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(a) A choice of labelling
the 8 propagators of the
graph G••.
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(b) The Landshoff scatter-
ing with hard vertices H1
and H2.

Figure 6. The graph G•• with the propagators labelled e0, e1, . . . , e7, and its associated (Landshoff
scattering) loop-momentum configuration where the hard subgraph has two distinct components, H1
and H2. Note that the collinear line momenta attached to H1, which are labelled as k1, . . . , k4, depend
on each other via momentum conservation, because this graph has three loops in total.

+ (−p23){x4x5[(x0 + x1)(x2 + x3) + (x2 + x3)(x6 + x7) + (x0 + x1)(x6 + x7)]
+ (x0x3x6 + x1x2x7)(x4 + x5)}

+ (−p24){x6x7[(x0 + x1)(x4 + x5) + (x4 + x5)(x2 + x3) + (x0 + x1)(x2 + x3)]
+ (x2x4x7 + x3x5x6)(x0 + x1)}

+ (−s12)(x0x5 − x1x4)(x2x7 − x3x6) + (−s13)(x0x3 − x1x2)(x4x7 − x5x6),
(4.3b)

where we have used the relation between the Mandelstam variables to eliminate s14 from1

F(x; s) in favour of −s12 − s13 +
∑4

i=1 p
2
i . This readily introduces explicit minus signs into2

the last line of eq. (4.3b), leading to potential cancellation as discussed in section 3.2. The3

facet regions of G••, as one can check, are all compatible with the configuration of hard,4

jet, and soft modes shown in figure 5. More information on these regions will be provided5

in section 4.4 below (see table 1 there).6

Our hypothesis is that in addition to the facet regions, G•• features a hidden region whose7

properties we now explore. Based on our analysis in Feynman parameter space, the pinch8

occurs at (3.25), within the domain of integration, rather than on its boundary. Specifically,9

using the δ
(
1 −

∑7
k=0 αk

)
constraint and the symmetry of the graph, it is easy to see that10

the solution is at αk = 1
8 for all k. Converting this to Lee-Pomeransky parameters according11

to (2.5) we can deduce that the only consistent scaling vectors are ones where all parameters12

xk (for k = 0 to 7) scale in the same way. In momentum space this corresponds (via eq. (2.19))13

to all propagators having the same virtuality scaling [25]. Given the nearly-lightlike external14

kinematics, it is natural to expect that all propagators would be jet like, that is, every line15

momentum is collinear to one external momentum, with virtuality O(λQ2), such that in16

figure 6 propagators 0 and 1 are both collinear to p1, propagators 2 and 3 are collinear to17

p2, 4 and 5 are collinear to p3, and 6 and 7 are collinear to p4. Given the collinear scaling18

law of all propagators, along with the usual correspondence (2.19), we deduce that each19

Lee-Pomeransky parameter xk must be O(λ−1), yielding the corresponding region vector:20

vLandshoff = (−1,−1,−1,−1,−1,−1,−1,−1; 1) , (4.4)
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✦  Introduction - the method of regions


✦ The geometric method: facet regions


✦  Application: 3-loop soft anomalous dimension in multi-leg scattering with heavy quarks 


✦  Pinch singularities and Hidden Regions  

✦  Application: Hidden Regions in 2 to 2 scattering: wide angles and the Regge limit


✦  Hidden Region Finder


✦  Application: Hidden Region in 2 to 3 amplitudes and the spacelike collinear limit




The Method of Regions

• Method of Regions (MoR): asymptotic expansions of Feynman integrals


• Useful computational tool for difficult integrals and for understanding the properties of 
integrals and amplitudes in any kinematic limit. 


• In momentum space, regions are associated with a set of loop momentum modes,  
connecting with PSR and formulation of effective field theories, e.g. HQET or SCET. 


• In parametric space many regions but in certain expansions not all, are associated with 
facets of the Newton polytope of the Symanzik graph polynomials. 


• Fundamentally, regions are associated with the vicinity of Landau singularities. 


• Our motivation is twofold: 


★ Understand the workings of the MoR, and its connection with Landau singularities,  
  to allow for a systematic determination of all regions.


★  Use the MoR to study kinematic limits of integrals and amplitudes 



The Method of Regions
Aim: Expand a Feynman integral in some external kinematic variables, e.g.  


 
 
Starting with an integral representation,  
taking the limit and performing the integral generally do not commute!  
How can we take the limit at integrand level? 

<latexit sha1_base64="uUnnP7RIGbkVR89apvB5sYucMCk="></latexit>

I(s) ⌘
X

R2R(I(s),t)

I(R), I(R) = T (R)
t I(s)

<latexit sha1_base64="VP09RnsPghp4hKkaH7XmPaucd2s="></latexit>

t =
�
�p2i ,�pi · pj

 
with � ! 0

Strategy: Split the integral into regions. In each region the integration variables  
scale in a particular way with the external variables. 


In each such region, perform an expansion in  , and integrate each term  
over the entire integration domain, discarding scaleless integrals (dim. reg.) 
 
The original integral is reproduced upon summing all regions:

λ

Smirnov 91; Beneke, Smirnov 97; Smirnov, Rakhmetov 98; Pak, Smirnov 2011; Jantzen 2011, Heinrich et al. 2021, …



The Method of Regions in momentum space
On-shell expansion of a “Sudakov FF” scalar diagram:                               

This is in particular the starting point for SCET — see e.g. Becher, Broggio, Ferroglia (2014)  
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Triangle Example

Consider the on-shell limit  for p2
1 ∼ p2

2 ∼ λq2
1 λ → 0

p1 p2

q1

I = iπd/2 μ4−d ∫ ddk
1

(k + p1)2(k + p2)2(k2)

k

k + p1 k + p2 p1 = (p+
1 , p−

1 , p⊥
1 ) ∼ Q(λ,1,λ 1

2)
p2 ∼ Q(1,λ, λ 1

2)

1) Split integrand up into regions

Hard : kμ
H ∼ (1,1,1) Q

Collinear to p1 : kμ
J1

∼ (λ,1,λ 1
2) Q

Collinear to p2 : kμ
J2

∼ (1,λ, λ 1
2) Q

Soft : kμ
S ∼ (λ, λ, λ) Q

IH = iπd/2 μ4−d ∫ ddk
1

(k2 + 2k+ ⋅ p−1 )(k2 + 2k− ⋅ p+
2 )(k2)

IC1
= iπd/2 μ4−d ∫ ddk

1
(k + p1)2(2k− ⋅ p+

2 )(k2)

IC2
= iπd/2 μ4−d ∫ ddk

1
(2k− ⋅ p+

1 )(k + p2)2(k2)

IS = iπd/2 μ4−d ∫ ddk
1

(2k+ ⋅ p−1 + p2
1)(2k− ⋅ p+

2 + p2
2)(k2)

2) Series expand each region in λ

Analysis follows:  
Becher, Broggio, Ferroglia 14

<latexit sha1_base64="nW6mTzHCN9CKT8+Cl64jPugntyA="></latexit>

p1 = (p+1 , p
�
1 , p

?
1 ) ' Q(�, 1,

p
�)

p2 = (p+2 , p
�
2 , p

?
2 ) ' Q(1,�,

p
�)

Identify leading loop-momentum regions            Expand integrand in 
<latexit sha1_base64="28p+JVBu9DSsMY48lXNmZkKOMZI=">AAAB73icbVDLSgMxFL2pr1pfVZdugkVwVWaKr2XBjcsK9gHtUDKZTBuayYxJRihDf8KNC0Xc+jvu/Bsz7Sy09UDgcM655N7jJ4Jr4zjfqLS2vrG5Vd6u7Ozu7R9UD486Ok4VZW0ai1j1fKKZ4JK1DTeC9RLFSOQL1vUnt7nffWJK81g+mGnCvIiMJA85JcZKvYGw0YBUhtWaU3fmwKvELUgNCrSG1a9BENM0YtJQQbTuu05ivIwow6lgs8og1SwhdEJGrG+pJBHTXjbfd4bPrBLgMFb2SYPn6u+JjERaTyPfJiNixnrZy8X/vH5qwhsv4zJJDZN08VGYCmxinB+PA64YNWJqCaGK210xHRNFqLEV5SW4yyevkk6j7l7VL+8vas1GUUcZTuAUzsGFa2jCHbSgDRQEPMMrvKFH9ILe0cciWkLFzDH8Afr8AXIKj4s=</latexit>

�

<latexit sha1_base64="JjoQmd5SWLI0WcjsB51aI5lvP1w=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiuCpJ8LYsuHFZwV6gjWEynbRDJ5M4MxFK2p0bX8WNC0Xc+grufBsnaRba+sPAx3/O4cz5/ZhRqSzr2ygtLa+srpXXKxubW9s75u5eS0aJwKSJIxaJjo8kYZSTpqKKkU4sCAp9Rtr+6Cqrtx+IkDTit2ocEzdEA04DipHSlmceTmLPvnMmPUlDqNnJmDE4uc9tz6xaNSsXXAS7gCoo1PDMr14/wklIuMIMSdm1rVi5KRKKYkamlV4iSYzwCA1IVyNHIZFumt8xhcfa6cMgEvpxBXP390SKQinHoa87Q6SGcr6Wmf/VuokKLt2U8jhRhOPZoiBhUEUwCwX2qSBYsbEGhAXVf4V4iATCSkdX0SHY8ycvQsup2ee1s5vTat0p4iiDA3AEToANLkAdXIMGaAIMHsEzeAVvxpPxYrwbH7PWklHM7IM/Mj5/AK++mIQ=</latexit>

|p21| ⇠ |p22| ⌧ |q21 |

<latexit sha1_base64="2uogk6XoMyP54SYJPN7Py8OrGdU="></latexit>

t =
�
p21, p

2
2

 
' �q21

<latexit sha1_base64="oRmwEBLM1+JropGkX198S9btpV8=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaT4WhbcuKxgH9CEMplM2qGTSZi5EUrpb7hxoYhbf8adf+O0zUJbDwwczjmXufeEmRQGXffbWVvf2NzaLu2Ud/f2Dw4rR8dtk+aa8RZLZaq7ITVcCsVbKFDybqY5TULJO+HobuZ3nrg2IlWPOM54kNCBErFgFK3k+9JGI+pjStx+perW3DnIKvEKUoUCzX7ly49SlidcIZPUmJ7nZhhMqEbBJJ+W/dzwjLIRHfCepYom3AST+c5Tcm6ViMSptk8hmau/JyY0MWachDaZUByaZW8m/uf1coxvg4lQWY5cscVHcS6JPXFWAImE5gzl2BLKtLC7EjakmjK0NZVtCd7yyaukXa9517Wrh8tqo17UUYJTOIML8OAGGnAPTWgBgwye4RXenNx5cd6dj0V0zSlmTuAPnM8fYl2ROA==</latexit>

� ! 0with

<latexit sha1_base64="4KSogZAXa7coXVoree9q2eaDLyo="></latexit>

Hard kµ
H

' (1, 1, 1)Q IH =

Z
ddk

(k2 + 2k+p�1 )(k
2 + 2k�p+2 )k

2
+ . . .

Collinear to p1 kµ
C1

' (�, 1,
p
�)Q IC1 =

Z
ddk

(k + p1)2(2k�p
+
2 )k

2
+ . . .

Collinear to p2 kµ
C2

' (1,�,
p
�)Q IC2 =

Z
ddk

(2k+p�1 )(k + p2)2k2
+ . . .

Soft kµ
S
' (�,�,�)Q IS =

Z
ddk

(2k+p�1 + p21)(2k
�p+2 + p22)k

2
+ . . .



The Method of Regions in momentum space
Evaluating the integrals:

10

Triangle Example

Consider the on-shell limit  for p2
1 ∼ p2

2 ∼ λq2
1 λ → 0

p1 p2

q1

I = iπd/2 μ4−d ∫ ddk
1

(k + p1)2(k + p2)2(k2)

k

k + p1 k + p2 p1 = (p+
1 , p−

1 , p⊥
1 ) ∼ Q(λ,1,λ 1

2)
p2 ∼ Q(1,λ, λ 1

2)

1) Split integrand up into regions

Hard : kμ
H ∼ (1,1,1) Q

Collinear to p1 : kμ
J1

∼ (λ,1,λ 1
2) Q

Collinear to p2 : kμ
J2

∼ (1,λ, λ 1
2) Q

Soft : kμ
S ∼ (λ, λ, λ) Q

IH = iπd/2 μ4−d ∫ ddk
1

(k2 + 2k+ ⋅ p−1 )(k2 + 2k− ⋅ p+
2 )(k2)

IC1
= iπd/2 μ4−d ∫ ddk

1
(k + p1)2(2k− ⋅ p+

2 )(k2)

IC2
= iπd/2 μ4−d ∫ ddk

1
(2k− ⋅ p+

1 )(k + p2)2(k2)

IS = iπd/2 μ4−d ∫ ddk
1

(2k+ ⋅ p−1 + p2
1)(2k− ⋅ p+

2 + p2
2)(k2)

2) Series expand each region in λ

Analysis follows:  
Becher, Broggio, Ferroglia 14

Summing up the four regions, one recovers the expansion of the full integral:

<latexit sha1_base64="1dudkMH6DkEjeFhaB7CK3sHJP+s="></latexit>

IH + IC1 + IC2 + IS = I =

Z
ddk

(k + p1)2(k + p2)2k2
=

1

Q2

✓
log

Q2

p21
log

Q2

p22
+ 2⇣2 +O(p2

i
/Q2)

◆

<latexit sha1_base64="auIpddd9vrvUlZ9aQp64nIM+cm4="></latexit>

Hard IH =

∫
ddk

(k2 + 2k+p→1 )(k
2 + 2k→p+2 )k

2
=

1

Q2

(
1

ω2
+

1

ω
log

µ2

Q2
+

1

2
log

2 µ2

Q2
→ ε2 +O(ϑ)

)

Collinear to p1 IC1 =

∫
ddk

(k + p1)2(2k→p
+
2 )k

2
=

ϑ→ω

Q2

(
→

1

ω2
→

1

ω
log

µ2

p21
→

1

2
log

2 µ2

p21
→ ε2 +O(ϑ)

)

Collinear to p2 IC2 =

∫
ddk

(2k+p→1 )(k + p2)2k2
=

ϑ→ω

Q2

(
→

1

ω2
→

1

ω
log

µ2

p22
→

1

2
log

2 µ2

p22
→ ε2 +O(ϑ)

)

Soft IS =

∫
ddk

(2k+p→1 + p21)(2k
→p+2 + p22)k

2
=

ϑ→2ω

Q2

(
1

ω2
+

1

ω
log

µ2Q2

p21p
2
2

+
1

2
log

2 µ2Q2

p21p
2
2

+ ε2 +O(ϑ)

)



The Method of Regions in momentum space
• MoR has no general proof yet.


• Jantzen (2011) presented the following conditions for the MoRs in momentum space, under which he has 
proven that the integral is reproduced upon summing the regions, integrated over the entire domain:


1. The domains are non-intersecting and cover the entire range of integration 


2. All expansions commute


3. The original integral and the expanded ones are regulated (wherever taken over a restricted or   
 complete domain)


4. The series expansions converge absolutely 

•  Finding the regions in momentum space remains heuristic and done on a case-by-case basis…



Parameter space

<latexit sha1_base64="BXYBJaX0mOLf482G7DWE5JrVA5s="></latexit>

U(x) =
X

T 1

Y

e/2T 1

xe, F(x; s) =
X

T 2

(�sT 2)
Y

e/2T 2

xe + U(x)
X

e

m2
exe � i"

Given a graph , the Feynman parametric representation G

<latexit sha1_base64="UItfvvCmTICnHnuAFtywA1e3Cac="></latexit>

I(G) =
�(⌫ � LD/2)
QN

e=1 �(⌫e)

Z

↵e>0
dN↵ �

 
1�

NX

e=1

↵e

! 
NY

e=1

↵⌫e�1
e

!
[U(↵)]⌫�(L+1)D/2

[F(s,↵)]⌫�LD/2

 The Symanzik graph polynomials: 

We will mainly be using the Lee-Pomeransky representation with a single 

<latexit sha1_base64="9pF5kN2M4LYkl/wnZ2W1UoGdC2U="></latexit>

I(G) =
�(D/2)

�((L+ 1)D/2� ⌫)

1
QN

e=1 �(⌫e)

Z

xe>0

NY

e=1

dxe

xe

 
NY

e=1

x⌫e
e

!
[U(x) + F(s, x)]�D/2

| {z }
I(G)

<latexit sha1_base64="jNXPuiyNBG1ODN1VeNr1WeHSI1Y="></latexit>

P(x, s) = U(x) + F(x; s)



The MoR in parameter space

• Consider the limit where certain Mandelstam invariants are getting small as powers of  


    Monomials:                                                                                                 and  is the number of propagators


    The vector of exponents of each monomial defines is a point: 


    These points  are interpreted as vertices of the Newton polytope.

N

{ ⃗ri}

Key step: identifying the regions algorithmically via tropical geometry 

• In parameter space there is an algorithm to identify all regions as facets of the Newton Polytope [Pak, Smirnov 2011] 
when the invariants are of the same sign

<latexit sha1_base64="C25InIIPhowRB7bNIUOwnUYqECU="></latexit>

ωri → (ri; ai) = (ri,1, . . . , ri,N ; ai) ↑ RN+1

For example, the triangle graph in the limit:
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Triangle Example

Consider the on-shell limit  for p2
1 ∼ p2

2 ∼ λq2
1 λ → 0

p1 p2

q1

I = iπd/2 μ4−d ∫ ddk
1

(k + p1)2(k + p2)2(k2)

k

k + p1 k + p2 p1 = (p+
1 , p−

1 , p⊥
1 ) ∼ Q(λ,1,λ 1

2)
p2 ∼ Q(1,λ, λ 1

2)

1) Split integrand up into regions

Hard : kμ
H ∼ (1,1,1) Q

Collinear to p1 : kμ
J1

∼ (λ,1,λ 1
2) Q

Collinear to p2 : kμ
J2

∼ (1,λ, λ 1
2) Q

Soft : kμ
S ∼ (λ, λ, λ) Q

IH = iπd/2 μ4−d ∫ ddk
1

(k2 + 2k+ ⋅ p−1 )(k2 + 2k− ⋅ p+
2 )(k2)

IC1
= iπd/2 μ4−d ∫ ddk

1
(k + p1)2(2k− ⋅ p+

2 )(k2)

IC2
= iπd/2 μ4−d ∫ ddk

1
(2k− ⋅ p+

1 )(k + p2)2(k2)

IS = iπd/2 μ4−d ∫ ddk
1

(2k+ ⋅ p−1 + p2
1)(2k− ⋅ p+

2 + p2
2)(k2)

2) Series expand each region in λ

Analysis follows:  
Becher, Broggio, Ferroglia 14

<latexit sha1_base64="2gIVCsMlwVXkUzd6vbrmhl08sAQ="></latexit>

U(x) = U1 + U2 + U3 = x1 + x2 + x3

<latexit sha1_base64="AeEm/IEyex9L22nNgaLQrHyQAFY="></latexit>

F(x;ωws) = F1 + F2 + F3 = ω(→p21)x1x3 + ω(→p22)x2x3 + (→q21)x1x2

28

Triangle Example

Consider again the on-shell limit of the 1-loop triangle  for  

 

p2
1 ∼ p2

2 ∼ λq2
1 λ → 0

#(x) = x1 + x2 + x3
ℱ(x, s) = (−p2

1) λx1x3 + (−p2)2 λx2x3 + (−q1)2x1x2

<latexit sha1_base64="KKC+LanT12AJsla1F8UUAapUIz8="></latexit>

(1,0,0;0)
(0,1,0;0)
(0,0,1;0)





<latexit sha1_base64="cS2c0a0+0CrznXnZMVD6wcu74cA="></latexit>

(1,0,1;1)
(0,1,1;1)
(1,1,0;0)






[EG, Herzog, Jones, Ma, Schlenk (2022)] 

<latexit sha1_base64="0xcOcz31ktD+9wUp2qEUAOGo8WE="></latexit>

ωws = (ω1p21,ω
1p22,ω

0q21)

<latexit sha1_base64="Mkf/UbPvgyBqZ2JbkKJOuPftvzA="></latexit>

mi = cix
ri,1
1 · · ·x

ri,N
N → P where ci ↑ O(ωai)

<latexit sha1_base64="PymLCg1YAmN5zKHohupcZ6qffK0="></latexit>

ω → 0



The MoR in parameter space

• Consider the limit where certain Mandelstam invariants are getting small as powers of  


    Monomials:                                                                                                 and  is the number of propagators


    The vector of exponents of each monomial defines is a point: 


    These points  are interpreted as vertices of the Newton polytope.


• In region     we simultaneously scale also the integration variables,  


• Under the scaling law                                                                    :


Hence each monomial is associated with a weight:


• The dominant subset of monomials  are those which attain the minimal weight.  
 
A region is found when a subset of dominant monomials uniquely fixes the scaling law (unconstrained directions  the integral is scaleless).


• Geometrically, the corresponding subset of points  define a facet of the Newton polytope.

N

{ ⃗ri}

{ ⃗ri}

⇒

{ ⃗ri}

Key step: identifying the regions algorithmically via tropical geometry 

• In parameter space there is an algorithm to identify all regions as facets of the Newton Polytope [Pak, Smirnov 2011] 
when the invariants are of the same sign

<latexit sha1_base64="s74d8OGJjgMlgM/PX0PcjS5vp5I="></latexit>

ωvR → (vR; 1) = (vR,1, . . . , vR,N ; 1) ,
<latexit sha1_base64="GKd7enOlFvOiyFXWSz4iinU4pyU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryOJF49g5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3nlBpHssHM07Qj+hA8pAzaqxUv+8VS27ZnYOsEi8jJchQ6xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3RKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhPe+BMuk9SgZItFYSqIicnsa9LnCpkRY0soU9zeStiQKsqMzaZgQ/CWX14lzUrZuypf1i9K1UoWRx5O4BTOwYNrqMId1KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AKsRjNA=</latexit>

R

<latexit sha1_base64="C25InIIPhowRB7bNIUOwnUYqECU="></latexit>

ωri → (ri; ai) = (ri,1, . . . , ri,N ; ai) ↑ RN+1

<latexit sha1_base64="ShYyjxBgUR+rEYca+zdBAbVzzU8=">AAACDHicbVBPS8MwHE3nvzn/TT16CQ5hXkY7ZHoRBl48zuH+wFpKmmZbWJqWJJ2M0g/gxa/ixYMiXv0A3vw2Zl0Puvkg8PLe+5H8nhcxKpVpfhuFtfWNza3idmlnd2//oHx41JVhLDDp4JCFou8hSRjlpKOoYqQfCYICj5GeN7mZ+70pEZKG/F7NIuIEaMTpkGKktOSWKw9uuxq49PzanhKcTFO3bWM/VDDJ7iJNXapTZs3MAFeJlZMKyNFyy1+2H+I4IFxhhqQcWGaknAQJRTEjacmOJYkQnqARGWjKUUCkk2TLpPBMKz4chkIfrmCm/p5IUCDlLPB0MkBqLJe9ufifN4jV8MpJKI9iRThePDSMGVQhnDcDfSoIVmymCcKC6r9CPEYCYaX7K+kSrOWVV0m3XrMatcbdRaVZz+soghNwCqrAApegCW5BC3QABo/gGbyCN+PJeDHejY9FtGDkM8fgD4zPH/zwm5I=</latexit>
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N → P where ci ↑ O(ωai)
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ω → 0



The MoR in parameter space: summary

• The region vector                                                                     is a normal vector to a (lower) facet of the Newton polytope

• The integral is then written as a sum of “region” integrals, each of which is characterised by unique region vector

<latexit sha1_base64="s74d8OGJjgMlgM/PX0PcjS5vp5I="></latexit>

ωvR → (vR; 1) = (vR,1, . . . , vR,N ; 1) ,

Facet algorithm implemented in Asy; ASPIRE; PySecDec; AmpRed,…
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(d) Facets of UF Newton polytope

Figure 2: The geometry of the one-loop triangle graph G3. The black (red) dots indicate
that the vertices correspond to a term with an overall factor of �0 (�1). In figures 2a and
2b, the blue face is defined by the exponents of the U polynomial and the green face is
defined by the exponents of the F polynomial. Figures 2b and 2c show how the Cayley
trick can be used to obtain the UF polytope by slicing the U + F polytope. In figure 2d
we display the facets of the UF polytope corresponding to the different regions, as we will
argue later, the blue facet corresponds to a hard region H, the red facet corresponds to a
soft region S, and the green and yellow facets correspond to collinear regions C1 and C2,
respectively.

Before concluding, let us emphasise once more that the geometric approach we just
described is not guaranteed in general to identify all regions. The regions it identifies are
only those corresponding to facets, i.e. those associated with a scaling vector, x ! �uRx,
such that for � ! 0 the singularity occur at the boundary of the domain of integration.

– 13 –

• The Newton polytope is defined by the monomials of the graph polynomials (independent of the Mandelstam invariants)  

which defines a scaling law:                                                                   

Facet regions are fully characterised by an asymptotic scaling law

<latexit sha1_base64="DqYx4AmJrBrhdHk912YUd0+viYo="></latexit>
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vR,3x3, . . .)



The Method of Regions -  Application I:  
  

Computing the Soft Anomalous Dimension 
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3

[EG, Zehao Zhu 2509.18017 JHEP 03 (2026) and 2510.27567 PRL]

https://arxiv.org/abs/2509.18017
https://arxiv.org/pdf/2510.27567


IR Singularities using Wilson lines

S = h��1 ⌦ ��2 ⌦ . . .��ni

product of Wilson lines: 
<latexit sha1_base64="vAoEEAgx1Ce8uEYkbJy28TEXK3c="></latexit>

! ! l ! P exp
!
igs

" !

0
dt" l áA(t" l )

#

Universality: IR can be computed from timelike Wilson lines

5 hard gluon amplitude 5 Wilson-line correlator

The key properties of       stem from the definition:  

•   Semi-infinite Wilson lines admit rescaling symmetry:  soft singularities only depends on:


•      defined with timelike Wilson lines is multiplicatively renormalizable [Brandt, Neri & Sato (1981)].


•  Exponentiation in terms of the soft anomalous dimension , a finite quantity defined by  
 UV renormalisation of the multi-Wilson-line vertex. This amounts to trading the IR problem for a UV one,  
 similarly to the cusp anomalous dimension [Korchemsky & Radyushkin (1986)].


•   Diagrammatic exponentiation in terms of connected colour factors 
 

Γ

S

S
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2" L á" M!

" 2
L " 2

M



Ø. Almelid, C. Duhr,  EG Phys. Rev. Lett. 117, 172002

                      are the single-valued harmonic polylogarithms (SVHPLs). They are single-valued for              .  
      The alphabet                            reflects collinear singularities.  

           

L 10... (z) øz = z!

F (z) = L 10101(z) + 2 ! 2

!
L 100(z) + L 001(z)

"

The 3-loop soft anomalous dimension in massless scattering
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F (! ijkq , ! kjiq ) = F (1 ! z) ! F (z),
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{ z, øz,1 ! z,1 ! øz}

 Computed using an asymptotic expansion in a Mellin-Barnes representation

We want to extend this to top-production amplitudes, where some of the Wilson lines are timelike



Rescaling-invariant ratios: massless vs. massive 
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" #

$
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{ r 124, r 234, r 134}

1 massive and 3 massless
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! ijkq !
" i á" j " k á" q

" i á" k " j á" q
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<latexit sha1_base64="3TCAQvZjncbBXjdc/ztD4GRcONY="></latexit>

{ ! 1234, ! 3214}

4 massless particles

!

" #

$

4 massive particles

Rescaling symmetry of Wilson-line velocities is the key reason for the simplicity of massless result 
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{ ! LM } = { ! 12, ! 13, ! 14, ! 23, ! 24, ! 34}



How can we make use of multiplicative renormalizability  
as well as of the simplification due to massless limits?

!

" #

$

• The computation using Wilson-line correlators builds upon  

multiplicative renomalizability of non-lightlike Wilson lines


• So the calculation must be set up with timelike lines - 6 variables! 

!
integrate

!integrate

identify regions,
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[EG, Zehao Zhu 2509.18017, 2510.27567]
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non-lightlike integrand

https://arxiv.org/abs/2509.18017
https://arxiv.org/pdf/2510.27567


Computing the connected webs by the MoR
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We consider the connected webs spanning four timelike Wilson lines:

• The geometric MoR algorithm identifies 56 regions; we computed them each separately (using differential equations) 

                 

• Sum over region integrals:
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One-mass soft anomalous dimension: result
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F (3)
1,3 (r ijQ , r jkQ , r ikQ ) = 16 [F1,3(x, 1 ! øz,1 ! z) ! F1,3 (x, z, øz)]

Collinear limit:

Massless limit:
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F1,3(x, z, øz) = F1,3(0, 1, 1) = 4C
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[EG, Zehao Zhu, to apper in PRL].

Analytic result expressed in terms of weight-5 single-valued generalised polylogarithms



4

1 2

3

Computing the Soft Anomalous Dimension using the MoR

•  We now know the full soft anomalous dimension for the case of one heavy quark  
 and any number of massless ones.


• The MoR is the only way to exploit the simplicity of the massless limit right at the outset.  


•  The facet algorithm is guaranteed to give the complete set of regions since we work in the   
 Euclidean domain. Being able to do so is a feature of Wilson line correlators, where there is no  
 momentum conservation constraint between the active legs in the hard scattering vertex.

Summary:



MoR in parameter space and the Landau Conditions

Landau equations in parameter space

If      vanishes, we deform the contour using Feynman’s prescription
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F

Expanding using the chain rule

However if all the first derivatives vanish simultaneously, the contour is ‘pinched’: making the integral ill-defined at limit

Given a graph , the Feynman parametric representation isG

In Minkowski space the invariants  generally have mixed signs.s
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Choosing                                                 causality is satisfied!         (implemented in pySecDec)                                                            
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So far we discussed facet regions: asymptotically dominant subset of monomials under some scaling.

It was observed early on that pinch singularities in parameter space can lead to additional (non-facet) regions.  
Simple cases can be identified by linear shifts  
(asy2.m in FIESTA by Jantzen, A. Smirnov, V. Smirnov 2012; ASPIRE, Ananthanarayan et al. 2018, 2020)  
The reality is much richer!
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The Method of Regions -  Application II:  
 massless scattering  2 → 2
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(a) A choice of labelling
the 8 propagators of the
graph G••.
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(b) The Landshoff scatter-
ing with hard vertices H1
and H2.

Figure 6. The graph G•• with the propagators labelled e0, e1, . . . , e7, and its associated (Landshoff
scattering) loop-momentum configuration where the hard subgraph has two distinct components, H1
and H2. Note that the collinear line momenta attached to H1, which are labelled as k1, . . . , k4, depend
on each other via momentum conservation, because this graph has three loops in total.

+ (−p23){x4x5[(x0 + x1)(x2 + x3) + (x2 + x3)(x6 + x7) + (x0 + x1)(x6 + x7)]
+ (x0x3x6 + x1x2x7)(x4 + x5)}

+ (−p24){x6x7[(x0 + x1)(x4 + x5) + (x4 + x5)(x2 + x3) + (x0 + x1)(x2 + x3)]
+ (x2x4x7 + x3x5x6)(x0 + x1)}

+ (−s12)(x0x5 − x1x4)(x2x7 − x3x6) + (−s13)(x0x3 − x1x2)(x4x7 − x5x6),
(4.3b)

where we have used the relation between the Mandelstam variables to eliminate s14 from1

F(x; s) in favour of −s12 − s13 +
∑4

i=1 p
2
i . This readily introduces explicit minus signs into2

the last line of eq. (4.3b), leading to potential cancellation as discussed in section 3.2. The3

facet regions of G••, as one can check, are all compatible with the configuration of hard,4

jet, and soft modes shown in figure 5. More information on these regions will be provided5

in section 4.4 below (see table 1 there).6

Our hypothesis is that in addition to the facet regions, G•• features a hidden region whose7

properties we now explore. Based on our analysis in Feynman parameter space, the pinch8

occurs at (3.25), within the domain of integration, rather than on its boundary. Specifically,9

using the δ
(
1 −

∑7
k=0 αk

)
constraint and the symmetry of the graph, it is easy to see that10

the solution is at αk = 1
8 for all k. Converting this to Lee-Pomeransky parameters according11

to (2.5) we can deduce that the only consistent scaling vectors are ones where all parameters12

xk (for k = 0 to 7) scale in the same way. In momentum space this corresponds (via eq. (2.19))13

to all propagators having the same virtuality scaling [25]. Given the nearly-lightlike external14

kinematics, it is natural to expect that all propagators would be jet like, that is, every line15

momentum is collinear to one external momentum, with virtuality O(λQ2), such that in16

figure 6 propagators 0 and 1 are both collinear to p1, propagators 2 and 3 are collinear to17

p2, 4 and 5 are collinear to p3, and 6 and 7 are collinear to p4. Given the collinear scaling18

law of all propagators, along with the usual correspondence (2.19), we deduce that each19

Lee-Pomeransky parameter xk must be O(λ−1), yielding the corresponding region vector:20

vLandshoff = (−1,−1,−1,−1,−1,−1,−1,−1; 1) , (4.4)

– 27 –

[EG, Herzog, Jones, Ma, JHEP 08 (2024) 127]
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ing with hard vertices H1
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Figure 6. The graph G¥¥ with the propagators labelled e0, e1, . . . , e7, and its associated (Landsho!
scattering) loop-momentum conÞguration where the hard subgraph has two distinct components,H1

and H2. Note that the collinear line momenta attached to H1, which are labelled ask1, . . . , k4, depend
on each other via momentum conservation, because this graph has three loops in total.

+ ( ! p2
3){ x4x5[(x0 + x1)(x2 + x3) + ( x2 + x3)(x6 + x7) + ( x0 + x1)(x6 + x7)]

+ ( x0x3x6 + x1x2x7)(x4 + x5)}

+ ( ! p2
4){ x6x7[(x0 + x1)(x4 + x5) + ( x4 + x5)(x2 + x3) + ( x0 + x1)(x2 + x3)]

+ ( x2x4x7 + x3x5x6)(x0 + x1)}

+ ( ! s12)(x0x5 ! x1x4)(x2x7 ! x3x6) + ( ! s13)(x0x3 ! x1x2)(x4x7 ! x5x6),

(4.3b)

where we have used the relation between the Mandelstam variables to eliminates14 from1

F (x ; s) in favour of ! s12 ! s13 +
! 4

i =1 p2
i . This readily introduces explicit minus signs into2

the last line of eq. (4.3b), leading to potential cancellation as discussed in section3.2. The3

facet regions ofG¥¥, as one can check, are all compatible with the conÞguration of hard,4

jet, and soft modes shown in Þgure5. More information on these regions will be provided5

in section 4.4 below (see table1 there).6

Our hypothesis is that in addition to the facet regions, G¥¥ features a hidden region whose7

properties we now explore. Based on our analysis in Feynman parameter space, the pinch8

occurs at (3.25), within the domain of integration, rather than on its boundary. SpeciÞcally,9

using the !
"
1 !

! 7
k=0 " k

#
constraint and the symmetry of the graph, it is easy to see that10

the solution is at " k = 1
8 for all k. Converting this to Lee-Pomeransky parameters according11

to (2.5) we can deduce that the only consistent scaling vectors are ones where all parameters12

xk (for k = 0 to 7) scale in the same way. In momentum space this corresponds (via eq. (2.19))13

to all propagators having the same virtuality scaling [25]. Given the nearly-lightlike external14

kinematics, it is natural to expect that all propagators would be jet like, that is, every line15

momentum is collinear to one external momentum, with virtuality O(#Q2), such that in16

Þgure6 propagators 0 and 1 are both collinear top1, propagators 2 and 3 are collinear to17

p2, 4 and 5 are collinear top3, and 6 and 7 are collinear top4. Given the collinear scaling18

law of all propagators, along with the usual correspondence (2.19), we deduce that each19

Lee-Pomeransky parameterxk must be O(#! 1), yielding the corresponding region vector:20

vLandsho! = ( ! 1, ! 1, ! 1, ! 1, ! 1, ! 1, ! 1, ! 1; 1) , (4.4)
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superleading… On the face of it the integral should be scaleless!
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Figure 6. The graph G¥¥ with the propagators labelled e0, e1, . . . , e7, and its associated (Landsho!
scattering) loop-momentum conÞguration where the hard subgraph has two distinct components,H1

and H2. Note that the collinear line momenta attached to H1, which are labelled ask1, . . . , k4, depend
on each other via momentum conservation, because this graph has three loops in total.

+ ( ! p2
3){ x4x5[(x0 + x1)(x2 + x3) + ( x2 + x3)(x6 + x7) + ( x0 + x1)(x6 + x7)]

+ ( x0x3x6 + x1x2x7)(x4 + x5)}

+ ( ! p2
4){ x6x7[(x0 + x1)(x4 + x5) + ( x4 + x5)(x2 + x3) + ( x0 + x1)(x2 + x3)]

+ ( x2x4x7 + x3x5x6)(x0 + x1)}

+ ( ! s12)(x0x5 ! x1x4)(x2x7 ! x3x6) + ( ! s13)(x0x3 ! x1x2)(x4x7 ! x5x6),

(4.3b)

where we have used the relation between the Mandelstam variables to eliminates14 from1

F (x ; s) in favour of ! s12 ! s13 +
! 4

i =1 p2
i . This readily introduces explicit minus signs into2

the last line of eq. (4.3b), leading to potential cancellation as discussed in section3.2. The3

facet regions ofG¥¥, as one can check, are all compatible with the conÞguration of hard,4

jet, and soft modes shown in Þgure5. More information on these regions will be provided5

in section 4.4 below (see table1 there).6

Our hypothesis is that in addition to the facet regions, G¥¥ features a hidden region whose7

properties we now explore. Based on our analysis in Feynman parameter space, the pinch8

occurs at (3.25), within the domain of integration, rather than on its boundary. SpeciÞcally,9

using the !
"
1 !

! 7
k=0 " k

#
constraint and the symmetry of the graph, it is easy to see that10

the solution is at " k = 1
8 for all k. Converting this to Lee-Pomeransky parameters according11

to (2.5) we can deduce that the only consistent scaling vectors are ones where all parameters12

xk (for k = 0 to 7) scale in the same way. In momentum space this corresponds (via eq. (2.19))13

to all propagators having the same virtuality scaling [25]. Given the nearly-lightlike external14

kinematics, it is natural to expect that all propagators would be jet like, that is, every line15

momentum is collinear to one external momentum, with virtuality O(#Q2), such that in16

Þgure6 propagators 0 and 1 are both collinear top1, propagators 2 and 3 are collinear to17

p2, 4 and 5 are collinear top3, and 6 and 7 are collinear top4. Given the collinear scaling18

law of all propagators, along with the usual correspondence (2.19), we deduce that each19

Lee-Pomeransky parameterxk must be O(#! 1), yielding the corresponding region vector:20

vLandsho! = ( ! 1, ! 1, ! 1, ! 1, ! 1, ! 1, ! 1, ! 1; 1) , (4.4)
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Figure 6. The graph G•• with the propagators labelled e0, e1, . . . , e7, and its associated (Landshoff
scattering) loop-momentum configuration where the hard subgraph has two distinct components, H1
and H2. Note that the collinear line momenta attached to H1, which are labelled as k1, . . . , k4, depend
on each other via momentum conservation, because this graph has three loops in total.

+ (−p23){x4x5[(x0 + x1)(x2 + x3) + (x2 + x3)(x6 + x7) + (x0 + x1)(x6 + x7)]
+ (x0x3x6 + x1x2x7)(x4 + x5)}

+ (−p24){x6x7[(x0 + x1)(x4 + x5) + (x4 + x5)(x2 + x3) + (x0 + x1)(x2 + x3)]
+ (x2x4x7 + x3x5x6)(x0 + x1)}

+ (−s12)(x0x5 − x1x4)(x2x7 − x3x6) + (−s13)(x0x3 − x1x2)(x4x7 − x5x6),
(4.3b)

where we have used the relation between the Mandelstam variables to eliminate s14 from1

F(x; s) in favour of −s12 − s13 +
∑4

i=1 p
2
i . This readily introduces explicit minus signs into2

the last line of eq. (4.3b), leading to potential cancellation as discussed in section 3.2. The3

facet regions of G••, as one can check, are all compatible with the configuration of hard,4

jet, and soft modes shown in figure 5. More information on these regions will be provided5

in section 4.4 below (see table 1 there).6

Our hypothesis is that in addition to the facet regions, G•• features a hidden region whose7

properties we now explore. Based on our analysis in Feynman parameter space, the pinch8

occurs at (3.25), within the domain of integration, rather than on its boundary. Specifically,9

using the δ
(
1 −

∑7
k=0 αk

)
constraint and the symmetry of the graph, it is easy to see that10

the solution is at αk = 1
8 for all k. Converting this to Lee-Pomeransky parameters according11

to (2.5) we can deduce that the only consistent scaling vectors are ones where all parameters12

xk (for k = 0 to 7) scale in the same way. In momentum space this corresponds (via eq. (2.19))13

to all propagators having the same virtuality scaling [25]. Given the nearly-lightlike external14

kinematics, it is natural to expect that all propagators would be jet like, that is, every line15

momentum is collinear to one external momentum, with virtuality O(λQ2), such that in16

figure 6 propagators 0 and 1 are both collinear to p1, propagators 2 and 3 are collinear to17

p2, 4 and 5 are collinear to p3, and 6 and 7 are collinear to p4. Given the collinear scaling18

law of all propagators, along with the usual correspondence (2.19), we deduce that each19

Lee-Pomeransky parameter xk must be O(λ−1), yielding the corresponding region vector:20

vLandshoff = (−1,−1,−1,−1,−1,−1,−1,−1; 1) , (4.4)
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y0, y2, y4 andy6

<latexit sha1_base64="FDCS0ROyHubxAbgaOfQzIKX7keI="></latexit>

F (x; s, t, p2
i ) = [( ! s12)(y4 ! y0)(y6 ! y2) + ( ! s13)(y2 ! y0)(y6 ! y4)] x1x3x5x7 + ( ! p2

i ) terms " ! ! 3

[EG, Herzog, Jones, Ma, JHEP 08 (2024) 127]  
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F monomials ! ! ! 4

<latexit sha1_base64="O2JBPDlMC/jG7b7iTwzNbCd5KT8="></latexit>

U monomials ! ! ! 3

superleading… On the face of it the integral should be scaleless!



Regions in wide-angle scattering:  
Dissecting the polytope 
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(a) A choice of labelling
the 8 propagators of the
graph G••.
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(b) The Landshoff scatter-
ing with hard vertices H1
and H2.

Figure 6. The graph G•• with the propagators labelled e0, e1, . . . , e7, and its associated (Landshoff
scattering) loop-momentum configuration where the hard subgraph has two distinct components, H1
and H2. Note that the collinear line momenta attached to H1, which are labelled as k1, . . . , k4, depend
on each other via momentum conservation, because this graph has three loops in total.

+ (−p23){x4x5[(x0 + x1)(x2 + x3) + (x2 + x3)(x6 + x7) + (x0 + x1)(x6 + x7)]
+ (x0x3x6 + x1x2x7)(x4 + x5)}

+ (−p24){x6x7[(x0 + x1)(x4 + x5) + (x4 + x5)(x2 + x3) + (x0 + x1)(x2 + x3)]
+ (x2x4x7 + x3x5x6)(x0 + x1)}

+ (−s12)(x0x5 − x1x4)(x2x7 − x3x6) + (−s13)(x0x3 − x1x2)(x4x7 − x5x6),
(4.3b)

where we have used the relation between the Mandelstam variables to eliminate s14 from1

F(x; s) in favour of −s12 − s13 +
∑4

i=1 p
2
i . This readily introduces explicit minus signs into2

the last line of eq. (4.3b), leading to potential cancellation as discussed in section 3.2. The3

facet regions of G••, as one can check, are all compatible with the configuration of hard,4

jet, and soft modes shown in figure 5. More information on these regions will be provided5

in section 4.4 below (see table 1 there).6

Our hypothesis is that in addition to the facet regions, G•• features a hidden region whose7

properties we now explore. Based on our analysis in Feynman parameter space, the pinch8

occurs at (3.25), within the domain of integration, rather than on its boundary. Specifically,9

using the δ
(
1 −

∑7
k=0 αk

)
constraint and the symmetry of the graph, it is easy to see that10

the solution is at αk = 1
8 for all k. Converting this to Lee-Pomeransky parameters according11

to (2.5) we can deduce that the only consistent scaling vectors are ones where all parameters12

xk (for k = 0 to 7) scale in the same way. In momentum space this corresponds (via eq. (2.19))13

to all propagators having the same virtuality scaling [25]. Given the nearly-lightlike external14

kinematics, it is natural to expect that all propagators would be jet like, that is, every line15

momentum is collinear to one external momentum, with virtuality O(λQ2), such that in16

figure 6 propagators 0 and 1 are both collinear to p1, propagators 2 and 3 are collinear to17

p2, 4 and 5 are collinear to p3, and 6 and 7 are collinear to p4. Given the collinear scaling18

law of all propagators, along with the usual correspondence (2.19), we deduce that each19

Lee-Pomeransky parameter xk must be O(λ−1), yielding the corresponding region vector:20

vLandshoff = (−1,−1,−1,−1,−1,−1,−1,−1; 1) , (4.4)
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The Landshoff scattering region is the only power-enhanced region (scalars) 
proofs JH
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vR (x 0, x 1, . . . , x 7; ! ) degree of divergence

(! 2, ! 1, ! 2, ! 1, ! 2, ! 1, ! 2, ! 1; 1) ! 6!

(! 1, ! 2, ! 1, ! 2, ! 1, ! 2, ! 1, ! 2; 1) ! 6!

(! 1, ! 1, ! 1, 0, ! 1, 0, ! 1, 0; 1) 1 ! 3!

(! 1, ! 1, 0, ! 1, 0, ! 1, 0, ! 1; 1) 1 ! 3!

(! 1, ! 1, 0, 0, 0, 0, 0, 0; 1) ! !

(0, 0, 0, 0, 0, 0, 0, 0; 1) 0

Table 1. Regions obtained by directly applying the MoR to the on-shell expansion of graphG¥¥ with
p2

1 " " Q2 and p2
i = 0 ( i = 2 , 3, 4).

vR (y0, x 1, y 2, x 3, y 4, x 5, y 6, x 7; ! ) vR (x 0, x 1, . . . , x 7; ! )
degree of

divergence

(1/ 2, ! 1, 1/ 2, ! 1, 1/ 2, ! 1, 0, ! 1; 1) (! 2, ! 2, ! 2, ! 2, ! 2, ! 2, ! 2, ! 2; 2) ! 1/ 2 ! 3!

(0, ! 1, 1, ! 1, 1, ! 1, 0, ! 1; 1) (! 1, ! 1, ! 1, ! 1, ! 1, ! 1, ! 1, ! 1; 1) ! 3!

(1, ! 1, 1, ! 1, 0, ! 1, 0, ! 1; 1) (! 1, ! 1, ! 1, ! 1, ! 1, ! 1, ! 1, ! 1; 1) ! 3!

(! 1, ! 1, ! 1, ! 1, ! 1, ! 1, ! 1, ! 1; 1) (! 2, ! 1, ! 2, ! 1, ! 2, ! 1, ! 2, ! 1; 1) ! 6!

(1, ! 2, 1, ! 2, 1, ! 2, 1, ! 2; 1) (! 1, ! 2, ! 1, ! 2, ! 1, ! 2, ! 1, ! 2; 1) ! 6!

(0, ! 1, 0, 0, 0, 0, 0, 0; 1) (! 1, ! 1, 0, 0, 0, 0, 0, 0; 1) ! !

(0, 0, 0, 0, 0, 0, 0, 0; 1) (0, 0, 0, 0, 0, 0, 0, 0; 1) 0

Table 2. On-shell expansion ofG¥¥, with p2
1 " " Q2 and p2

i = 0 ( i = 2 , 3, 4), Þrst integral dissectionI 1.

Next, we will dissect the polytope using the procedure described in section3.3 and1

compare the regions we obtain from the new set of integrals. Examining eq.(4.3b), we note2

that after applying the change of variables given in eq.(3.26) and dissecting the integral3

according to eq.(3.28), we obtain a set of 24 new integrals,I 1, . . . , I 24, one for each of the4

orderings of { y0, y2, y4, y6} . These integrals haveF polynomials similar to eq. (3.29), but5

with additional terms proportional to (! p2
1) multiplied by non-negative polynomials of the6

parameters. Each of the new integrals has a same-sign regime for some choice of the value ofp2
1,7

s and t (although not the same choice for all integrals). We therefore expect that each integral8

separately can be analytically continued from a same-sign regime to the region of interest, and9

the application of the MoR should now truly identify all scaleful regions: there are no hidden10

regions in the new integrals. In conclusion, we expect that all the regions of the original11

integral, including hidden regions, would be obtained as facet regions of the new polytopes.12

Applying the MoR to each of the 24 new integrals, we obtain 24 sets of regions. In13

table 2 we display the regions for the Þrst integral dissection,I 1, in terms of both the new14

parameters,y0, x1, y2, x3, y4, x5, y6, x7, in which it has been computed, and after translating15

back to the original parameters, x0, . . . , x7. We Þnd that the Landsho! region, which did not16

appear as a facet of the Newton polytope of the original integrand, now appears as a facet of17

Ð 33 Ð

 Landshoff scattering: 
 two disconnected  
 hard-scattering subdiagrams 

[EG, Herzog, Jones, Ma, JHEP 08 (2024) 127]  
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(a) A choice of labelling
the 8 propagators of the
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(b) The Landsho! scatter-
ing with hard vertices H1

and H2.

Figure 6. The graph G¥¥ with the propagators labelled e0, e1, . . . , e7, and its associated (Landsho!
scattering) loop-momentum conÞguration where the hard subgraph has two distinct components,H1

and H2. Note that the collinear line momenta attached to H1, which are labelled ask1, . . . , k4, depend
on each other via momentum conservation, because this graph has three loops in total.

+ ( ! p2
3){ x4x5[(x0 + x1)(x2 + x3) + ( x2 + x3)(x6 + x7) + ( x0 + x1)(x6 + x7)]

+ ( x0x3x6 + x1x2x7)(x4 + x5)}

+ ( ! p2
4){ x6x7[(x0 + x1)(x4 + x5) + ( x4 + x5)(x2 + x3) + ( x0 + x1)(x2 + x3)]

+ ( x2x4x7 + x3x5x6)(x0 + x1)}

+ ( ! s12)(x0x5 ! x1x4)(x2x7 ! x3x6) + ( ! s13)(x0x3 ! x1x2)(x4x7 ! x5x6),

(4.3b)

where we have used the relation between the Mandelstam variables to eliminates14 from1

F (x ; s) in favour of ! s12 ! s13 +
! 4

i =1 p2
i . This readily introduces explicit minus signs into2

the last line of eq. (4.3b), leading to potential cancellation as discussed in section3.2. The3

facet regions ofG¥¥, as one can check, are all compatible with the conÞguration of hard,4

jet, and soft modes shown in Þgure5. More information on these regions will be provided5

in section 4.4 below (see table1 there).6

Our hypothesis is that in addition to the facet regions, G¥¥ features a hidden region whose7

properties we now explore. Based on our analysis in Feynman parameter space, the pinch8

occurs at (3.25), within the domain of integration, rather than on its boundary. SpeciÞcally,9

using the !
"
1 !

! 7
k=0 " k

#
constraint and the symmetry of the graph, it is easy to see that10

the solution is at " k = 1
8 for all k. Converting this to Lee-Pomeransky parameters according11

to (2.5) we can deduce that the only consistent scaling vectors are ones where all parameters12

xk (for k = 0 to 7) scale in the same way. In momentum space this corresponds (via eq. (2.19))13

to all propagators having the same virtuality scaling [25]. Given the nearly-lightlike external14

kinematics, it is natural to expect that all propagators would be jet like, that is, every line15

momentum is collinear to one external momentum, with virtuality O(#Q2), such that in16

Þgure6 propagators 0 and 1 are both collinear top1, propagators 2 and 3 are collinear to17

p2, 4 and 5 are collinear top3, and 6 and 7 are collinear top4. Given the collinear scaling18

law of all propagators, along with the usual correspondence (2.19), we deduce that each19

Lee-Pomeransky parameterxk must be O(#! 1), yielding the corresponding region vector:20

vLandsho! = ( ! 1, ! 1, ! 1, ! 1, ! 1, ! 1, ! 1, ! 1; 1) , (4.4)

Ð 27 Ð

Landshoff (1974); Botts and Sterman (1989)



Subgraph structure in wide-angle scattering
Theorem: facet regions in the on-shell  
expansion of wide-angle massless scattering  
contain just hard, collinear and soft modes 
with a single connected hard sub diagram 

Conjecture: EG, Herzog, Jones, Ma, Schlenk (2022) 
Proof: Yao Ma JHEP 09 (2024) 197 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H

S

J1

J2

JK

qK +1 qM

p1

p2

pK

Figure 5. The general conÞguration of facet regions in the on-shell expansion of wide-angle scattering,
where the graphG is the union of the hard subgraphH , the jet subgraphs J1, . . . , JK , and the soft
subgraph S. All the o ! -shell external momentaqK +1 , . . . , qM attach to H , and each on-shell external
momentum pi attaches to a correspondingJi . Note that for facet regions, each of the subgraphs
H, J 1, . . . , JK must be connected, while each connected component ofS must be connected to two or
more jets.

propagators contributing to an o! -shell GreenÕs function withM external legs, out of which1

K 0 are strictly on-shell, while K ! are expanded about the on-shell limit,2

!
""""""#

""""""$

p2
i = 0 i = 1 , . . . , K 0

p2
i ! ! Q2 i = K 0 + 1 , . . . , K,

q2
i ! Q2 i = K + 1 , . . . , M

pi 1 ápi 2 ! Q2 " i 1 #= i 2 ,

(4.1)

where the total number of massless jets, once the limit! $ 0 is taken, is given byK % K 0+ K ! .3

Note that the wide-angle condition is incorporated in pi 1 ápi 2 ! Q2, implying that while4

the jets pi are nearly lightlike, the angle between their three-momentapi 1
and pi 2

is O(1)5

for any i 1 and i 2.6

Given any graph with the kinematics of (4.1), the complete list of facet regions can be7

described by the hard-collinear-soft picture in Þgure5, as proposed in ref. [25] and proved8

in ref. [26]. According to this picture, any region in the on-shell expansion of wide-angle9

scattering graphs consists of three types of modes:10

!
"""#

"""$

hard: kµ
H ! Q(1, 1, 1);

collinear to pi : kµ
Ci

! Q(1, ! , ! 1/ 2);

soft: kµ
S ! Q(! , ! , ! ).

(4.2)

In the scaling above, we have used thepi lightcone coordinate, for i = 1 , . . . , K . Namely,11

kµ = ( k á" i , k á" i , k á" i ! ), where " µ
i is a null vector in the direction of pµ

i , deÞned as12

" µ
i = 1"

2
(1, pi / |pi |). For each " µ

i , we also deÞne"
µ
i % 1"

2
(1, &pi / |pi |), so that " i á" i = 1 .13

The hard (H ), the i -th jet ( Ji ), and the soft (S) subgraphs in Þgure5 consist respectively14

of propagators carrying momenta kµ
H , kµ

Ci
, and kµ

S, which scale according to (4.2). All15
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v (x0, . . . , x8; ! ) region or not?

original

polytope

(! 2, ! 1, ! 2, ! 1, ! 2, ! 1, ! 2, ! 1, ! 2; 1)

...
...

(0, 0, 0, 0, 0, 0, 0, 0, 0; 1)

dissected

polytopes

(! 1, ! 1, ! 1, ! 1, ! 1, ! 1, ! 1, ! 1, 0; 1)

(! 2, ! 1, ! 2, ! 1, ! 1, ! 1, 0, 0, ! 2; 1)

...
...

(0, 1, 0, 0, ! 1, 0, ! 1, ! 1, ! 1; 1)

Table 3. The vectors that are possibly relevant for the regions in the on-shell expansion ofG¥s.
Each vector is written in the format (x0, . . . , x8) and is expressed after mapping back to the original
variables. The Þrst group of vectors correspond to the lower facets of the original polytope, all of
which are regions ofG¥s. In contrast, the second group of vectors are hidden inside the original
polytope, which arise only as lower facets of the dissected polytope. Among all these regions, the only
one corresponding to a hidden region (Landsho! scattering) is (! 1, ! 1, ! 1, ! 1, ! 1, ! 1, ! 1, ! 1, 0; 1).
All the other vectors in the second group are considered spurious because they are inconsistent with
any cancellations for general kinematics.

p1 p3

p2 p4

J1 J3

J2 J4

H1

H2

S

Figure 10. The general conÞguration of hidden regions in the on-shell expansion of2 " 2 wide-angle
scattering, as we propose at the end of section4. The graph G is the union of the hard subgraphH ,
the jet subgraphs J1, . . . , J4, and the soft subgraphS. In contrast to the facet regions in Þgure5, the
hard subgraph has multiple connected componentsH1, H2, . . . , and all the four jets are attached to
each of these components.

Ð 38 Ð

Conjecture: Hidden regions in  wide-angle 
massless scattering (Landshoff) are characterised by 
multiple hard scattering subdiagrams 
 
EG, Herzog, Jones, Ma, JHEP 08 (2024) 127

2 → 2

Topologies having hidden regions in wide-angle massless scattering:  
 
3 loops - Crown (seed) and its 9 descendants (having the Crown as a contraction minor) 
4 loops - 1081 descendant topologies (16 others pass the mixed-sign preselection but have no HRs) 
 



Facet and hidden regions in the Regge limit
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Figure 12. One of the facet regions ofGtt , which corresponds to the region vector(! 2, ! 3, ! 1,
! 1, ! 2, ! 3, ! 1, ! 1, ! 1, ! 3; 1). In addition to the collinear (to p2) mode, this region also features a
Glauber mode, a(collinear-1) ásoft mode, and a(collinear-1) 2 mode, as coloured in the Þgure.
The scaling law of all modes is given in eq. (5.15).

(a) A choice of labelling
the 8 propagators of the
graph Gtt .

p1 p3

p2 p4

k1
k3

k4
k2

k1 ! k3

(b) The hidden region of
Gtt with k1 ! k3 in the
Glauber mode.

Figure 13. The three-loop nonplanar graphGtt (MandelstamÕs graph) and its (unique) hidden region.
There are two jets in this region, one associated with the external momentap1 and p3, while the other
with p2 and p4. In the hidden region, among the ten propagators, eight are part of the jets (four in
each) and the remaining two mediate in thet channel between the jets, carrying Glauber momenta.

scaleful integral for this region vector, the combination of terms proportional to s12 must1

conspire to cancel at leading power in! , i.e. it must admit the constraint in eq. ( 5.3). Then2

all the U and F terms contribute at O(! ! 3) to the Lee-Pomeransky polynomial.3

Based on the knowledge of the hidden region ofG¥¥, it is also straightforward to deduce4

that the momentum conÞguration of the hidden region ofGtt in the Regge limit is the one5

shown in Þgure13(b). Each of the two jets Ji (i = 1 , 2) consists of four propagators which6

are collinear to pi , respectively. The two remaining propagators,e8 and e9 in Þgure 13(a),7

carry Glauber momenta, as shown in eq. (5.11). Using the usual correspondence (2.19), this8

momentum-space picture is consistent with the region vector of eq. (5.16), as both collinear9

and Glauber modes scale as! ! 1.10

Note that in Þgure 13(b), we have used the symbol ( ) to denote any jet-1 (jet-2)11

vertex with a Glauber momentum exchange in thet channel. Similar to the hidden region12

of G¥¥ (see Þgure11(b)), the two jets J1 and J2 share a loop through which they exchange13

Ð 44 Ð
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Figure 12. One of the facet regions ofGtt , which corresponds to the region vector(! 2, ! 3, ! 1,
! 1, ! 2, ! 3, ! 1, ! 1, ! 1, ! 3; 1). In addition to the collinear (to p2) mode, this region also features a
Glauber mode, a(collinear-1) ásoft mode, and a(collinear-1) 2 mode, as coloured in the Þgure.
The scaling law of all modes is given in eq. (5.15).
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Figure 13. The three-loop nonplanar graphGtt (MandelstamÕs graph) and its (unique) hidden region.
There are two jets in this region, one associated with the external momentap1 and p3, while the other
with p2 and p4. In the hidden region, among the ten propagators, eight are part of the jets (four in
each) and the remaining two mediate in thet channel between the jets, carrying Glauber momenta.

scaleful integral for this region vector, the combination of terms proportional to s12 must1

conspire to cancel at leading power in! , i.e. it must admit the constraint in eq. ( 5.3). Then2

all the U and F terms contribute at O(! ! 3) to the Lee-Pomeransky polynomial.3

Based on the knowledge of the hidden region ofG¥¥, it is also straightforward to deduce4

that the momentum conÞguration of the hidden region ofGtt in the Regge limit is the one5

shown in Þgure13(b). Each of the two jets Ji (i = 1 , 2) consists of four propagators which6

are collinear to pi , respectively. The two remaining propagators,e8 and e9 in Þgure 13(a),7

carry Glauber momenta, as shown in eq. (5.11). Using the usual correspondence (2.19), this8

momentum-space picture is consistent with the region vector of eq. (5.16), as both collinear9

and Glauber modes scale as! ! 1.10

Note that in Þgure 13(b), we have used the symbol ( ) to denote any jet-1 (jet-2)11

vertex with a Glauber momentum exchange in thet channel. Similar to the hidden region12

of G¥¥ (see Þgure11(b)), the two jets J1 and J2 share a loop through which they exchange13
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A facet region (example) The hidden region 

two Glauber propagators
<latexit sha1_base64="CQxU9H4dWCDgAShvX5qrwNUbK1s=">AAACGHicbVDNSgMxGMzWv1r/Vj16CRahgq27VdRjwYvHClaF7rJk07QNzWaX5FuxLH0ML76KFw+KeO3NtzGti2h1IDCZmY/kmzARXIPjfFiFufmFxaXicmlldW19w97cutZxqihr0VjE6jYkmgkuWQs4CHabKEaiULCbcHA+8W/umNI8llcwTJgfkZ7kXU4JGCmwDyuDwK0OgqN978A7wB6we8iI7Izw9J4YMwmOqt+pwC47NWcK/Je4OSmjHM3AHnudmKYRk0AF0brtOgn4GVHAqWCjkpdqlhA6ID3WNlSSiGk/my42wntG6eBurMyRgKfqz4mMRFoPo9AkIwJ9PetNxP+8dgrdMz/jMkmBSfr1UDcVGGI8aQl3uGIUxNAQQhU3f8W0TxShYLosmRLc2ZX/kut6zT2pnVwelxv1vI4i2kG7qIJcdIoa6AI1UQtR9ICe0At6tR6tZ+vNev+KFqx8Zhv9gjX+BPXfnJA=</latexit>

(k1 ! k3) and p1 ! p3 ! (k1 ! k3)

Facet regions may contain Glauber propagators, but not Glauber loops Hidden regions in the Regge limit are characterised by Glauber loops. 

Conjecture: Hidden regions in  scattering in the Regge limit only appear when a Landshoff HR exists in the same graph at wide angle2 → 2



The two key ingredients for a hidden region (HR):


a) HR scaling law                                                           that makes certain monomials superleading 


b) Pinch solution for the superleading polynomial       :    
 
this solution involves cancellation between positive and negative monomials in  

Hidden Region Finder
EG (2026), to appear
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Step 2: Find a scaling law   
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The Method of Regions -  Application III: 
Spacelike collinear limit in  scattering  2 → 3

Wen Chen, EG, Rourou Ma, Yao Ma, Yang Zhang and Zehao Zhu  (to appear)



Violation of strict collinear factorization
timelike collinear limit: strict factorization

spacelike collinear limit

colour coherence guarantees independence of  
the Splitting Amplitude ( ) of non-collinear partons Sp

 depends on colour of non-collinear  
partons from one loop  
and on kinematics from two loops 

Sp

Catani, de Florian and Rodrigo (2012)

 Dixon, Herrmann, Yan, and Zhu (2019)


       Henn, Ma, Xu, Yan, Zhang and Zhu (2024) 
Buccioni, Fang and Yan (2026)

 We show: Hidden Regions are uniquely responsible for kinematic-dependent factorisation violations 



Violation of strict collinear factorization
spacelike collinear limit:
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The most striking factorization-violating feature: dihedral-angle (y) dependence.  



HRs in  scattering in the spacelike collinear region2 → 3

Of these the HRF algorithm identifies  non-planar topologies as having HRs16 × 2 (for p4 ↔ p5)

All stemming from the seed 

plus 15 descendents  

Glauber propagator Collinear propagator Hard propagator

The UT basis contains 469 (externally labelled) scalar topologies.  
Out of these 70 distinct ones pass a mixed-sign preselection (after we mod out by ) p4 ↔ p5

Wen Chen, EG, Rourou Ma, Yao Ma, Yang Zhang and Zehao Zhu  (to appear)



HRs in  scattering in the spacelike collinear region2 → 3

appears in both timelike and 
spacelike collinear limits
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spacelike collinear limit

facet region hidden region

at leading power
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no x and c dependence

facet hidden



Conclusions
✦  The method of regions is an essential tool to compute difficult integrals  
   and to understand kinematic limits of integrals and amplitudes


✦  Momentum space gives a physical picture and relates to resummation and effective field theories,   
   while parameter space provides algorithmic methods to find the complete set of regions. 


✦  Facet regions are fully characterised by an asymptotic scaling law of the integration variables.  
   They can easily be found, but only constitute the full set of regions in Euclidean-like integrals


✦  Hidden regions appear due to pinches in parameter space associated with a particular  
   asymptotic scaling law. We now have an algorithmic way to find them, the HRF.   


✦  The MoR - with facet regions only - led to major progress in computing the 
   soft anomalous dimension at 3 loops in the presence of both heavy and light particles.  


✦  Hidden regions are present in wide-angle massless scattering: they are characterised by  
   multiple hard subdiagrams (the Crown is the only seed at 3 and 4 loops).  
   In the Regge limit these same topologies — an only them — have Glauber regions.


✦   scattering: a single HR governs the kinematic-dependent violation of strict collinear factorization.


✦  Conjecture: Whenever limits that differ only by the crossing assignment of the external particles  
   are not related by analytic continuation, a Hidden Region must be responsible. 

2 → 3



The Method of Regions:  
Recent Progress and Applications

July 8-10, Manchester

Parton Showers and Resummation 2026

I review recent progress in methodology and applications of the Method of Regions, the central approach to 
performing asymptotic expansions of Feynman integrals. In this method, general log-power expansions in singular 
kinematic limits are obtained through a sum over “region integrals”, each of which is defined by a Taylor expansion 
of the integrand under certain assumptions regarding the behaviour of the integration variables in the limit 
considered. In certain cases, there is a geometric algorithm in parameter space to find the complete set of regions. 
Recent progress, stemming from Landau singularity analysis, elucidated under what conditions the latter set is 
complete, and how to determine the remaining “hidden regions” otherwise. This analysis also led to a graph-
theoretical momentum-space interpretation of both type of regions in certain expansions.  
Turning to applications, a novel use of the geometric method is the recent computation of the three-loop soft 
anomalous dimension for scattering of a heavy particle and any number of massless ones. In this way the MoR 
contributes to our state-of-the-art knowledge of the multiloop IR structure of multileg amplitudes in general (wide-
angle) kinematics. Next, I show that while in wide-angle kinematics hidden regions are only relevant for multiple 
hard scattering, in special kinematic limits, such as the (multi) Regge limit and the spacelike collinear limit, they are 
essential to understanding the dynamics, which is govern by Glauber effects.



The Method of Regions in parameter space

• For example, the integrand in the soft region (before expansion) is:

in eq. (2.12) is taken over the entire space. This relies on using dimensional regularisation,
where any scaleless integral is set to zero, namely,

!
[dx ]I (R)

0 (x ; s) = 0 if I (R)
0 (cu x ; s) = cqI (R)

0 (x ; s), (2.17)

for somec, q ! R (c "= 1 ) and u ! RN .
To summarise, the MoR in eqs. (2.12) and (2.13) states that
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At a given order n in the expansion we have

Tt ,n $
"

R! R (I ,t )

T (R)
t ,n , T (R)

t ,n I (s) =
!

[dx ] T! ,n

#
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%
%
! =1
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Let us demonstrate the above deÞnitions using a simple example relevant to the one-
loop Sudakov form factor. Consider the triangle graph,

G3 $

p1 p2

q1

, (2.20)

whose external momentapµ
1, pµ

2 and qµ
1 = %pµ

1 %pµ
2 satisfy |p2

1| & |p2
2| ' |q2

1|. We consider
the expansion where the external momentapµ

1 and pµ
2 become on-shell, so the relevant sets

of small and large Mandelstam invariants are

t = ( p2
1, p2

2) ( s = ( p2
1, p2

2, q2
1) , (2.21)

the scaling vector of eq. (2.9) is w = (1 , 1, 0), so! w s = ( ! 1p2
1, ! 1p2

2, ! 0q2
1), and the Symanzik

polynomials of eq. (2.4) are

U = x1 + x2 + x3, F = ( %p2
1)x1x3 + ( %p2

2)x2x3 + ( %q2
1)x1x2. (2.22)

Consider the speciÞc case where" 1 = " 2 = " 3 = 1 , and then the Lee-Pomeransky integrand,
according to eq. (2.2), is

I (x ; s) = x1x2x3(x1 + x2 + x3 %p2
1x1x3 %p2

2x2x3 %q2
1x1x2)" D/ 2. (2.23)

As we will see in section2.2, there are four associated regions, which are deÞned by the
following N -dimensional scaling vectors,u R,

Hard (H ) : u H = (0 , 0, 0),

Collinear 1 (C1) : u C1 = ( %1, 0, %1),

Collinear 2 (C2) : u C2 = (0 , %1, %1),

Soft (S) : u S = ( %1, %1, %2).

(2.24)

Ð 8 Ð

1 2

3
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U = x1 + x2 + x3, F = ( ! p2
1)x1x3 + ( ! p2

2)x2x3 + ( ! q2
1)x1x2

• Given the 3-mass triangle, where the Symanzik polynomials are
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1)consider the on-shell expansion
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• There are four regions, characterised by the region vectors 
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 identifying 4 leading monomials out of the 6 of the original integrand. 
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(d) Facets of UF Newton polytope

Figure 2: The geometry of the one-loop triangle graph G3. The black (red) dots indicate
that the vertices correspond to a term with an overall factor of �0 (�1). In figures 2a and
2b, the blue face is defined by the exponents of the U polynomial and the green face is
defined by the exponents of the F polynomial. Figures 2b and 2c show how the Cayley
trick can be used to obtain the UF polytope by slicing the U + F polytope. In figure 2d
we display the facets of the UF polytope corresponding to the different regions, as we will
argue later, the blue facet corresponds to a hard region H, the red facet corresponds to a
soft region S, and the green and yellow facets correspond to collinear regions C1 and C2,
respectively.

Before concluding, let us emphasise once more that the geometric approach we just
described is not guaranteed in general to identify all regions. The regions it identifies are
only those corresponding to facets, i.e. those associated with a scaling vector, x ! �uRx,
such that for � ! 0 the singularity occur at the boundary of the domain of integration.
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Hard vH = (0 , 0, 0; 1)

Collinear to p1 vC1 = ( ! 1, 0, ! 1; 1)

Collinear to p2 vC2 = (0 , ! 1, ! 1; 1)

Soft vS = ( ! 1, ! 1, ! 2; 1)
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