and full,SP are
a shower and analitical imple-
mentation of the resummation
formula without the θ-function
approximation.
“trunc” uses the truncated θ-
function approximation.
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The effect of the θ function approximation
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The effect of truncation of the θ-function approximation is reduced as
the truncation order increases, but the convergence is very slow. The
effect is still sizeable at N10LL.
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Numerical Resummation Codes
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In arXiv:2603.06091 we also
compared (analytically and
numerically) numerical re-
summation methods in di-
rect space and their relation
to the conjugate space re-
summation and full shower
resummation. (will not dis-
cuss them here)
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Conclusions

▶ Mellin inversion leads to weak asymptotic growth (log factorial)
▶ Fully matched results in direct and conjugate space differ by up to

5% in the fit region (this is much less than what was found by
Aglietti etal.). The difference is covered by scale variations, if done
conservatively.

▶ Looking at the sequence of NKLL corrections with k up to 4, the
conjugate-space formulation seems to perform better.

▶ Examining the impact of the θ-function approximation in the
conjugate space approach, we see that it leads to uncertainties that
were never accounted for before.
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BACKUP
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The θ-function approximation to all orders

Catani,de Florian,Grazzini,P.N.,2003∫ 1

0
R ′
LL(τ̄)

(
e−N τ̄ − 1

)
= −Γ

(
1 − ∂

∂ logN

)
RLL(1/N) +O(1/N)
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