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The Method of Regions:

Recent Progress and Applications
outline

4+ Introduction - the method of regions

4+ The geometric method: facet regions

4+ Application: 3-loop soft anomalous dimension in multi-leg scattering with heavy quarks
4+ Pinch singularities and Hidden Regions

4+ Application: Hidden Regions in 2 to 2 scattering: wide angles and the Regge limit

4+ Hidden Region Finder

4+ Application: Hidden Region in 2 to 3 amplitudes and the spacelike collinear limit



The Method of Regions

Method of Regions (MoR): asymptotic expansions of Feynman integrals

Useful computational tool for difficult integrals and for understanding the properties of
integrals and amplitudes in any kinematic limit.

In momentum space, regions are associated with a set of loop momentum modes,
connecting with PSR and formulation of effective field theories, e.g. HQET or SCET.

In parametric space many regions but in certain expansions not all, are associated with
facets of the Newton polytope of the Symanzik graph polynomials.

Fundamentally, regions are associated with the vicinity of Landau singularities.
Our motivation is twofold:

* Understand the workings of the MoR, and its connection with Landau singularities,
to allow for a systematic determination of all regions.

* Use the MoR to study kinematic limits of integrals and amplitudes



The Method of Regions

Aim: Expand a Feynman integral in some external kinematic variables, e.g.
t = {)\p?,)\pi-pj} with A— 0

Starting with an integral representation,
taking the limit and performing the integral generally do not commute!

How can we take the limit at integrand level?

Strategy: Split the integral into regions. In each region the integration variables
scale in a particular way with the external variables.

In each such region, perform an expansion in A, and integrate each term
over the entire integration domain, discarding scaleless integrals (dim. reg.)

The original integral is reproduced upon summing all regions:

Is)= ., W, I = TI(s)
RER(Z(s),t)

Smirnov 91; Beneke, Smirnov 97;: Smirnov, Rakhmetov 98: Pak, Smirnov 2011; Jantzen 2011, Heinrich et al. 2021, ...



The Method of Regions In momentum space

On-shell expansion of a “Sudakov FF” scalar diagram: ‘p%‘ ~ |p§‘ < ‘q%‘

d1

t={pl,p3} ~A¢f with A—0

P1 = (pil_apl_vpf_) = Q()\v 17 \/X)

— 1
+— p2:(p3—7p27p2)2Q(17)‘7\/X)
P1 k D2
|dentify leading loop-momentum regions Expand integrand in A
Hard ko~ (1,1,1)Q Iy = / d°k +
(k2 + 2kt ) (k2 + 2k~ p3 ) k?
d%k
KA~ (A 1,V 11:/ + ...
o= (W LVAE S R RSN T
kY~ (1,0, V)@ 7 —/ Ak +
Cy — y /\y Co — (2]€+p1_)(k‘—|—p2)2k2

dk

Soft kM~ (A A\ 7 :/
5= 9 > (2k*pT + p?)(2k—p3 + p3)k?

+ ...

This is in particular the starting point for SCET — see e.g. Becher, Broggio, Ferroglia (2014)



The Method of Regions iIn momentum space

Evaluating the integrals:

dk I N B T
wd 1y = (K2 + 2ktpy ) (K2 + 2k—p k2 Q3 (+ et @*O(”)
dk A€ 1 1. p?> 1. ;ﬂ
1 1 — — 1 — — =1 — — + O(A
o= | Grprmme — @ (Ca o g iy o)
dk A /1 TEI
o, = = ~log = — = log® = — (2 + O(\
o /(2k+pf)(k +p2)?k? Q7 ( e et 2% 2+ Ol )>
ddk )\—26 1 1 MQQZ 1 m QQ
Soft IS:/ — = ( - — log - — log? (o +0O A)
(2k+py +p2)(2k—pf + k2 Q2 \e e Cpip3 2 ° pipd W
a1 . . . .
Summing up the four regions, one recovers the expansion of the full integral:
k+p 2/ \k+ps [ (s )
Iy +ZIc, +Ic, +Is =1 = — 1 —1 2o + O
H _|_ Cl _|_ 02 _l_ S (k+p1)2(k—|—p2)2k2 QQ Og Og p2 _|_ CQ _|_ ( /Q )
4_

b1 k D2



The Method of Regions iIn momentum space

* MoR has no general proof yet.

e Jantzen (2011) presented the following conditions for the MoRs in momentum space, under which he has
proven that the integral is reproduced upon summing the regions, integrated over the entire domain:

1. The domains are non-intersecting and cover the entire range of integration
2. All expansions commute

3. The original integral and the expanded ones are regulated (wherever taken over a restricted or
complete domain)

4. The series expansions converge absolutely

* Finding the regions in momentum space remains heuristic and done on a case-by-case basis...



Parameter space

Given a graph G, the Feynman parametric representation

L N N o) Y—(L+1)D/2
7(G) = L LD/2) /ae>0 dVa s (1 — 2:1046) (H aZel) [Zf{;(s),]&)]yLD/Q

Hévzl F(Ve) e=1

The Symanzik graph polynomials:

:ZH.CEG, .F(ZE;S):Z ST2 H376‘|‘Z/{ Zm Te — 1€

T1 e¢T! T2 ed'T?

We will mainly be using the Lee-Pomeransky representation with a single P(xz,s) =U(x) + F(x; s)

'(D/2 dre [ D/2
Z(G):F((L_|_(1)l/)/)2_y /$>OH - (61_[1;13 ) r)+ F(s,x)|” /

I(G)




The MOR In parameter space

Key step: identifying the regions algorithmically via tropical geometry

* |n parameter space there is an algorithm to identify all regions as facets of the Newton Polytope [Pak, Smirnov 2011]
when the invariants are of the same sign

* Consider the limit where certain Mandelstam invariants are getting small as powers of ) — ()
Monomials: m; = ¢;x,"" - -z~ € P where ¢; ~ O(A*)  and N is the number of propagators
The vector of exponents of each monomial defines is a point: 7 = (r;;a;) = (74.1,...,75n;a;) € RV

These points {7} are interpreted as vertices of the Newton polytope.

For example, the triangle graph in the limit: ~ A\*'s = (\'p7, A'p3, \Vq7)
[EG, Herzog, Jones, Ma, Schlenk (2022)]
q1

Z/{(LB):U1+U2—|-U3:$1 + X9 + I3

P k P> F(z;\Vs) = Fi + Fa + F3 = A=p7)z123 + A(—p3)zas + (—q7) 7122




The MOR In parameter space

Key step: identifying the regions algorithmically via tropical geometry

* |n parameter space there is an algorithm to identify all regions as facets of the Newton Polytope [Pak, Smirnov 2011]
when the invariants are of the same sign

* Consider the limit where certain Mandelstam invariants are getting small as powers of ) — ()

Monomials: m; = c;x,"" - -z~ € P where ¢; ~ O(A\*)  and N is the number of propagators
The vector of exponents of each monomial defines is a point: 7 = (1;;a;) = (r.1,...,7 n;a;) € RY !

These points {7} are interpreted as vertices of the Newton polytope.

* |In region R we simultaneously scale also the integration variables, . — :EGXUR’G UR = (’UR; 1) — (UR,la .-+ UR N, 1)
* Underthe scalinglaw x — \2x = (\"Blxq, \"B2xy, \"B323,...) ! m; — C; (xl)\vR’l)ri’l (CIZ‘Q)\UR’Q)W’Q (CIZ‘gAUR’g)Ti’B
Hence each monomial is associated with a weight: wR(mi) — UR - T

 The dominant subset of monomials {?i} are those which attain the minimal weight.

A region is found when a subset of dominant monomials uniquely fixes the scaling law (unconstrained directions = the integral is scaleless).

 Geometrically, the corresponding subset of points {7l-} define a facet of the Newton polytope.



The MOR In parameter space: summary

* The Newton polytope is defined by the monomials of the graph polynomials (independent of the Mandelstam invariants)

 The region vector Ur = (’UR; 1) — (UR,1, .« yUR N} 1) , IS @ normal vector to a (lower) facet of the Newton polytope

* The integral is then written as a sum of “region” integrals, each of which is characterised by unique region vector

which defines a scaling law: x — \"Ex = (\"Blrg, \"EB2ry, \"R3xg, L)

Facet regions are fully characterised by an asymptotic scaling law

Facet algorithm implemented in Asy; ASPIRE; PySecDec; AmpRed,...



The Method of Regions - Application I:

Computing the Soft Anomalous Dimension

[EG, Zehao Zhu 2509.18017 JHEP 03 (2026) and 2510.27/567 PRL]



https://arxiv.org/abs/2509.18017
https://arxiv.org/pdf/2510.27567

IR Singularities using Wilson lines

Universality: IR can be computed from timelike Wilson lines

5 hard gluon amplitude 5 Wilson-line correlator .
. S=(0p ® 9p, ® ...03,)

product of Wilson lines:

1y, 1 Pexp igs | dt", aA(t")
0

The key properties of S stem from the definition:

L fL a' v

+  Semi-infinite Wilson lines admit rescaling symmetry: soft singularities only depends on: 'v ! +—==

L M

» S defined with timelike Wilson lines is multiplicatively renormalizable [Brandt, Neri & Sato (1981)].

+ Exponentiation in terms of the soft anomalous dimension |, a finite quantity defined by

UV renormalisation of the multi-Wilson-line vertex. This amounts to trading the IR problem for a UV one,
similarly to the cusp anomalous dimension [Korchemsky & Radyushkin (1986)].

- Diagrammatic exponentiation in terms of connected colour factors



The 3-loop soft anomalous dimension In massless scattering

B
Computed using an asymptotic expansion in a Mellin-Barnes representation

. Almelid, C. Duhr, EG Phys. Rev. Lett. 117, 172002
! 0 " 3 o $ 70
L S ({1 }) =16 ﬁ f abef cde TETPTRTEF (i o ik )

11 i<j<k<l ! n

+ T?TETJ'CTF F (Vi o Vil )5

FTATPTITRF (i » Vi )

1.a;: 1, a
| J k | | " —_

— y ! i = 7D
Al a, )
PERDE S A2 y % ! (
I | k J L _ 1 n 7 1|| %% S a d b C

pu pu . - B, P S I . . .

5 =1 11 j<k | n
K =1

F(Yikg »kig )= F@! 2)! F(2), F(z) = |—10101(Z)+2!2- L 100(Z) + Loo1(2)

C=2l,I3+1Ig

L10...(Z) are the single-valued harmonic polylogarithms (SVHPLs). They are single-valued for & = Z
The alphabet {z,8,1! z,1! 7 reflects collinear singularities.

We want to extend this to top-production amplitudes, where some of the Wilson lines are timelike



Rescaling-invariant ratios: massless vs. massive

Rescaling symmetry of Wilson-line velocities is the key reason for the simplicity of massless result

4 massless particles

{11234, 3214}

1 massive and 3 massless

1 21. 4l
07 Aol Al

{r124,7234,1134}

4 massive particles

{!tv } = {'12,"13,!

14, ! 23, !

231 -

24, ! 34}



How can we make use of multiplicative renormalizabillity

as well as of the simplification due to massless limits”?
IEG, Zehao Zhu 2509.18017, 2510.27567]

 The computation using Wilson-line correlators builds upon

multiplicative renomalizability of non-lightlike Wilson lines B

e So the calculation must be set up with timelike lines - 6 variables!

||Lé||M
NIVER -;..2..2 {"'m } = {12, 13,
Y

14, ! 23, !

23 -

24, ! 34}

non-lightlike integrand B B,

Integrate MOoR: identify regibns, ,
extracting ! pole expand integrandin !i ! " " O

11

Y D)= YOO Ly DM L YO )+ s [T Yaoke) = RSV (Mo kg s Tig ) + O(!)

[ni,nj,ng]

expandin ;! "2" O /bgrate |
and complete integration higher-order poles in ! cancel in the sum
(

(11 11 Suon .
T Yo ;)KQ)({!LM 1) =Y((ij ;k)Q)(rikQ,rij,rijQ, s k) T O()



https://arxiv.org/abs/2509.18017
https://arxiv.org/pdf/2510.27567

Computing the connected webs by the MoR

e Expand in the three masses: Loy, ST

e Sum over region integrals:

T!i,!j’!k .Y(l\] KQ) ~

Trin e (Wi =

e All higher-order poles cancel between these regions!
Logarithms of !;,!;,!« remainin the @(G_l) coefficient — but cancel in the sum of webs = a smooth limit!



One-mass soft anomalous dimension: result

Fﬁ%(rijQ riko »Mko ) =16[F13(x, 1! B 1! 2)! F13(X, 2, B

Analytic result expressed in terms of weight-5 single-valued generalised polylogarithms

H& 1L
Collinear limit: ! [|! o |
o |
N i
. . 2 —_— #I ol B N | -
Massless limit: ' ! C _
lim F1,3(x,2,8 = F13(0,2,8) = Fo4(z,B) %'
%&
, _ W &
gLy x(x+z" B B
2cailod; " @ za"» 1
!(Zg!jé.!k _ | )(()(+z"z)I r R2
Aoal lgaly, K zs (1+ Re )1+ Re')
IR o, Xx+z'® 1
TR @@ Bz (1+ RE )1+ Re')

206 &lilo &l

"

% "

#

$ )HHS" & )HES
% $ — " &

[EG, Zehao Zhu, to apper in PRL].



Computing the Soft Anomalous Dimension using the MoR

Summary:

» We now know the full soft anomalous dimension for the case of one heavy quark
and any number of massless ones.

» The MoR is the only way to exploit the simplicity of the massless limit right at the outset.
» The facet algorithm is guaranteed to give the complete set of regions since we work in the

Euclidean domain. Being able to do so is a feature of Wilson line correlators, where there is no
momentum conservation constraint between the active legs in the hard scattering vertex.



MoR In parameter space and the Landau Conditions

Given a graph G, the Feynman parametric representation is

. $\| S &| ny1"! (L+1) D/ 2
L D2 CAEETI N e O D7 2
o1 | (te) 1e>0 e=1 e=1 F(s,7) sl

| (G) =

So far we discussed facet regions: asymptotically dominant subset of monomials under some scaling.

In Minkowski space the invariants ¢ generally have mixed signs.

If F vanishes, we deform the contour using Feynman’s prescription e b D™ 1" ()
. "F (! ;s)

Expanding using the chain rule F(is)t F(is)™ () oy +0('?)
k
w, PF("59)
Choosing k(") ! - causality is satisfied! (implemented in pySecDec)
Kk

However if all the first derivatives vanish simultaneously, the contour is ‘pinched’: making the integral ill-defined at limit

=0 foreachk! {1,...,N}

Landau equations in parameter space

It was observed early on that pinch singularities in parameter space can lead to additional (non-facet) regions.

Simple cases can be identified by linear shifts
(asy2.m in FIESTA by Jantzen, A. Smirnov, V. Smirnov 2012; ASPIRE, Ananthanarayan et al. 2018, 2020)

The reality is much richer!



The Method of Regions - Application lI:
2 — 2 massless scattering

[EG, Herzog, Jones, Ma, JHEP 08 (2024) 127]



Superleading scaling

[EG, Herzog, Jones, Ma, JHEP 08 (2024) 127]

1 (D/2) ' # L3 o2
: D
@D 1 8) . _ dxe & U(X)+ F(X;s,t,!p)

Ulandsho! = (! L, L, 1,0 1,0 2,021,011 1)

| G yy (31 t, ! p|2) —

U(X) = (X0 + X1)(X2 + X3)(Xa + X5) +( Xo + X1)(X2 + X3)(X6 + X7)
+ (Xo + X1)(Xa + X5)(Xg + X7) + (X2 + X3)(Xa + X5)(Xe + X7),

U monomials ! !' 3

F(X;s,t,p7) = (! s12)(XoXs ! X1Xa)(X2X7 ! X3Xe) + (! S13)(XoX3! X1X2)(XaX7! XsXe)+ (! pf) terms

| 4

F monomials ! ! superleading... On the face of it the integral should be scaleless!



|[dentitying the cancellation and dissecting

[EG, Herzog, Jones, Ma, JHEP 08 (2024) 127]

o # 3 ps2
dxe & U(X)+ F(x;s,t,! p?)

e=0

FCRREHE | !(2(3/!2)8) 0

Ulandsho! = (! L, L, 1,0 1,0 2,021,011 1)

U(X) = (X0 + X1)(X2 + X3)(Xa + X5) +( Xo + X1)(X2 + X3)(X6 + X7)
+ (Xo + X1)(Xa + X5)(Xg + X7) + (X2 + X3)(Xa + X5)(Xe + X7),

U monomials ! !' 3

F(X;s,t,p7) = (! s12)(XoXs ! X1Xa)(X2X7 ! X3Xe) + (! S13)(XoX3! X1X2)(XaX7! XsXe)+ (! pf) terms

F monomials ! !’ 4 superleading... On the face of it the integral should be scaleless!
_ _ _ X0X5 w  X2X7 a  X0X3 w  K4X7 " e
The hidden region cancellation: e T xaxe ' T oo Y xexe T 00H)

then all the terms: UX)+ F(x;s,t,!p?)! 1" °  giving a scalefull integral!

This region can be exposed as facet upon defining
" 1/ 2
X0 = Yo aXi, X2 = Y2 aXs, X4 = Y4 dXs, X6 = Y6 adX7 with — Yi! Y |

so F(x;s,t,p7) =[(! s12)(Ya! Yo)(¥s! Y2) + (! s13)(Y2! Yo)(Ye! Ya)lX1Xsxsxz+(! pf)terms " 1°°3

and breaking the integration domain into 24 parts, depending on the hierarchy Yo, Y2, Y4 andye

P1

P3



Regions IN wide-angle scattering:
Dissecting the polytope

VR (X0,X1,..., X7;1) degree of divergence
232102014021 1;1) ! 6
(L2221, 2;1) ! 6

P2 P4

(! 1,1 1,1 1,0,! 1,0,! 1,0:1) 1! 3
(! 1,1 1,0,! 1,0,! 1,0,! 1:1) 11 3
(! 1,1 1,0,0,0,0,0,0; 1) |
(0,0,0,0,0,0,0,0: 1) 0

Table 1. Regions obtained by directly applying the MoR to the on-shell expansion of graphGyy with
pz" "Q%andp?=0 (i =2,3,4).

_ degree of

VR (Y0,X1,Y2,X3,Y4,X5,¥6,X7;!) | VR (X0,X1,..., x7;!) . _
divergence Landshoff scattering:

(1/2,' 1,1/2,! 1,1/2,! 1,0,! 1;1) (12,1 21212121212122)|!12! 3 _ tWO dlsconnected
Oo,'1,1,'1,1,! 10! 1;1) (Gt 1;1) |t 3 hard_scattering Subdiagrams
(1,' 1,1,' 1,0,! 1,0,! 1;1) (Gt 1;1) )t 3
(1! 1;1) (r2r1r213,121112111;1)|! 6
(1,!' 2,1,!' 2,1,! 2,1,! 2;1) (1,022,210 2;1) ! 6l
(0,! 1,0,0,0,0,0,0;1) ('1,!'1000000;1) I
(0,0,0,0,0,0,0,0;1) (0,0,0,0,0,0,0,0;1) 0

Table 2. On-shell expansion ofGyy, with p? " "Q? andp? =0 (i = 2, 3,4), brst integral dissection| .

The Landshoff scattering region is the only power-enhanced region (scalars) p1 p3

[EG, Herzog, Jones, Ma, JHEP 08 (2024) 127] Landshoff (1974); Botts and Sterman (1989)



Subgraph structure in wide-angle scattering

Theorem: facet regions in the on-shell
expansion of wide-angle massless scattering
contain just hard, collinear and soft modes
with a single connected hard sub diagram

Conjecture: Hidden regions in 2 — 2 wide-angle

massless scattering (Landshoff) are characterised by
multiple hard scattering subdiagrams

EG, Herzog, Jones, Ma, JHEP 08 (2024) 127
Conjecture: EG, Herzog, Jones, Ma, Schlenk (2022)

Proof: Yao Ma JHEP 09 (2024) 197

e -
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2 / \ 4
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-z \ I

i
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V4 °
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V4 [ ]
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u . i
1 ” . 7
n u . ///
\ i , /4
\} 7 2
4
1\ v 7
W\ 4 7
W\ 7 P v
-] P 4
3 2
> A 4
y: N A 7
P
/{ \ _=z7 27
[ \_ =~ z
= z
s
z
\ 1 ~ =
\ S=s o L=="
\ /T E===="
N 4
< o

Topologies having hidden regions in wide-angle massless scattering:

3 loops - Crown (seed) and its 9 descendants (having the Crown as a contraction minor)
4 loops - 1081 descendant topologies (16 others pass the mixed-sign preselection but have no HRs)



Facet and hidden regions in the Regge limit

Conjecture: Hidden regions in 2 — 2 scattering in the Regge limit only appear when a Landshoff HR exists in the same graph at wide angle

A facet region (example) The hidden region
P2 P4

collinear

o<

(collinear-1)?

(collinear-1)-soft

P1 P3 P1 P3

two Glauber propagators (k1! kz) and p1! ps! (ki! kz)

Facet regions may contain Glauber propagators, but not Glauber loops Hidden regions in the Regge limit are characterised by Glauber loops.



Hidden Region Finder

The two key ingredients for a hidden region (HR): EG (2026), to appear

a) HR scaling law x ! !"rx " (I 1xq, 1R 2x,,1"R3x3,...)  that makes certain monomials superleading

. . . . | (HR) I
b) Pinch solution for the superleading polynomial Fs; : IXe 0, FIS)L( _ IIFXSL 0 %
© e Xe>0; sl K

this solution involves cancellation between positive and negative monomials in Fg,

Algorithm:  Step 1: Define Fy ! |“|mo': then look for a decomposition F5 = Fg + Fops

1a) Harvest mixed-sign factors C= {f;} from | !| i:

1b) Define candidate generators in Fo of the form  a(¢9)= 1(9)

1c) Find a subset of monomials in Fo denoted Fops such thalf Fo! Fobs " Fs. #%01,...,0¢
Step 2: Find ascaling law Xe ! Xe! YHR € Such that its weights Wpr (M;) = Vg at;

admit: Whr (M) = Wg, Im; " FgL,
WHR (Mj) # Wpr > W g, Im; " P\F g_



The Method of Regions - Application llI:
Spacelike collinear limit in 2 — 3 scattering

Wen Chen, EG, Rourou Ma, Yao Ma, Yang Zhang and Zehao Zhu (to appear)



Violation of strict collinear factorization

timelike collinear limit: strict factorization

colour coherence guarantees independence of
the Splitting Amplitude (SP) of non-collinear partons

spacelike collinear limit

SP depends on colour of non-collinear .

partons from one loop
and on kinematics from two loops

Catani, de Florian and Rodrigo (2012)

Dixon, Herrmann, Yan, and Zhu (2019)

Henn, Ma, Xu, Yan, Zhang and Zhu (2024)
Buccioni, Fang and Yan (2026)

We show: Hidden Regions are uniquely responsible for kinematic-dependent factorisation violations



Violation of strict collinear factorization

spacelike collinear limit:

Sip = Sz, S;3= 1! 417, 334|:(1 | Z)XS, Ss5= S,
g8y s(! X)(L! x)z

Si5 = XS+ !, c"

o 1+ y2 z! 1

: 412(1 + x) 412(1 x)
9\2.8,: !!2'2 2 A Z 3T ), sz(z! 1)(! x) !. sz(z! 1)(1+ x)
$ (V)= In?Zl +4#2 InZ Z4  ow _n BB e +y _
1 () 7 7 Inm+| _Inzg! 1" =2In Ty = | 4 arctan(y)

The most striking factorization-violating feature: dihedral-angle (y) dependence.



HRs in 2 — 3 scattering in the spacelike collinear region

Wen Chen, EG, Rourou Ma, Yao Ma, Yang Zhang and Zehao Zhu (to appear)

The UT basis contains 469 (externally labelled) scalar topologies.
Out of these 70 distinct ones pass a mixed-sign preselection (after we mod out by p, <> ps)

Of these the HRF algorithm identifies 16 X 2 (for p, <> ps) non-planar topologies as having HRs

P3

All stemming from the seed

plus 15 descendents

D5 y4s yUs

Glauber propagator Collinear propagator Hard propagator



HRs in 2 — 3 scattering in the spacelike collinear region

. _ ,
gy = DXxlg, = 3D +7 X o D
0 0 Xg (Fo+ Fi + xXoU! 11)2
Dx " dxgdx;dxsaadxsg"(1! E(X))
facet region hidden region
appears in both timelike and only contributes to the
spacelike collinear limits spacelike collinear limit
X1, X3, X4, Xs! O(!" %), Xz, Xg! O(!°) X1, X3, Xa, X5! O(' %), Xz, Xg! O('?)
Fo=s(Xos+ XX16)[(z! 1)X3! X4]+ sz(Xx+1) X236, Fo= 5(X25+ xx1,6)[(z! 1)X5! X4_%+ $2(x +.1) X2,3.8:
Fi =1 CclX146+ C'X236+4!%X145! 4%X235, st Fone
| H40 23:0 LS 291 Fi =1l clXia6+ ClXpa6+4!%X145! 4°Xy35,

U= X13+ X14+ X155+ X6+ X3+ X214 U= X133+ X1,4+ X15+ X1,6+ X237+ X2.4

T X251 X261 X351 X361 X457 X46 + Xo5+ Xog+ X35+ X3+ Xas+ Xag

Ps3

at leading power

facet / \I}idden

no X and c dependenc both x and c dependenc




Conclusions

The method of regions is an essential tool to compute difficult integrals
and to understand kinematic limits of integrals and amplitudes

Momentum space gives a physical picture and relates to resummation and effective field theories,
while parameter space provides algorithmic methods to find the complete set of regions.

Facet regions are fully characterised by an asymptotic scaling law of the integration variables.
They can easily be found, but only constitute the full set of regions in Euclidean-like integrals

Hidden regions appear due to pinches in parameter space associated with a particular
asymptotic scaling law. We now have an algorithmic way to find them, the HRF.

The MoR - with facet regions only - led to major progress in computing the
soft anomalous dimension at 3 loops in the presence of both heavy and light particles.

Hidden regions are present in wide-angle massless scattering: they are characterised by

multiple hard subdiagrams (the Crown is the only seed at 3 and 4 loops).
In the Regge limit these same topologies — an only them — have Glauber regions.

2 — 3 scattering: a single HR governs the kinematic-dependent violation of strict collinear factorization.

Conjecture: Whenever limits that differ only by the crossing assignment of the external particles
are not related by analytic continuation, a Hidden Region must be responsible.
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The Method of Regions:
Recent Progress and Applications

| review recent progress in methodology and applications of the Method of Regions, the central approach to
performing asymptotic expansions of Feynman integrals. In this method, general log-power expansions in singular
kinematic limits are obtained through a sum over “region integrals”, each of which is defined by a Taylor expansion
of the integrand under certain assumptions regarding the behaviour of the integration variables in the limit
considered. In certain cases, there is a geometric algorithm in parameter space to find the complete set of regions.
Recent progress, stemming from Landau singularity analysis, elucidated under what conditions the latter set is
complete, and how to determine the remaining “hidden regions” otherwise. This analysis also led to a graph-
theoretical momentum-space interpretation of both type of regions in certain expansions.

Turning to applications, a novel use of the geometric method is the recent computation of the three-loop soft
anomalous dimension for scattering of a heavy particle and any number of massless ones. In this way the MoR
contributes to our state-of-the-art knowledge of the multiloop IR structure of multileg amplitudes in general (wide-
angle) kinematics. Next, | show that while in wide-angle kinematics hidden regions are only relevant for multiple
hard scattering, in special kinematic limits, such as the (multi) Regge limit and the spacelike collinear limit, they are
essential to understanding the dynamics, which is govern by Glauber effects.



The Method of Regions in parameter space

il
* @Given the 3-mass triangle, where the Symanzik polynomials are
U= X1+ Xp + X3, F = (! pP)xixz+ (! p5)Xxaxz + (! f)X1Xo
. . 2 2N e (2 (2 o2 ‘ ?
consider the on-shell expansion t=(p71,p5) ! s=(p3,p5 &%)
1 Ws=(11p%,11p5,1 °g) P1 ’ P2
* The Lee-Pomeransky integrand is | (X;S) = X1XoX3(X1 + Xo + X3! pP2XiX3! piXoxs! ggxixp)' P2

* There are four regions, characterised by the region vectors Vg = (URr;1)

Hard vy =(0,0,0;1)
Ve, = (! 1,0, 1;1)
Ve, =(0,! 1,1 1;1)

Soft ve =(! 1,! 1,! 2;1)

* For example, the integrand in the soft region (before expansion) is:

Usy.| We) — 12y o112 1102 2
| (1 "sx;17s)=I( - X prs ! TP, Op) )
: 12
_ !4 11 | 2 2 2 2
= 17" XoXg 17 "(Xg+ X2)+ 17 “(X3! piXaxXsz! p5xoXs ! grXiX2)

identifying 4 leading monomials out of the 6 of the original integrand.



