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Outline
• Review of the development of the Effective Field Theory 

description of NGLs, CLs, SLLs, and CVLs


• Resummation of subleading NGLs 

• Simple, general considerations 

• Different formalisms 

• Color density matrix, Marzili, CVolver, GNOLE, 
PanScales, … 

• Numerical comparison: Marzili vs. GNOLE vs. 
Panscales 

• Marzili results for  with a central jet vetopp → H



Effective Field Theory for Jets: 
NGLs, CLs, SLLs, CVLs



thrust axis n⃗ as the direction of maximum momentum flow. More precisely, the unit vector

n⃗ is chosen to maximize the quantity
∑

i |n⃗ · p⃗i|, where the sum runs over all particles in

the final state. The event shape thrust is defined as this sum normalized to Q, where Q

is the center-of-mass energy of the collision. The thrust axis splits each event into two

hemispheres, which can arbitrarily be labelled as “left” and “right”, and one can define

additional event shapes by considering the invariant masses ML and MR of the particles

in the hemispheres. Two commonly used event shapes are

heavy-jet mass: ρh =
1

Q2
max(M2

L,M
2
R) , (1.1)

light-jet mass: ρℓ =
1

Q2
min(M2

L,M
2
R) . (1.2)

In the limit where the jet masses become small, perturbative corrections to these observ-

ables are logarithmically enhanced. For the heavy-jet mass these logarithms have been

resummed up to next-to-next-to-next-to-leading logarithmic (N3LL) accuracy [23], while

only NLL predictions are available for the light-jet mass ρℓ [4, 24]. The reason for the poor

accuracy for ρℓ was that it was not known how this non-global observable factorizes in the

limit of small ρℓ, while the factorization is well known for the heavy-jet mass.

Due to left-right symmetry, the three possible scale hierarchies for the hemisphere

masses are a.) ML ∼ MR ≪ Q , b.) ML ≪ MR ≪ Q and c.) ML ≪ MR ∼ Q. The

relevant factorization theorem for case a.) has the form [25]

dσ

dM2
LdM

2
R

= σ0H(Q2)

∫ ∞

0
dωL

∫ ∞

0
dωR Jq(M

2
L −QωL)Jq(M

2
R −QωR)S(ωL,ωR) , (1.3)

where σ0 is the Born level cross section. The hard functionH collects the virtual corrections

to γ∗ → qq̄ which are known to three loops [26, 27]. The jet function Jq is the usual inclusive

jet function in SCET, which is known to two loops [28, 29]. The hemisphere soft function

S(ωL,ωR) is a matrix element of Wilson lines along the two jet directions and is also known

at NNLO [9, 10, 30]. This function measures the contribution of the soft radiation to the

hemisphere mass in each hemisphere. Since the relevant anomalous dimensions are known

for all ingredients in (1.3), one can solve their RG evolution equations to obtain N3LL

resummation for hierarchy a.) which is the one relevant for the heavy-jet mass ρh.

However, the above theorem does not achieve resummation for case b.) since for

ωL ≪ ωR the soft function S(ωL,ωR) itself contains large logarithms of κ = ωL/ωR, which

are examples of non-global logarithms. To be able to resum also these logarithms one

must factorize the physics at the two different soft scales ωL and ωR. In the context of

the function S(ωL,ωR), we will refer to ωR as the hard scale and ωL the soft one. One of

the main results of the present paper is that the hemisphere soft function factorizes in the

limit κ → 0 as

S(ωL,ωR) =
∞∑

m=0

〈
H

S
m({n},ωR)⊗ Sm+1({n, n},ωL)

〉
. (1.4)

The hard functions HS
m are the squared amplitudes for m-parton emissions from the two

Wilson lines in the hemisphere soft function into the right hemisphere, integrated over their

– 3 –

Jet mass event shapes

For  hemisphere soft function  
exhibits non-global logs of  Kelley, Schwartz, 
Schabinger and Zhu ’11; Hornig, Lee, Stewart, 
Walsh and Zuberi ’11; Schwartz and Zhu ’14 

• non-separable dependence on hemispheres 

• logs not resummed by RG of !

ML /MR ≪ 1 S(ωL, ωR)
ωL /ωR

S(ωL, ωR)
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Chris Lee, SCET 2011



“SCET is for jets”
Mark Wise ~ 2002



Jet cross sections in SCET

Cheung, Luke, Zuberi ’09 compute Sterman-Weinberg, 
JADE, and  jet cross sections at NLO using SCET 

Expand real emission phase space in soft and collinear 
regions 

• Need zero-bin subtractions in collinear part 

• Soft part contains both  and  terms 
not resummed by RG

kT

ln(Qβ/μ) ln δ

8

 σ ∼ H ⋅ J ⊗ J̄ ⊗ S?



Region analysis reveals additional modes  

                               

collinear:   

                 

soft:          

coft:          

                 

Region calculation reproduces SW cross section

(n ⋅ p, n̄ ⋅ p, p⊥)

pc ∼ Q (δ2 , 1 , δ)

pc̄ ∼ Q (1 , δ2 , δ)

ps ∼ Q β (1 , 1 , 1)

pt ∼ Qβ (δ2 , 1 , δ)

pt̄ ∼ Qβ (1 , δ2 , δ)

9

TB, Neubert, Rothen, Shao,1508.06645; Chien, Hornig and Lee 1509.04287 

collinear + soft

wide-angle soft



Inconsistent at two-loop level! Multiplicative 
renormalization of the individual functions fails! 

Breakdown intimately related to NGLs!

σ̃(τ) = σ0H(Q) ⋅ S̃(Qτ) ⋅ [J(Qδ) ⋅ U(Qτδ)]2

Coft functions

Factorization theorem?

Soft function
Hard function

Jet functions
Laplace space 

τ ↔︎ β
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σ̃(τ) = σ0H(Q) ⋅ S̃(Qτ) ⋅ [J(Qδ) ⋅ U(Qτδ)]2 × S̃NG(τ)

The Solution?

non-global part 
not captured by the incorrect 

factorization theorem

11



Multi-Wilson-line factorization

For cone-jet processes with narrow cones, small angle soft radiation 
becomes relevant 

• Resolves individual collinear partons: operators with multiple 
Wilson lines 

• Breakdown of coherence!

• Typical in-out non-global contribution 

TB, Neubert, Rothen, Shao,1508.06645
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Coft functions with 
m Wilson lines

First all-order factorization theorem for non-global 
observable, explicit consistency check at 2 loops

Factorization for two-jet cross section

Soft function

Hard function

3

k

p1

+

FIG. 1. Emission of a coft gluon from a collinear field χc =
W †

c ξc. The double line indicates the Wilson line Wc.

consider the diagrams for the emission of a single coft
gluon with momentum k from a collinear field χc shown
in Figure 1. Since the coft field can be treated as a sub-
mode of the collinear field, we can compute the diagrams
using the collinear Feynman rules and then expand them
in the coft momentum k. The first diagram describes
the emission from the Wilson line U(n̄) derived in (5). If
the collinear quark momentum p1 in the final state would
have generic scaling, we would write the propagator de-
nominator in the second diagram as (p1 + k)2 = p21 at
leading power and its contribution would be power sup-
pressed. However, if the virtuality of the collinear quark
is zero, the leading contribution is (p1 + k)2 = 2p1 · k.
Computing the amplitude squared, one finds

|M|2 = 2CF g
2
s

n1 · n̄

(n1 · k) (n̄ · k)
, (6)

with nµ
1 = 2pµ1/n̄ ·p1. This is the matrix element squared

for gluon emission from two Wilson lines, one in the n̄
direction and a second one along the direction n1 of the
collinear final-state particle. Repeating the computation
with two gluons, we find that the corresponding matrix
element is indeed the two-gluon matrix element of the
same operator.
For a single collinear particle in the final state, the

coft function is given by two Wilson lines, as would be
the case for soft emissions. To see the physics difference
between soft and coft modes one needs to consider the
case with several collinear particles inside the jet. Doing
so, one finds that every collinear final-state particle gets
dressed by a coft Wilson line. In color-space notation
[21], the coft emissions in the presence of a final state
with m collinear particles can be obtained by taking the
matrix element of the operator

U0(n̄)U1(n1) . . . Um(nm)|Mm(p0; {p})⟩ (7)

where |Mm⟩ is the amplitude for the collinear quark field
with momentum p0 ≈ Q n̄/2 to split into particles with
momenta {p} = {p1, . . . , pm}, and Ui(ni) is a Wilson
line along the direction ni = pi/Ei in the color represen-
tation relevant for the given particle. The fact that soft
emissions build up Wilson lines is of course very familiar.
What is special in the present case is that the coft par-
ticles are emitted in a narrow cone and can therefore re-
solve the individual collinear partons. As a consequence,
we end up with individual Wilson lines for each of the
collinear final-state partons, instead of just one overall
Wilson line describing all soft emissions, see Figure 2.
To write down a factorized form of the cross section

based on the result (7), we first perform a Laplace trans-

FIG. 2. Soft factorization (left) versus coft factorization
(right). Collinear particles are shown in blue, soft emissions
in green and the small-angle soft radiation described by the
coft mode in red. The double lines indicate the direction of
the associated Wilson lines.

formation with respect to β, i.e.

σ̃(τ) =

∫ ∞

0
dβ e−β/(τeγE ) dσ

dβ
. (8)

This is convenient, since the outside energy is shared
among the soft and coft degrees of freedom. The Laplace
transformation factorizes the corresponding constraint in
(3). Since the cone constraint acts on the individual par-
tons, it trivially factorizes. In Laplace space we then
obtain the factorization formula

σ̃(τ) = σ0 H(Q) S̃(Qτ)

[
∞∑

m=1

〈
Jm(Qδ)⊗ Ũm(Qδτ)

〉]2

(9)
for the jet cross section, where the angle brackets de-
note the color trace ⟨M⟩ = 1

Nc
tr(M). The jet functions

Jm(Qδ) and the coft functions Ũm(Qδτ) are obtained
from squaring the amplitude (7). Both depend on the
directions ni of the collinear partons. The symbol ⊗ in-
dicates that the product of the jet and coft functions
needs to be integrated over the directions of the vectors
ni, and the square in (9) takes into account the identi-
cal contributions of the left and right cone jets. H(Q)
is the familiar hard function for two-jet processes. The
soft function S(Qβ) is the squared matrix element of two
Wilson lines along the jet directions, with a constraint on
the energy but no angle constraint, as explained earlier.
The same soft function arises in threshold resummation
for Drell-Yan production, up to the fact that the Wilson
lines are now outgoing. This does not change the pertur-
bative result, which at two loops was obtained in [22, 23].
The coft function with m Wilson lines is given by

Um(Qδβ) =

∫

Xt

∑
⟨0|U†

0 (n̄)U
†
1 (n1) . . .U

†
m(nm)|Xt⟩

× ⟨Xt|U0(n̄) . . .Um(nm)|0⟩ δ(Qβ − n̄ · pXout

t
) , (10)

and the jet function containing m partons is defined as

n/

2
Jm(Qδ) =

∑

spins

∫
dΠm|Mm(p0; {p})⟩⟨Mm(p0; {p})|

×2 (2π)d−1δ(Q−n̄·pXc
) δd−2(p⊥Xc

)
∏

i θ(δ
2n̄·pic−n·pic) ,

(11)

Jet functions with m partons 
at fixed direction

integration over angles
color traceLaplace space 

τ ↔︎ β

TB, Neubert, Rothen, Shao, 1508.06645
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2

⌦

integration over angles

∑

i

Qi
pi · ε

pi · k
= Qtot

n · ε

n · k
+ . . . (1)

pµi ≈ Ei n
µ (2)

kµ ≈ ω nµ (3)

σ(δ,β) =

∣∣∣∣∣
+

∣∣∣∣∣
+

∣∣∣∣∣
+

∣∣∣∣∣

= σ0

{
1 +

αs(µ)

3π

[
−16 ln δ lnβ − 12 ln δ + 10−

4π2

3
+O(δ,β)

]}

σtot =

∣∣∣∣∣
+

∣∣∣∣∣
+

∣∣∣∣∣
+

∣∣∣∣∣

= σ0

{
1 +

αs(µ)

π
+O(α2

s)

}

σvirtual = σ0
2αs

4π

(
µ2

Q2

)ϵ (
−

4

ϵ2
−

6

ϵ
− 16 +

7π2

3

)
(4)

e+e− → qq̄ (5)

e+e− → qq̄g (6)

⟨k,λ, b|Si |0⟩ = igs T
a

∫
∞

0
ds ⟨k,λ, b|ni · A

a(sni)|0⟩+O(g2s ) (7)

= igs T
a

∫
∞

0
ds eisni·k⟨k,λ, b|ni ·A

a
µ(0)|0⟩ (8)

= igs T
bni · ε(k,λ)

∫
∞

0
ds eisni·k

eisni·k

ini · k

∣∣∣∣∣

∞

0

(9)

= −gsT
bni · ε(k,λ)

ni · k
= −gsT

b pi · ε(k,λ)

pi · k
(10)

Jm(µl) = Jm(µh)Ukm(µh, µl) with

U(µh, µl) = P exp

[∫ αs(µh)

αs(µl)
dα

ΓJ (α)

β(α)

]

(11)

σ̃(τ) = σ0 H(Q) S̃(Qτ)

[
∞∑

m=1

〈
Jm(Qδ)⊗ Ũm(Qδτ)

〉]2

(12)

〈
J2(Qδ)⊗ Ũ2(Qδτ)

〉
= (13)

splitting functions 
integrated over energy,  
partons at fixed angles

coft Wilson lines along direction 
of energetic particles 

(a third Wilson line, along the  
direction of the second jet, is not shown)
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Hard function
m hard partons along  

fixed directions {n1, …, nm} 

Factorization for wide-angle jets  δ ∼ 1

Soft function 
squared amplitude  
with m Wilson lines

integration over directions color trace

TB, Neubert, Rothen, Shao ’15 ’16, see also Caron-Huot ‘15

Figure 1. Pictorial representations of factorization formulas (1.1) and (1.4) for interjet energy flow
(left) and jet mass (right). The black lines represent hard radiation with typical scale Q which is
constrained to be inside the cones, and the red lines depict soft radiation with a low energy scale
Q0 which is allowed to populate the full phase space. In the right figure, the blue lines in the left
hemisphere represent collinear radiation which is described by the inclusive jet function in (1.4).

Our main goal in the present work is to develop the Monte Carlo methods to include

these corrections as a step towards full higher-logarithmic resummation, but it is also

interesting to study their numerical size, since they have never been computed for non-

global observables and often dominate numerically in the global case. It is customary to

add a prime to the logarithmic accuracy to indicate the presence of higher-order matching

corrections. In this notation our next-to-leading-logarithmic results for the jet mass have

NLL0 accuracy.

In Refs. [2, 10] we have derived a factorization formula for interjet energy flow and light-

jet mass. The key element is the presence of multi-Wilson-line operators which generate

the intricate pattern of Non-Global Logarithms (NGLs). Explicitly, the result for interjet

energy flow at a lepton collider has the form

�(Q,Q0) =
1X

m=2

⌦
Hm({n}, Q, µ)⌦ Sm({n}, Q0, µ)

↵
, (1.1)

where Q is the center-of-mass energy, and Q0 = �Q is the veto energy outside the jet cone

area. For simplicity, we choose the jet axis along the thrust axis. The above factorization

formula neglects power corrections from O(�) terms. The hard functions Hm describe

hard radiation inside the jet cone, and their characteristic scale is Q since radiation inside

the cones is unrestricted. The index m represents the number of hard partons inside the

jet, which propagate along the directions {n} = {n1, n2, . . . , nm}. Each of these sources

soft radiation, which we describe by a Wilson line along the direction of the hard parton.

The matrix elements of these Wilson lines define the soft functions Sm({n}, Q0, µ). To

obtain the cross section, one integrates over the directions {n} which is indicated by the

symbol ⌦. The hard and soft functions are matrices in the color space of the m partons

and one takes the color trace h. . . i after multiplying them. The operator definition for

these functions and further explanations can be found in [2].

– 2 –

σ =
∑
a,b

∫ 1

0
dx1dx2 σ̂ab(Q, x1, x2, µf ) fa(x1, µf) fb(x2, µf ) +O(ΛQCD/Q) (1)

σ =
∑
a,b

∫ 1

0
dx1dx2 Cab(Q, x1, x2, µ)⟨P (p1)|Oa(x1)|P (p1)⟩ ⟨P (p2)|Ob(x2)|P (p2)⟩+O(ΛQCD/Q)

(2)

⟨qa′(x′p)|Oa(x)|qa′(x′ p)⟩ = δaa′ δ(x′ − x)

Cab(Q, x1, x2) = σ̂ab(Q, x1, x2)

Vm =2
∑
(ij)

∫
dΩ(nk)

4π
(Ti,L · Tj,L + Ti,R · Tj,R)W

k
ij

− 2 iπ
∑
(ij)

(Ti,L · Tj,L − Ti,R · Tj,R)Πij (3)

Rm =− 4
∑
(ij)

Ti,L · Tj,R Wm+1
ij Θin(nm+1)

Hm ∝ |Mm⟩⟨Mm| (4)

15

Simpler factorization for : Only two modes, hard  
and soft 

δ ∼ 1 pμ ∼ Q
pμ ∼ Q0 = βQ
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Figure 1. Pictorial representation of the factorization theorems for the differential cross sections
with respect to the hemisphere jet masses in the limit ML ≪ MR ≪ Q (left), and to the left-jet mass
when ML ≪ MR ∼ Q (right). Blue lines correspond to collinear partons inside the jet functions,
the red lines represent soft emissions. The green lines in the left picture correspond to the hard
part of the hemisphere soft function, while the black lines in the right picture correspond to hard
emission into the right hemisphere.

2 Factorization

The derivation of the factorization formula follows the same steps in both cases and is

similar to the one relevant for wide-angle cone-jet cross sections presented in [20]. We will

first sketch the derivations of the theorems and specify the ingredients. We then relate the

soft functions to the ones which arise in the case of the narrow-cone jet cross sections. Due

to this relation, we can use the results [20] for these and only the hard functions need to

be computed.

2.1 Hemisphere soft function

The hemisphere soft function describes radiation originating from a quark and an anti-

quark along the directions n and n̄ of the two jets. Their soft radiation is described by

Wilson lines. The one generated by the outgoing quark along the n direction is

S(n) = P exp

(
igs

∫ ∞

0
ds n · Aa(sn)ta

)
, (2.1)

and the soft function is defined as

S(ωL,ωR) =
1

Nc

∑

X

Tr⟨0|S(n̄)S†(n)|X⟩⟨X|S(n)S†(n̄)|0⟩δ(ωR − n · PR) δ(ωL − n̄ · PL) ,

(2.2)

where the trace is over color indices. We call the hemisphere which contains the thrust

vector the right hemisphere. The right-moving particles therefore have n̄ · p > n · p and

PR(L) is the total momentum in the right (left) hemisphere. Usually, the function S(ωL,ωR)

is defined in terms of the soft gluon field in SCET. However, the soft SCET Lagrangian

is equivalent to the full QCD one so for our discussion we will consider (2.2) as a matrix

element in QCD. In the asymmetric case ωL ≪ ωR the function S(ωL,ωR) develops large,

non-global logarithms (NGLs) in the ratio κ ≡ ωL/ωR ≪ 1. It is these logarithms which

we seek to resum using effective-field-theory methods.

– 5 –

3.) isolation cones, 
 isolationγ

1.) light-jet mass 
2.) narrow broadening

1.) hemisphere  
soft function

1.) TB, Pecjak, Shao ’16, 2.) TB, Rahn, Shao ’17, 3.) Balsiger, TB, Shao, ’18, TB, Favrod, Xu 
’22, 4.) Chien and Shao ‘19

Effective field theory for (non-global) jet observables! 

+ …, e.g.,  4.) azimuthal decorrelation of jets 



Resummation by RG evolution
Wilson coefficients fulfill renormalization 
group (RG) equations, e.g.  

 

1. Compute  at characteristic high 
scale   

2. Evolve to the scale of low energy 
physics  , evaluate  

Avoids large logarithms which can spoil 
convergence of perturbation theory

d
d ln μ

ℋm(Q, μ) = Γml ℋl(Q, μ)

ℋm

μh ∼ Q

μl ∼ Q0 𝒮l

RG
 evolution

ℋm

𝒮l

μ
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LL resummation needs 

• LO hard function  

• One-loop anomalous dimension  

• Tree-level soft functions  

NLL needs 

• One-loop matching , , 
 

• Two-loop anomalous dimension  

Note: NLL ingredients depend on renormalization scheme! 
Will later compare numerical results in two different schemes. 

ℋ(0)
2 (Q, μh) = σBorn

Γ(1)
ml

𝒮(0)
m (Q0, μs) = 1

ℋ(1)
2 (Q, μh) ℋ(1)

3 (Q, μh)
𝒮(1)

m (Q0, μs)

Γ(2)
ml

18



Extensions of EFT formalism
• Massive particles Balsiger, TB, Ferroglia ‘20  

• Timelike Wilson lines, soft monopole contributions, dead-
cone effect 

• NGL-resum public code 

• Clustering logarithms (CLs) TB, Haag ‘23 

• Keep momentum fractions of hard partons, veto region 
depends on momentum fractions 

• Hadronic collisions TB, Neubert, Shao ’21 + Stillger ‘23  

• Initial-state collinear dynamics, Glauber phases, SLLs (CVLs) 

• Genuine Glauber contributions TB, Hager, Jaskiewicz, 
Neubert, Schwienbacher ’24, ’25

19

talks by Andrea Banfi, Patrick Hager, Saad Nabeebaccus,  
Josua Scholze, Dominik Schwienbacher 



Resummation of subleading NGLs
Comparison of different frameworks

GNOLE

CVolver

PanScales
Marzili

Color Density Matrix

Deductor



NLL NGLs
Three groups have presented resummations of the first 
tower of subleading NGLs 

• GNOLE Banfi, Dreyer, Monni 2111.02413  

•  NLO generalization of BMS equation  

• Marzili Becher, Schalch, Xu 2307.02283  

• MC framework based on RG of SCET 
factorization theorem 

• PanScales  Ferrario Ravasio, Hamilton, Karlberg, 
Salam, Scyboz, Soyez 2307.11142 

• Parton shower with higher accuracy for soft 
emissions

∼

21
= NNLL accuracy in double logs process!

*

*

https://arxiv.org/abs/2111.02413
https://arxiv.org/abs/2307.02283
https://arxiv.org/abs/2307.11142


NGLs are soft logarithms. All resummation 
frameworks generate cascade of soft emissions. 

Leading NGLs arise from strongly ordered gluon 
emissions. Can use soft currents to generate extra 
gluons 

   

with 

    

|ℳm+1({p, q})⟩ = Jμ(q)ε∗
μ |ℳm({p})⟩

Jμ,α(q) = gs

m

∑
i=1

Tα
i Jμ

i (q) = gs

m

∑
i=1

Tα
i

nμ
i

ni ⋅ q

22



• Dasgupta Salam, BMS, GNOLE use physical ordering 
variable ( ,  ), Marzili renormalization scale  

• fully equivalent at LL 

• Parton showers (PanScales, …) use  dipoles, impose 
momentum conservation 

• correct LL (as long as shower respects soft factorization!) 
+ higher-log and power suppressed terms

E kt μ

s + c

23

Nicolas Schalch, 30.11.22 – p.14/18

Parton Shower: LL

� In practice coupled RGEs for hard functions Hm

d

d log µ
Hm(Q,µ) = �

mX

l=2

Hl(Q,µ) �lm(Q,µ)

� Expand � =
↵s
4⇡�(1)

+
�↵s
4⇡

�2
�(2)

+ · · ·

) One-loop �(1) governs LL evolution

�(1)
=

0

BBBBB@

V2 R2 0 0 . . .

0 V3 R3 0 . . .

0 0 V4 R4 . . .

0 0 0 V5 . . .

...
...

...
...

. . .

1

CCCCCA

nothing
Rm : real emission

Vm : virtual correction

� RG equations at LL

d

dt
Hm(t) = Hm(t)Vm + Hm�1(t)Rm�1

noting

� Parton Shower for hard functions Hm

t0
t1

t2

tf

.

.

.

[Balsiger et. al., 1803.07045]

emission into veto region

shower stops

hard partons



NLL: Unordered Emissions
To capture subleading NGLs one needs to take 
into account the emission of an unordered pair 
of gluon emissions. Two-emission current 

 

with 

 

as well as the emission of a soft  pair 

|ℳm+2({p, q, r})⟩ = [1
2

{Jμ,α(q), Jν,β(r)} + g2
s if αβc ∑

i

Tc
i Jμν

i (q, r)]ε∗
m+1,με∗

m+2,ν |ℳm({p})⟩

Jμν
i (q, r) =

1
2ni ⋅ (q + r) [

nμ
i nν

i

ni ⋅ q
−

nμ
i nν

i

ni ⋅ r
+

gμνni ⋅ (r − q) + 2nμ
i qν − 2nν

i rμ

q ⋅ r ]
qq̄

24



• Double real , real-virtual  and purely virtual terms  

• Individual terms have collinear divergences 

• regularized in , but need  for 
parton shower Monte Carlo 

• Unordered emission is  suppressed. Single 
insertion of full current enough for NLL

d r v

d = 4 − 2ϵ d = 4

αs
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Double Soft Emission
Both GNOLE and PanScales use the two-
emission current, but implement correction in a 
rather different way 

• GNOLE performs single insertion of full 
current, subtracts ordered contribution 

• PanScales reweights unordered 
emissions to the full current
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Silvia Ferrario Ravasio Special challenges in QCD, 2026

➤ a given two-emission configuration can 
come from several shower histories 

➤ accept a given emission with exact 
double-soft  divided by shower’s 
effective double-soft matrix element 
summed over the histories h that could 
have produced that configuration

M(DS)
exact
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FIG. 1. Top: one shower history that produced a proximate
{1, 2} soft pair. Bottom: other histories that could have led to
the same configuration of momenta, also taken into account
in correcting the branching. The dashed parton is emitted
second in the showering history.

NLL shower, the splitting probability was given by
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Here Pı̃!ik(ak) is a leading-order DGLAP splitting func-
tion, ⌘̄ = 1

2 ln ak/bk + const., with the constant arranged
so that ⌘̄ = 0 when the emission bisects the dipole in
the event centre-of-mass frame, and f(⌘̄) = 1/(1 + e

�2⌘̄)
is a partitioning function. Additionally, the MS cou-
pling, ↵s(kt), uses at least 2-loop running, and Kcmw =�
67/18� ⇡

2
/6

�
CA � 5/9nf [61].

In moving towards higher accuracy, the two relevant
elements are the analogues of the real and virtual correc-
tions in a fixed-order calculation. We focus first on the
real term, where we require the shower to generate the
correct double-soft matrix element when two particles are
produced at commensurate angles and (small) energies,
while well-separated from all other particles.

Our approach is illustrated in Fig. 1. Consider the
case where a dipole ab first emits a soft gluon 1̃, followed
by a splitting of the dipole 1̃b whereby a new particle
2 is emitted, and 1̃ becomes 1 after recoil. When the
branching from Eq. (1) produces a particle 2 from the
1̃b dipole, if p1.p2 < p2.pb, we select the {1, 2} pair as
the one whose double-soft e↵ective matrix element needs
correcting. To evaluate the double-soft correction to this
configuration, we first identify all shower histories that
could have produced the same nearby {1, 2} pair. This
includes the history actually followed by the shower, as
well as the case where 2 was emitted from the a1̃ dipole,
and two extra configurations where the shower produced
a particle 2̃ before 1, i.e. where, in the second splitting,
gluon 1 was radiated with 2 taking the recoil.

Each history h is associated with an e↵ective squared
shower matrix element |Mshower,h|

2, reflecting the proba-
bility that the shower, starting from the ab system, would
produce the {1, 2} pair in that order and colour configu-
ration (we address the question of the flavour configura-

tion below). |Mshower,h|
2 is evaluated in the double-soft

limit ([60], § 2 a). In principle, emission 2 should be ac-
cepted with probability

Paccept =
|Mds|

2

P
h |Mshower,h|

2
. (3)

where |Mds|
2 is the known double-soft matrix element

for emitting the {1, 2} soft pair from the ab dipole [62–
64]. In practice, however, there are regions where the
shower underestimates the true matrix element, leading
to Paccept > 1. Nevertheless, we find that Paccept al-
ways remains smaller than some finite value ⌦. We there-
fore enhance the splitting probability Eq. (2) by an over-
head factor ⌦, and accept the emission with probability
Paccept/⌦.
The numerator and denominator in Eq. (3) are evalu-

ated in the same double-soft limit, defined by rescaling
p1 ! �p1, p2 ! �p2 and taking the limit � ! 0. This
ensures that Paccept = 1 when 1 and 2 are well separated,
thus not a↵ecting regions where the shower was already
correct.
The acceptance procedure is su�cient to ensure the

proper generation of the {1, 2} kinematics, but not the
relative weights of the a12b and a21b colour connec-
tions, which is crucial to reproduce the pattern of sub-
sequent much softer radiation from the {a, 1, 2, b} sys-
tem, as required for NSL accuracy. To address this prob-

lem, we evaluate F
(12)
shower, the fraction of the shower ef-

fective double-soft matrix element associated with the
a12b colour connection, and similarly F

(12)
ds for the full

double-soft matrix element, in its large-Nc limit [63, 64].
If the shower has generated the a12b colour connection

and F
(12)
shower > F

(12)
ds , then we swap the colour connection

with probability

Pswap =
F

(12)
shower � F

(12)
ds

F
(12)
shower

. (4)

We apply a similar procedure when the shower generates
the a21b connection. In practice, we precede the colour
swap with an analogous procedure for adjusting the rela-
tive weights of gg and qq̄ flavours for the {1, 2} pair. An
alternative would have been to apply Paccept separately
for each colour ordering and flavour combination, how-
ever when we investigated that option for the PanGlobal
class of showers, we encountered regions of phase space
where the acceptance probability was unbounded. Illus-
trative plots of the shower matrix element and corrections
are given in the supplemental material [60], § 2 b.
Next, we address the question of virtual corrections.

When 1̃ is produced in the deep soft-collinear region of
the ab dipole, i.e. ✓a1̃ ⌧ ✓ab or ✓1̃b ⌧ ✓ab, the inclusion
of Kcmw in Eq. (2) already accounts for second order
contributions to the branching probability in the soft-
collinear region, as required for NLL accuracy for global
event shapes. However, in general, Kcmw alone is not
su�cient when ✓a1 ⇠ ✓1b ⇠ ✓ab, notably because of the
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FIG. 1. Top: one shower history that produced a proximate
{1, 2} soft pair. Bottom: other histories that could have led to
the same configuration of momenta, also taken into account
in correcting the branching. The dashed parton is emitted
second in the showering history.
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Here Pı̃!ik(ak) is a leading-order DGLAP splitting func-
tion, ⌘̄ = 1

2 ln ak/bk + const., with the constant arranged
so that ⌘̄ = 0 when the emission bisects the dipole in
the event centre-of-mass frame, and f(⌘̄) = 1/(1 + e
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is a partitioning function. Additionally, the MS cou-
pling, ↵s(kt), uses at least 2-loop running, and Kcmw =�
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In moving towards higher accuracy, the two relevant
elements are the analogues of the real and virtual correc-
tions in a fixed-order calculation. We focus first on the
real term, where we require the shower to generate the
correct double-soft matrix element when two particles are
produced at commensurate angles and (small) energies,
while well-separated from all other particles.

Our approach is illustrated in Fig. 1. Consider the
case where a dipole ab first emits a soft gluon 1̃, followed
by a splitting of the dipole 1̃b whereby a new particle
2 is emitted, and 1̃ becomes 1 after recoil. When the
branching from Eq. (1) produces a particle 2 from the
1̃b dipole, if p1.p2 < p2.pb, we select the {1, 2} pair as
the one whose double-soft e↵ective matrix element needs
correcting. To evaluate the double-soft correction to this
configuration, we first identify all shower histories that
could have produced the same nearby {1, 2} pair. This
includes the history actually followed by the shower, as
well as the case where 2 was emitted from the a1̃ dipole,
and two extra configurations where the shower produced
a particle 2̃ before 1, i.e. where, in the second splitting,
gluon 1 was radiated with 2 taking the recoil.

Each history h is associated with an e↵ective squared
shower matrix element |Mshower,h|

2, reflecting the proba-
bility that the shower, starting from the ab system, would
produce the {1, 2} pair in that order and colour configu-
ration (we address the question of the flavour configura-

tion below). |Mshower,h|
2 is evaluated in the double-soft

limit ([60], § 2 a). In principle, emission 2 should be ac-
cepted with probability

Paccept =
|Mds|

2

P
h |Mshower,h|

2
. (3)

where |Mds|
2 is the known double-soft matrix element

for emitting the {1, 2} soft pair from the ab dipole [62–
64]. In practice, however, there are regions where the
shower underestimates the true matrix element, leading
to Paccept > 1. Nevertheless, we find that Paccept al-
ways remains smaller than some finite value ⌦. We there-
fore enhance the splitting probability Eq. (2) by an over-
head factor ⌦, and accept the emission with probability
Paccept/⌦.
The numerator and denominator in Eq. (3) are evalu-

ated in the same double-soft limit, defined by rescaling
p1 ! �p1, p2 ! �p2 and taking the limit � ! 0. This
ensures that Paccept = 1 when 1 and 2 are well separated,
thus not a↵ecting regions where the shower was already
correct.
The acceptance procedure is su�cient to ensure the

proper generation of the {1, 2} kinematics, but not the
relative weights of the a12b and a21b colour connec-
tions, which is crucial to reproduce the pattern of sub-
sequent much softer radiation from the {a, 1, 2, b} sys-
tem, as required for NSL accuracy. To address this prob-

lem, we evaluate F
(12)
shower, the fraction of the shower ef-

fective double-soft matrix element associated with the
a12b colour connection, and similarly F

(12)
ds for the full

double-soft matrix element, in its large-Nc limit [63, 64].
If the shower has generated the a12b colour connection

and F
(12)
shower > F
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ds , then we swap the colour connection

with probability

Pswap =
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shower � F
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We apply a similar procedure when the shower generates
the a21b connection. In practice, we precede the colour
swap with an analogous procedure for adjusting the rela-
tive weights of gg and qq̄ flavours for the {1, 2} pair. An
alternative would have been to apply Paccept separately
for each colour ordering and flavour combination, how-
ever when we investigated that option for the PanGlobal
class of showers, we encountered regions of phase space
where the acceptance probability was unbounded. Illus-
trative plots of the shower matrix element and corrections
are given in the supplemental material [60], § 2 b.
Next, we address the question of virtual corrections.

When 1̃ is produced in the deep soft-collinear region of
the ab dipole, i.e. ✓a1̃ ⌧ ✓ab or ✓1̃b ⌧ ✓ab, the inclusion
of Kcmw in Eq. (2) already accounts for second order
contributions to the branching probability in the soft-
collinear region, as required for NLL accuracy for global
event shapes. However, in general, Kcmw alone is not
su�cient when ✓a1 ⇠ ✓1b ⇠ ✓ab, notably because of the
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FIG. 1. Top: one shower history that produced a proximate
{1, 2} soft pair. Bottom: other histories that could have led to
the same configuration of momenta, also taken into account
in correcting the branching. The dashed parton is emitted
second in the showering history.

NLL shower, the splitting probability was given by
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Here Pı̃!ik(ak) is a leading-order DGLAP splitting func-
tion, ⌘̄ = 1

2 ln ak/bk + const., with the constant arranged
so that ⌘̄ = 0 when the emission bisects the dipole in
the event centre-of-mass frame, and f(⌘̄) = 1/(1 + e
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is a partitioning function. Additionally, the MS cou-
pling, ↵s(kt), uses at least 2-loop running, and Kcmw =�
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In moving towards higher accuracy, the two relevant
elements are the analogues of the real and virtual correc-
tions in a fixed-order calculation. We focus first on the
real term, where we require the shower to generate the
correct double-soft matrix element when two particles are
produced at commensurate angles and (small) energies,
while well-separated from all other particles.

Our approach is illustrated in Fig. 1. Consider the
case where a dipole ab first emits a soft gluon 1̃, followed
by a splitting of the dipole 1̃b whereby a new particle
2 is emitted, and 1̃ becomes 1 after recoil. When the
branching from Eq. (1) produces a particle 2 from the
1̃b dipole, if p1.p2 < p2.pb, we select the {1, 2} pair as
the one whose double-soft e↵ective matrix element needs
correcting. To evaluate the double-soft correction to this
configuration, we first identify all shower histories that
could have produced the same nearby {1, 2} pair. This
includes the history actually followed by the shower, as
well as the case where 2 was emitted from the a1̃ dipole,
and two extra configurations where the shower produced
a particle 2̃ before 1, i.e. where, in the second splitting,
gluon 1 was radiated with 2 taking the recoil.

Each history h is associated with an e↵ective squared
shower matrix element |Mshower,h|

2, reflecting the proba-
bility that the shower, starting from the ab system, would
produce the {1, 2} pair in that order and colour configu-
ration (we address the question of the flavour configura-

tion below). |Mshower,h|
2 is evaluated in the double-soft

limit ([60], § 2 a). In principle, emission 2 should be ac-
cepted with probability

Paccept =
|Mds|

2

P
h |Mshower,h|

2
. (3)

where |Mds|
2 is the known double-soft matrix element

for emitting the {1, 2} soft pair from the ab dipole [62–
64]. In practice, however, there are regions where the
shower underestimates the true matrix element, leading
to Paccept > 1. Nevertheless, we find that Paccept al-
ways remains smaller than some finite value ⌦. We there-
fore enhance the splitting probability Eq. (2) by an over-
head factor ⌦, and accept the emission with probability
Paccept/⌦.
The numerator and denominator in Eq. (3) are evalu-

ated in the same double-soft limit, defined by rescaling
p1 ! �p1, p2 ! �p2 and taking the limit � ! 0. This
ensures that Paccept = 1 when 1 and 2 are well separated,
thus not a↵ecting regions where the shower was already
correct.
The acceptance procedure is su�cient to ensure the

proper generation of the {1, 2} kinematics, but not the
relative weights of the a12b and a21b colour connec-
tions, which is crucial to reproduce the pattern of sub-
sequent much softer radiation from the {a, 1, 2, b} sys-
tem, as required for NSL accuracy. To address this prob-

lem, we evaluate F
(12)
shower, the fraction of the shower ef-

fective double-soft matrix element associated with the
a12b colour connection, and similarly F

(12)
ds for the full

double-soft matrix element, in its large-Nc limit [63, 64].
If the shower has generated the a12b colour connection

and F
(12)
shower > F

(12)
ds , then we swap the colour connection

with probability

Pswap =
F

(12)
shower � F

(12)
ds

F
(12)
shower

. (4)

We apply a similar procedure when the shower generates
the a21b connection. In practice, we precede the colour
swap with an analogous procedure for adjusting the rela-
tive weights of gg and qq̄ flavours for the {1, 2} pair. An
alternative would have been to apply Paccept separately
for each colour ordering and flavour combination, how-
ever when we investigated that option for the PanGlobal
class of showers, we encountered regions of phase space
where the acceptance probability was unbounded. Illus-
trative plots of the shower matrix element and corrections
are given in the supplemental material [60], § 2 b.
Next, we address the question of virtual corrections.

When 1̃ is produced in the deep soft-collinear region of
the ab dipole, i.e. ✓a1̃ ⌧ ✓ab or ✓1̃b ⌧ ✓ab, the inclusion
of Kcmw in Eq. (2) already accounts for second order
contributions to the branching probability in the soft-
collinear region, as required for NLL accuracy for global
event shapes. However, in general, Kcmw alone is not
su�cient when ✓a1 ⇠ ✓1b ⇠ ✓ab, notably because of the
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FIG. 1. Top: one shower history that produced a proximate
{1, 2} soft pair. Bottom: other histories that could have led to
the same configuration of momenta, also taken into account
in correcting the branching. The dashed parton is emitted
second in the showering history.
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tion, ⌘̄ = 1

2 ln ak/bk + const., with the constant arranged
so that ⌘̄ = 0 when the emission bisects the dipole in
the event centre-of-mass frame, and f(⌘̄) = 1/(1 + e

�2⌘̄)
is a partitioning function. Additionally, the MS cou-
pling, ↵s(kt), uses at least 2-loop running, and Kcmw =�
67/18� ⇡

2
/6

�
CA � 5/9nf [61].

In moving towards higher accuracy, the two relevant
elements are the analogues of the real and virtual correc-
tions in a fixed-order calculation. We focus first on the
real term, where we require the shower to generate the
correct double-soft matrix element when two particles are
produced at commensurate angles and (small) energies,
while well-separated from all other particles.

Our approach is illustrated in Fig. 1. Consider the
case where a dipole ab first emits a soft gluon 1̃, followed
by a splitting of the dipole 1̃b whereby a new particle
2 is emitted, and 1̃ becomes 1 after recoil. When the
branching from Eq. (1) produces a particle 2 from the
1̃b dipole, if p1.p2 < p2.pb, we select the {1, 2} pair as
the one whose double-soft e↵ective matrix element needs
correcting. To evaluate the double-soft correction to this
configuration, we first identify all shower histories that
could have produced the same nearby {1, 2} pair. This
includes the history actually followed by the shower, as
well as the case where 2 was emitted from the a1̃ dipole,
and two extra configurations where the shower produced
a particle 2̃ before 1, i.e. where, in the second splitting,
gluon 1 was radiated with 2 taking the recoil.

Each history h is associated with an e↵ective squared
shower matrix element |Mshower,h|

2, reflecting the proba-
bility that the shower, starting from the ab system, would
produce the {1, 2} pair in that order and colour configu-
ration (we address the question of the flavour configura-

tion below). |Mshower,h|
2 is evaluated in the double-soft

limit ([60], § 2 a). In principle, emission 2 should be ac-
cepted with probability

Paccept =
|Mds|

2

P
h |Mshower,h|
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. (3)

where |Mds|
2 is the known double-soft matrix element

for emitting the {1, 2} soft pair from the ab dipole [62–
64]. In practice, however, there are regions where the
shower underestimates the true matrix element, leading
to Paccept > 1. Nevertheless, we find that Paccept al-
ways remains smaller than some finite value ⌦. We there-
fore enhance the splitting probability Eq. (2) by an over-
head factor ⌦, and accept the emission with probability
Paccept/⌦.
The numerator and denominator in Eq. (3) are evalu-

ated in the same double-soft limit, defined by rescaling
p1 ! �p1, p2 ! �p2 and taking the limit � ! 0. This
ensures that Paccept = 1 when 1 and 2 are well separated,
thus not a↵ecting regions where the shower was already
correct.
The acceptance procedure is su�cient to ensure the

proper generation of the {1, 2} kinematics, but not the
relative weights of the a12b and a21b colour connec-
tions, which is crucial to reproduce the pattern of sub-
sequent much softer radiation from the {a, 1, 2, b} sys-
tem, as required for NSL accuracy. To address this prob-

lem, we evaluate F
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fective double-soft matrix element associated with the
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ds for the full
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If the shower has generated the a12b colour connection

and F
(12)
shower > F

(12)
ds , then we swap the colour connection

with probability

Pswap =
F

(12)
shower � F

(12)
ds

F
(12)
shower

. (4)

We apply a similar procedure when the shower generates
the a21b connection. In practice, we precede the colour
swap with an analogous procedure for adjusting the rela-
tive weights of gg and qq̄ flavours for the {1, 2} pair. An
alternative would have been to apply Paccept separately
for each colour ordering and flavour combination, how-
ever when we investigated that option for the PanGlobal
class of showers, we encountered regions of phase space
where the acceptance probability was unbounded. Illus-
trative plots of the shower matrix element and corrections
are given in the supplemental material [60], § 2 b.
Next, we address the question of virtual corrections.

When 1̃ is produced in the deep soft-collinear region of
the ab dipole, i.e. ✓a1̃ ⌧ ✓ab or ✓1̃b ⌧ ✓ab, the inclusion
of Kcmw in Eq. (2) already accounts for second order
contributions to the branching probability in the soft-
collinear region, as required for NLL accuracy for global
event shapes. However, in general, Kcmw alone is not
su�cient when ✓a1 ⇠ ✓1b ⇠ ✓ab, notably because of the
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In the Color-Density-Matrix formalism of Caron-Huot ’15 
(see also Weigert ’03, Nagy and Soper ’07) and in Marzili 
the soft emissions describe infrared behavior of the hard 
functions. Anomalous dimension of hard functions extracted 
from products of currents 

Kinematic functions  and  depend on reference vectors 
 . Energies  and  are integrated out

K I
ni, nj, nk, nq, nr Eq Er

27

containing a Wilson line along direction nq with color indices (ω, ω̃), and another Wilson

line along direction nr with color indices (ε, ε̃).

In terms of the above color structures, the anomalous dimension in the XS scheme can

be written in the compact form
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In [1], the three-particle color structures were defined without symmetrizing the color

structures. Dropping all the symmetrizers (. . . )+ in (A.6) actually leads to the same

anomalous dimension if

Kiij;qr + Kiij;rq = Kiji;qr = Kjii;qr = Iijj;qr = 0 . (4.9)

These conditions hold in the XS scheme as well as in the other schemes in Table 1, and

one could therefore drop the symmetrizers in our final results. We stress that the repeated

indices i, j, k over all m legs in (A.6).

Please note that the summation over the indices i, j, k does not exclude terms with

equal indices and that the hermitian conjugate in (A.6) only acts on the tripole terms in

the first line. The anomalous dimension involves the kinematic functions
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[J: Is the imaginary part really in the XS scheme?] with

!q

ij
↑

{
!ij → !iq → !jq , for i ↓= j

0 , for i = j .

(4.11)
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tripole color structures  Tijk

                          d r v

dipole color structures  Dij



  schemeXS
• Derivation of  in  (maximal subtraction) 

Caron-Huot ’15;  TB, Rauh, Xu ‘21  

• Asymmetric treatment of energy and angles 
leads to frame-dependent result for  

• Introduce vector  in lab 
frame to get covariant result, e.g.

Γ(2) XS

Γ(2)

vμ = (1,0,0,0)
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not a problem, but inelegant
planar parts of  are also known, see 1604.07417 and 2508.03794!  Γ(3)
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Basic idea: Expand in angles which arise in 
matrix element but keep rest d dimensional 

Implemented by keeping full  but using 
modified dipole Caron-Huot ’15 in subtraction 

  

Lorentz invariant  without -dim. angles!

⊗̂

Γ(2) (d − 4)

Lorentz scheme LS

29

angle in dipole CMS
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Correction from two-loop running is suppressed by 
αs. Marzili expands 

• Same structure in GNOLE 
30

d!
dqT dy

=
!

ab= q,øq

"
d2x! e" iq! áx! Hab(Q2, µ)Ba("1, x2

T , µ) Bb("2, x2
T , µ)S(x2

T , µ) + O
#

q2
T

M 2

$
,

(1)

! H m(t) = H k(t0)! Ukm (t, t 0)

= H k(t0)
" t

t0

dt#U LL
kl (t#! t0) á

#(t#)
4$

#
! (2)

ll " !
%1

%0
! (1)

ll "

$
áU LL

l "m (t ! t#)

dm

1

Nicolas Schalch, 30.11.22 Ð p.16/18

Parton Shower: NLL
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Numerical Comparison
In the following, I will show comparison plots of 
numerical NLL results TB, Monni, Schalch, in 
preparation  

• Marzili in  vs. Marzili in  

• Individual parts: GNOLE (Banfi, Dreyer, Monni 
’21) vs. Marzili 

• GNOLE vs. PanScales vs. Marzili 

To isolate the NLL part, PanScales takes the limit 
 while keeping  fixed 

• Numerically very challenging!

XS LS

αs → 0 αsL

31



Gap fraction  in R(Q0) e+e−

Fraction of events which passes the veto at Q0 

  

Consider dijets in e+e!  with cone around thrust 
axis.

32

ΔY = 2 

Q0

Q

4

FIG. 3. Gap-between jet cross sections at lepton (left) and at hadron colliders (right) using Q = M z .

with ! s(M Z ) = 0 .119 and use [38] for the running of! s.
The veto region, i.e. the rapidity slice, is deÞned w.r.t the
two jet axes with an opening angle! = !

3 which trans-
lates straightforwardly to a rapidity gap of ! Y = log(3),
see Figure 1 for a pictorial representation. By working
with a large large angle ! ! 1 we avoid collinear loga-
rithms. We calculate the cumulative distribution of the
gap fraction

R(Q0) "
1

" tot

! Q 0

0
dET

d"
dET

, (18)

which is exactly the fraction of events with transverse en-
ergy ET below Q0. By normalizing with the total cross
section " tot we guarantee that the gap fractionR(Q0) is
normalized to 1. To include power corrections beyond the
factorization theorem (1), we match to a Þxed order pre-
diction. In other words, we add perturbative corrections
to the resummed result and subtract soft pieces already
included. These power suppressed matching corrections
! R are calculated through an additive matching

! R(Q0) =
1

" tot

! Q 0

0
dET

"
d"

dET
#

d"
dET

#
#
#
#
E T ! 0

$

. (19)

The Þnal step is to use proÞle functions [39] to continu-
ously switch o" resummation once the power-suppressed
terms become relevant. We stress that the shape of
the curve is heavily a" ected by this choice. On the left
hand side of Figure 3 we show our numerical results
for the gap fraction of the interjet energy ßow. The
scale bands show a variation of the soft scaleµs by a
factor of two since this e" ect dominates. The LL (red
curve) in Figure 3 is taken from [4] at Þnite Nc = 3. By
adding our subleading result obtained in the large-Nc

limit (blue curve), we obtain a resummed result only
missing subleading color e" ects at NLL. These e" ects
are expected to contribute at the percent level or below.
We would like to emphasize two things. First, the large
logarithms signiÞcantly reduce the gap fractionR(Q0)
in the low energy regime in comparison to the Þxed
order prediction (solid black line). In particular, the
NLL contributions increase the LL prediction by ! 10%
in the interval between two and ten GeV. Second, the
width of the scale uncertainty band decreases by a factor
of two. Our results for the interjet energy ßow represent
a strong validation of our approach since they can be
numerically cross checked againstGnole [34, 35]. We
report full agreement and provide further information in
the supplemental material.

Gap fraction in Z Ð production. Ñ Since the hadronic
cross section for color singlet production (Drell-Yan pro-
cess [40]) factorizes in the large-Nc limit in the same way
as for e+ e" , our framework based on (1) is applicable.
We deÞne the gap around the incoming beam, centered
at the rapidity of the electroweak boson, as considered in
[29]. Except for the hard real emission correctionsH (1)

3
the ingredients are the same as for thee+ e" case: the
RG evolution due to the two-loop running as well as the
one-loop soft function can be directly obtained from our
MC code.

The hard functions are simply the partonic cross sec-
tions with their infrared singularities subtracted in the
MS scheme. However, care has to be taken when us-
ing results from the literature. The NLO results in [41]
assume that an infrared safe observable is computed an
simplify the partonic cross section accordingly.

We Þnd that it is not straightforward to extract these

veto on transverse energy



Marzili  vs. XS LS

• Plots show NLL correction, normalized to  as 
in PanScales ’23. Limit  

• Individual parts strongly differ between schemes!
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nf ∼ Nc → ∞
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Marzili   vs. XS LS
• Individual terms strongly 

differ… 

• … but the sum is 
scheme independent 
and agrees!  

• Strong check on 
implementation and 
numerics! 

• PanScales checks 
consistency of different 
recoil schemes

34

3.5

4.0

4.5

5.0

5.5

6.0

! N
LL

"
s

! L
L

e+ e! ! #" /Z ! X had

! Y = 2 nF = 5

CA = 2 CF = 3

Marzili LS

Marzili XS

e+ e! ! #" /Z ! X had

! Y = 2 nF = 5

CA = 2 CF = 3

Marzili LS

Marzili XS

" 0.5 " 0.4 " 0.3 " 0.2 " 0.1 0.0

" s ln E T,max

M Z

" 1

0

1

R
at

io
[%

]

" 0.5 " 0.4 " 0.3 " 0.2 " 0.1 0.0

" s ln E max
M Z

Figure 4 : Comparison between di! erent renormalisation schemes for both the transverse
energy ET,max and the energy Emax ßow in a rapidity slice. We use a technical cuto!
! c = 8.

of the two emissions. This means that the double real emission clustering anomalous di-
mension, d

cl
m , needs to retain the dependence on" to evaluate general veto constraints.

For example, there are phase space contributions where the emissionsq and r with Þxed
directions nq and nr always cluster together in the kT clustering algorithm. The direc-
tion of the clustered pseudojet depends on the value of" , and for some values of" , the
pseudojet may become a jet while it might be clustered into another jet for other values
of " . This situation is illustrated in Figure 5. In the Þxed cone anomalous dimensiondm

calculated in [1], the integral over the energy fraction " was already performed; thus, we
cannot derive d

cl
m from dm . However, d

cl
m can be derived following the same steps as in [1]

without any additional complications, and we present the results in the LS scheme in Sec-
tion 7.2. The real-virtual anomalous dimensionr cl

m is trivially obtained from the Þxed-cone
anomalous dimensionr m by multiplying it with the delta function #(z), and the double
virtual anomalous dimensionvcl

m is the same as the Þxed-cone anomalous dimensionvm .
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inary

Marzili  vs. GNOLELS

• Each of the individual pieces of the resummation 
agree well. Frameworks agree in limit  ! 

• Very low collinear cutoffs!
αs → 0
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Resummation of Next-to-Leading Non-Global Logarithms at the LHC
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In cross sections with angular cuts, an intricate pattern of enhanced higher-order corrections
known as non-global logarithms arises. The leading logarithmic terms were computed numerically
two decades ago, but the resummation of subleading non-global logarithms remained a challenge
that we solve in this Letter using renormalization group methods in e ! ective Þeld theory. To achieve
next-to-leading logarithmic accuracy, we implement the two-loop anomalous dimension governing
the resummation of non-global logarithms into a large- Nc parton shower framework, together with
one-loop matching corrections. As a Þrst application, we study the interjet energy ßow in e+ e!

annihilation into two jets. We then present, for the Þrst time, resummed predictions at next-to-
leading logarithmic accuracy for a gap-between-jets observable at hadron colliders.

Introduction. Ñ There has been impressive progress
in the perturbative calculation of processes at the
Large Hadron Collider (LHC). However, for observables
involving disparate scales, computations beyond Þxed
perturbative order are necessary. These include cross sec-
tions involving a hard scale Q but with sensitivity to a
soft scaleQ0. Such cross sections involve large logarithms
in the scale ratio L = ln( Q/Q 0) that degrade the pertur-
bative expansion and should be resummed to all orders
to obtain reliable predictions.

A generic set of observables involving scale hierar-
chies are cross sections where hard radiation is vetoed
in certain angular regions. Prime examples are exclu-
sive jet cross sections which require a veto on additional
hard jets. While ubiquitous, the all-order resumma-
tion of such observables is challenging, since they in-
volve a complicated pattern of enhanced higher-order
corrections known as non-global logarithms, which arises
due to secondary emissions o! hard partons [1Ð3]. At
leading-logarithmic (LL) ! (! sL )n accuracy, resummed
results both at large [1Ð3] and ÞniteNc [4Ð7] are avail-
able. Despite continued progress in the understand-
ing of non-global observables over the past 20 years [8Ð
35], a full resummation of next-to-leading logarithmic
(NLL) ! ! s (! sL )n corrections remained elusive. In this
Letter we solve this problem based on a factorization the-
orem [13, 14] obtained in soft-collinear e! ective Þeld the-
ory [36Ð38]. The factorization theorem splits the cross
section into hard and soft functions. To resum the large
logarithms, one solves the renormalization group (RG)
equations of the hard functions to evolve them from a
scale µ ! Q down to µ ! Q0. Since the associated
anomalous dimension is a matrix in the (inÞnite) space
of particle multiplicities, we resort to Monte Carlo (MC)
methods to solve the RG equations. A key ingredient
for NLL resummation is the recently extracted two-loop
anomalous dimension [39] that we implement into a par-
ton shower framework, which iteratively generates addi-
tional emissions to solve the RG equations. Combined
with the one-loop corrections to the hard and soft func-
tions we obtain in this Letter the full set of NLL contri-

Q

Q0

!
! Y

FIG. 1. Representation of the factorization formula (1). The
blue lines depict hard radiation associated with the energy
scale Q, which is constrained inside the jet cones, while the
red lines represent the soft radiation at lower energies Q0.
The soft radiation can cover the entire phase space.

butions for gap-between-jets cross sections at lepton and
hadron colliders. For the lepton-collider case NLL results
were Þrst presented in [40], based on a very di! erent for-
malism [41], and we Þnd full agreement within numerical
uncertainties.

Methodology. Ñ The basis for our resummation are fac-
torization theorems for jet production in the presence of
a veto on radiation in certain angular regions of the phase
space. The simplest case is two-jet production ine+ e!

collisions, which factorizes as [13, 14]

" (Q, Q0) =
"!

m =2

"
H m ({ n} , Q, µ) " Sm ({ n} , Q0, µ)

#
, (1)

whereQ is the center-of-mass energy andQ0 is the energy
scale above which we veto radiation in the gap outside
the jet cones. We impose the veto by demanding that
the transverse energyET of the particles in the gap is
below Q0. At the order we are working, our constraint
is equivalent to imposing that the transverse momentum
of the leading jet in the gap region is belowQ0. Fig-
ure 1 shows a pictorial representation of the factoriza-
tion theorem (1). The hard functions H m describe m
hard partons, which we treat as massless, inside the jet
cones. To obtain H m , one integrates the squared am-
plitudes over the energies of them hard partons while
keeping their directions { n} = { n1, . . . , nm } Þxed. The
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NLL Gap Fractions at 
the LHC 



Gap fractions at the LHC

Fraction of events which passes the veto at Q0 

Consider Z- and H- production at LHC. Rapidity 
Y relativ to Z-boson

38

beam

gap
R ~ 1 

ΔY ~ 1 

Q0

Q

4

FIG. 3. Gap-between jet cross sections at lepton (left) and at hadron colliders (right) using Q = M z .

with ! s(M Z ) = 0 .119 and use [38] for the running of! s.
The veto region, i.e. the rapidity slice, is deÞned w.r.t the
two jet axes with an opening angle! = !

3 which trans-
lates straightforwardly to a rapidity gap of ! Y = log(3),
see Figure 1 for a pictorial representation. By working
with a large large angle ! ! 1 we avoid collinear loga-
rithms. We calculate the cumulative distribution of the
gap fraction

R(Q0) "
1

" tot

! Q 0

0
dET

d"
dET

, (18)

which is exactly the fraction of events with transverse en-
ergy ET below Q0. By normalizing with the total cross
section " tot we guarantee that the gap fractionR(Q0) is
normalized to 1. To include power corrections beyond the
factorization theorem (1), we match to a Þxed order pre-
diction. In other words, we add perturbative corrections
to the resummed result and subtract soft pieces already
included. These power suppressed matching corrections
! R are calculated through an additive matching

! R(Q0) =
1

" tot

! Q 0

0
dET

"
d"

dET
#

d"
dET

#
#
#
#
E T ! 0

$

. (19)

The Þnal step is to use proÞle functions [39] to continu-
ously switch o" resummation once the power-suppressed
terms become relevant. We stress that the shape of
the curve is heavily a" ected by this choice. On the left
hand side of Figure 3 we show our numerical results
for the gap fraction of the interjet energy ßow. The
scale bands show a variation of the soft scaleµs by a
factor of two since this e" ect dominates. The LL (red
curve) in Figure 3 is taken from [4] at Þnite Nc = 3. By
adding our subleading result obtained in the large-Nc

limit (blue curve), we obtain a resummed result only
missing subleading color e" ects at NLL. These e" ects
are expected to contribute at the percent level or below.
We would like to emphasize two things. First, the large
logarithms signiÞcantly reduce the gap fractionR(Q0)
in the low energy regime in comparison to the Þxed
order prediction (solid black line). In particular, the
NLL contributions increase the LL prediction by ! 10%
in the interval between two and ten GeV. Second, the
width of the scale uncertainty band decreases by a factor
of two. Our results for the interjet energy ßow represent
a strong validation of our approach since they can be
numerically cross checked againstGnole [34, 35]. We
report full agreement and provide further information in
the supplemental material.

Gap fraction in Z Ð production. Ñ Since the hadronic
cross section for color singlet production (Drell-Yan pro-
cess [40]) factorizes in the large-Nc limit in the same way
as for e+ e" , our framework based on (1) is applicable.
We deÞne the gap around the incoming beam, centered
at the rapidity of the electroweak boson, as considered in
[29]. Except for the hard real emission correctionsH (1)

3
the ingredients are the same as for thee+ e" case: the
RG evolution due to the two-loop running as well as the
one-loop soft function can be directly obtained from our
MC code.

The hard functions are simply the partonic cross sec-
tions with their infrared singularities subtracted in the
MS scheme. However, care has to be taken when us-
ing results from the literature. The NLO results in [41]
assume that an infrared safe observable is computed an
simplify the partonic cross section accordingly.

We Þnd that it is not straightforward to extract these
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pp ! Z ! ! + ! ! + X had

*

NLL NGLs in Drell-Yan

• Nc = 3 leading logs again from Hatta, 
Ueda ’13  
! Glauber phases neglected, but 

superleading logs small for qq → Z 

• Hard functions related to partonic 
cross sections for qq → Z +g, qg → Z 
+q  

• It would be great if this would be 
measured at LHC!

• gap between dijet observables 

involve also collinear and forward 
logs
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• Soft function and evolution 
are directly obtained from DY 
case 

• Hard corrections are the 
same that arise in fixed-order 
NLO Higgs cross section 

• have uncompensated  
dependence 

•  variation becomes very 
small, if the hard 
corrections are switched off

μs

μs

NLL NGLs in Higgs production
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FIGURE 3.2: The gap fraction R(Q0) for pp ! H ! Xhad at
"

s = 13.6 TeV
as a function of the veto scale Q0 for mH = 125 GeV. The plots compare the
NLL+NLO matched predictions (blue) against the Þxed-order NLO (black),
the LL approximation (red), and the isolated matching correction (# 1) á! R
(purple). Results are shown for both the unexpanded and expanded schemes,
evaluated at central scalesµ = mH and µ = mH / 2. The lower panels display
the ratio to the central NLL+NLO predictions, highlighting theoretical uncer-

tainty bands.

where the contribution from the virtual scale dependence !" virt / ! µ remains. This difference
in the scale dependence structure, driven by the treatment of the large virtual corrections,
underlies the narrower uncertainty bands observed in the expanded scheme.

The choice of the central hard scale also affects the width of the uncertainty bands.
Adopting the central scale choice µh = µ f = mH / 2 (lower panels) yields narrower bands
in both schemes compared to the conventional choice µh = µ f = mH (upper panels). This
indicates that utilizing a lower central scale choice remains effective under NLL resummation.

To investigate the source of this soft-scale dependency, we perform a diagnostics shown
in Figure 3.4. We compare the default NLL+NLO predictions (blue band) against a modiÞed

Marzili



Schemes for expansion in  

• Left: expand  and , take ratio 

• Right: directly expand gap fraction  
Sizable scheme dependence due to large corrections!

αs

σ(Q0) σtot

R(Q0)
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FIGURE 3.2: The gap fraction R(Q0) for pp ! H ! Xhad at
"

s = 13.6 TeV
as a function of the veto scale Q0 for mH = 125 GeV. The plots compare the
NLL+NLO matched predictions (blue) against the Þxed-order NLO (black),
the LL approximation (red), and the isolated matching correction (# 1) á! R
(purple). Results are shown for both the unexpanded and expanded schemes,
evaluated at central scalesµ = mH and µ = mH / 2. The lower panels display
the ratio to the central NLL+NLO predictions, highlighting theoretical uncer-

tainty bands.

where the contribution from the virtual scale dependence !" virt / ! µ remains. This difference
in the scale dependence structure, driven by the treatment of the large virtual corrections,
underlies the narrower uncertainty bands observed in the expanded scheme.

The choice of the central hard scale also affects the width of the uncertainty bands.
Adopting the central scale choice µh = µ f = mH / 2 (lower panels) yields narrower bands
in both schemes compared to the conventional choice µh = µ f = mH (upper panels). This
indicates that utilizing a lower central scale choice remains effective under NLL resummation.

To investigate the source of this soft-scale dependency, we perform a diagnostics shown
in Figure 3.4. We compare the default NLL+NLO predictions (blue band) against a modiÞed
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Summary
• Complicated patterns of logarithms (NGLs, CLs, 

SLLs, CVLs) in jet processes can be derived from RG 
methods in SCET 

• infinitely many operators, MC methods to solve RG 

• enabled resummation of leading SLLs → session on 
Friday morning 

• Independent resummation of subleading NGLs with 
three different approaches  

• GNOLE, Marzili, Panscales 
• Excellent numerical agreement!



Real and virtual contributions involve collinear cutoff . 
Result is cutoff independent for  

η
η → ∞
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Figure 2 : Dependence on the technical cuto! ! c using di! erent renormalisation schemes.

using the anomalous dimension used for Þxed-cone cross sections introduced in [3]Ñthe
virtual anomalous dimensionVm was the same as the one for the Þxed cone, and the only
modiÞcation was that the real emission anomalous dimensionR m now contained a delta
function " (z), wherez is the energy ratio of the emitted particle to the softest particle in the
hard function. The presence of the delta function indicates that the one-loop anomalous
dimension produces strongly ordered soft gluons. The energy ordering of the gluons needs
to be considered when evaluating the gap constraint on the jets, especially if one uses the
C/A or the kT clustering algorithm.

At NLL, the double-virtual anomalous dimension vm is again the same as for the Þxed-
cone case, and the real-virtual anomalous dimensionr m can be obtained by multiplying
it by " (z). However, at NLL, two soft particles with momenta q and r can be emitted
at comparable energy. The contribution to the anomalous dimension where both of these
emissions are real is contained in the contributiondm to the two-loop anomalous dimension.
For general clustering algorithms, the veto region depends non-trivially upon the energy
fraction
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